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Abstract

When describing a failure time distribution, the mean residual life is sometimes preferred
to the survival or hazard rate. Regression analysis making use of the mean residual life
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1. INTRODUCTION

The mean residual life function (MRLF) is of interest in many fields such as reliability,
survival analysis, actuarial studies, etc. For example, it is sometimes more informative to
tell a prostate cancer patient how long he can survive or live without disease recurrence,
in expectation, given his current situation (which of course includes the fact that he has
“survived” or lived without the disease so far). As another example, a customer may be
interested in knowing how much longer his or her computer can be used, given that the
computer has worked normally for, say, ¢t years. For a nonnegative survival time 7' with

finite expectation, the MRLF at time ¢ > 0 is

m(t) = E(T —t|T > t).

To assess the effects of covariates on the mean residual life, the proportional mean residual

life model by Oakes and Dasu (1990) may be used:

m(t|Z) = mo(t) exp(By2), (1)

where m(t|Z) is the MRLF corresponding to the p-vector covariate Z, my(t) is some unknown

baseline MRLF when Z = 0, and [ is an unknown vector of regression parameters.

Previous work on the MRLF has focused on single-sample and two-sample cases (Oakes
and Dasu, 1990). For regression analysis, Maguluri and Zhang (1994) used the underlying
proportional hazards structure of the model to develop estimation procedures for 3y in model
(1), and Yuen, Zhu and Tang (2003) proposed a goodness-of-fit test for model (1), when
there was no censoring involved. In the presence of censoring, Chen and Cheng (2005) used
counting process theory to develop semiparametric inference procedures for 3y in model (1),
and Chen, et al. (2005) extended an estimation procedure of Maguluri and Zhang (1994) to
censored survival data using inverse probability of censoring weighting techniques (Robins

and Rotnitzky, 1992). Recently, Chen and Cheng (2006) and Chen (2007) proposed a new



class of additive mean residual life model and discussed various estimation methodologies
with or without right censoring. However, other regression forms may be more natural or

descriptive in some applications.

In this paper, we consider a more general class of mean residual life regression models
given by

m(t|Z) = mo(t)g(5Z), (2)

where g(t) > 0 is pre-specified and assumed to be continuous almost everywhere and twice

differentiable. Examples of possible link function include g(x) = 1 4 z, g(x) = e* and

g(x) =log(1 + €”). Selection of an appropriate link function may be based on prior data or

the resulting interpretation of the regression parameters.

In the next section, we will first discuss the situation where the censoring time is in-
dependent of 7" and Z, and a general inference procedure based on estimating functions is
proposed. The procedure can be easily implemented numerically and the asymptotic proper-
ties of the proposed estimates of regression parameters are established. Section 3 generalizes
the methods to the situation where the censoring time may depend on Z through the pro-
portional hazards model. In Section 4, we develop test procedures for checking the adequacy
of model (2) under both independent and dependent censoring scenarios based on an appro-
priate stochastic process which is asymptotically Gaussian. Section 5 reports some results
from simulation studies conducted for evaluating the proposed methods. In Section 6, we
apply the methodology to a data set from a cancer clinic trial and some concluding remarks

are given in Section 7.

2. INFERENCE WITH INDEPENDENT CENSORING TIMES

In this section, let C' be the potential censoring time, and assume that C' is independent

of T"and Z. To avoid lengthy technical discussion of the tail behaviour of the limiting



distributions, we further assume that Pr{C > 7} > 0, where 0 < 7 = inf{t : Pr(T > t) =
0} < oo. Let {T;,C;, Z;} (i = 1,...,n) be independent replicates of {T',C, Z} and suppose
that we observe {X;,d;, Z;;i = 1, ...,n}, where X; = min(7T;, C;), §; = [(T; < C;). Here I(-)
is the indicator function. Define

Mi(t) = Ni(t) —/OtYi(u)dA(u|Zi), i=1,..n, (3)

where N;(t) = I(X; < t,6; = 1), Yi(t) = I(X; > t), and A(t|Z;) is the cumulative hazard
function of T; given Z;. It is well known that M;(t) (i = 1,...,n) are zero-mean martingale

with respect to the o-filtration o{N;(u),Yi(u+),Z; : 0 <u <t,i=1,...n}.

