9 Functions

Concepts:
e The Definition of A Function
— Identifying Graphs of Functions (Vertical Line Test)
e Function Notation
e Piecewise-defined Functions

— Evaluating Piecewise-defined Functions

— Sketching the Graph of a Piecewise-defined Functions
e The Domain of a Function
e Graphs of Functions

— Interpreting Graphs of Functions

— Sketching Graphs of Functions
e Average Rates of Change

— Calculating the Average Rate of Change of a Function
— Secant Lines

— Difference Quotients
e Operations on Functions
e The Domain of a Composition of Functions.
e Graph Transformations
e One-to-one Functions and Inverse Functions

— The Definition of a One-to-one Function

— Graphs of One-to-one Functions (Vertical and Horizontal Line Tests)
— The Definition of an Inverse Function

— Finding Formulas for Inverse Functions

— Evaluating Inverse Functions

— Graphs of Inverse Functions

— The Round-Trip Theorem

(Chapter 3)




9.1 The Function Concept

Functions are very nice machines. You put something into the machine, the machine does
some work, and the machine produces something predictable. For example, consider a Coke
machine. If you put a dollar into the machine and press the Sprite button you expect the
machine to produce a bottle of Sprite because it always produces a bottle of Sprite when
you the press the Sprite button. The Coke machine is a function. The Sprite button always
produces a bottle of Sprite, the Coke button always produces a Coke, and the Fresca button
always produces a Fresca.

On the other hand, suppose that you decide to try something different. On Tuesday, you
go to the Pepsi machine. You press the Mountain Dew button and the machine produces
a Mountain Dew, as expected. On Wednesday, you press the Mountain Dew button again,
but this time the machine produces a Pepsi. This is very unpredictable behavior. The
Pepsi machine is not a function. The same input (the Mountain Dew) button produced two
different outputs (Mountain Dew and Pepsi).

Definition 9.1 (Functions)
A function consists of:

e A set of inputs called the domain,
e A rule which assigns to each input exactly one output, and

e A set of outputs called the range.

We say that the output is a function of the input.

Example 9.2 (Do you understand the function concept?)
Which of the following describe functions?

1. Is the temperature in Lexington a function of the date? No (+€V"‘? c ‘r\_cw\ 32 S

2. Is the high temperature in Lexington a function of the date?
eS

3. Is the amount of sales tax that you owe a function of the \%ue of the merchandise you

purchasﬁo(wm&s %'V\,"“"QQ SW}

4. Is the final score a function of the game? Eg

5. Is the game a function of the final score?

NDCW\N\B Smes nawve
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Example 9.3 (Do you understand the function concept?)
Could the following table of values represent the values of a function? Explain.

Input 213|-11]0

Output [ 51| 5 |7 g&&l E\|Q,\(‘j ‘\Y\F\E‘\" \’\O\S QX&‘L(/*’% 9’7\1_ OUC‘"PV—,T

Example 9.4 (Do you understand the function concept?)
Could the following table of values represent the values of a function? Explain.

glllftuptut AEAEIK %&(Sm CLASB AS afoovu

Example 9.5 (Do you understand the function concept?)
Could the following table of values represent the values of a function? Explain.

ot PP No Tha wpwt 4 has wo difryct
ouc\—‘aw\’g_

Example 9.6 (Do you understand the function concept?)

1. Does the graph below define y as a function of 7 e s
2. Does the graph below define x as a function of y?

i (Lur'msjmm%,'z%\— 3=D,~H\w€
\\ 2 // ovre o dAFer ot X val ws)
\\ . /l
5 -4\-3 2 -1 fo i1 2/6 4 5
N2/
N
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Note 9.7

Traditionally, x is the input variable and y is the output variable of many functions. Con-
sequently, people often drop the variable names when discussing functions of this type. The
following questions mean the same thing:

e Does the graph define y as a function of =7

e Does the graph define a function?

Example 9.8 (Do you understand the function concept?)

1. Does the graph below define a function? %L&
2. Does the graph below define x as a function of y? :56}

|
/
/
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Example 9.9 (Do you understand the function concept?)
Does the equation s?> = 3t + 1 define s as a function of ¢?

