Algebra Examples

Some things to remember:

“And” usually corresponds to intersection.

“Or” usuall corresponds to union.

The square root of a positive number is by convention the positive square root.
VA2 =|A|

Pay close attention to the validity, reversibility, and nonreversibility of logical implica-
tions.

. Solve 22 = 25.

(a) Valid solution.
r? =25

0
Va? = /25
0

|z =5

0

(x>0and 2z =5) or (z <0and —az =5)

(x =5) or (x = —b)

The solution set is {—5,5}.
(b) Valid solution.

The solution set is {—5,5}.



(¢) Solution method to avoid.

x? =25

0

x = %5 by taking the square root of both sides

The solution set is {—5,5}.

[Even though the correct answer is achieved, we are taking both roots on the right
hand side, which can lead to problems in other problems if we are not careful—see
the next problem, for example.]

2. Solve 2% < 4.
(a) Valid solution.

x? < 4
(i
Va? <2
i

lz| < 2
)
(r>0and z < 2)or (r<0and —z < 2)
)
0<z<2)or(—2<z<0)
)

—2< <2

The solution set is {z : =2 < z < 2}.



(b) Valid solution.

x? <4
(i
2 —4<0
i
(r+2)(z—2) <0

0

(x4+2>0andx—2<0)or (z+2<0andz—2>0)
0
(x>—-2and z <2)or (zr < —2and x> 2)

0
2

(-2 <z <2)or (xeh)

The solution set is {z : —2 < z < 2}.
(c) Invalid Solution.
r? < 4
0
Va2 <2
0

T <2

The solution set is {z : x < 2}.
[The Solution is invalid because although vz? < 2 implies = < 2, the converse is
not true. Indeed, it is possible to have z < 2 but not have v22 < 2.]
(d) Invalid Solution.
2 <4
)
V2 < +2
)

T < £2
The solution set is {z : x < +2}.

[What does this statement mean? = < 2 and x < —27 z < 2 or x < —27 Neither are
correct solutions. And if we try +z < +2, then we generate x < 2, —z < 2, © < —2,
and —x < —2. It is not clear what to do with all of these in a consistent manner.|
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3. Solve z? > 5.

(a) Valid solution.
z?>5

(i
Va2 > /5
(i
lz| > v/5
(i

(x>0and x >+/5) or (x <0and —x > +/5)
0

(x > /5) or (x < —/5)
The solution set is {x : (z > /5) or (z < —V/5)}.
(b) Valid solution.
2 >5

0

2 —=5>0

)
(z+v5)(x —V/5) >0

(:U—i—\/5>0anda:'—\/3>0)or(x+\/5<0and:c—\/5<0)
(x> —+/5 and > V/5) or (x < —/5 and x < v/5)
0
(x> /5) or (x < —/5)

The solution set is {x : (x > v/5) or (z < —V/5)}.
(c) Invalid solution.

2 >5

)
Va2 > /5
)
z>5

The solution set is {z : x > /5}.



[The solution is invalid because vz2 > /5 does not imply z > /5 unless you
know in advance that x > 0.]

Invalid solution.
2 >5

(i
V2> /5
T
az>i\/5

The solution set is {x : x > ++/5}.

[What does this statement mean? z > Viand 2> —v5? 2> V5 or z > —/57?
Neither are correct solutions. And if we try £z > 4+/5, then we generate > /5,
—x > b, x> —\/5, and —z > —+/5. Tt is not clear what to do with all of these
in a consistent manner.]



