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SUMMARY

This article addresses a connection between the Bradley and Terry (1952A) model and Cox
(1972) proportional hazards model. We show that the partial likelihood of random variables
that satisfy the stratified proportional hazards assumption of Cox (1972) coincides with the
likelihood given by the Bradley-Terry (BT) model for rank order events. Such a connection
not only allows many available software for the Cox model to be used for regression analysis
based on the BT model, but also enables the new developments to fit certain rank order
data by using the idea stem from the Cox model and its extensions available in many recent

literatures from survival analysis.
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1. INTRODUCTION - RANK ORDER DATA

In games such as horse racing and chess, ordered name lists are often of interest and recorded after
the comparison of the performance of contestants. Suppose there are N independent (unobservable)
random variables 77, ..., Ty representing the performance of N contestants.

If we compare two random variables T; and T}, where 1 < 4,j < N, then the event {T; > Tj}

is called a rank-order event for a paired comparison experiment. In general, if we compare K (2 <

K < N) random variables, T;,, ..., T;,, where i; are distinct numbers from {1,..., N}, then the
event {T;, > --- > T;, }, is called a rank-order event for a multiple comparison experiment. The

rank order data is a collection of outcomes of rank order events.

Example 1 (N =7, K = 2) Consider the example of paired comparisons in Agresti (2002), p438.
Table 1 gives the outcomes of the games within the Eastern Division of the American league in the
1987 baseball season.

In this example New York and Baltimore had 13 matches (comparisons) and New York wins 10
of them. From those observations, we may want to estimate the probabilities of rank order events,

for example, the event that New York would defeat Baltimore.



Winning Losing Team
Team Milwaukee | Detroit | Toronto | New York | Boston | Cleveland | Baltimore
Milwaukee - 7 9 7 7 9 11
Detroit 6 - 7 5 11 9 9
Toronto 4 6 - 7 7 8 12
New York 6 8 6 - 6 7 10
Boston 6 2 6 7 - 7 12
Cleveland 4 4 5 6 6 - 6
Baltimore 2 4 1 3 1 7 -

Table 1: Game Outcomes of American League Baseball (K =2, N =7)

2. MODEL DEFINITIONS

Bradley-Terry model is a popular model used to estimate the probabilities of rank order events

based on data as described in section one.

2.1 THE BRADLEY-TERRY (BT) MODELS

Bradley and Terry (1952A) do not assume specific distributions for 7} in the model description but
postulate that every subject i can have a parameter m; > 0, and assume that the event {T; > T}}

has a probability given by m;/(m; + 7).

Definition 1 (The BT model (K = 2)) Ifm;(> 0) is a parameter associated withT; ,i=1,..., N,
then the probability of the event {T; > Tj} is given by

-

Pp(T; > T;) = —2 i #4, i,j=1,...,N. 1
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Bradley and Terry (1952B) propose a model for triple comparisons where the events (7; > T; >
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generalize the BT model to multiple comparisons.

T}) are assumed to have probabilities given by . From here we can easily

Definition 2 (The BT model (K > 2)) The BT model of K -subject matches assigns the prob-
abilities by the following rule,
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where i;’s are distinct numbers in {1,...,N}; mi(> 0)’s are parameters associated with T;’s, re-

spectively.

Estimation of the parameters 7; can then be obtained by the maximum likelihood method.



2.2 THE COX PROPORTIONAL HAZARDS MODEL

In the Cox proportional hazards model, one assumption is the existence of the hazard functions
Ai(t) for random variables T;,1 < ¢ < N. This model, introduced by Cox (1972) presumes that a

parameter m;(> 0) of T; affects the hazard function in a multiplicative manner according to
Ai(t) = Xo(t)m,  i=1,...,N (3)

where A\g(t) is an unspecified baseline hazard function. In the survival analysis, usually m; =
exp(Z!3), where Z; is a 1 X g vector of covariates for subject i and 3 is a 1 X ¢ vector of unknown
parameters.

There are many extensions to the proportional hazards model (see Therneau and Grambsch
2000). The one that is relevant to our study here is the stratified proportional hazards model.

Basically we shall consider each match/comparison among K contestants to be a distinct stratum.

Definition 3 (2 < K < N) In a stratified Cox proportional hazards model, a random variable, Ti;,

in a stratum/comparison s has the following hazard function:

iy (1) = Ay, J=1,..., K, (4)
where i;’s are distinct numbers in {1,..., N}, and \s(t) is the common (but un-specified) baseline
hazard shared by random variables T;,, ..., T;, , in this particular comparison.

This model allows the baseline hazard As(t) to change from strata to strata. In the analysis of the
stratified proportional hazards model, the statistical inference is typically based on the so called

partial likelihood. For details please see Therneau and Grambsch (2000), chapter three.

Example 1 (Continued) Notice that every team plays every other team exactly 13 times. There

are <;> = 21 different combinations of pairings between two teams. The total number of pairwise
comparisons is 21 x 13 = 273. Therefore, the stratified Cox model have 21 different baselines here:
s=1,2,...,21.

