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Section Time/Location TA information
005 TR 12:00-12:50pm — CB 339 Stephen Deterding
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007 TR 02:00-02:50pm — CB 339 Matias von Bell
008 TR 03:00-03:50pm — CB 339 matias.vonbell@uky.edu
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Syllabus & Course Policies
S - Functions
tions @? Functions

Ch. 1: Preview and review

Ch. 2: Discrete time models, sequences, and difference equations
Ch. 3: Limits and continuity

ih 4: Differentiation

Ch. 5: Applications of differentiation

Ch. ﬁ., Integration

If you are planning on taking MA 138, the course outline for MA 138 is:

Ch. 7: Integration techniques and computational methods
Ch. 8: Differential equations
9: Linear algebra and analytic geometry
Ch. 10: Multivariable calculus
Ch. 11: Systems of differential equations

http://www.ms.uky.edu/"mal37
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Syllabus & Course Policies

é: S o

You will be able to obtain a maximum of 500 points in this class,
divided as follows:

@ Three 2-hour exams, 100 points each;

@ Final exam, 100 points;

@ Homework, 40 points;

@ Quizzes, 40 points;

e Final project (Gen Ed requirement), 20 points;

Your final grade for the course will be based on the total points
you have earned as follows:

A: 450-500  B: 400-449  C: 350-399  D: 300-349  E: 0-299
> 90% > 80% > 70% > 60% < 60%

http:/ /www.ms.uky.edu/~mal37




Regular Exams will be given on Tuesdays from 5:00-7:00 pm
@ September 20
@ October 18

@ November 15

Alternate Exams for Exams 1-3 are given on the same days as the

regular exams from 7:30-9:30 pm (September 20, October 18,
November 15).

Review Sessions will be held on Monday September 19,
October 17 and November 14 from 6:00-8:00 pm.

http://www.ms.uky.edu/"mal3
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Syllabus & Course Policies

@ The homework associated to MA137 is mostly done online.
There are three exceptions where there are three
handwritten homework assignments.

@ The online homework (WeBWorK) can be accessed through
https://webwork.as.uky.edu/webwork2 /MA137F16/
@ Your username is your Link Blue user ID (use capital letters!)
and your password is your 8 digit student ID number.

@ You can try online problems as many times as you like.
The system will tell you if your answer is correct or not.
You can email the TA a question from each of the problem.
TAs will always do their best to respond within 24 hours.

e Don’t wait until the last minute!

http://www.ms.uky.edu/~ma137
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@ If you are taking an introductory Chemistry class you are likely to be
required to use REEF Polling by iClicker.

@ If you already have a REEF account, add this course by selecting
the “+" button on the top-right of your Courses page, selecting the
University of Kentucky as your institution, and searching for this
course, "MA 137 - Calculus 1 with Life Science Applications.”

@ REEF polling by iClicker lets you use your laptop, smart phone,
tablet, or physical iClicker remote to answer questions in class.

@ To create an account, purchase a subscription, and/or register a
physical iClicker remote, visit

http://support.reef-education.com

If none of your classes uses REEF Polling, there is no need to
purchase a subscription.

, http://www.ms.uky.‘édu/"m3137




To obtain a minor in Mathematics, a student who has completed
‘MA 137/138 Calculus I and Il must complete the following:

1. MA 213 — Calculus Il (4 credits)
2 MA 322 — Matrix Algebra and Its Applications (3 credits)
Six additional credit hours of Mathematics courses (=two
courses) numbered greater than 213. Possible courses include:
MA 214, MA 261, MA 320, MA 321, MA 327 (introduction
to game theory), MA 330, MA 341, MA 351, MA 361, or
any 400 level math course
4. We are also planning to create a new modeling course by Fall
2017 at the upper level in Mathematics. Stay tuned!!
i MA 337: Modeling Nature and the nature of modeling?

Thus you need 13 additional credit hours in Mathematics classes

http://www.ms.uky.edu/“mal37




labus & Course P \
s Start — Functions
Transformations of Fu

A function f is a rule that assigns to each element x in a set A
exactly one element, called f(x), in a set B.

The set A is called the domain of ¥ whereas the set B is called the
codomain of f; f(x) is called the value of f at x, or the image
of x under 7.

The range of f is the set of all possible values of f(x) as x varies
throughout the domain: range of f = {f(x)|x € A}.

X
input

| s f { )
output

Machine diagram of f
http://www.ms.uky.edu/~mal37
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Notation: To define a function, we often use the notation

f:A— B, x — f(x)

http://www.ms.uky.edu/"mal37




T

ransforma

The symbol that represents an arbitrary number in the domain of a
function f is called an independent variable.

The symbol that represents a number in the range of f is called a
dependent variable.

In the definition of a function the independent variable plays the
role of a “placeholder”.

For example, the function f(x) = 2x? — 3x + 1 can be thought of as
f(O)=2-0°-3.0+1.