2 —_
Mo, For the input £=0 b have €= 1 This inliey

S condh e t1 (s oubpud Pom oo npwd)

Example 9.10 (Do you understand the function concept?)
Does the equation s® = 3t + 1 define s as a function of ¢?

ge_b_

Example 9.11 (Do you understand the function concept?)
Does the equation s? = 3t + 1 define t as a function of s?

ﬁo,s, N_O—SEQ-. = SZ_ \
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9.1.1 The Vertical Line Test

The definition of a function (with input z and output y) requires that for every x value,
there is exactly one y value. So what would violate this requirement? What would this look

like graphically? -T W0 3 \{0\_\ WAS ’ﬁD O X \/@\ wa I

TheVertical Line Test is used to determine if y is a function of x. If you have a graph on
the Cartesian Coordinate System and at least one vertical line touches the graph in more
than one place, then y is NOT a function of x for that graph. If no vertical line touches the
graph in more than one place, then y is a function of x for that graph.

Example 9.12 (Do you understand the vertical line test?)
Does the graph define a function?

fi I
: I jﬁéo
BANE |

5 p-4 i-3 -2 X1 |0 i1 i2 (3 i4 i5
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Example 9.13 (Do you understand the vertical line test?)
Is 2 a function of y in the graph below?

7

6

5

: %4,5

3 L

2 L~

1| L~

o
76543;—-101234567

-2

-3

-4

sl

-6 \\\

-7

What test determines if z is a function of y?

Pev \asdadd BUSNS Test.
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9.2 Function Notation

We have pictured a function as a machine that has one output for every input. Different

machines have different purposes, so it makes sense to name the machines.

INPUT —{ NAME — OUTPUT

In this class, we will draw machine diagrams when they can help us to understand a concept.
However, it can become quite tedious to draw these diagrams all of the time. Consequently,
standard shorthand has been developed for describing functions. This shorthand is known

as function notation.

Function Notation:

name(input) = output

Example 9.14 (Do you understand function notation?)
Let Jake(x) = 3z — 6.

e Draw the machine diagram that corresponds to this function.

Jo ke
X— D—? 3x-lo
e What is Jake(5)?
TJolce (5)=3(5)-b=1
e What is Jake(DO)?
Tole () =3T -0
e What is Jake(3z —6)?

Fale (3x—1)* 3(3x-b) - lo

Example 9.15 (Do you understand function notation?)
Let f(z) = 2% +5.

1(2)= F+5= 14
‘FCZJ:L«P = Cz+5)z—r5 6

Hod=o'+s

|t ( 2+j)2+5

o +S
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o What is 20T h])l —J), { (x+r)-F 64) _ <?<L+2X\“*l’\l 45)" C’(Z+5>
B xeh) = (RS, n "

= 2ok — AN HA S —E T

L) =x"+5 n

= RN AR 2 x+ W)
2 ey

(NOTE: This expression is known as a difference quotient. It plays a fundamental
role in Calculus. Expect to see this often. Do not be surprised to see problems of this

sort on homework, quizzes, and exams in this class.)

9.2.1 Piecewise-defined functions

Piecewise-defined functions are functions that use different formulas for different inputs.
These functions are described by listing the acceptable inputs for each formula after the
formula.

For example, consider

fz) =

T—x ifz<2
x3 ifx>2

This definition says that we will use the formula 7 — 2 when = < 2, but we will use the
formula z® when 2 > 2. Notice that every input value corresponds to exactly one of the
formulas.

Example 9.16 (Do you understand piecewise-defined functions?)

Let
{x2 ifxr<5b

k(z) = .
x+3 ifx>5H

e Find k(7). \(‘(,’1) = 7—\—% = \O
e Find k(—1). \/\(_\\__ <‘DL“‘ \

e Find k(5).

\(5)= 5+2=
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Example 9.17 (Do you understand piecewise-defined functions?)

Let
2 ifr<l
h(z) = .
0 ifxz>1

Find h(4). | [ 47 =0
Find h(0)- | ()=
Find h(1). \(\C D=2
Find h(2). \(\ CZB =0

9.3 The Domain of a Function

Definition 9.18
The domain of a function is the set of all the values that are permitted as input values for
the function.