Note that the survival function of T" given 7 is
exps— [ —— -
Z) o m(ulZ)

mo(t)dA(t|Z;) = g(ByZ;) " dt + dmy(t). (4)

S(t12) =

Then under model (2), we have

Thus, in view of (3) and (4), for given 3, a reasonable estimator for mg(t) is the solution to

n

> [mo(t)dNi(t) = Yi(t){g(8 Z:)"'dt + dmo(t)}] =0, 0<t<7. (5)

i=1

Denote this estimator by mgo(; 3). Straightforward algebra on (5) leads to

trao(t; 8) = Do(t) /t " 2alu) Zilf(,() )( 2 4, (6)
where ®,,(t) = exp{— fo (u)/ " Yi(u)}, which is the Nelson-Aalen estimator of

the survival function for the pooled observations with independent censoring times. To
estimate [y, using the generalized estimating equation methods (Liang and Zeger, 1986; Cai
and Schaubel, 2004; Chen and Cheng, 2005), we propose the following class of estimating

equations for (3,

Z/ ﬁ,Z Z; [hao(t; B)dN;(t) ) {g(B'Z;) " dt + dinao(t; 8) }] =0,



where ¢(V)(z) = dg(z)/dz. In view of (5), the above estimating equations are equivalent to

—n”Z | 415202 = Z,(6:0)} nalts 91ON0) — Yi(0)g(9 20 '] =0, (1)

where h(z) = ¢V (z)/g(z), and

2oim Yi)(B'Zi) Zi
YY)

Let 3, denote the solution to Uy(3) = 0 and 1hag(t) = riao(t; fa) the corresponding estimator

Za(t; 8) =

of the unknown baseline mean residual life mo(t). Following the arguments of Chen and
Cheng (2005) and Lin, Wei and Ying (2001), we can check that both 3, and 7o (t) always
exist and are unique and consistent. To study the asymptotic distribution of Ba, we show
in Appendix A.1 that n'/2U,(3,) is asymptotically normal with mean zero and covariance

matrix that can be consistently estimated by S, where

& _ _12/ (W(3,2:) Z — p(t) Y a0 (£)2dNG (1),

dNi(u)
Zalwi )] g

and m,(t) = n~' Y1, Yi(t). Here for a vector v, v®° = 1, v®! = v and v®* = vv’. Then it

71

u(t) = Za(t; Ba) +

follows that n'/ Q(ﬁa — (o) is asymptotically normal with zero mean and covariance matrix

that can be consistently estimated by A~'3, A1, where
A ~ ®2 N
=t Z | {paizoz - 250} vino(s.z)

We also show in Appendix A.2 that n'/?{rg(t) — me(t)} (0 <t < 7) converges weakly

to a zero-mean Gaussian process whose covariance function at (s,t) can be estimated con-

sistently by (s, 1) = n~" 320, ¢i(s)@4(t), where

@i(t) = _<I>n1(t) /tT ;IT):((Z)) [ o(u)dN;(u) (u){g(B.2;) du + dmao(u)}}

P 2ot YA [ (13,22 = )} o))



~Yi(u){g(B,Z:) " du + dmw(u)}} .

The asymptotic normality for 7,0(t), together with the consistent variance estimator
I, (¢, 1), enables us to construct pointwise confidence intervals for mq(t). Since my(t) is non-
negative, one may want to use the log transformation for the construction of its confidence
intervals. To construct simultaneous confidence bands for mg(t) over a time interval of in-
terest [t1,ts] (0 < t; < ta < 7), we need to evaluate the distribution of the supremum of
a related process over [tq,ts]. It is not possible to evaluate such distributions analytically
because the limiting process of n'/2{na(t) — mo(t)} does not have an independent incre-
ments structure. To handle this problem, we use a resampling scheme to approximate the
distribution of n'/2{140(t) — me(t)}. Define
n
Wa(t) =023 @it
i=1
where (€24, ...,€2,) are independent standard normal variables which are independent of the
data {X;, d;, Z;;i = 1,...,n}. According to the arguments of Lin et al. (2000), the distribution
of the process n'/?{140(t) —mq(t)} can be approximated by that of the zero-mean Gaussian
process Wa(t). To approximate the distributions of n'/2{mo(t) — mo(t)}, we obtain a large
number of realizations from /Wa(t) by repeatedly generating the normal random sample
(Q4,...,Q,) while fixing the data {X;,d;, Z;;i = 1,...,n} at their observed values. Using this
simulation method, we may determine an approximate 1 — « simultaneous confidence bands

for my(t) over a time interval of interest [t1,to].
3. INFERENCE WITH DEPENDENT CENSORING TIMES

Now we consider the situation where T, C' and Z may depend on each other, but given
Z, we assume that T is independent of C'. Also we assume that the hazard function of C'

given Z has the form

At | Z) = Ao(t) exp{p 2}, (8)



where Ag(t) is an unspecified baseline hazard function and v, is a vector of unknown regression
parameters. Note that the model from Section 2 is the model of Section 3 with vy = 0. Of
course, 7o is usually unknown. A natural estimate of 7o, which is efficient under model (8),

is given by the maximum partial likelihood estimate defined as the solution to

=3 [z zavie) = o (9)