To evaluate f at a number (expression), we substitute the number
(expression) for the placeholder.

http://www.ms.uky.edu/“mal37




Syllabus & Course Polici
Let’s Start — Functions

5 s g B o B s o B 5 g B 4 FAR P .
Transformations of Functions

The domain of a function is the set of all Inputs for the function.
The domain may be stated explicitly.
For example, if we write
f(x)=1—x° —2<x<5
then the domain is the set of all real numbers x for which —2 < x < B,

If the function is given by an algebraic expression and the domain

Is not stated explicitly, then by convention the domain is the set of
all real numbers for which the expression is defined.

Fact: Two functions f and g are equal if and only if
1. f and g are defined on the same domain,
2. f(x) = g(x) for all x in the domain.

http://www.ms.uky.edu/“mal37
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— Functions

Transformations of Functions

The graph of a function is the most
important way to visualize a function. (6, (6))
It gives a picture of the behavior or T\

‘life history’ of the function.

We can read the value of f(x) from
the graph as being the height of the
graph above the point x.

=

If f is a function with domain A, then
the graph of f is the set of ordered pairs

graph of f = {(x, f(x)) | x € A}.

In other words, the graph of f is the set of all points (x, y) such that
y = f(x); that is, the graph of f is the graph of the equation y = f(x

http://www.ms.uky.edu/"mal37




Graph of a Function
e values of a function are represented by the height of its graph above
the x-axis. So, we can read off the values of a function from its graph.

In addition, the graph of a function helps us picture the domain and

range of the function on the x-axis and y-axis as shown in the picture:
y |

http://www.ms‘.uky.edu/ “mal37




Syliabus & Course P¢
Let’s Start —
Transformations of Fu

The graph of a function is a curve in the xy-plane. But the question
arises: Which curves in the xy-plane are graphs of functions?

A curve in the coordinate plane is the graph of a function if and
V'onlyfn‘no vertlcal line. mte’rsects the curve more than once .

http://www.ms.uky.edq/"ma137
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t — Functions
Transformations of Functions

Suppose ¢ > 0.
To graph y = f(x) + ¢, shift the graph of y = f(x) upward ¢ units.
To graph y = f(x) — ¢, shift the graph of y = f(x) downward ¢ units.

e

y:f(x+c y

y= f(x)

http://www.ms.uky.edu/"ma137







Suppose ¢ > 0.
To graph y = f(x — ¢), shift the graph of y = f(x) to the right ¢ units.

To graph y = f(x + ¢), shift the graph of y = f(x) to the left ¢ units.
y =f(x+¢)

AY AY

http://www.ms.uky.edu/"mal37
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Transformations of Functions
|
|

To graph y = —f(x), To graph y = f(—x),

reflect the graph of y = f(x) reflect the graph of y = f(x)
in the x-axis. in the y-axis.
y = f(x)

YA

y = ()

http://www.ms.uky.edu/~“mal37







To graph y = cf(x):
If ¢ > 1, STRETCH the graph of y = f(x) vertically by a factor of c.
If 0 < ¢ < 1, SHRINK the graph of y = f(x) vertically by a factor of c.

yp Y=cf(x)

c>1

http://www.ms.uky.edu/"mal37







To graph y = f(cx):
If ¢>1, shrink the graph of y = f(x) horizontally by a factor of 1/c.
If 0<c<1, stretch the graph of y = f(x) horizontally by a factor of 1/c.

y y = f(CX) VA y = f(cx)

\

c>1 O0<cecxl

http://www.ms.uky.edu/"ma13







Alberto Corso
(alberto.corso@uky.edu)

Department of Mathematics
University of Kentucky

August 26, 2016

http://www.ms.uky.edu/‘"ma]r37




Basic Functions

We introduce the basic functions that we will consider throughout
the remainder of the semester.

e polynomial functions
A polynomial function is a function of the form
f(x) = ag + arx + axx® + -+ - + apx”
where n is a nonnegative integer and ag, a1, ..., an are (real)
constants with a, # 0. The coefficient a, is called the leading
coefficient, and n is called the degree of the polynomial
function. The largest possible domain of f is R.

Examples

Suppose a, b, ¢, and m are constants.

e Constant functions: f(x)=c (graph is a horizontal line);
o Linear functions: f(x)=mx-+b (graph is a straight line);
o Quadratic functions: f(x)=ax?+bx+c (graph is a parabola).

http://www.ms.uky.edu/“mal37




Basic Functions

e rational functions |
A rational function is the quotient of two polynomial functions

p(x) and g(x): f(x)= g—g—% for g(x) # 0.

Example | The Monod growth function is frequently used to describe

the per capita growth rate of organisms when the rate depends on the

concentration of some nutrient and becomes saturated for large enough

nutrient concentrations.