If the domain is not specified, the domain is the set of all real number inputs which produce
a real number output when processed by the function.

When determining the domain, you should watch for:

e numbers that will produce a zero in a denominator

e numbers that will produce a negative number inside an even root.

You do not want to include these numbers in the domain. Later in the semester, we will
learn about other numbers that can cause problems for some special functions.

Example 9.19 (Do you understand domain?)
Find the domain of the following functions.



bkelly
Pencil

bkelly
Pencil

bkelly
Pencil

bkelly
Pencil


9.4 The Graph of a Function

Definition 9.20
The graph of the function f is the set of all points (x, f(z)) where z is in the domain of f.

We can plot these points on an xy-Cartesian Coordinate System. You can see that the
output values of the function (i.e., the f(x) values) are the y-coordinates of the points.

You are responsible for graphs of basic functions.
You will need to know how to graph some basic functions without the help of your calculator.

Linear Functions (f(x) = mx + b)

Power Functions (f(x) = ™) where n is a positive integer.

Square Root Function (f(z) = /)

Greatest Integer Function (f(x) = [z])

Absolute Value Function (f(z) = |z])

Piecewise-defined Functions.
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Example 9.21

Sketch the graph of g(z) = |z + 2|.

N W ibdh {01 io i

;
S ik idih b N ko

ﬁjb‘):}j

O | &

What is the domain of g(z)? What is the range? D . (— 0o , 005

R (0, o)

Example 9.22 (Domain and Range from a Graph)
Find the domain and range of each of the functions graphed below.

0:1i2 31456

D: [-(a,ﬂ

R L]
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Example 9.23 (Graphing Piecewise-defined Functions)

Sketch the graph of
1 1 ifxr<—1
ba) =477
x? if > —1

= OiN W i i O i

lllllllI
R NI F N I I T

Example 9.24 (Can you interpret the graph of a function?)
In the picture below, the graph of y = f(z) is the solid graph, and the graph of y = g(x) is

the dashed graph. Find the true statement. . r L(Qi 2
Possibilities: o \4 // - _L (43 =)
W re) <) 340 e
U O S =0

@(—3) <3 0¢D :

WD) >9-1) 2% "
pICD=2 2 (DFL :
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9.5 Average Rates of Change

We briefly introduced rates of change when we discussed the slope of a line. Recall that
rates of change arise when two different quantities are changing simultaneously. The word
“per” is very often associated with a rate of change. Think about the speed of a car. The
position of the car is changing as the time changes. Both position and time are changing.
We measure the speed (a.k.a. the rate of change of the distance traveled by the car with

respect to time) in miles per hour. We can think of this as AL This looks a lot like the

formula for the slope of a line.

Example 9.25 (Average Speed)

Joni leaves the house at 9:00AM. She travels 5 miles to the grocery store, stops the car,
shops, and drives back home. She returns to her home at 11:30AM. What is the average
speed of Joni’s car from 9:00AM to 11:30AM?

B4 1o

= — Uy
At 45'%mp

Example 9.26 (Average Speed)

Juliet leaves at 11:30AM from Lexington and arrives in Nicholasville at noon to stop and
have lunch. At 1:00PM, Juliet leaves Nicholasville and heads to Danville. She arrives in
Danville at 1:30PM. From Lexington to Nicholasville, Juliet’s average speed is 26 miles per
hour(mph) and from Nicholasville to Danville, Juliet’s average speed is 44mph. What is her
average speed from Lexington to Danville (including the time she took for lunch)?

Nigmen kb
Pﬁ/e,mgt g
Speed [k
LY

. N D

L\ Zm | #oem

\_, - N dist <65> (2‘0) = (Bmles S

o (0.9) () =22mles

L D 4T 1Bv20.= 25mes
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To find the Average Rate of Change of one quantity with respect to another quantity,
you simply divide the change in quantity 1 by the change in quantity 2.

A quantity 1

A quantity 2
Average speed as in the previous examples is one common introductory example of an average
rate of change.