(Cox, 1972), where N&(t) = I(X; < t,6; = 0), and Z,(t;7) = SV (t;7)/SO(t;7), S® (t;7) =
S Yi() ZPF exp{y'Z;} for k = 0,1,2. Let 4 denote the estimator given by U,(y) = 0, and
Ao(t) be the Breslow estimator of Ag(t) = fot Ao(u)du, where

ch ()
Z/ >oiny Yi(u) exp{¥' Zi}

Consider a hypothetical equilibrium renewal process formed by renewals following the

same survival distribution as S(¢|Z). The forward recurrence time V' is defined as the time
from a fixed time to the next immediate renewal. Then under model (2), it follows from Cox

(1962) that its hazard function is

No(t1Z) = m(t]Z2) ™ = mo(t) " g(3yZ) ",

which is a proportional hazards model. When there is no censoring, the following partial

score equation can be used to estimate 3y (Prentice and Self, 1983; Cai and Schaubel, 2004),

dF,(t) =0, (10)

~ , TENBZ)Zg(BZ) (V> t)]
B 2)2) - | Blg(32) 1V > t)

where E and F,(t) are their empirical estimates of the expectation E and F,(t), respectively.
Here F,(t) is the distribution function of V. However, this equality is only theoretical, since

we cannot observe V. To use the sample of T"s in (10), following the arguments of Maguluri

and Zhang (1994) and Cheng et al. (2005), we have that for any function w(Z2),

E{w(Z)I(V > )} = mo(0) " E{w(Z)g(5,2) (T — )"},



where (T — t)* denotes (T — t)I(T > t). As a result,

E{g(5,2)""1(T > 1)}
E{g(62)~'T}

Replacing the respective terms in (10), we obtain the following estimating equation for 3

dF,(t) = dt.

based on T7s,

RN zzl (B 2:) AT~ 1) S (07 I(T>1)
w D MEZ)Z / Zlg AR TR St ogwz)T v

(11)

Let G;(t;70,Ao) be the censoring survival distribution of C; given Z; under model (8),
that is, G;(t; 70, Ao) = exp { — No(t) exp(vyZ. } Then for any well-defined function of v,

V(XZ,ZZ,t)(L} |: { (E,Zz,t>5
) D QiR QY 1 P Qe A A
{Gi(Xi;%,Ao) Gz( z,%,/\o)

H-evmzon o

In view of (11) and (12), using inverse probability of censoring weighting techniques (Robins
and Rotnitzky, 1992), we propose the following class of estimating equations for 3y when the

censoring time C; may depend on Z; under model (8),
-1 52 / ~ A A
Uy(8) =0t D e AW 2) 2~ 284, A} =0, (13)
where

ZiB, v A) = / WB'Z) Zig(B Z) (X, — ) Lo(t: 5.7, AVt

Lln(taﬁaf%A)
LQn(t7 ﬁa e A>L3n(ta ﬁ? 7, A) ’
and Ly, (t; 8,7, A) =n~' 350 Vii(t; 0)Gi(Xi;v, A)~', k=1, 2, 3. Here

L,(t;8,7,A) =

Vii(t; B) = g(B'Z) 7 I(X; > t)6;, Vai(t; B) = g(B'Z) 2 (Xi — t) 765,

and Vs;(t; B) = g(8'Z;) ™ Xids.
Let (3, denote the solution to Up(B) = 0. It can be shown in Appendix A.3 that By is

consistent and unique in a neighborhood of (3y. To study the asymptotic distribution of Bb,



we first show that n'/2U,(/3y) is asymptotically normal with zero mean and covariance matrix

that can be consistently estimated by 33, where

f]b:n_lj {5 / ’”é))dMC()JrBD /{Z Z.(t;%) ydME(t) ]m, (14)

& = {31202 - ZB 3 ho) }0iGi(Xii 4, Ro) ™!

