1.

STATISTICS QUALIFYING EXAMINATION OCTOBER 3, 1980

INSTRUCTIONS: Answer ANY FOUR problems, each in a separate blue book.

Let UI’UE"" be i.i.d. uniform on (0,1) and let Yﬁ denote
the v th order statistic of Ui,...,Uh, where

=0/2 + o(JyT) as n-e.

(a) Show that GEZJ—;(%);)_,?M(_D,&)

V20 (Yh-&) - N(0,1) 4in distribution as n-e.

b Let X.,X.,... be i.i.d. with any continuous distribution
A

function F and let Mn denote the median value cf Xl""’Xn'
Using the result of (a), find the asymptotic distribution of Mn

as n==,

Let Xl,...,xm,Y ..,Yn be independent observations such that

i
Xi has a continuous distribution function F and Yi has a

continuous distribution function: G. i
Le-}- k: Innh(m,u)
(1) Give an unbiased estimate of P[X < Y], where X and ¥

w®
are independent observations from F and G respectively. .{;Itx;<y(];‘“_k
A S,
=
(ii) Find the variance of the estimator in (1) 'I’(KV)U‘(’“"’]"&'

(1ii) How would you test the hypothesis F=G? V5 whet Y TxG&
Us€ rvamk s4u hivk'e

oT, Udewns Swmineey teed
Consider the multinomial distribution

N1 R X}
%5 | Ky +E,HX =) oy Iplpap

,X x A =

P(X =X 5=

1

with p1+p2+p3 =1 and By & 0
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What is the maximum likelihood (ML) estimator of
P= (pl,p2,p3)?

2

Let p, = 6%, p, = 28(1-8), p, = (1-8)%, oO<és1.

Find the ML estimate of §.

P3

Find the ML estimate of & if only y,=x and yo=% +X

1 -

are observable. Call this estimate 3.
Find the'exact or approximate mean and variance of
8 and ¥, and compare the "goodness" in a suitable sense

of § and 8§ as estimates when x,s%, and x, are observed.

Two laboratories each take n measurements on the same

standard u. Consider the model

yi = u. + Eij i=l,2,oo-; j=1,-o-’n,

J

where the eij are independent random variables with mean O

5 e il
such that Var Elj = 07 Var EEJ = Og.

2

(1) Suppose it is known that cg/ci = U4, Show that the

minimum variance linear unbiased estimator of p is given by

4L y 47 n
A 12 — 1
b= ———=— , where y, = = T V...
(ii) Generalize the above result to the case where there
are k laboratories and the errors for the ith laboratory are

2

all independent with mean O and variance 2,0 (1=1, ...5k),
k

where the a; are known constants such that Z a.=1. Discuss

how you would estimate 02.
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5. Let X = (Xl,...,Xn) be a random sample of size n from

X

x+1 _-x/8 Pl = 0:3%*') ﬁa@ Pﬁ’&“” )
Gie-f-l)e # X0, X 2Bt - Ll
/-go‘pﬂ] : 1 4 ‘%‘ L5

b T RUAE
where 6 1is an unknown positive parameter.

the density

G

iy —6&&10‘3
(a) What is the Fisher information I(6;n) about 6 contained
=1
i X2 N a
A \ Jrouns ab ¢ f 201\ )= E
W\AM L\'\&N QS—-X‘ i’b S TL AL }:é- Lat. -)S\ ’-é-:% X

(b) There is (essentially) one function 7(8) of the parameter,
it - R
for which there exists an unbiased estimator T(X) with
variance achieving the Cramér-Rao lower bound. Find ( a
version of) this function (8) and construct the appropriate

estimator.

(c) Discuss the asymptotic properties (as n-=) of your estimator
T(X); in particular, see if you can exhibit a function 02(8)

of the parameter such that Q__(_Zfi_*‘i_g_*_‘l
//\,nu\, i ('Bu)"
yo [T (X) - 7(8)] H_m N[O:c (8)1.

- (d) Based on your answer in question (b), see whether you can

construct a minimum variance unbiased estimate for

(3+26) (2+8) _ 208 6ot 387646 (36
B8} = Syt EXEd= i T e
=9@)
76. Consider the testing problem 7';,&; Y/ MVUE 3o J
HO: Xl,...,Xn i.i.d. with the normal density awt aehienes  ¢ognuin Res
] o Do bk
fe(x) i e s —KXL23

J2m 8
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versus

Hl: Xl,...,xn i1.i.d. with the double exponential density

g (%) = 55 X8, e,

where 6 is an unknown parameter,
(1) Find the maximum likelihood estimator of 6 wunder

HO and under Hl respectively.

(ii) Based on Xy5+4+,X s find a "reasonable" test

statistic for discriminating between H and H and

0 : o
describe how you would perform the test. Discuss any optimality
properties your test might have. TIf you can think of more than

one test, discuss their relative advantages and disadvantages.

meua bk O aunkuown, LANT.
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