Definition 9.27 (Average Rate of Change of a Function)
If f is a function, then the average rate of change of f(x) with respect to = as z
changes from a to b is given by

fb) = fla) _ fla) = f(b) _ Af(x)

b—a a—>b Az

Example 9.28 (Average Rate of Change of a Function)
Let g(x) = 2% + 3z — 7. Find the average rate of change of g(x) with respect to x as
changes from —4 to 2.

(Y= 2%+3()-1=5 (25 - (“O: 3-(3) /7
; : 9L-3CD) _3=6d, 7

3(-‘0 = (-‘Wl*&(—@« =-3 2-(=4)

Example 9.29 (Average Rate of Change of a Function)
Let g(x) = 2? + 3z — 7. How can you interpret the average rate of change of g(z) with

respect to z as x changes from —4 to 2 graphically?
7 (2.2)
: |
5 Y/
4 NS
3 d
A :
N
\ o )
76—‘43—%107234567
\ 2 !/
-3
A
il
\ of )
\ ¥

We can now see that the average rate of change of a function with respect to x is simply
the slope of the line that connects two points on the graph of the function. The line that
connects these two points is called a secant line.

13
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Example 9.30 (Average Rate of Change of a Function)

Air is being pumped into a tire. When the outer radius of the tire is R feet, the volume of
the air in the tire is given by V(R) = n(R? — 1) where V is measured in ft*. What is the
average rate of change of the volume of air in the tire with respect to the outer radius of the
tire as the outer radius changes from 18 inches to 2 feet?

AROC frra R15 4o R
y()-V(1.5) _ Bw—last LT o

2-\.5 0-= o e
M
~ ()= (@ -D=3T oot

V(| s)= w(1.2-D= [.a5T

9.5.1 Difference Quotients

It is common to compute the average rate of change of a function for many intervals at
once with a common end point and also for small Az values. For example, you might need
to compute the average rate of change for x between 4 and 4.1, or between 5 and 5.01, or
between 7 and 6.999. Sometimes it is even necessary to compute several of these values. If
this is the case, it is often helpful to find a general formula for the average rate of change.

If you are computing the average rate of change from x to x + h, what is Az? )+ h—X :@

Example 9.31 (Difference Quotient)
Let g(z) = 2% + 3z + 5. Find the average rate of change of g(z) on the interval from a to
a + h. (You should assume that h # 0. Nothing changed if h = O

ﬁ(ﬁ\“’ ) — 3_’__) (ot \,\) (OL) i +<9:\2+; 4;5;;3\/\ "‘5)

v% - X
L/\/\/\/\/\NW\/\ l,\

9 (0\'{'\'\3 (0‘*\/\3 N 5(0\4—#\) *9 = 2o+ 4+ 3a+3h+5- a3
- +;ay\+y\ + datdn+D "

__O?Jrggu—S — 20K+ 3N

I
14 = h(;m+h+5):
I~

o (o)
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Example 9.32 (Optional)
Use your result from the previous example to find the average rate of change of g(x) on the
interval from a to b. What is x for each problem? What is h?

o] 5 2] h [AwROC]

T Blo [ 4.0 |2(3)r0 1437
B0\ Ao 2(3)+p.01+3=9.0)
3 3'00130.001 9.00]

3] 2.9 301 ] 2.9

177 B0 8.a9

2% 3105 ol 99

Definition 9.33
Let f be a function. The difference quotient of f is the average rate of change of f on
the interval from x to z + h.

flx+h) = flx)  fla+h)—f(z)
(x+h)—x h

Example 9.34 (Difference Quotient)
Let d(z) = 3x + 17. Find the average rate of change of d(x) on the interval from z to x + h.
(You should assume that h # 0. Nothing changed if A = 0.)