&ilt)  Lin(t)éa(h) Ly (1)Ei(t)

! Rt AL A dt,
FonOEan®) om0 Lon(t)  Fon(®) Ean(D? |

Ro(t) = 0™ Y { W3 202 = Zi(Br 3. Ao) | expdy Z:38,Gi(X 4, o) (1)

=1

- / Q)

Bo =03 {03202 = 28,3, Ro) fAo(X0) exp{d Zi} Z18Gi(Xii 4, Ao) ™

=1

Rin(t,u)  Lin(t)Ron(t,u)  Lin(t)Rsn(t,u) "
Lon(t) (1) Lon(t)?Lan (1) Loy (t) Ly (t)? 7

n

S [ {13,202 - 253 R el 2356, (XiA Aa)

xY;(t) Z,(t;4) Y dAo(t)
/ Qn () — zl”(t)PQN(t) . iln(t)Pgn(t)

L2n (t) [:2n<t)2f/3n(t> £2n(t>£3n(t>2
*lzh By Zi) Zig(By Z:) 7 (Xs — 1) 6,Gi( X34, No) 7,

dt,

sz(t) = sz(t7ﬁb)Gz(Xza ﬁ?AO)_l - zkn(t)a k= 17 2a 37

Rkn<t7 U) = nil Z Vkl(ta Bb)Gl<X17 ’Aya A())il eXp{;Y/Zi}Y;(u%

=1
Pin(t) = _IZVM Gi(Xi:4, Ro) ™ Mo (X;) exp{§' Z:} Z]
_ / Rin(t, ) Zy (3 7Y dAo (w),
0

NIE(t) = NE(t) — / Yi(u) exp{4' Z:}dAo(u),
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Lin(t) = Lin(t; 55,4, Ao), and D, = —0U,(%)/07'. Then it follows that n'/2(8, — Gy) is

asymptotically normal with zero mean and covariance matrix that can be consistently esti-

{an(Bb)}_li {8Ub(ﬁb)'}_l
PR "1 ap

To estimate the baseline mean residual life mg(t), define

mated by

M) = G0 )

7

[(XZ- - mo(t)g(ﬁgzi)}, i=1 ..n

Under models (2) and (8), M/ (t) are zero-mean stochastic processes. Thus, for given (3, a

reasonable estimator for mg(t) is the solution to

i1 GilA57, o

Denote this estimator by myo(; 3), which can be expressed as

ZZL I(X — t)+5 G (Xla e AO)
>y I(X > 1)g(B8'Z:)0:Gi( X3 7, Ao) !

mbO(t§ B) = (15)

Let 1y (t) = Mo (t; Bb) be the corresponding estimator of the unknown baseline mean resid-
ual life mg(t) under models (2) and (8). Following the arguments of Appendix A.2 and A.3,
we can check that m(t) is consistent, and that n'/2{mu(t) —mo(t)} (0 <t < 7) converges
weakly to a zero-mean Gaussian process whose covariance function at (s,?) can be estimated

consistently by Ty(s,t) = n= ' 327 bi(s)1s(t), where

NS .
@@z(t) = 1hyo () Zy (15 Bb), {a[g)é,ﬁb) } £+ B,D;! / {Z; — Z,(u; Bb)}de(U)
L 0

DR By i@+ [0 e
+ O (a. >dM( ) + U, (t; By) |:Mz (t)"‘/ O (u; &)d]\/['( )

+mMD#A{z—zwﬂ»m%w}

> S I(X > OB Z) Zig(8 Z:)6:G (X5 A, M) 7
nW,(t; 3)
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n

U,(t8) =n" Y I(X; > t)g(8 Z)6iGi(Xii 4, Ao) ™,

=1

M;(t) =1(X; > t) |:(Xz —t) — mb0<t>g(él/)Zi)} 8:Gi( X4, Ag) 71,

(2

ra(t,u) =n Y M (t) exp{d' Zi}Yi(u),

=1

n t
Bi(t)=n"" Z M () Ao(X;) exp{¥' Z:} Z! — / ro(t, u)
i=1 0

(s %) dAo(u),
and éi, By, R,(u) and D,, are defined in (14).

Note that the limiting process of n'/2{r(t) — mo(t)} is quite complicated, and its
properties are difficult to obtain analytically. As discussed in Section 2, we can show that
the distribution of the process n'/2{1(t) — mo(t)} can be approximated by that of the

zero-mean Gaussian process /Wb(t), where
Wa(t) = n=2> " ()9,
i=1
and (€, ...,€,) are independent standard normal variables which are independent of the

data {X;,0;, Zi;i =1,...,n}.

4. MODEL CHECKING TECHNIQUES

In this section, we develop testing procedures to check the adequacy of model (2) for both
independent and dependent cases. Beginning with the independent case where censoring
time C' is independent of 7" and Z, let G(t) be the survival function of C, and G(t) be the
Kaplan-Meier estimate of G(t) based on {X;,1 —§;,i = 1,...,n}, where
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Define Hy(t,z) = P{X; <t,Z; < z,6; = 1}, and H(t,z) = P{X; > t,Z; < z}, where the
notation “Z; < z” means that each component of Z; is less than or equal to the corresponding

component of z. After some algebraic manipulation, model (2) leads to

s—th

ST Hy(ds, dw), (16)

where [ stands for [;" .. Oz”. Let us denote the right-hand side of (16) by V (¢, z). Note

that the left-hand side is independent of the variable z. As a measure of fit for model (2),

we estimate V (¢, z) by V,,(¢,z) and obtain the process
On(t,2) = n2{V,(t, 2) = Viu(t, za) }, (17)
where z, is the vector of upper bounds for Z,

