I\/IA“138 calculus 2w1 fe Scuence

Alberto Corso
(alberto.corso@uky.edu)

Department of Mathematics
University of Kentucky

Wednesday, March 29, 2017

http://www.ms.uky. edu/ malBB ,

,‘ Lecture 30




Coordinate Syte ns

Any point P in the plane can be represented as an ordered pair of real
numbers. To locate a point in space, three numbers are required.

We first choose a fixed point O (the origin) and three directed lines
through O that are perpendicular to each other, called the coordinate axes
and labeled the x-axis, y-axis, and z-axis. Usually we think of the x- and
y-axes as being horizontal and the z-axis as being vertical. The direction
of the z-axis is determined by the right-hand rule: If you curl the fingers of
your right hand around the z-axis in the direction of a 90°
counterclockwise rot#ion from the positive x-axis to the positive y-axis,

then your thumb points in the positive direction of the z-axis.

The three coordinate fxes determine three coordinate planes: The
hat contains the x- and y-axes; the yz-plane

xy-plane is the plane

\
contains the y- and z-axes; the xz-plane contains the x- and z-axes. ;‘
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These three coordinate planes divide space into eight parts, called octants.
The first octant is determined by the positive axes. |

Now if P is any point in space, let xp be the distance from P to the

yz-plane, let yp be the distance from P to the xz-plane, and let zp be the
distance from P to the xy-plane. We represent the point P by the ordered
triple (xp, yp, zp) of real numbers and we call them the coordinates of P.

The point P(xp,yp,zp) determines a z

rectangular box. Dropping a straight S
line from P to the xy-plane, we obtain 4
the projection of P onto the xy-plane:
Q(xp,yp,0). Similarly, R(0,yp,zp) and |

S(xp, 0, zp) are the projections of P onto

the yz-plane and xz-plane, respectively.
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m Locate the follow

coordinate system:

A(1,3,2) B(

m Describe the set
expressions:

(@)x=0 (b
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ing points in a three-dimensional Cartesian

)

~1,-2,1)  €(0,1,2)  D(2,0,3)

of all points in R? that satisfy the following

)y=0  (z=0 ()220 ()y=0










We consider functions for which

m the domain consists of pairs of real numbers (x, y) with x,y € R or,

more generally, of n-tuples of real numbers (x1,x2, ..., x,) with

X1, X2, ..., xp € R. We write R” to denote the set of all n-tuples of

real numbers (x1,x2,...,Xn).
- m the range consists of subsets of the real numbers.

'Suppose D C R” ' Th na real—valued functlon o on D aSSIgns a real
'number to each element in D, and we write |
, f.D——>,,' (xl,XQ,.. X,«,)F—>f(X1,X2,5.. Xn)
The set D is the domain of the function f, and the set

| {W ER|f(x1,x0,..., %) = w for some (xl,x2, 5 xn) c D}
is the range of the fuL ‘

ction f

E
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m If £ is a function of two independent variables, we usually denote the
independent variables by x and y, and write f(x, y).

m We also write z = f(x, y) to make explicit the value taken on by f at
the general point (x, y). The variable z is the dependent variable.

m If a function f is given by a formula and no domain is specified, then

~ the domain of f is understood to be the set of all pairs (x, y) for
which the given expression is well-defined.

m To visualize a function of two variables we often consider its graph.

H\The grh of a function f of two independent variables with domain D is
the set of all points (x,y,z) € R3 such that z = f(x y) for (x, y) eD.

That is, the graph-of f is the set
: = A(xy,2) lz= f(x y) With (X y) € D}.




illustrated, for example, by the following picture

which shows the graph of the function
2 2

f(x,y)=xe 7Y

The graph of f(x,y) is therefore a surface in three-dimensional space, as
over the square [—2,2] x [-2,2].

2 v : 1 ¥ ‘

Graphing a surface in three-dimensional space is difficult. Fortunately,
good computer software is now available that facilitates this task.

http://www.ms.uky.edu/"mal38

_ Lecture 30




m f(4,-2)

Suppose f(X,y)‘ = xy° +7. Compute the following values
1
\

m f(—2,4)
m f(t, 4t)

f(Xo,yo -+ h) T f(Xo,_)/())
h
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\
Find the domain of the following functions ;l
i f(X7 y) — ln(X + )/) /

- g(Xa)/):\/;y—

& h(Xay):e xty

i
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S

Match the equation of the surface
Z =sinx x° + y? = Xyz = X+ z° =

with one of the graphs below
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Level Curves (or

Another way to visual

This approach is used,

There is a subtle disti
level curves are drawn
drawn on the surface.

This distinction is not
interchangeably. Our

we now give the precv

‘Level curves
,Suppose that f : D -

the set of points (x, Y
constant valu
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ize functions is with level curves or contour lines.
for instance, in topographical maps.

nction between level curves and contour lines, in that
in the function domain whereas contour lines are

always made, and often the two terms are used
text almost exclusively uses level curves, for which
se definition:

£ R D C ]Riz Then the level curves of f comprise
) in the Xy~ pIane where the functlon f has a
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The picture on the left shows the mesh plot on the graph of the function;

the picture on the right shows the contour lines on the graph.

FIGURE: topographical map

The picture shows the level curves of the

2 2
function z = e~ 7Y in the xy-plane

B =05 0 1a
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atch each of the fol

flx,y)=x*~2 g(x
with its graph (labele

owing functions of two variables x and y

v) =3—x+y h(x,y)=|x|+|y| k(x,y)=xye

d A.-D.) and its level curves (labeled 1.-1V.).
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Find the largest possible domain for  f(x,y) = In(x — 2y?).

Determine explicitly the equations of the level curves f(x,y) = ¢ and
graph them in the domain of f.
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Dot cunves
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Example 7

\
The picture below shows the oxygen concentration for Long Lake, Clear ‘
Water County (Minnesota). The water flea Daphnia can survive only if the

oxygen concentration is higher than 3 mg/I. Suppose that you wanted to |
sample the Daphnia population in 1997 on days 180, 200, and 220. Below (
which depths can you be fairly sure not to find any Daphnia?
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