(3(76+M*\—1>‘ (BXHW)___ 3x+3 h+17-3x - ’7:%_5
n I "

What does the graph of d(z) look like? Why could you have predicted this average rate of
change without computati

The SVGJP\/\ of?déx) s a e, T overoon rote
AavXaL o 0, S\o?e, o —Jr@\& [ e \\/Q/\(Ob\ﬁf’\
(O&nC(“\- od (-‘0141(;9\\ whidhh s exaco

grephn of d(x) -
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9.6 Operations on Functions

There are five basic operations on functions. The first four operations are straightforward.
We will examine function composition in a bit more detail.

e (fg)(x) = f(x)g(x)
RETRIC)
g( ) g()

How do you determine the domain of f + g, f — g, fg, and i?
g

e 1z must be in the domain of f.

e 1z must be in the domain of g.

e In the domain of g, g(x) #0.

Example 9.35 (Operations on Functions Domain)

Let f(x):iand g(x) =z +1.
e Find (g + f)(3 ‘6?4)(3\) \g(g 1-“?(55 + % = 2+ I _ 7

° Fmd f 5) :Ec! (5 S_\_B:-\—/‘ go; -

S 3
 Find (fg)(x).

(f9060 = 60 j( <) %
o £ e I

' p z0 = xz-| - ®
. Fi/nDdct)}:Z\znt;i ofjgc(x’)).tﬂ FeT \E’l’ 5)\ LO,M>
Dermaan ££: KFO
7wn*€ﬁ X2~ \Ag [‘\,O>U(O,M>
f(x)¥#0 16
L #0

No Sc\'nb
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The machine diagram for the function composition f o g(z) = f(g(x)) is shown below.

How do you determine the domain of f(g(z))?

e 1 must be in the domain of g.

e ¢g(x) must be in the domain of f.

Example 9.36 (Function Composition and Domain)

Let f(z) = % and g(z) = Vo + 1.

»mua o) = (e )= £ (3) =3
* Find f(g j(xﬁ L) =

rﬂ
e Find the domain of f(g()). S
Domdhn g jnge 2~ L }} )
DW‘“'C input #O W +O I x#—|
e Find g
VAR
 Find f<f< ).

He)=£(5)-=

e Find the domain of f(f(z)).

'Dwgqr\ o —(: : l(\()w*‘ *Q% Xio ‘E X+0O

Do tin oFF 1 lnpFo —,‘;Cio (- 0o ,0) V(0,00
17 (No Sol ')

- |7_T:7</

-1 —
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Example 9.37 (Do You Understand Function Compostion?)

—2
Let f(x) =5x+ 2 andg(x):I5 :

e Find f(g (_‘ Z> —\:(D Sel+o= |

e Find f(g (x 9~> (X—El)k;- X-2 +2= X
_2
e Find g(f (5)(_(_ ): 5&-\—-9; T %)(:76
S

Example 9.38 (Do You Understand Function Compostion?)
In the picture below, the graph of y = f(z) is the solid graph, and the graph of y = g(x) is
the dashed graph. Use the graphs to evaluate f(g(—2)).

%
Possibilities: SR 1 /3 (-2)=0
\ /' 2" .
(@) 0 W N _;_\(3 ) = £ (o) =Y
(b) 2 548 2 2 3 4 5y

}

M?W'f' of of\\US- \fa\lu_q_
Example 9.39 —
Suppose f(x) = |z| and g(x) = |2z + 1| — 5. Write g(z) in terms of f(x).

6 (%7 = { (QX‘\' »

18
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Example 9.40 (An Application of Function Composition)
A rock is dropped into a pond creating circular ripples. The radius of the outer circle is
increasing at a rate of 3 feet per second. Express the area enclosed by the outer circle as a

function of time. A: 'N\(‘l - (5£)2: q‘tQ'IT

e Why is this question in a section about function composition?

Ay A oud Yo you must firod an()
 tnd \‘%ﬁ.‘&? ”bawmgﬁ.ﬁf i Oond oo oo He

e Express the radius as a functlon of time. forpeda. for o c (vl

\'a (Jc\ = 3—t,
e Express the area as a function of the radius.

A(A) = wr?

e How do these functions relate to the first function you found in this example?

Alx)= AGr () =ABE) = w (3£)- 4t

Example 9.41 (An Application of Function Composition)

Joni is leaning against a lamppost that is 20 feet high. She begins walking away from the
lamppost. Joni is 5 feet tall and she is walking at a rate of 6 feet per second. Express the
length of Joni’s shadow as a function of time.