{/ / S_tGi Hin{ds, dw)}

and H,, and H;,, are the empirical counterparts of H and H;, respectively. That is, H,(t, z) =

Va(t,z) =

nIY N I(Xs >t Z; < z)and Hy,(t,z) =nt Y0 I(X; <t,Z; < z,6; = 1). Under model
(2), the process 0,,(t, z) equals ¢, (t, 2) — dn(t, 2.), Where ¢, (¢, 2) = n'/2{V,,(t, 2) = V(t,2)} is
the standardized mean residual life process. Hence, based on (17), the Kolmogorov-Smirnov

(KS) type test statistic F may be used to check the adequacy of model (2), where

.7:751) = sup |0,(t, 2)|.
t,z

Under model (2), we show in Appendix A.4 that 6,(t, z) converges to a zero-mean Gaus-

sian process W (t, z) whose covariance function at (¢, z) and (¢*, z*) can be estimated consis-

tently by a-(ta 2 t*a Z*) =n! Z?:l ﬁZ(t7 Z)ﬁ%(t*7 Z*)a where ﬁz(t7 Z) = pAz(t7 Z) - ﬁZ(ta Zu)a

o GO [T st g | 9 (W)
M= s | l/ | Cm)g ) (s )| =

5i(X; —t)G(1) | N AT |
H,(t, Z)é(Xi)g(ﬁAl’lZi)I(Xz 2472 <7) (¢, Z)[(Xz >t,7Z; < z)
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(s = Oh(Gw)u’
W)
x [mao( )N, (1) {g 3 Z) 1du+dmao<u>}} , (18)
> [0 (w)dN; () — Yi(u)g(B' Z;)  du]
i1 Yj(u) ’
dM¢(u) = AN (u) — YVi(u)dAS (u),

Hy,(ds,dw)A / {hﬁZ — i(u)}

dmao (U) =

and dAS(u) = n 'Y " dANf(u)/m,(u). Consequently, F, converges in distribution to F,
where

F =sup |[W(t, z)|.

t,z
Obviously, the complicated structure of the covariance function (18) does not allow for
an analytic treatment of the involved distributions. As discussed in Sections 2 and 3, we
can show that the distribution of the process W(t, z) can be approximated by that of the
zero-mean (Gaussian process W(t, z), where
Wi(t,2) =n""2Y it ),
i=1
and (€, ...,Q,) are independent standard normal variables which are independent of the
data {X;,d;, Z;;i = 1,...,n}. Thus, the distributions of F can be approximated by F, where
F =sup |W(t, 2)].
t,z
To approximate the distribution of F, we obtain a large number, say M, of realizations from
F by repeatedly generating the normal random sample (Q,...,Q,) while fixing the data
{X;,0:, Zi;1=1,...,n} at their observed values. Then using this simulation method, we may
determine an approximate critical value of the test. Specifically, the p-value of the test can

be obtained as follows,

1 &L
= MZ[@ > Fu),
k=1

where F, (k=1,..., M) are M realizations from F.
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For the dependent case where C' depends on Z, an analogous procedure can be developed.

Let G(t|z) be the censoring survival distribution of C' given Z = z, and
G(t]2) = exp { — Ao(t) exp(¥'z) }.
After some algebraic manipulation, model (2) leads to

ot tz// S_tg ))Hl(ds,dw). (19)

Let us denote the right-hand side of (19) by V*(¢, z). Note again that the left-hand side is

independent of the variable z, and V*(¢,z) can be estimated by V,*(t, z), where

] [ )

Similarly, for check the adequacy of model (2) under the dependent case, we use the Kolmogorov-

V*(t,z) =

Smirnov type test statistic .7-",22), where
FP = sup 03, )],
t,z

and 03(t, 2) = n!2{V;(t,2) - Vi (t,2,)}.