If we denote the concentration of the nutrient "/

a b=

SRR

by N, then the per capita growth rate r(N)

is given by o/
al\l
r(N) = N >0
R ,.
where a and k are positive constants. s i

http://www.ms.uky.edu/“mal37




Basic Functions

o power functions
A power function is of the form f(x) = x" where r is a real number.

Example | Power functions are frequently found in “scaling relations”
between biological variables (e.g., organ sizes).

Finding such relationships is the objective of allometry. For example, in a
study of 45 species of unicellular algae, a relationship between cell volume
and cell biomass was sought. It was found [see, Niklas (1994)] that

| cell biomass o (cell volume)?-79%

Most scaling relations are to be interpreted — of et —

. _— . 10 - "

in a statistical sense; they are obtained by , | s

. . . . a ) .,w@f:d

fitting a curve to data points. The data points 2 o e

are typically scattered about the fitted curve = e

given by the scaling relation. T
Cell volume

» exponential and logarithmic functions

o trigonometric functions

http://www.ms.uky.edu/ " mal37




Basic Functions

The Celsius scale is devised so that 0°C is the freezing point of
water (at 1 atmosphere of pressure) and 100°C is the boiling point

of water (at 1 atmosphere of pressure).
If you are more familiar with the Fahrenheit scale, then you know

that water freezes at 32°F and boils at 212°F.
(a) Find a linear equation/function that relates temperature
measured in degrees Celsius and temperature measured in

degrees Fahrenheit.
(b) The normal body temperature in humans ranges from 97.6°F

to 99.6°F. Convert this temperature range into degrees
Celsius. |

http://www.ms.uky.edu/"mal37
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Basic Functions

When a certain drug is taken orally, the concentration of the drug
in the patient’s bloodstream after t minutes is given by

C(t) = 0.06t — 0.0002¢2,

where 0 < t < 240 and the concentration is measured in mg/L.
When is the maximum serum concentration reached?
What is that maximum concentration?

http://www.ms.uky.edu/"mal37
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Basic Functions

Menten enzymatic reaction)

According to the Michaelis-Menten equation (1913) when a
chemical reaction involving a substrate S is catalyzed by an
enzime, the rate of reaction V = V/([S]) is given by the expression

V — Vmax[S]

~ Km +[8]

where [S] denotes substrate concentration (for examples in moles
per liter), and Viax and K, are constants. |

Vinax is the maximal velocity of the reaction and Kj, is the Michaelis constant.

K, is the substrate concentration at which the reaction achieves half of the maximum velocity.

Graph V assuming that Vihax = 3 and K, = 2. That is,

_ 3[§]
V=T

http://www.ms.uky.edu/“mal37










Basic Functions

Find the scaling relation between the surface area S and the
volume V of a sphere of radius R.

[More precisely, show that S = (36m)1/3 V2/3 thatis, S oc V2/3]

http://www.ms.uky.edu/ " mal37
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f is even if f(—x) = f(x) for all x in the domain of f.
fis odd if f(—x) = —f(x) for all x in the domain of f.

Let f be a function.
|
\

v
s
X
f(—x) ODD
Graph symmetric wrt y-axis. Graph symmetric wrt (0, 0).
Example:
y = cos x is an even function; y = sinx is an odd function.

http://www.ms.uky.edu/“mal37




ven and Odd Functions

. |

Determine whether the following functions are even or odd:

f(x) = x>+ 0x5

g(x) = x? — 3x*

http://www.ms.uky.edu/“mal37




) ?(z)'—l +2 %
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Even and Odd Functions
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(Since we talked about trigonometric functions...)

breathing. The volume of the lungs normally varies between 2140
ml and 2700 ml with a breathing rate of 22 breaths/min. This
exchange of air is called the tidal volume.

One approximation for the volume of air in the lungs uses the
cosine function written in the following manner:

V(t) = A+ Bcos(wt),

where A, B, and w are constants and t is in minutes. Use the data
above to create a model, finding the constants A = ,

B = cand w = “that simulates the normal
breathing of an individual for one minute.

|
|
\
|
|
The lungs do not completely empty or completely fill in normal

http://www.ms.uky.edu/“mal37
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Let f and g be functions with domains A and B. We define new
functions f + g, f — g, fg, and f /g as follows:

(f + g)(x) = f(x) + g(x) Domain AN B
(fg)(x) = f(X)g(X) Domain AN B
f(x) .
( )(x) 2(x) Domain {x € AN B|g(x) # 0}

http:/ /www.ms.uky.edu/~“mal37
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'l;he Algebra of Functioh

%

S

\
|
Given any two functions f and g, we start with a number x in the ;
domain of g and find its image g(x). If this number g(x) is in the ‘
domain of f, we can then calculate the value of f(g(x)).

The result is a new function h(x) = f(g(x)) obtained by
substituting g into f. It is called the composition (or composite)
of f and g and is denoted by f o g (read: ‘f composed with g’ or
'f after g')

(fog)(x) = fg(x)).