2 Sindlayr Ac Aot ety #
_{l S SﬁCOW\O[/O Shince
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9.7 Graph Transformations

The graphs shown below have the same basic shape, but they are different. How?

\
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These graphs have the same basic shape, but they have been transformed by shifts, scaling
factors, and reflections. In this section, we will learn how simple modifications of a func-
tion by a constant can change the graph of the function. We first consider how a simple
modification affects one point on the graph of a function.

Example 9.42 (Do you understand graph transformations?)
Suppose that the graph of f contains the point (2,3). Find a point that must be on the
graph of g. Explain how you h ve the point on the original graph f to obtain a point

on the new graph g. _P ( Q) — 5
e The graph of g(z) = f(x) + 5 must contain the point ( ;21 %> : Slf\ \‘P_I— \’LP

3(;3=-€(&)+5?5+5=? b—UJﬂH—S.
3 (2) - %
e The graph of g(z) = f(x) — 5 must contain the point (t; \_';), S&\;ﬁ"_ <=_|OUDV\
3Ca)——£<;>~5=5—5——@~ © wnity
g ()= -
e The graph of g(x) = f(x + 5) must contain the point /_ 3) %> : Sv\‘-(\_ﬂ_ I G_'C—\'
XA5= 2 5&1@"‘&_
X= -3
ﬁ(-%)f flz+5)= 4;—0(;):5

3(—5) =3
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e The graph of g(z) = f(x — 5) must contain the point (71 %> . S\’\‘-ﬁ—L
Y—5=L 7}215 ht S
=1 3(’1)——3 U ts
6(’]3: Lla-e)=f&=)=>

e The graph of g(x) = 5f(x) must contain the point (&, \5) Scale varhal ,]
A2)” 5§ (2)- 53=1s by 5
3(%3‘: \S
f(x) must contain the point (2, %) o Scale Vwﬁm(%
=g f(2)=g3=3% ok

S
_ 3
g)=+%
z, 5)
e The graph of g(z) = f(5x) must contain the point . =2 ) S Q,()\-Q—Q
I—D?(_—;yz oV (o
2

x=Z ‘OE} EN
a(2)- £z =£(>=3
e The graph of g(x) = f (%x) must contain the point (\B ,3\ . SQO‘QQ‘ H’Or{’-z.
ZX= & by 5,
’ X: |O a/

(o) £ (5-10)- F(2)=3 glie)=3

(522D
e The graph of g(x) = f(7z) + 5 must contain the point (5 ’ )
Ix= 2
x ="/

7 N\ _ L2 V4 5=L(2\+5=3+5=K
.*;?( /’13 ﬁ(j ’13 3 ) ’H’>

Challenge:The graph of g(z) = 3f(7z+1)+5 must contain the point ( R
Nxs\= £ 3(%3:5—9(7‘;-@\)-\-5
%=1 21=34+(2)+5
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Suppose that the graph of f contains the point (a,b). The chart below lists several new functions g which are transformations
of f, a point which must be on each transformed graph, and descriptions of the graphical transformations.

New New New New
Function Point Transformation Function Point Transformation
g(z) = f(z)+d | (a,b+d) Shift up g(x)=f(x+c) | (a—c,b) Shift left
d units ¢ units

g(x) = f(z)—d | (a,b—d) Shift down g(x)=f(xr—c) | (a+¢,b) Shift right
d units ¢ units

g(x) = —f(x) (a,—b) Reflect about g(z) = f(—x) (—a,b) Reflect about

T-axis y-axis

g(x) = df (x) (a,db) | Scale Vertically | g(z) = f(cx) (g, b) Scale Horizontally

c
by a factor of d by a factor of E
c
1 b ) x .
g(z) = Ef(x) a, Scale Vertically || g(z)=f <E> (ac,b) | Scale Horizontally

1
by a factor of p by a factor of ¢




Example 9.43 (Do you understand graph transformations?)
Let f(x) = |z|. Write g(z) in terms of f(z) and explain how you would transform the graph
of f to draw the graph of g. Sketch the graph of g.