Under model (2), we can also show that 6 (¢, z) converges to a zero-mean Gaussian

process W*(t, z) whose covariance function at (¢, z) and (¢, ') can be estimated consistently

by 6% (t, zt', 21) = n™t 3L A (8 2)0; (81, 2T), where i (¢, 2) = pi(t, 2) — p; (¢, ),

- s—t) exp{'y w}G(tw) dM¢(u
hilhz) = / l/ / )G (s|w) Hl”(ds’dw)] SO (u; 4)

(s —1) eXP{ zurlf)(t‘w) {/ts(w — Zr(v;ﬁb)'d[\o(v)}

X Hyp (ds, dw) D" / {Zi—Zr(u;Bb)}de(u)
0

~—

- - I(X; >t,2; <
Hy(t, 2)G(X,]Z:)g(3,Z:) - Hy(t,z) ( ?)
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(s — )A(Bw) G (tw)w! ou, (5 )
w(t, 2) // G(slw)g(Bw) Hln(ds,dw){ op }

[52 /Oﬁ())nd()%—BD /{Z Zp(u; By) YA (u ] (20)

Consequently, F? converges in distribution to F* = sup, . [W*(t,2)|. Asin the indepen-
dent case, we can show that the distribution of the process W*(t, z) can be approximated
by that of the zero-mean Gaussian process /V[v/*(t, z) = n~ Y23 hE(t, 2)€ based on (20).
Thus, the distributions of F* can be approximated by F* = sup; , ]W*(t, z)|, and the p-value

of the test can be obtained in the same way as before.

5. SIMULATION STUDIES

We conducted simulation studies to assess the performance of the estimation procedure
proposed in Sections 2 and 3 with the focus on estimating ;. In the study, the survival
time T was generated from model (2) with Gy = 0 or 0.5, and the baseline mean residual
life function was taken to be mg(t) = —0.5¢t + 1, which corresponds to a rescaled beta
distribution (Oakes and Dasu, 1990). The covariate Z was assumed to be a Bernoulli random
variable with success probability 0.5. We considered three choices for the link function g(z):
gi1(z) = 1+, go(x) = €” and g3(x) = log(1 + €*). The censoring time C' was generated
from the exponential distribution with hazard rate \ge?Z for 7y = 0 or 1, and A\ was chosen
to result in two censoring percentages of approximately 10% and 30%. Note that 79 = 0
corresponds to independent censoring times, while 7y = 1 gives dependent censoring times.

The results presented below are based on n = 100 or 200 with 2000 replications.

Table 1 shows the results for independent censoring (vy = 0). It can been seen that the
bias for estimating 3, is very small and the standard error of the estimator is very accurate

for all settings. The 95% empirical coverage probability based on normal approximation are
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reasonable, and the results become better when the sample size increases from 100 to 200.

Table 2 shows similar results for dependent censoring (yo = 1).

To investigate the asymptotical normality of the proposed estimates of 3y under both
independent and dependent censoring, we provide some QQ-plots in Figure 1, which sug-
gest reasonable normal approximations to the finite-sample distributions of the proposed

estimators. We also considered other models and set-ups and obtained similar results.

6. AN APPLICATION

We applied the proposed estimation procedures to a data set from a clinic trial on lung
cancer that has previous been analyzed by others (Lad et al., 1988, Piantadosi, 2005, and
Chen et al. 2005). The purpose of the trial is to assess the impact of systematic combination
chemotherapy on patients’ survival. Specifically, survival time of interest includes both time
to death and disease-free survival time. Between November 1979 and May 1985, 172 patients
were randomized to receive either postoperative radiotherapy (RT) alone or postoperative
RT plus chemotherapy with Cytoxan, Adriamycin, and Platinol (RT + CAP) for 6 months
and followed until death. The mean follow-up time is 1.5 years. Only 164 patients were

eligible for analysis, among which 86 patients were in RT and 78 in RT + CAP group.

In our analysis, we consider examining the effect of treatment and cell type (squamous
vs. nonsquamous/mixed) on patients’ disease-free survival. For treatment, we let Z; = 1 if
the patient is in RT + CAP group and 0 otherwise. For cell type, we let Z, = 1 if the patient
had the squamous cell type and 0 otherwise. We first fit model (8) containing both covariates
to the data to determine whether dependent or independent case should be considered. The
logrank test shows that the overall effect of treatment and cell type on the censoring time
is insignificant with a p-value of 0.876. The Kaplan-Meier estimates of survival functions of

the censoring time for four subgroups were plotted in Figure 2 (a). Thus, for the illustration
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purpose, we then fit model (2) to the data only under the independent censoring situation.

Table 3 shows that the estimation and test of hypothesis results for the effect of each of
the covariates by using three different functions for g. The results show that both treatment
and cell type have significant effect on the patients’ disease-free survival after adjusting the
effect of the other. More specifically, patients in RT + CAP group have significantly longer
mean residual disease-free life than those in the RT group, and patients having squamous
cell type have significantly longer mean residual disease-free life than those having nonsqua-
mous/mixed cell type. Figure 2 (b) and (c¢) show the difference in survival functions between
the treatment groups and two cell type groups, respectively. This is consistent with the re-
sults from Chen et al. (2005) under the proportional mean residual life model and from
Piantadosi (2005) under the proportional hazards model. Note that the three functions for
g yield similar results, and the result from g(z) = e” is the least conservative based on the

p-values.

