COMPREHENSIVE EXAM
Statistical Inference
August 23, 1985

This is a2 closed bLoock, closed notes exam. Plepse start
all problems on & new sheet of paper.

: 38 Student's sceking = Master's Level Pass mizy attempt
any five problems.

2. Student's seeking & Ph.D, Level Pass should sttempt
problems 8 through 10.

S Student's seeking a pass at both levels must clearly
desiznate those problems to be conasidered for the
Master's Pass. '
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Port 1: Students seeking a M.8. Level Pass should first
attempt Problems 1 -5,

(20 Points)
Let xl""'xn be a random sample from U(0D,0).
(i) [3% points] Find the method of moments estimator of 0,

(ii) 1[4 points] PFind the maximum likelihood estimator of 0.

(iii) (7 points] Which of these estimators has the smaliest
mean square error? Defend your answer.

(iv) [6 points] &Show that both of these estimators are
inadmissible. {Hint: Conaider an estimator of the
form c¢B, where 6 is the m.1l.8., of 0.}

{20 Pointa]
(1) [7 points] BState and prove the Rao-Blackwell Theorem.

(i1) (8 points] State the Lehman-Scheffe Theorem.

{ii4) [10 points] Given xl,....xn are Bernoulli variablies
with parameter 6 =P{Xwl}. Use both theorems above
to find an optimal estimator of g(8) =Var(X).

{20 Points) ) '
(1) ({7 points] 8State and prove the Neyman-Pearson Lenma.

(i1) (3 points] State when this lemms can be extended
to obtaln & uniformly most powerful (UMP) test of
HO: @ aeo versus Klz 0 >60.

{iii) [5 points] Apply the results above to define a UMP
test of Eoz A =23 versus le A >3 when xl.....xn
are i.i.d. exponential (X).

{iv) [5 points] Determine &n expression for the power
function of this test in terms of the c.d.f, of a
waell tabulated statistical function.



4.

{20 Points]
Given Xyy...,X, is a random sample from N(pl,ai) and Yyp:c0,¥p
is a random sample from N(uz,aél and the samples are
independently chosen.
(i) [2 points each] Define an appropriate test statistic and
critical region for =ach of the following bypctheses:
(a) BO: By =M, VETSUS Hl: ulsiu2 when it is
assumed that oi =o%.
(0) Hy: uy =y, versus iy: iy #uz when it canrot
be assumed that ci =95
(e) Hy: of '05 versus H, ai'#ug.
{i1) [7 points] Derive the test in part c above via ths
likelihood ratio criteria and give an expression
for the power functiom of the test.

(i1i) [7 points] Using Satterwhaite's procedure derive
the approximate degrees of freedom for lthe test
statiatic in part b when the sampling distribution
of the test statistic under HO is approximated by
a studeni’'s t distribution.



[20 Points)
Let xl,xz and Xa be i.i.d. N(0,0". State the prcbability distri-

butions of the following random variables:

(i) [2 points] Xl +X2 -3K3

(11) [3 yoints] (X, +X,)%/ze

! 2 2 2,
(iii) ({3 points] 2xy 1(X2 +X3 K

2

’ 2 2
[iv) [38 points] Xl i(x1 +Xz

)

(v) (3 points] V2 X/8,
where X = (Xy +Xy +Xg)/3
and §° = 2x, -X)%/3
(vi) [3 points) Conditional distribution of X, given X,

(vii) (3 points] Conditional distribution of (X; +X,) given s°



CCMPREHENSIVE EXAM
Part 11
Statistical Inference

1. ({20 Points])
Let 0 = %,% s As(-=, ), and L{8,a) -(eua)z. A coin is tossed
once, and the probability of heads 1is 6. A non-randomized
decision rule is represented by a point (X,y¥) in A xA =Fuclidean
plane, where x is the action tsken if heads occurs, sad y is

the action taken if tails occurs.