5

4
3
2
1

514 :-3 -2 -1 |0 i1 i2 i3 i4 i5

1
2
-3
4
5

= |z + 3| —4.

g(?@ WC(X+53 4

6 b MBJF 5
LS e

e g(x)=2|z|+5.

Sbc)f,,l-w‘)()*’g S 'X?

ccceldr vert bd -
R = UJFB_ ,_,_,J(—'r: —

* g(x) = [2z —4|.

ﬂ (x)= ﬁ[gx—to

At v
°SQOE»? \réw\/é;_ ———

23
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Example 9.44 (Do you understand graph transformations?)
In the picture below, the graph of y = f(x) is the solid graph, and the graph of y = g(z) is

Shit+ @ 3

the dashed graph. Find a formula for g(z).

Possibilities:
(@) o) = f@-3)
(b) gla) = f (@) = 3
(©) (o) = =3f (@
(@) gla) = f () +3
(©) 9(e) = f (@ +3)

%

-10: -

A

lllllI
hoih ik N ik o

Example 9.45 (Do you understand graph transformations?)
In the picture below, the graph of y = f(z) is the solid graph, and the graph of y = g(x) is

the dashed graph. Find a formula for g(z).

Possibilities:

(a) g(x) = —3f(2)
(b) g(x) = —4f (z)
(c) g(x) = 7f(@)
(dLAg(x) = 4f (x)
(e) g(x) = f (4x)

Y

=

bl
N wi oo~ mivio

0 .
51-41-31-21-1 1 E?{ 516

-2 .

-3 \

4 \

-5 \

6 \}

-7

-8

-9

10
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9.8 One-to-one Functions and Inverse Functions
9.8.1 One-to-one Functions (1-1 Functions)

Recall that each input of a function can only correspond to one output. Now suppose that
we have the output and wish to know what the input of the function was. When is this
possible?

Example 9.46 (One-to-one Functions)

Let T be the function that maps dates to the high temperature in Lexington, Kentucky on
that date. Suppose that I tell you that the T'(date) = 81°. Is it possible for you to know
which date was input into 7'7

NQ,WWL&O&J C/Q/V\/l(we“
NI VN f ©

Example 9.47 (One-to-one Functions)

Let S be the function that maps an American citizen to his or her Social Security Number.
Suppose that S(person) = 111 — 11 — 1111. Assuming that this is a valid Social Security
Number and that you had all the resources of the FBI at your fingertips, could you tell me
what person was input into S?7

e

One-to-one functions are functions that allow you to go backwards from the output to the
input. In order to do this, you need to be sure that no output ever came from two different
inputs.

Definition 9.48 (One-to-one Functions)
A function f is one-to-one if f(a) = f(b) implies that a = b.

This definition says that whenever the outputs are the same, the inputs must be the same
also. Equivalently, if the inputs are different, the outputs must be different also.

25
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9.8.2 Graphs of One-To-One Functions

To determine if a graph corresponds to a one-to-one function, we need to check two things.

e Fach input must correspond to exactly one output. In other words, the graph must
first represent a function. (Vertical Line Test)

e Each output must correspond to exactly one input. This is a test to make sure that
the function is one-to-one. For this, we need to use the Hbr‘ lf,\-gy\,—{—o_Q l I n +¢S+

Example 9.49 (Horizontal Line Test)
Assuming that z is the input and y is the output, does the graph below represent a one-to-one

function?
Ys
\ /
\ 7 N D
\ /
5i-4i-3\- 2 i3 i4 %

N
;
N b N ike|o ik iniw s
=)
[

Example 9.50 (Horizontal Line Test)
Assuming that z is the input and y is the output, does the graph below represent a one-to-one

function?
Ys A
A N
3 0
1
0
541312140 {1123 45
2
-4
-5
Why do you believe this example was included in the notes? [

%}w Mmust  Stour w/ o bunction
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Example 9.51 (Horizontal Line Test)
Assuming that z is the input and y is the output, does the graph below represent a one-to-one
function?

