COMPREHENSIVE EXAM
Statistical Inference
August 19, 1988

This is a closed book, closed notes exam. Please start all problems on a
new sheet of paper.

1. Students seeking a Master’s Level Pass may attempt any five prob-
lems.

2. Students secking a Ph.D. Level Pass should attempt problems 6
through 10.

3. Students seeking a pass at both levels must clearly designate those
problems to be considered for a Master's Pass.



Dart [ Statistical Inference Page 1

Part I Students weeking a M.S. level pass should first attempt Problems 1-5.

1. (20 Points)

Let X be a random variable with probability density function

/{z) =227, z>0.

(a) Prove that all positive moments of X exists.

(b) Derive the £* moments of X,
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(20 Points)

Let X be Poisson random variable with mean i. Consider the problem of estin; t-
ing u®.
(a) Show that T =X?-X is the unique minimum variance unbiased

estimator (UMVUE) of p®.
(b) What is the meximum likelihood estimator (m.Le.) of p2f

(¢} Is T efficlent? Is the m.le. efficient? Why?

[Hint: Ver(T) = 4t 420 ]
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2. (20 Points)

Let Xy, ..., &, beiid with cumulative distribution function

61"
F(z;0,,0,) o= 1 = ry L z20,,

where 6; and 8, are positive.
(a) Find & statistic, say
TXy . ) = (Ty(Xy, .., X)), Ty(X,, . .., X,),

which Is sufficient for (8,,8,).
(b) Derive the maximum likelihood estimator of (6,,0,).

(¢) Prove that min(X}, . ..,X,) is consistent in probability for
estimating 6,.
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(29 Points)
A coin with unka:wn probability of ruccess 8 is toss:d twice Consider the sta-

tistical probiem iovolving two decisions 4  and dy with loss

[P 1

0 if 65'2—

WOA) =11 iros1
2 ]

/ 1
2 if 055-

\-Vod, B
(6,d2) 0H9>%,

\

i.e., d; corresponds to the stitemant that the coin is no; biased towards heads
and d, the opposite.

Derive the Bayes procedure with “speet. to the prior {fm3)=0.2,

m6=3)=08.
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5.

Statistical Inference

(20 Points)

(a)

(b)

Suppose X, . . . , X, are uncorrelated random variables with
EX;=a;p, Var(X;)=b;0% i=1,2, . . . , % where a; and b; >0 are
known. Show that the best linear unbiased estimator of L (i.e. the

minimum variance estimator in the class of all linear unbiased esti-
mators) is

é}l (8;X;/ 5{)/(_& al/b;).

f=]
(Clearly state any theorems used.)

Two physies students, Nancy and John, measure the distance an
object falis in a second (starting at rest). Nancy makes 5 measure-
ments and John makes 10 measurements averaging 15.8 and 15.5,
respectively. The variance of each measurement Nancy makes is %
that of John's. What is your estimate of the distance? (State
clearly the assumptions and criteria imposed.)

If Xy, ..., X, are independent normal rendom variables, what

further properties does the estimator in (a) have?

Page 5



["25k 1) Statistical Inf:rence Page 6

6. (20 Points)
(a) State the Neyman-Pearson lemma.

(b) Prove that every Neyman-Pearson test is Bayes with respect to s

prior under the 0-1 loss function.

{(¢) Is every Neyman-Pearson test admissible? Justify your answer.

IF XX are id NG6,6”) . Do bak i
prove Hut Ho t-tut & orMmpoS for taahig

Ho 9"'9»

XXy~ ~ X ~ild N(O, &%) whan
T
7‘ Y\.-' ")/m f\,l?i N(gz/d':) o =0

Hp QI:QL
Hﬂ gli"e’— ' UMPU test 7
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7. (20 Points)

(a)

(b)

(c)

{d)

if T=T{X)is sufficicnt for the family P of distributions Py, 9€9,

of X, when is T said to be complete for P?

Suppose X =(Y,, ..., V,: %y, ...,2%,), where ¥;'s are i.i.d.,
N(py,0f) variables independent, of Z;'s which are i.i.d. N{,,07)

variables.

(i) If all the parameters are unknown (with known sam-
ple sizes m and n), check whether the minimal
sufficient statistic is complete and justify your answer.

(1) If py=pip=p (say), which is unknown, find the
minimal sufficient statistic and give your reasons for

stating whether it is complete.

State without proof a general version of Rao-Blackwell Thecrem.
(You are encouraged to state 2 more general version than the one
usually used in the M.S. courses.)

In part (b)(i), suggest some good estimator of o7 foF and state

briefly your reasons.

TR o
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8. (20 Points)

(a)

(b}

Define a uriformly most powerful unbiased (UMPU) test for

o 95“3 against K: BGQK.

If & UMP test exists, is it UMPU?

Suppose T is a sufficient statistic for the family P,={P, 0cw},
and the tesi ¢ has Neyman structure with respect to 7" for

H,: 6ew. Show thst ¢ is a similar test of H,,.

Does every similar test of H, have Neyman structure? Under

what conditions is this true?

Xy i=1, ..., k, are independent binomial variables with probabil-

ity of success x, in each of n trials. Assume the model

In -—a+ﬂy,-, i-l,...,k,

i
1"'"7['"
where y's are known and o,f are unknown parameters.

Find the UMPU test for H: fw== ﬁo agamst ,8 > ﬁo
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9.

(20 Points)

(=)

(b)

(c)

When is a distribution A over {1y said to be least favorable for

testing H: f€{ly against s simple hypothesis K: =6,

Suppose X has p.d.f. pyg(z) with respect to measure u, and
hz) = f, plz)dA),

where A is some probability distribution over {1,. ¢, is a test
which is most powerful at level o for Hy: X has p.d.f. hy(z)
against Kl: 9t=l91.

Show that if Ey¢)\(X)< @ for all 9y, then (i) ¢, is most
powerful at level & for testing H: €l against K|, and (ii) A is

least favorable.

Use the result in (b) to derive the UMP test for

&
H: 2#-‘56:

foul
against Zu; > a, given independent Poisson variables
Xe=(X,, ...,X;) with means g@;, § =1, . ..,k, where 4 is a given

number.



Purt T Statistical Inference Page 10

10. (20 Points)

X=(X),...,X,)is arandom sample from a distribution with probability

density
-l (d
/ l(y) ) / ( a )7
_for some >0. Consider the class G of transformations gy of X which tranform
X; to Xi=0bX; for 0<< b <oo,

(i) Suppose h(f) is & real valued function to be estimated. When is

the loss funciion said to be invariant under G?

Give one loss function which is invariant and another which is

not invariant for estimating h () =&,

(i) When is an estimator &z) said to be equivariant for & (6)?

Assuming any invariant loss function, give one estimator which
is equivariant for 4(f)=6% and another which !s not equivariant.
(iii) Prove that z) is equivariant for h(#) if and only if
&(z)=&yz)/1{z), where §y(z) is a given equivariant estimator for
i (6) and (z) is invariant under G.
(iv) Describe briefly the technique of deriving the mipimum risk
equivariant (MRE) estimator of A(f). (You may use a suitable

example to illustrate the technique.)

s Hha MAE aniduzss |



