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QUALIFYING EXAMUNATION MATHEMATICAL STATISTICS

Part I, Morming Moy 29, 1958

DO FIVE PROBLEMS

Show that the probability of the slmiltansous realization of exactly m events

among N events ElﬂEz"”'EN is

-l -2 Nem, N
S = ( 1 )sma-l + ( 2 g = eeo * (1) (mmﬁf

where
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sumation in the expressicns for the S%s belng axtended over 1i,3,l5.00

guch that 1S4 <J<k<,. SN (1) is the ususl hinomisl scefPleient

N3/ {mi(Ma)i} o :

[Hint: Establish first the formila for N =3, n =2, with e aid of a
dlagram, to devise the method of preof for the general cass,)

¥ objects are placed in n calls under the condition that ail ' arranzemaits
are equally Likely, By dofining B, (k = 1,2,000,n) a3 the svemt feell '
mmber k empby?, or otherwise, prove that the probability that exactly m
cells are empty ia

n L= Wy =i VL
@ O (WPH0 - B
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Siate and preve the central limit theorem for the sultably standardized sun

of a mmber of identically and independently diatwibuted random variables.
Under a certein growth hypothesls ths final aize of an organ may be regarded as
the net result of a large mumber of infinitesimeily small indejendent impulsses,
where the effect of each impulse (i.e., the increase in growth) is proportional
to the size of the impulse 23 well a3 to the nomentary size of the organ, Show
that the fingl size has a logaritimlc normal distribution. |

Given that E x_‘z » Where Xq3%pso0ayX, are independent normal randor

Teriables wi‘th“zaro means and unit veriances, snd where Z dznotes summation
i g

from 1 =1 to n has a % distribution with n degroes of fresdom, dsducs

the distritutions of i y
2 2
% R R ( ; a.,x. )/ % yhera the a, are arbitrary constanis,
3 i i i < i

(13 . 5 ui(zi - s where the z; (1 =1,...,n) are indevendent normal
1

random variables with common mean §. and werisnces a‘zﬁri s and whers
Z = %:Hizi/’%_ui -

Independont groups of obsarvations x,5 are such that thosze ia ths '_i.th group

gatisfy the equation y = Ay 4+ By € , the arror € being normal and inde-
pendent with gsero mean and varlance ¢2, lLet 8,(xy), S,(x) deacte the swm of
products of x and y and the sum of squares of x respectively, for the gt
group, each variabls being measured frem 1ts group mean; write b, =S, (xy)/5, (<)
Then if the By ave all equal to B , deduce the distribution of

2 2 2
‘S;_:{ Si(x )(b1 w B} }, where D = 2;_ Si(:r.r)/ ;.Si(x ¥

How would this be uied to provide a test of ths hypotheals of the equallty of
the By when 4:1"2 is knoun?
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After the starting of a loom, the time to the first warp break has a distri.
bution with frequency law

P(x)dx = e-"x/b dx/8 (x>0) 3

n looms are started simmltaneously and the times to break recorded. Chserva-
tions gtop when the warp of 1 Jlooma has broken, the recorded times being

Xy 3%p 90009, (xl SX §eon S xr). Show that the probability density function
of XysXyseoesX, 18

{ ;3[ xi $ (n—r)x 7}

{a r)ze"

Hence find the maximum lilkelihood ezs timate 3 of @ , and ghow thal it ig an
unbiased estimate with minimm variance 02/1' » By obtaining the momentegeners
ating function of 3 or otherwize, show that 0 is distributed as a ymultiple

of 7( with 2r degrees of freedom,

In an investigation of the toxlecity of a certain drug, a dose x; was glven to

each of oy animals in the :i.t’;:l group (i = 1,2,0e05k); a8 a result of which ry '

animals died in this group, I the probability of desath for each animal and for

2 given doss x, has the form P, = Pls + Bxﬂ.) y where F iz a known cumulative
distributicon function and £ and P unknown parameters, deduce the maximm
likelihocd ecnations for £ and B @