We also checked the adequacy of model (2) with both covariate under the three functions
of g(x). Based on 500 realizations of F, the KS-type test statistics with p-values in paren-
theses, are 4288.81 (0.966), 4554.43 (0.946) and 6341.43 (0.958) for g(x) to be 1+, e* and

log(1 + €”), respectively. These results indicate that model (2) fits the data adequately.

7. CONCLUDING REMARKS

In this article we have studied a class of mean residual life regression models under both
independent and dependent censoring. The proposed models are generalization of the pro-
portional mean residual life model with more choices of the link function g(x). Estimation
procedures were proposed for the model parameters, and asymptotic properties of the esti-
mators were derived. The methodology was applied to a cancer data set from a clinic trial,

and the simulation results show that the proposed methods work well for the situations
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considered.

As it is well-known, model checking is always an important issue in regression analysis,
because most regression models have limitations. We proposed a goodness of fit test for
model (2) based on the KS type test statistics. In addition, the Cramér-von Mises type test

statistics can also be used to check the adequacy of model (2):

FB = / / 0, (t,2)2HO(dt, dz),

which converges in distribution to

f‘(3)://W(t,Z)2HO(dt>dz)>

where H° and H? are the distribution function and empirical distribution function of (X}, Z;),
respectively. Similar to the KS-type test statistics, F& = [ [ W(t, 2)2H(dt, dz) can be used

to approximate the distribution of F®).

For dependent censoring, the proportional hazards model was used as the working model
for the censoring time. Of course, we can also choose some other semiparametric regression
models as the working model for censoring. For example, we may use the proportional mean
residual life model or the additive mean residual life model, then we can obtain the estimators
of the censoring model parameters using the approach of Chen and Cheng (2005) or Chen
and Cheng (2006). Thus, the estimator of the censoring survival distribution G(¢|z) can be

obtained using the following inversion formula

G(t|z) = wexp{ - /Ot mg(u|z)_1du},

ma(t|2)
where mg(t|z) = E(C — t|z,C > t) is the MRLF of C at t given z. Thus, the unknown

parameter in model (2) can be estimated by using the procedure in Section 3.

Since estimating functions (7) and (13) were given in a somewhat ad hoc fashion using

the generalized estimating equation methods, it would be worthwhile to further investigate
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the efficiencies of the proposed estimators. In principle, it might be possible to estimate
Bo and mg(+) more efficiently by the nonparametric maximum likelihood approach, and the
resulting inference procedure would be much more complicated. Another issue is that the
estimates of mg(¢) may be not monotonic, and there is no guarantee that the finite-sample
estimator 1, (t) + t or 1yo(t) + t would maintain the necessary monotonicity at some time
point. The incorporation of the pooled-adjacent-violators algorithm may help solving the

problem as mentioned in Chen and Cheng (2005).
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APPENDIX: PROOFS OF ASYMPTOTIC PROPERTIES

Using the uniform strong law of large numbers (Pollard, 1990, p.41), we have z,(t) =
lim,, . Z,(t; Bo), and s®)(t;7) = lim, . S®(t;7) (k = 0,1) uniformly in ¢ € [0,7]. Let
Z.(t) = s (t;70) /5Q(t;70). In addition, assume that A defined below in (A.4) is nonsingular

matrix.

A.l. ASYMPTOTIC NORMALITY OF U,(8) AND 3,

Note that

n

> [mo(t)dNi(t) = Yi(t){g(B,Z:) " dt + dmo(t) }] = mo(t) Z dM;(t),

=1
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and
> [riao(t; Bo)dNi(t) — Yi(t){g(84Z:) " dt + dino(t; 5o) }] = 0.
=1
Then it follows that
{Mao(t; Bo) —mo(t)} Z dN;(t) — nmpd{mao(t; Bo) — mo(t)} = —mo(t) Z dM;(t),
=1 =1

which is a first-order linear ordinary differential equation in 7h,0(t; Bo) — mo(t). It thus has

the closed-form solution given by

ol o) — moft) Z =) (A1)

Write

S [ {55202~ 2t ) o)1 (0

+nt 21 /OT {h(@/)Zz‘)Zz' — Z,(t; 50)} [mao(t;ﬁo) — myo(t)|dN;(2).