WARNING: fog #gof.

http://www.ms.hky.edu/"ma137




Arrow diagram of f o g
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'I:he Algebra of Functions

.

x+1

|
\
\
|
Let f(x) = —— and g(x) =2x — 1.
Find the functions fog, gof, and f o f and their domains.




X
'-F(x)‘: ;:',"’ 9()() -;.—2_)<___,‘ -
a('f-) 2x —| . 2x —-—j/

- ('?03)(1)'"*"?(3(1))3 g0 1 T (ax -0 40 , ==
/
= l-—z;
X
**) (g2 f)0 = g (F=))= 2 Py-t = 20—
g
22——(1'?'1) x — |
2=, _ xt1)
- C+ | ’ x ~+ | ot \&/
_
; @
) (PP - F (e = S -
| _W%_” - _ ;(-/ X ’2;4(
Jeer T :xz—;fx"") o] 2Tt
x

T 27Tt




ons

X2

Express the function F(x) = 21

http://www.ms.uky.edu/ " mal37

in the form F(x) = f(g(x)).
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;"A functlon f W|th domaln A is called a one to one functlon»
‘iy,|f no two eIements of A have the same |mage that |s

f(xl) # f(xz) Whenever x1 7é x2

E'?An eqmvalent Way of wrltlng the above condltlon IS .

http://www.ms.uky.edu/~mal37




ne Functions

For functions that can be graphed in the coordinate plane, there is
a useful criterion to determine whether a function is one-to-one or not.

f(x) is_not one-to-one

http://www.ms.uky.edu/“mal37
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One-to-one functions are precisely those for which one can define a
(unique) inverse function according to the following definition.

i»mverse functlon f 1 has doma

1 (y)__d X

If f takes x to vy,
then f~1 takes y back to x.
l.e.. f~1 undoes what f does.

NOTE:
1

f~1 does NOT mean 3

http://www.ms.uky.edu/~“mal37




':'.‘_Let f(x) be a one to one functlon vvlth domam A and range B %g
a The lnverse functlon f 1(y) satlsfles the followmg cancellatlon ' §
,;5Propert|es - .. - ]

(f(X))‘“*X for every = 6 A .

7_:_}Conversely, any functlon f 1(y) satlsfylng the above COﬂdIthhS IS :
f'_-ythe lnverse?of f (x) - e

Typically we write functions in terms of x.
To do this, we need to interchange x and y in x = f~1(y).

http://www.ms.uky.edu/"mal37
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Remark: |




Show that the functions f(x) = x> and g(x) = x*/5 are inverses of
each other.
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The Inverse of a Function

1 Wnte y - f(x) | | , -
2 Solve thls equatlon for x |n terms of y (nc pOSSIbIe)

3 Interchange x and y The resultmg equatlon is y= f () |

http://www.ms.uky.edu/“mal37




2 — 3x
8 —7x

Find the inverse of y =
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2 — 3x
g-1tx
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One of the main quantities that epidemiologists try to measure for
infectious diseases is the so-called basic reproduction number, Rj.
Biologically, this is the expected number of new infections that an
infected individual will produce when introduced into a completely
susceptible population.

We can try to modify this by introducing vaccination to control
the probability of an outbreak of the disease. We want to know the
fraction of the population that we have to vaccinate to achieve a
target outbreak probability. If v is the vaccination fraction, then
the outbreak probability as a function of v is

1
Ro(l — V).
Find the inverse of this function to obtain v, the vaccination

coverage needed, as a function of P, the given target outbreak
probability.

P=1-

http://www.ms.uky.edu/“mal37
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L |

The Inverse of a

The principle of interchanging x and y to find the inverse function
also gives us a method for obtaining the graph of =1 from the
graph of f. The graph of f~! is obtained by reflecting the
graph of f in the line y = x. Vo

The picture on the right hand side shows the graphs of:

f(x) =vx+4

and
fi(x)=x*—4, x> 0.

http://www.ms.uky.edu/ " mal37




Find the inverse of the function f(x) =1+ v1 + x.
Find the domain and range of f and f 1.

Graph f and f~! on the same cartesian plane.

http://www.ms.uky.edu/"mal37
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oo ~w~~»'§@§‘%§fa

The exponential function
f(x) = a* (a>0, a#1)
has domain R and range (0, c0). The graph of f(x) has one of

these shapes: y y

\

XV

0 X 0
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Let 2 and b be real numbers so that a,b > 0 and a, b # 1.

V=1

http://www.ms.uky.edu/ "mal37
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In particular, — =— =

In particular,
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Use the graph of f(x) = 3 to sketch the graph of each function:

g(x) = —3%

h(x)=1-37%
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Exponential Functions

yetion

The most important base is the number
denoted by the letter e.

The number e is defined as the value

1 n
that <1+—> approaches as n becomes
n

very large.