5—5:“1(“1'21)=°' §_’_‘_ %(U; =%,) =0,

r
where T, =&+ Bxy, Uy =T, + (51-1- o Pi)ﬂ%?, wy = n [F2(T,)1°
gy

(P = Gy

and whsre Z. denotes summation from i =1 to ko
i
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Problem 5 contimued

From the associated information matrix, show that

| =2 < i
var ?~-$_=9=‘-,;+§-, cor(%,B) ~ "Js"n var g~ %9
i

whepe X = .Zivizifziwi 5 S = %ui(xi ..’;E)z i

Explain also how the ¢ Distribution may be used to test the gosduess of £it
of the dosage-mortality relation P = F( + Bx) to the obserwed proportions
of dsaths at the warious doses.

If ¥ is the arithmetic mean of n independent observations rom a population
with mean u , discuss the vu].idity;a_nd maening of ths aasez'.tmmz X3 in.
probability as a2 > @, ‘ ‘

If the observations are all rmtually intercorrelated, the corrolation betwsen
every pair being @, can the assertion still be true when (i) Py = 1/n,

(1) @, ="2, (11) @ <02

A factory producea a standard erticle In batches of N ., From each tatch x
articles are seleccted at random and %ested to destruction simultanscusly, and
the whole batch is rejected if any dofectives are found in the samdle, The
cogt of testing 18 a per article tested, the coat of each good article
rejected is b s and the loss entailed through each defective article in a
batch that has passed the tast is ¢ ., Write down the average cos: of the
inspection schems for batches made up when the proportion of good articles
being produced is go

If g can be assumed to be distributed from batch to batch as

(m+ L)fag (0<g<1)

where m 1s a kncwn parsmetery; find the mean cost of sampling per batch and
discuss the checice of an optimal value for x >



. 3. BState, without asbiampiing to supply = prodf, Waldls fundsmentel identity, By

Po

nmeans of it, or otherwise, chtain approxinate expressions for the operating
characteristic and aversgs sample :I..anhar funchions for the probability ratio
ssquential test rolevant to the discrimination belween two hypotheses, corre=
sponding to tue probability density fuwnetions (or two probobility fumctions) of
known functional forn wi‘bﬁ preseribed wisks of errors of the two ldinds. [Iuv‘
additioral asswnphions should be clearly stated.]

The deviations along any two perpendiculse divections of the points of impacht
of rounds fired from a certaln gun, measured frem the comier of ths target, are
distrituted normally and indspendently with zero means und equal btad uninom
sbandard devistions ¢ . The speeifications laid down are as follows: the

probability of classifying the gun as unzatisfactory should not excesd a small

reassigred value « whenever (] T » and the probability of classifving the,
gun as satisfactory shenld not ozesed o prsassigned walue B - ghenever -
20 (‘Ti >@y). Give a sequential procedui-e for deciding whether the gun

iz satlsfactory or nob, and obtain the spproximate average mmber of rounds

nacessary %o arrive at a decision whon ¢ = (IB o

State the assurptions on which the standard analysis of a randowized blook

experiment depend. Explain why a transPormation of the vardable mzy bs useful

when these assumpbions do nob hold, indicabing tiiefly the conaiderstions

involved in the cholce of a sultable transformstion, What transformation

would yoa reccmmend when the vardiable ias

(a) an estimate of variance from a normel sample with a Pixed mmber of degrees
of freadon,

(b) the prorortion of occurrences of an event in a fixed rumber of indspendent
Hrlals?

In an expariment to compare two palnts A and B , 23 possidle rust-preventives

for stesl platea, a muber of batches of twenity olates were usad, a random ten

from sach batch recoiving paint A, the vest B, After sxposurs to the air for a

glven tima, the prozortion in ezch group showing satiafastory 1uat-vrevention wan

1 ot n Npea e BV oo



