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Informal Definitio

We need to extend the notion of limits and continuity to the multivariable
setting. The ideas are the same as in the one-dimensional case. We will
discuss only the two-dimensional case, but note that everything in this

informal definition of limits.

\
::l
section can be generalized to higher dimensions. Let's start with an

‘\“W‘e saythat '\the' limit of :f (x y) as (x, y)‘apkproaches (xo yo)wIS equal to L
if £(x, y) can be made arbitrarily close to L whenever the point (x,y) is
not equal) to the point (xp, yo) We denote this

Esufﬁc:ently close (but

concept by

| lim X = L
,Y)—>(Xo>)/0) A y)
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lelt Laws for

ac nt and the limits

p pOSG C

lim f(x, ~and lim X,
AT A ) (x,yH(xO,yo)g( 2

exist. Then the following properties hold:

N o e N o T

(x,y)—(x0,%0) | (x,y)—(x0,¥0) (x,y)—(x0,¥0)

@ lim -c f(x,y)]:c[ lim f(X,)/)]

()= (x05x0) | (x.y)=(x0.30)

_ lim _f(X’y).g(X’y)]:[ lim f(x,y)H lim g(x,y)]

(X7y)__>(X07y0) B (XJ.V)'%(XOQ/O) (X7y)——>(X07yO)

i lim .
()= (x0.x0) | &(X,Y) - dim g(Xa)/)
(X7y)_—>(X0>y0)

provided lim g(x,y) # 0.
(x,y)—=(x0,50)
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Use the properties of limits to calculate the following limits

& lim 2xy + 3x°
(Xay)_>(f—171)

= lim 2x3 — 3 —2
(x,y)—l>(1,——2)(X y)(xy —2)

- 2x* +y |
o lim .
(x:y)=(1,-2) 2xy + 3
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~ Limits That Do Not

\
In the one-dimensional case, there were only two ways in which we could
approach a number: from the left or from the right. If the two limits were ‘
different, we said that the limit did not exist. In two dimensions, there are
many more ways that we can approach the point (xo, o), namely, by any
curve in the xy-plane that ends up at the point (xp, o). We call such

curves paths

Suppose that
- m f(x y) approaches L1 as (x y) approaches (xo,yo) along path G,
" f(x y) approaches Ly as (x y) approaches (xo yo) along path Co,
m L7 Lo, |

then  lim  f(x, y) does not exist.
| (x,y)—>(><o,yo) ,

T T e e SR S e
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|Example 2

Xz__yz

Evaluate lim along paths of the form y = mx.

(x,y)—(0,0) X2 + y

i
What does this say about the limit?
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' Remark about Exam

X2-—y

X2_|_y2

2

The level curves of the function f(x,y) = are of the form

X2 —y* 2 2 2 2
x2+y2:C = x“ —y° =c(x*+y°)

1 —c
) ’) g )
= 1 — — (1 —
x“( c)=( +c)y = 1% . cX

1_
+

O

< y ==

\

\

SR

x

That is, the level curves are straight lines through the origin (i.e., y = mx).
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The graph and level curves of the function

shown below

X2y

m Evaluate the limit lim 1 5 -
(Xay)_>(17—3)x —I—y

2

m Does the limit lim 4X 24 5
(x,y)—(0,0) X* + ¥

(Hint: as the picture above suggests, the level curves of f(x, y) are parabolas in the xy-plane of the form y = mx*®,

exist? Explain.

where m is any constant.)
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The level curves of the function  f(x,y) = 4X A 5 are of the form
2
Yy 2., _ 4 2
x4+y2_c — x“y = c(x* + y°)
c =+ c)? —
. (Xz)z_%xz+y —0 __ Xzz)// \/()/2/)
+ yv/I—4c? 2
= 2= yV1-de = y= - X
2¢ 1++v1—4c?

That is, the level curves are parabolas through the origin (i.e., y = mx?).
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4xy

Evaluate lim
(x,y)—(0,0) Xy + y3

m along paths of the form y = mx;
m along paths of the form x = my~;

Does the limit exist?
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Axy

The level curves of the function f(x,y) = ;  are of the form
| Xy +y

4dxy

y:c — 4xy = c(xy + y°
oy y = c(xy +y°)

= cy® —4xy + cxy =0 = yley? — (4 —c)x] =0

< y =20 or X =

with respect to the x-axis (i.e., x = my?).
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That is, the level curves are parabolas through the origin and symmetric
‘
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Continuity

This notion is analogous to that in the one-dimensional case.

_Co’tmunty A
A funct|on f(x y) is contmuous at a pomt (xo,

1 f(x,y) is deflned at (%o, yo)

2.' ' lim f(x exists:
| (X,Y)——>(Xo,)/0) ( )/)

3 lim f(x y) — f(XanO)
, (Xay)_'*(XOLyO)

'We say fis contmuous on D if f is continuous at every pomt of D.

Using this definition and the Limit Laws, one can show that functions
defined by polynomials in two variables (i.e., expressions that are sums of
terms of the form ax”y™) are continuous on R?. Rational functions (i.e.,

ratio of polynomials) are also continuous everywhere on thelr domain.
http: //www ms. uky edu/ ma138
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Show that

f(X y):< X2—|—y2 for(x,y);é(o’o)
.0 for (x,y) = (0,0)

is discontinuous at (0, 0).
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Example 6

4x? y
X2 + y2

how that g(x,y) = is continuous for every (x,y) in R
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Composition of Con

G
T

(
\
\
Suppose f:D — R, withDCR? and g:/— R, with/a
subset of R containing the range of f. Then the composition (g o f)(x, y)
is defined as the function h: D — R
h(x,y) = (g o f)(x,y) = glf(x,y)].
If f is continuous at (xg, o) and g is continuous at z = f(xp, ¥ ), then one
can show that h(x,y) = (gof)(x,y) = g[f(x,y)] is continuous at (xo, ¥0).

Consider the function h(x, y) = €< . If we set z = f(x,y) = x? + y?
and g(z) = €%, then we obtain

h(x,y) = glf (x,y)].
Since f(x, y) is continuous for all (x,y) € R? and g(z) is continuous for
all z in the range of f(x, y), then h is continuous for all (x,y) € R2.
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