Correct to five decimal places (note that
e is an irrational number), e = 2.71828.

http://www.ms.uky.edu/"ma137

1 n
(1+3)
n

n
1| 2.00000
5| 2.48832
10 | 2.59374
100 | 2.70481
1,000 | 2.71692
10,000 | 2.71815
100,000 | 2.71827
1,000,000 | 2.71828
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Since 2 < e < 3, the graph of

Vst o y = e~ lies between the graphs
_"_"atural exponentlal functlon of y = 2% and y = 3%.

"”“’:xﬁponentral functlon'e"
yE=3 |

,,t;ls"often referred ’co'T
as the exponential function.

Note:
Sometimes we write

f(x) = exp(x)
to denote the exponential function.
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Exponential Functions

When a certain drug is administered to a patient, the number of
milligrams remaining in the patient’s bloodstream after ¢ hours is
modeled by

D(t) = 50e %4t
How many milligrams of the drug remain in the patient’s
bloodstream after 3 hours?
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Logarlthmlc Fun
ic Equ

mig-»

Every exponential function f(x) = a~, with 0 < a # 1, is a one-to-one
function (Horizontal Line Test). Thus, it has an inverse function,
called the logarithmic function with base a and denoted by log, x
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The graph of f~1(x) = log, x is obtained by reflecting the graph of
f(x) = a* in the line y = x. Thus, the function y = log, x is

defined for x > 0 and has range equal to R.

X
YA Y 2

i

£
i

The point (1,0) is on the graph of y = log, x (as log,1 = 0) and
the y-axis is a vertical asymptote.

http: //www.ms.uky.edu/~mal37




eronentt

Of all possible bases a for logarithms, it turns out that the most
convenient choice for the purposes of Calculus is the number e.

e o .C.a”fedftrhe:hé;ftu:r}é'f'dg]a‘rithm*ah:d*'
sdenoted o .. =

4;1;  Inx = Ioge
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Exponential/|

Another convenient choice of base for the purposes of the Life
Sciences is the number 10.
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Since logarithms are ‘exponents’, the Laws of Exponents give rise
to the Laws of Logarithms:

Let a be a posmve number, with a # 1.  Let A
i‘VreaI numbers Wlth A =0 and B = O .

log,(AB) = log, A+ log, B

http://www.ms.uky.edu/"mal37




ial /Logarithmic E

et us set
log, A=u and log,B=v

When written in exponential form, they become
a“=A and a" = B.

log,(a" a")
— loga(aLH—v)

Thus: log (AB)

= u+v
= log, A+ log,B.

In a similar fashion, one can prove 2. and 3.
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ial Functions
mic Functions

e bquations

.

ogarithmic Expressions

Use the Laws of Logarithms to combine the expression
log, b+ clog,d —rlog,s —log,t
into a single logarithm.
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Log c Functions
Exponential /Logarithmic Equations

For some purposes, we find it useful to change from logarithms in
one base to logarithms in another base. One can prove that:

| log, x
ogp X = ————.
&b log, b

Proof: Set y = log, x. By definition, this means that bY = x. Apply now log,(-) to b¥ = x. We obtain
log,(b”) = log, x ~r y log, b = log, x.

Thus

log, x
logp, x =y = logab.
log2 In2
Example:| logs2 = —o= = —= ~ 0.43068.
| logh Inb
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ns
/Logarithmic Equatio

An exponential equation is one in which the variable occurs in the
exponent. For example,

3x—[—2 —

We take the (either common or natural) logarithm of each side and
then use the Laws of Logarithms to ‘bring down the variable” from
the exponent:

log(3*%) = log 7

~ (x +2)log3 =log7

. D — log 7
log 3
log 7
~ X = — 2~ —0.228756
log 3
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Solve the given equation for x:
25X—~4 _ 310X—10
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ExponentiaI/L gari

A logarithmic equation is one in which a logarithm of the variable
occurs. For example,

log,(25 — x) = 3.

To solve for x, we write the equation in exponential form, and then
solve for the variable:

25 - x =23 ~ 25—x=8 ~» x=17.

Alternatively, we raise the base, 2, to each side of the equation; we
then use the Laws of Logarithms: |

ologa(25-x) =23 s 2B x=23 ~ x=1T.

http://www.ms.uky.edu/~"mal37
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mic Equation

b &2

Solve the given equation for x:

!Oglo X + lOglo(X -+ 21) =

http://www.ms.uky.edu/~“mal37
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| Applicatiohs

The formula for population growth of several species is the same as
that for continuously compounded interest. In fact in both cases
the rate of growth r of a population (or an investment) per time
period is proportional to the size of the population (or the amount
of an investment).
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Applications

Biologists sometimes express the growth rate in terms of the

doubling-time h, the time required for the population to double in

_ In 2
size: r = —.

h

Proof: Indeed, from
2n0 = n(h) = noerh

we obtain I
2=¢” ~ m2=r"h ~ r:i—z—.
h
Usmg th"e doubhng tlme h vve""can also rewrite n(t) as

http://www.ms.uky.edu/~mal37




Applications

Radioactive substances decay by spontaneously emitting radiations.
Also in this situation, the rate of decay is proportional to the mass
of the substance and is independent of environmental conditions.
This is analogous to population growth, except that the mass of
radioactive material decreases.