<
o

>

PN ik iN ik Jo ik in iw s

9.8.3 Inverse Functions

If a function, f, is one-to-one, then there is another function g that, in some sense, is the
reverse function for f. The input values of g are the output values from f, and the outputs
values for ¢ are the input values of f. This whole thing is a bit topsy-turvy. In essence, g
is the function that you obtain when you hit the reverse button on the f function machine.
Traditionally, ¢ is called the inverse function of f and is denoted g = f~!. Notice that the
—1 in the notation is just that, notation. It DOES NOT mean that you take f to the —1
power. It can sometimes be confusing notation for students, but it is in all the literature so
we must deal with it.

Definition 9.52 (Inverse Functions)
If f is a one-to-one function, then the inverse function of f, denoted f~!, is the function
defined by the following rule:

f~'(y) = z if and only if f(z) =y

What is the domain of f=1?

%% o@’?

What is the range of f=1?

27
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Example 9.53 (Inverse Functions) ;L)( +"] g = g X

20+ 7

Let f(x) =

. Find f71(3). 3 — f
4=
(S = 2x+ |

The key to finding a formula for f~!, assuming that one exists, is to remember that = and
y switch roles between f and f~!.

Example 9.54 (Inverse Functions)
2 7
Let f(z) = =

have an inverse function, can you find a way to restrict the domain of f so that it does have

an iiver;s; ir_l:iif\n éo\VQ J;g/ 2 \7 (5><_,-l = ;B/
= Sx=1

Dyt
< X= & 37 _
R .

Example 9.55 (Inverse Functions)
Let g(z) = 523 — 7. If g has an inverse function, find a formula for g7'(z). If g does not

have an inverse function, can you find a Wa to restrlct the domain of g so that it does have
an inverse function. Solve X +] 3

. If f has an inverse function, find a formula for f~*(z). If f does not

i

Example 9.56 (Inverse Functions)

r+1
Let h(z) = :
(z) 2043
have an inverse function, can you find a way to restrict the domain of A so that it does have

an inverse function. Y- §ﬂ %X’ ﬂ ( -2 >(>
\

h 3 Q_K*?) Q‘j'k?)

- 3/ X(&y«@ 3
a4+ QXjJr?)X 3*28

SQ\\/Q g@ﬂé I\ = :3‘27<\6

~ 5—l<>6> = ?/ X1
If h has an inverse function, find a formula for A=!(z). does not
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Example 9.57 (Inverse Functions)

Let k(z) = 2?2 +4. If k has an inverse function, find a formula for k~!(x). If k does not have
an inverse function, can you find a way to restrict the domain of £ so that it does have an
inverse function.

Nor \ Com malte ((x) ®~e*o-ont £ we

m-&ofw ‘Hﬂ okt 1Ny dkow RS EO,D;)

(Cou&d\ have also used (-0,07)

Theorem 9.58 (The Round Trip Theorem)
The functions f and g satisfy both the following properties if and only if they are one-to-one
functions and inverses of each other. (In other words f~' =g and g7 = f.)

o f(g(x)) =x for all x in the domain of g

e g(f(x)) =z for all x in the domain of f

Example 9.59 (The Round Trip Theorem)
Verify that f and f~! from Example 9.54 satisfy the properties in the Round Trip Theorem.

Mﬂﬂ«lﬂ’lj
00 T

_ SNy e
L3 (oo F ()= 2D
ox 1 =] _ AA

ﬁil(wc (X\y: J;’\(;zx/v”m-: T = _
/\Q@umo\ vip Theovom vovihed
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9.8.4 Graphs of Inverse Functions

Property 9.60 (Graphs of Inverse Functions)

.

If f is a one-to-one function and (a,b) is on the graph of f, then (b,a) is on the graph of

Property 9.61 (Graphs of Inverse Functions)

of f about the line y = x.

If f is a one-to-one function, then the graph of f=' can be obtained by reflecting the graph

Example 9.62 (Graphs of Inverses Functions)

The graph of the one-to-one function f is shown below. Sketch the graph of f~1.

Y
i +

/\

_—

z —,L/"‘F (D JD)

.5.4-3-2_01234536 (Z_Ih
7,

1 (%,9)
| (27

30

(0,°)
(1,2)
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