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Systems of Equations and Their Solutions

A system of equations is a set of equations that involve the same
variables. A solution of a system is an assignment of values for the
variables that makes each equation in the system true. To solve a system
means to find all solutions of the system. y

Example 1

Show that (0, —10) and (6, 8) are solutions
of the system

x> + y?> = 100
3x — y = 10
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A Flashback

We have already encountered systems of linear equations when we were
discussing partial fraction decomposition in Section 7.3.

6x + 4

(Bx+1)(2x+2)°
The method says that we need to find constants A and B such that

6x +4 B A B
Gt Dx+2)  3x+1 2xt2
A(2x +2) + B(3x + 1)
(3x + 1)(2x + 2)
(2A+3B)x + 2A+ B

E.g., suppose that we have to find the integral of

(3x + 1)(2x + 2)

Thus, we need to solve the following equations

2A+3B=6
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2A+ B =4.




Systems of Linear Equations

Substitution Method

A system of two linear equations in two variables has the form

{ ar x + b1 y = G
ax+by = o
where a1, a», by, by, c1, and ¢ are numbers. We can use two methods
m the substitution method
m the elimination method
to solve such systems algebraically. For linear systems, though, the
elimination method is usually easier.

Geometrically: The graph of a linear system in two variables is a pair of
lines. Thus, from a graphic point of view, to solve the system means that
we must find the intersection point(s) of the lines.
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In the substitution method we start with one equation in the system and
solve for one variable in terms of the other variable.

The following describes the procedure.

1. Solve for One Variable: Choose one equation and solve for one
variable in terms of the other variable.

2. Substitute: Substitute the expression you found in Step 1 into the
other equation to get an equation in one variable, then solve for that
variable.

3. Back-Substitute: Substitute the value you found in Step 2 back into
the expression found in Step 1 to solve for the remaining variable.
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e e
(Example 1, Section 9.1, p. 433)

Example 2

Find the solution of the system of linear equations

2x + 3y = 6
2x + y = 4 Y4

4

2x+3y =6
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(Example 2, Section 9.1, p. 434)

Find the solution of the system of linear equations

Example 3
4x + 2y
2x + y

&\. 4 x 1—2):15
| 2 X f+77 = 4
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Example 4| (Example 3, Section 9.1, p. 434) % 2x +y =4
Find the solution of the system of linear equations We ot Ao wWhat we oo N /» oo 5
4x  + 2y 8 W\g&,&va ) )
2x + y = 4 Y g 4 x 27 =9 S gubs R h G
4 | g -4 —2x
o o epraTmn e comi
Ve bl et e T cprete
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Number of Solutions of a Linear System in

Two Variables

For a system of linear equations in two variables, N\

exactly one of the following is true:

1. The system has exactly one solution.

2. The system has no solution. -

y

3. The system has infinitely many solutions.

\X

Linear system with one solution.

y y Lines intersect at a single point.
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Towards the Elimination Method Example 2| (Revisited)
m The substitution method of solving systems of linear equations we m We multiply the coefficients of the first equation(=row) by 3
have employed so far works well only for systems in few variables. To 2x + 3y = 6 - 1R x + %y = 3
solve large systems of m linear equations in n variables, we need to 2x + y = 4 Ox + y = 4
develop a more efficient method. m We add —2 times the first equation to the second one
m The basic strategy is to transform the system of linear equations into X + %y = 3 — X+ %y = 3
an equivalent system of equations that has the same solutions as 2x + y = 4 Ry — 2R, 2y = -2
the original, but a much simpler form. B We multiply the coefficients of the second equation by —%
m In a nutshell, in the elimination method we try to combine the X + %y = 3 x + %y = 3
PUNN
equations using sums or differences to eliminate one of the variables. 2y = =2 1R, y =1
m We illustrate this approach in the next example. We tag all equations m We add —3 the second equation to the first one
with labels of the form (R;); R; stands for “ith row. The labels will X + %y = 3 R — 3R, X = %
allow us to keep track of our computations. y = 1 e y = 1
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A Shorthand Notation— The Augmented Matrix

Remark about Examples 3 and 4

When we transform a system of linear equations, we make changes only to Example 3
the co.efﬁCIents o.f the variables. It is therefore conve-n!ent to introduce a 4x + 2y = 6 4 26
notation that simply keeps track of all the coefficients. e~y
2x + y = 4 2 1|4
Example 2| (Revisited) 4 26 e [1 L2 1 33
Y 212 | 2
{2X—|—3y=6 [236] 2 1|4 2 114 Ry — 2Ry 0 0|1
“anny
> + oy =4 2 174 Example 4
1 3 3
[236}W5R1[1231W [123] 4x + 2y = 8 4 2|6
ey
2 1 4 2 1 4 Ry — 2Ry 0 —2 —2 2X + y — 4 2 1 4
3 _ 3 3 L 1 3
- {123]WR12R2[102} 4208] o [1 3 . 1 33
iR |0 101 0 1|1 2 114 2 114 Re—2r, | 0O 00
http://www.ms.uky.edu/“mal38 http://www.ms.uky.edu/“mal38
Lecture 19
E . o e e e - r
L
- . ¢ | _= /QR(\\ e
Example 5| (Online Homework # 3) . . SIS
' -2 —2.\ ~ .
Determine the value of k for which the following system o - If e S_l <
—15 — 15 -
—6x — 6y = -2 - : L -
—21x — 2ly = k h
* d l B2
—15x — 15y = -5 W}’QZ&N\» 0O O | k+ %
is consistent (= the system has solution). / '
RB+\§P\‘ 0 0 v /}
L
/lc’ {)‘t Conr LC‘“ + boe
k—-7F
R+ %‘— = 6”‘) E
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Example 6

(Online Homework # 4)

Solve the system

2x + by =
—-3x — 7y = b
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(Online Homework # 6)

Example 7

Determine the values of h and k so that the following system has an
infinite number of solutions

x — 8 = h
2x + ky = -10
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Example 8

A chemist has two large containers of sulfuric acid solution, with different
concentrations of acid in each container. Blending 300 mL of the first
solution and 600 mL of the second solution gives a mixture that is 15%
acid, whereas 100 mL of the first mixed with 500 mL of the second gives a
12%% acid mixture. What are the concentrations of sulfuric acid in the

original containers?
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