(1) [3 pts] Show that the rule d = (x,y) has risk function

R(%-,d) é -grx-tvéx --%y +-§y2 3
R(%,d) = % -g&:: -:-%22 -%y +-'!-‘-y2 ¥

(ii) [3 pts) Show that the rule d (%'%) is Bayes w.r.t.,
1 at each point of 0.

the prior T placing probability 5 a
(iii) [3 pts] 8Shew that do is an equalizer rule.
(iv) [3 pts] &Show that dg is admissgible.
(v) {3 pte] Show that do is 2 minimax rule.

{vi} [5 pta] Prove that Tg is lesast ravorgble and that the
game has a value.
2. [20 Pointe]
(1) {10 Points]
Let xl,...,xn be 1.4.d. N(8,M), where N 1s & fixed
constant O <l <w , Under squared erroy loss, derive &
minimax estimator of 6, where @ €9, O s (~w,»), Ig it
admisgsible? Is it unique?

(ii) [10 Points] 4
Let X;,...,X, be i.i.d. F, where F&:FH..{F: va_u},
where VF is the variance of the distribution F and ¥ is
a fixed constant 0 <M <» , Consider the problem of
estimating the mean, er. of ¥ under squared error loss.

PR
Show that X ~n 3 ) Xy is the unique minimsx estimator.
- i=1



[20 Points]
Let X = (xl,...,xn)'hava 1.i.4. elements with p.d.f.

£{%30,8) =iy (x)exp[:iﬁzgl]. 6, 8>0 .
: (@,») B

Let € be the group of trausformations defined by .

{i)

(ii)

(iii)

G = {gcz ¢ eR}, where

gc(f) = §-+c§, where § o (1s3,54+31) mod c e R

{8 pts] Show that & maximal inveriant with respect to
G 1is

Xe2) ~Xc1y*%¢8) ~ %2y’ *  X(n) “X(n-1)
where K(i) <X (2) S*°° <x( ) 8re the order statistics.

[5 pte] Show that Dy -(n-1+1)(x(1)-1(1 1}}, 1=22,.,.,0,

are i.i.d. with p.d.f. %exp(s)l (x) .

(0,%=)
[10 vts) Derive the UMP invariant test of size
Uy 0<a° <1, of

Byt <1 wvs Hys B>1 .
Be sure to include a justification of the UMP

invariant¢ property of your test.

[20 Points]
Let (Yi,xi), i=l,,..,0, be i.i.d. random vectors with mean
{nd,8), 0<§ <1, and covariance matrix

§ = uz uéz

us? 52 | .

(i) [12 pts] Discuss the asymptotic properties (consistency

and asymptotic distribution, suitability normalized) of

v

R 4

o s
Tn E

X

=y 3

(ii1) [& »ts] Derive a "large-sample" test of

h']: B =1
H,: u#d

1

for 0O <ag, <1 . (Here By is the level of significance.)



5. Choose either (a) oxr (b).

{(a) [20 Points])
Let X =(x1,X2,X3)'be a trivariste normal with

Ex1=36, 9>0,
Exiwo. if 1 =2,8

and dispersion matrix

The joint density of X -(xl,xz,x ) is

Wexp{ {_E(X-B) +1£2X 1y == <11,X2,}I3 < ,

Let BO and 01(01>00) be two distinct parameter values.
Show that a U.M.P. test of size ao,o <u0 €2 for

Hy: 0=0,5 ve Hy: 0 28, does not exist.

(k) Let xl,xz,...,xn be i.i.d. with common deasity

%—exp(:-g-&gi-)-) for x>&, 6, B >0.

(1) [15 pts] Show that the U.MP.U. éeat of sige oo 0 <m0 <1
for “0’ B=1 ws HI: 8 #1, has the acceptance region

iy <2 5 [¥; ~min(X ,0..,% 0] 2Cy
0 i=1 %o

(Bz sure to indicate how Ciu and C d

a2 could be
(4] 0

determined. )

(ii) [S pts] What is the:distribution of the test

statistic under Ho? It



Part [l: Students secking a Ph.D. pass should attempt
Problems 6 - 10 inclusive.

{20 Points]

Let @ = %,%}. A= (=0, 2y, and L(6,a) =(0—u)2. A coin is tossed

once, and the probability of heads is 6. A non-randemized
decision rule is represented by a point (x,y) in A xA =Euclidean
plane, where x is the action taken if heads occurs, and y is
the action taken if tails occurs.

