STATISTICS QUALIFYING EXAMINATION SEPTEMBER 25, 1981

INSTRUCTIONS: Answer AﬁY FOUR problems, each 1n a separate blue book.

Suppose 4 g 1

"Directional Data"

X X5

¥y ¥, =

are independent identically distributed random vectors with

yxi R cos 0
~ N2 ) I
Yi R sin 8
where R 1s a known constant and @8 , -ms@<m, 1s unknown.
X
(NOTE: the density of Y is given by

pe(x,y) = (en)-lexp[-[(x-R cos 9)2 + (y-R sin 0)2]/2}) -

(A) Celculate the MLE §, of o based on the observations

(B) Show from first principles that

s 9 2
Ja (8 - 8) = N(0,Vp)

when 6 1is tﬁe true parameter. What is vg ?
NOTE: Assume @#-m . ' \,;:/

(C) Can you think of a better estimate of 0 7

Let X ,...,Xn be iid from the density

1
£o(x) = 2 - 4jx-e[ if  |x-0]<3
=9 if |x-8|2%

~
-
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where 6 1is unknown
Let én be the midrange, 1ie,

Sn = & [max(Xl,---,Xn) + min(xl,...,xn)] |
~ A
and 8, be the median of X.,.. 1 W/

n ,;"’ y

(A) Show that {én] and {an] are both weakly consistent sequences

. - *."‘ )\}
of estimators for 8 , 1ie, Ye>0, eeg, ’ ‘;’,\ -@_\‘{‘( \fﬁ“,y
i s Ba ,_, 5 0 1 | £ o) ZA& #\
Py {len -9|>e} - 0 ieB gt 7% 1;1Lﬁ%'

~ - / Y
Py [0, spipel ~9 . P(\"“’g\“‘)’é‘?(u[wsiu'(% .Zl[xﬂ'(eﬂ?a)

g(lT CX: >9+i ) &> ;. MR
(B) Determine the asymptotic dis ibutidh eory for [Bn} and

[an]: ie, find constants a a, and nondegenerate distributions.

1:
Fl and F2 such that

a .
n 1(6, -0)
a ~J
n 2(8,-9)

i

3
Which of the two estimators is better?

3. Let X-= (xl,...,xn) and Y = (Yys-..,Y ) De independent random

samples from two exponential distributions:
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£ (x36.) JL-exp(- ——) x20
- ol ! 84 8,1

and

= __1 . 5 |
f H: ] exp H 29
y(y, 2) ] ( 8 ) 3y ¥

wlth unknown parameters 91, 82, respectively.
(1) Show that the critical region of a generalized likelihood
ratio test of the hypothesis

H: 91 = 92 versus the alternative A: 81#82 depends only

on the ratio ,

(S
Il ™8
e

>
e

Ca

LU o =
=

=
[N

(11) Show that when 6,=6, , the random variables

m

T X &) ‘
i m. n /

i=1 2%

ol (% +EY) & x) / 3

J=l J ; . /?DL”

are independent.

(1ii) What 18 the distribution of the test statistic?

E X |
i —_— :
- e (v
321 R
(A) Under the null hypothesis @, = 8, ° o - ,%, u
(B) Under the alternative hypothesis {91#92] | QFb) :
y " p- ov
LR~ Tem,t) LTk V 5 VA
G, m, e, g /H}?} ‘ \ : )\

il Lo 3y
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(A) Consider the general linear model

(B)

(1) ¥Y=Xp + €

¥ X 1is a full rank nxk matrix and

where Y = ’

p 4
Y
n

el,...,en are uncorrelated mean zero random variables, each
2 p
with variance g¢°~. The parameters B = .1 are unknown.

Pr
Let él be the Least Sqﬁares estimate of Bl.
Now consider the restricted‘linear model
(2) Y=Xp + €
where everything 1s the same as in (1) except that now Bk is

known: Bk = b for soms real number bk -

k

Let El be the Least Squares estimate of Bl subject to the

constraint By = bk

Assuming that Bk = bk , which of the two estimators él’ El

has smaller variance? Give a proof.

HINT: Use a famous theorem of Linear Models.

Consider the model

Y= XB + €
Y1
where Y ={ " | X = (xi ) 1is a four x four matrix,
5 J
Y

i,
L
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g

= ,1 are unknown parameters, and €1s00+5€), are 1id mean
By

zero, variance o

Show that among the class of all 4xk4 matrices X = (x,.)
1371, 3=10% 05

with the property that

X = 0,1, or "1 V(igd)

1J

none gives rise to least-squares estimates of 31,52,53,54 with

smaller variances
j%b 5 i 1 1 1 i}

ﬁ%@ Z =1 1 1 -1 -1
1 -1 =l
1 -1 -1 )

HINT:

(1)

(11)
than 1/4.

- -]
Supposg {En}n=l s

[xn}:=1 1 {Yn]n=1

random variables with

are independent sequences of

P{en =1} =1 - P[en = 0} = 1/2
P{xn - k} = rk(l"r) H k=0,1’2_’oo-
P[Y, = k} = \Fe /K1 5 k=0,1,2,...
The parameters r and ) are unknown to the statistician, and he

would like to estimate them. Unfortunately, he cannot observe the

€
entire vector xn ;

n

¥

in fact, he only observes

than those of the LS estimators determined by

*
The LS estimates determined by X all have variances 1/4 .
Use the result of (A) to show that you can never do better

iiad
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= + -
Wn Enxn (1 en)Yll

(thus at each stage he sees X or Y but he doesn't know which

he is seeing).

(A) Find consistent estimates of r and A based on [wn};=1:
that 1s, find functions

;n(wlj-oo,wn) &nd kn(wl""’wn)

-l
such that 2EWNT Y o
. A.S Vo S
rn(wl,...,wn) —ilis 1 g EWe Z T
2 A.S.
and b Ay s s x 00, | —Simiey ),

(B) Discuss the asymptotic distribution theory of your estimators.
How does the asymptotic variance of in compare with the

asymptotic variance of the MLE of ) based on Yl’Y2""’Yn ?

(That 1s, what is the asymptotic "cost" of not knowing which

population you're observing?).
Let XiJ(i=l,...,k; J=1,...,n) be independent random variables with
y 2
xiJ N(I.Ligc )

Suppose that the parameters u{(i=l,...,k) and 52 are unknown.
How would you test the hypothesis that at least one of the means

ui (1=2,.-o,k) Satisfies

my > Ky ?
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T state and prove the Gauss-Markov theorem 1n regression theory.

Be sure to define all variables involved.