, rad.oa tive substance then the mass
d,_by;the functlon -

http://www.ms.uky.edu/"mal37




Applications

Physicists sometimes express the rate of decay in terms of the

half-life h, the time required for half the mass to decay: r = —.

Proof: Indeed, from

—mg = m(h) = moe_rh

we obtain

= e ~ In—-=—rh ~ —In2=—rh ~ r= —.

( ‘ f/h) |n2 _; m eln(Q—f/h)
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Application

A town has population 750 people at year t = 0.
Write a formula for the population, P, in year t if the town

(a) Grows by 70 people per year

(b) Grows by 12% per year

(c) Grows at a continuous rate of 12% per year.
(d) Shrinks by 14 people per year.

(e) Shrinks by 4% per year.

(f) Shrinks at a continuous rate of 4% per year.




(a) ?(‘t’) = :piSD + %lof

t
P(x) = *50 ( | + o.lz)t = ?S‘O(HZ)

(dy Pl = #so - l4t
.
o(e) = 750 (1-004) =350 (0.99)°

_O. 0kt

£y Pw=FTe

e
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The frog population in a small pond grows exponentially. The

current population is 85 frogs, and the relative growth rate is 18%
per year.

(a) Which function models the population after t years?
(b) Find the projected frog population after 3 years.

(c) When will the frog population reach 6007

(d) When will the frog population double?

http://www.ms.uky.edu/"mal37
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Assume that the number of bacteria follows an exponential growth
model:  P(t) = Pye**. The count in the bacteria culture was
100 after 15 minutes and 1800 after 35 minutes.

(a) What was the initial size of the culture?

(b) Find the population after 105 minutes.

(c) How many minutes after the start of the experiment will the
population reach 14,0007
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The mass m(t) remaining after t days from a 40-g sample of

thorium-234 is given by:
m(t) _ 406’—0'0277 t

(a) How much of the sample will be left after 60 days?

) After how long will only 10-g of the sample remain?
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[...] Carbon 14 is formed high in the atmosphere. It is radioactive
and decays into nitrogen (N%).

There is an equilibrium between atmospheric carbon 12 (C*?) and
carbon 14 (C!%) — a ratio that has been relatively constant over a
fairly long period.

When plants capture carbon dioxide (CO2) molecules from the
atmosphere and build them into a product (such as cellulose), the
initial ratio of C1* to C'? is the same as that in the atmosphere.

Once the plants die, however, their uptake of CO, ceases, and the
radioactive decay of C'* causes the ratio of C** to C'* to decline.

Because the law of radioactive decay is known, the change in ratio
provides an accurate measure of the time since the plants death.

http://www.ms.uky.edu/~“mal37
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The half-life of C* is 5730 years. Suppose that wood found at an
archeological excavation site contains about 35% as much C* (in
relation to C1?) as does living plant material.

Determine when the wood was cut.
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Newton's Law of Cooling states that the rate of cooling of an
object is proportional to the temperature difference between the
object and its surroundings, provided that the temperature

difference is not too large.

Using Calculus, the following model can be deduced from this law:

T(t) = TS + Doe

Soitie constant that depends on theobject

http://www.ms.uky.edu/“mal37




A roasted turkey is taken from an oven when its temperature has

reached 185°F and is placed on a table in a room where the

temperature is 75°F.

(a) If the temperature of the turkey is 150°F after half an hour,
what is its temperature after 45 minutes?

(b) When will the turkey cool to 100°F?
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Newton's Law of Cooling is used in homicide investigations to
determine the time of death. Immediately following death, the
body begins to cool (its normal temperature is 98.6°F). It has been
experimentally determined that the constant in Newton's Law of
Cooling is k = 0.1947, assuming time is measured in hours.
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Logarithmic Scales

@ When a physical quantity varies over a very large range, it is
often convenient to take its logarithm in order to have a more
manageable set of numbers.

@ Quantities that are measured on logarithmic scales include

e acidity of a solution (the pH scale),

earthquake intensity (Richter scale),

loudness of sounds (decibel scale),

light intensity,

information capacity,

radiation.

® © © © ©

@ In such cases, the equidistant marks on a logarithmic scale
represent consecutive powers of 10.

l ] |
I ] L] I

101 102 103 104
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Logarithmic Scaies

Chemists measured the acidity of a solution by giving its hydrogen
ion concentration until Sorensen, in 1909, defined a more

convenient measure:

pH = — log[H™]

where [H™] is the concentration of hydrogen ions measured in
moles per liter (M).