Let (i,7) (1 < i < j < 7) span over all the combinations of possible parings. Denote the
performance of team ¢ in the comparison (i, j) by random variable Ty ) 4 € {i,j},1<i<j<T.
The Stratified Cox proportional hazards model for this paired comparison assumes that the hazards

of those random variables satisfy
A,ii) ) = A j) ()T, whereg=iorj, 1<i<j<T. (5)

A1,2)(); - -+ A7) (t) are unspecified baseline hazards. They may be different from each other.



3. MAIN RESULTS

Now we are ready to describe the main results of this paper.

Theorem 1 Suppose that independent random variables T; satisfy the stratified Cox proportional
hazards assumption (4) and T; and Tj belong to one stratum, then we have (i) P(T; > Tj) =
7j/(mi + m;); (ii) The contribution to the partial likelihood from the random variables T; and T
with {T; > Tj} is also m;/(m; + 7j).

The proof of the theorem is straight forward and will be omitted.

Recall the BT model definition (1), we immediately conclude that the likelihood of BT model
and the partial likelihood of the stratified Cox proportional hazards model are identical. This
is an important finding with far reaching consequences: (i) as illustrated in the next section,
software developed for stratified Cox proportional hazards model can be used to obtain MLE in
BT model since the two estimators are identical. (ii) MLE in BT model can share large sample
properties obtained by powerful counting process martingale theory for partial likelihood estimators
in Cox model. (iii) likelihood ratio tests are going to be identical in two models, as well as Fisher
information matrices; (iv) methods to treat ties proposed in the two different models can borrow
strength from each other and give us more options; and (v) more importantly, many extensions
to the Cox model, namely handling of right censored observations and use of time dependent
covariates, can be introduced to the BT model in analyzing rank order data and give us interesting
results. For details please see Su (2003).

In multiple comparisons, we have K subjects in a comparison. Let {i1,...,ix} be the set of
indices of the subjects engaged in a comparison. As in the paired comparison case, we have the

following theorem.

Theorem 2 Let Ej,l < j < K be independent random wvariables with distributions Fz-j (t,m].)
respectively. Then,
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If furthermore, T;,, ..., T;, satisfy the stratified Cox proportional hazards assumption (4) and are in

one stratum, then the BT model will assign the probability correctly to the event {T;, > --- > T;, },

i.e.
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The contribution to the partial likelihood from observations Ty, , ..., T, with (T, > --- > T;,.) is
the same as the corresponding likelihood given by the BT model in (2).

4. APPLICATION

Now we illustrate fitting the BT model using the coxph procedure in R. All the observations for a
game should be in one stratum. In Example 1, each game yields two observations for two subjects.
Both observations should be in a stratum. After entering the data in counting process style (cf.
SAS Institute, Inc. 2000), the following output can be obtained. (For complete R and SAS code

please see web page www.ms.uky.edu/~mai/research/ExampleBTcox.)

Call:

coxph(formula = Surv(ta, tp, ev) ~ z2 + z3 + z4 + z5 + z6 + z7 +

strata(games), weights = sc, method = "efron")

coef exp(coef) se(coef) b )
z2 -0.145 0.865 0.311 -0.466 6.4e-01
z3 -0.287 0.751 0.310 -0.925 3.6e-01
z4 -0.334 0.716 0.310 -1.076 2.8e-01
z5 -0.474 0.623 0.311 -1.525 1.3e-01
z6 -0.898 0.408 0.317 -2.835 4.6e-03
z7 -1.581 0.206 0.343 -4.607 4.1e-06

Likelihood ratio test=34.0 on 6 df, p=6.84e-06 n=84

The coef for z1 is fixed at zero and thus exp(coef)=1. The estimates of n’s given by the
coxph procedure are 1,0.865,0.751,0.716, 0.623, 0.408 and 0.206. They are for Milwaukee, Detroit,
Toronto, New York, Boston, Cleveland and Baltimore respectively. Using (1), the predicted proba-
bility of the event that New York would defeat Baltimore is 0.716/(0.716+0.206) ~ 0.777. The pre-
dicted probability of the event that New York would defeat Boston is 0.716/(0.71640.623) = 0.535,
etc. The results agree with Agresti (2002).

5. DISCUSSION — TIES

To cover the possibility of an appreciable amount of ties, Cox (1972) suggests the conditional logistic

likelihood. If the continuous time assumption can be made, Therneau and Grambsch (2000) address



different methods to handle tied data and their computation issues. Those methods can be easily
applied to the rank-order data analysis. Davidson (1970) discusses an extension of the BT model
for paired comparisons to situations which allow an expression of no preference, and compared
its performance with a model proposed by Rao and Kupper (1967). Beaver and Rao (1973) have
developed a model to account for ties in triple comparisons. Unlike the approach of Cox, these

extensions of the BT model introduce an additional parameter.
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