(i) {3 pts] Show that the rule d =(x,y) has risk function

) o)

1 3
R(*g,d) = %-B}; +%x --g—y +-§y2 "

20 3. 8,03 & 13

R(-é-,d) 5~ 5% *EX -gY +Evy° .
(i1) {3 pts] Show that the rule dolucg,g) is Bayes w.r.t.,
the prior g placing probability % at each noint of 0.

(111) (3 pts] Show that do is an equalizer rule.
(iv) ([3 pts] Show that dy is admissible.
(v) [3 pts] Show that do is & winimax rule.

(vi) [5 ptal Prove that Ty is least favorable. and that the
' game has a velue.

{20 Polnte]

(1) [10 Points]
Let xl,.“.,xn be i.1.d. N(6,M), where ¥ is a fixed
constant O <M <e , Under squared error loss, derive a
minimax estimator of 0, where 6 €0, B m(~m,ee), Ig it
admissible? Is it unique?

(i1} {10 Points]
Let xl,...,xn be i.i.d. ¥, where FtFu-{F: VF;;_M}F
where VF is the variance of the distribution 7 and M is
& fixed constant 0 <M <» ., Consider the problem of
estimating the mean, OF. of P under squared error loss.

&

n
Show that fW-n-l Z xi is the unigue minimax estimator.
i=3



8. [Z20 Points]

et X =

(xl,...,xn)'have i,i,d. clements with p.d.r.

f(?ﬁ\eiﬁ) ‘B-}'I(Q’G)CX}EJEP[:L%?‘)']: 9, g>0 .,

.et G 2 the group of transformations defined by

(i)

(i4)

(1ii)

9. [20 Peoints]

G = {gc: ¢ e}, where

gc(’j) = §+c‘1" Whel’e 1. = (1.1,-.051). and Cc emo

(5 pts] Show that a maximal invariant with respect to

G is
X2y X1y X2y “Xeayre e o X ny ~Xeno1y

where X(l) <X(2) e <x(n) are the order statistics.

are i.i.d. with p.d.f. %exp(%;-n (x) -.

(0,=)
[10 vts] Derive the UMP invariant test of size
aD,O<u0<1,of
HO: B<l vs H1= gl
2e sure to include 2 justification of the UMD
invariant property of your test.

-

Let (Yi.xi)g i=l,v..,n; be i.1i.d. random veectors with mean
(ud,8), 0<46 <1, and covarisnce matrix

u2 uﬁg

[uﬂz oo R

(1) [12 pts] Discuss the asymptotic properties (consistency
and agymptotic distribution, suitability normalized) of

{
¥
.
e
X
1=y >
(ii) [A pts] Derive a "large-sample" test of
Iloz =1
!11_: uweEl

for O <aq <1 ., (Here ey iz the lovel of significance.}



0.

Choose either (a) or (b).

(a) [20 Pointu}
Let X =(X1,X2pX3)“be a trivariate normal with

Ex1 = 36, 6 >0,
Exi =0, 3T 41=»3.58

and dispersion matrix

2+02 .1 1
Eu "1 1 O -
SETRAIE U

The joint density of K==(K1,x2,13)'is

xp(--[——<x~e) + X ] - <x iXasXo Hiw
e(2n) 37z 122 L i
Let Bo and 8 (el>a ) be two distinet parameter values.
Show that a U.M.P. test of size u0.0~<uo <1, for
Hy: 0 =6y vs Hys § 2.8, does not exist.

(b) Let xl,xz,ﬁ...xn be 1.i.d. with common density

-;-exp(;(—xg-ﬂ) for x>6, 6, g>0.

(i) [15 pts] Show that the U.MP.U. test of size Gy 4] ey <1
for Hoz B=1 ws le 8+#1, has the acceptance region

cluo.sziglix -«min(xl,....xn)]_iczuo g

(Be‘sure to indicate how 01 and C could be
°0 2&0
determined. )
(ii) [5 pts] What is the distribution 0 the test

statistic undexr HO?