Solutions are defined in terms of the pH as follows:
those with pH = 7 (or [H*] = 107 'M) are neutral,
those with pH < 7 (or [HT] > 107 "M) are acidic,
those with pH > 7 (or [H"] < 107"M) are basic.

http://www.ms.uky.edu/“mal37
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Logarithmic Scales

The hydrogen ion concentration of a sample of each substance is
given. Calculate the pH of the substance.

(a) Lemon juice: [H1] = 5.0 x 107>M

(b) Tomato juice: [HT] =3.2 x 107*M

(c) Seawater: [H] =5.0 x 107°M

http://www.ms.uky.edu/"mal37
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Logarithmic Scales

Calculate the hydrogen ion concentration of each substance from
its pH reading.

(a) Vinegar: pH = 3.0

(b) Milk: pH = 6.5




&) \/{neaﬁa,\ : )DH =3.0

— 23.0= — a)H*j = &a[Hj”‘"3

p— )[Hj = 10"3
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Logarithmic Scales

In biology its common to use a semilog plot to see whether data
points are appropriately modeled by an exponential function.

» This means that instead of plotting the points (x, y), we plot the
points (x,logy).
In other words, we use a logarithmic scale on the vertical axis.

10° ¢

-
ke
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Logarithmic Scales

A B
106 —— et 107
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105¢ * E 4084 ,
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Fig. 1. (A) Plasma concentrations (copies per mililiter) of HIV-1 RNA (circles) for two representative
patients (upper panel, patient 104; lower panel, patient 107) after ritonavir treatment was begun on day
0. The theoretical curve (solid line) was obtained by nonlinear least squares fitting of Eq. 6 to the data. The
parameters ¢ (virion clearance rate), 8 (rate of loss of infected cells), and V,, (initial viral load) were
simultaneously estimated. To account for the pharmacokinetic delay, we assumed t = 0 in Eq. 6 to
correspond to the time of the pharmacokinetic delay (if measured) or selected 2, 4, or 6 hours as the
best-fit value (see Table 1). The logarithm of the experimental data was fitted to the logarithm of Eq. 6 by
a nonlinear least squares method with the use of the subroutine DNLS1 from the Common Los Alamos
Software Library, which is based on a finite difference Levenberg-Marquardt algorithm. The best fit, with
the smallest sum of squares per data point, was chosen after eliminating the worst outlying data point for
each patient with the use of the jackknife method. (B) Plasma concentrations of HIV-1 RNA (upper panel;
circles) and the plasma infectivity titer (lower panel; squares) for patient 105. {Top panel) The solid curve
is the best fit of Eq. 6 to the RNA data; the dotted line is the curve of the noninfectious pool of virions, Vi (t);
and the dashed line is the curve of the infectious pool of virions, V|(t). (Bottom panel) The dashed lineis the
best fit of the equation for V/(f) to the plasma infectivity data. TCID,,, 50% tissue culture infectious dose.

SCIENCE + VOL.271 = 15 MARCH 1996
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The graphs are taken from the article

HIV-1 Dynamics in Vivo: Virion Clearance Rate,
Infected Cell Life-Span, and Viral Generation Time,

by Alan S. Perelson, Avidan U. Neumann, Martin
Markowitz, John M. Leonard and David D. Ho,

Science, New Series, Vol. 271, No. 5255 (Mar. 15,
1996), pp. 1582-1586.

David Ho was Time magazine's 1996 Man of the Year.




Logarithmic Scales

You need remember is that the log axis runs in exponential cycles.

Each cycle runs linearly in 10's but the increase from one cycle to another is an increase by a factor of 10.
So within a cycle you would have a series of: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 (this could also be 0.1-1, etc.).
The next cycle begins with 10 and progresses as 20, 30, 40, 50, 60, 70, 80, 90, 100.

The cycle after that would be 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000.

Below is a picture of semilog graph paper.

Number log

100 2
- 10*=100 90 1.9542
90 80 1.9031
8o 70 1.8451
T 60 1.7782

pe e 60

e - 50 50 1.6990
T 40 40 1.6021
e 30 30 1.4771
'''''''''''''''''''''' 20 20 1.3010

E— 10'=10 10 1
S 9 0.9542
?l::?i::?“3§“\~~-~’:\ 8 8 0.9031
N Do o
NN 6 0.7782
SN 5 0.6990
NN 4 0.6021
J S e 3 0.4771
™ 10%=1 2 0.3010
1 0.0000
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Logarithmic Scales

Suppose that x and y are related by the expression
y=4. 10—/ [= 4. (1071/2)* = 4. (0.316)].

Use a logarithmic transformation to find a linear relationship

between the given quantities and graph the resulting linear

relationship in the semilog (or log-linear) plot.

103§§ \ . 3 's ARt &‘%QW valows -
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Logarithmic Scales |

o If we start with an exponential function of the form
y = a- b* and take logarithms of both sides, we get

logy = log(a- b*) = log a + log b*

logy = loga+ xloghb
If we let Y =logy, M =logb, and B = log a, then we obtain

Y = B + Mx,

i.e., the equation of a line with slope M and Y'-intercept B.

@ So if we obtain experimental data that we suspect might
possibly be exponential, then we could graph a semilog scatter
plot and see if it is approximately linear.

http://www.ms.uky.edu/”"mal37
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Logarithmic Scales

When log y is graphed as a function of x, a straight line results.
Graph the straight line given by the following two points

(x1,¥1) = (0,40)  (x2,y2) = (2,600)

on a log-linear plot. Determine the functional relationship between
x and y. (Note: The original x-y coordinates are given.)

http://www.ms.uky.edu/“mal37
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Logarithmic Scales

When log y is graphed as a function of x, a straight line results.
Graph the straight line given by the following two points

(Xlayl) — (174) (X27y2) — (67 1)
on a log-linear plot. Determine the functional relationship between
x and y. (Note: The original x-y coordinates are given.)

http://www.ms.uky.edu/“mal37
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Logarithmic Scales

Section 1.3

Consider the relationship y = 6 x 2799% between the quantities x
and y. Use a logarithmic transformation to find a linear
relationship of the form

Y =mx-+0b

between the given quantities.
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" Logarithmic Scales

e If we use logarithmic scales on both the horizontal and vertical
axes, the resulting graph is called a log-log plot.

102 * - i it i =::;:::é§
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@ A log-log plot is used when we suspect that a power function
might be a good model for our data.

@ Recall that power functions are frequently found in “scaling
relations” between biological variables (e.g., organ sizes).
Finding such relationships is the objective of allometry.

If we start with a power function y = Cx? and take
logarithms of both sides, we get

log y = log(CxP) = log C + log x*

logy = log C + plog x

Let Y =logy , A=log C, and X = log x. Then the latter

equation becomes
Y =A4+ pX

We recognize that Y is a linear function of X, so the points
(log x,log y) lie on a straight line.

http://www.ms.uky.edu/ "mal37







Logarithiﬁic étalés

When log y is graphed as a function of log x, a straight line results.
Graph the straight line given by the following two points

(Xla)/l) — (27 5) (X27)/2) — (57»2)

on a log-log plot. determine the functional relationship between x
and y. (Note: The original x-y coordinates are given.)

http://www.ms.uky.edu/~mal37
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Logarithmic Sca

There are several possible functional 104 =
relationships between height and — & i
diameter of a tree. One particularly o3| L[
simple model is given by

H — AD3/4 10 = e e

where A is a constant that depends 101!
on the Species of tree, H is the o
A = 50 plot this relationship in the e
double log plot below. o PR
10° 10t 10 10° 107

Is your graph a straight line? If so, what is its slope?

http://www.ms.uky.edu/ mal37
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Logarithm Scales

The following table is based on a functional relationship between x
and y that is either an exponential or a power function:

X y
0.5 7.81
1 3.4
1.5 2.09
D 1.48
2.5 1.13

Use an appropriate logarithmic transformation and a graph to
decide whether the table comes from a power function or an
exponential function, and find the functional relationship between
x and y.

http://www.ms.uky.edu/~ma137
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ithmic Scales

Ebbinghaus’s Law of Forgetting states that if a task is learned

at a performance level Py, then after a time interval t the
performance level P satisfies

log P = log Py — clog(t + 1),

where ¢ is a constant that depends on the type of task and t is

measured in months.

(a) Solve the equation for P.

(b) Use Ebbinghaus's Law of Forgetting to estimate a student's
score on a biology test two years after he got a score of 80 on
a test covering the same material. Assume ¢ = 0.3.

http://www.ms.uky.edu/ " mal37
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Logarithmic Scales

Below is the graph of the function P = 80/(t + 1)%3 in standard
coordinates:

t | P=280/(t+1)%3
0 30
6 44.62
12 37.06
18 33.072
24 30.458
0 t

http://wwyv.ms.uky.edu/L’mal37




Below is the graph of log P = log80 — 0.3 log(t + 1) in a log-log

plot:

t |log(t+1)|logP =log80—0.3log(t+1)
0 0 1.903
) 0.845 1.650
12 1.114 1.569
18 1.279 1.519
24 1.398 1.484
log P ;__h

http://www.ms.uky.edu/ " mal37
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Logarithmic Scales

Some biologists model the number of species S in a fixed area A
(such as an island) by the Species-Area relationship

log S = log c + klog A,

where ¢ and k are positive constants that depend on the type of

species and habitat.

(a) Solve the equation for S.

(b) Use part (a) to show that if kK = 3 then doubling the area
increases the number of species eightfold.

http://www.ms.uky.edu/ " mal37
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