Using the uniform strong law of large numbers and (A.1), the second term in the right-hand

side of the above equation is equivalent to

-ty / e (mo(£)dMi(2) + 0p(n ),

where
20 [ B[22 - syani ],

7(t) = EYi(t), and S(t) is the margmal survival function of 7. Therefore,
W2, (4 —n—l/zz / {(h(B32) Z: — p(£)} mo(£)dMi(t) + 0,(1),

where p(t) = Z,(t) + p.(t). As a result, n'/2U,(f3y) converges in distribution to zero-mean

normal distribution with covariance matrix X,, where

so= 8 | [ {822 - o} “matoranio)|. (A2)
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which can be consistently estimated by 3, defined in Section 2.

Since the censoring time C' is independent of T" and Z, and

/t Sl 2)g(5y2) du = mo(1)S(1|2),

under model (2), it follows from the uniform strong law of large numbers that

ama(%(ﬁ B _ gy / [ —123/ )9(852:)™" Zudu|

1 / / -1
- g M2z [ seizrz) du]+op<1>
= —mp(t)Za(t) + 0,(1) (4.3)

Let A =n='0U(3,)/083, and hV(x) = dh(x)/dz. Then it follows from (A.3) that

A—n‘IZ/ {h(l) 3,272 — 2im1 gjhl(l)f(ﬂ(; )Z®2}

X [ao(t; Bo)dNi(t) — Yi(t)g(6y Z:)~ " dt]
oty / 207 — Za(t: o))} [%“—de(t) Yi(h(BhZ:) ZLg (B Z:) 1dt}

ap’
n g ®2
_12/{ 7078 — Zi_lyg_lx((ﬁ% )2 }[mo(t)dMi(t)JrYi(t)dmo(t)}
Sty / (22— Zult: o)} [zam'{mo(t)dMi(t) P32

A= | [ @22~ 2y Vi@ z) (A4

Thus, the asymptotic distribution of 3, follows from a Taylor series expansion of Ua(Ba) at

Bo. For future reference, we display the asymptotic approximation

n'?(8, — By) = —A"In /2 Z /0 ' {R(BYZ:) Zi — 1u(t)} mo(£)dM;(t) + 0,(1). (A5).
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A.2. WEAK CONVERGENCE OF i,(t)

To show the weak convergence of n'/2{1.(t) — mo(t)}, we first note that
! {hnag (1) — mo(t)} = n"*{rmao(t; Bo) — mo ()} +n'/*{1hao(t; Ba) — mo(t; Bo) }-
It follows from (A.1) and the uniform strong law of large numbers that
2 ) = moft)} =~ 2 S [ S g 40,1,
i=1
Using the Taylor expansion of 7o (t; 8,) together with (A.3), we have
' {0 (t; @) — Mhao(t; Bo)} = —mo<t)5a<t)/”1/2{3a — Bo} + 0p(1).

Thus, it follows from (A.5) that

n

' {ihao(t) —mo()} = 02 Y 0ilt) + 0p(1),

=1

where

al) =5 [ ' %dl\%(uwmo(t)za(ﬂ%” / " (W82 Z: — ()} mo(u)dMi(u).

Because ¢; (i = 1,...,n) are independent zero-mean random variables for each ¢, the mul-
tivariate central limit theorem implies that n'/2{rm.g(t) — mo(t)} (0 < t < 7) converges
in finite-dimensional distributions to zero-mean Gaussian process. Using the modern em-
pirical theory as Lin et al. (2000) and Lin, Wei and Ying (2001), we can show that
Y2 {Ma0(t) — mo(t)} is tight and converges weakly to zero-mean Gaussian process with
covariance function Ty(s,t) = E{pi(s)pi(t)} at (s,t), which can be estimated by T'y(s, )

given in Section 2.
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A.3. ASYMPTOTIC NORMALITY OF Up,(3,) AND $,

It can be checked that

*Z {h(B4Z:)Z; — Z:}6:G( X570, Mo)

+n - Z {M(ByZ:) Zi — Z: }oi [ X4, Ao) ™t — G(Xﬁ”Yo,Ao)fl]

/ Q) { L (t: Bo, 3, Ag) — }dt—i—op -1/2), (A.6)

where Q(f) = limy, o Qn( ), L(t) = Li(t)/(La(t)Ls(t)), Li(t) = limp—oo Lin(t; Bo; 70, Ao)
(k=1,2,3), and

7= / WGy Z:) Zig(ByZe) (X, — )" L(t)dt.

It is well known that (Fleming and Harrington, 1991, p.299)

Ao(t) — n Z / S /0 z(w) do(w) (5 = 70) + 0p(n'12),

5 (u; %)

5 — -1 —12/ {Z; — z.(u) }dMF (u) + 0, (n™/?),

ME(t) = NE(t) - / Yi(u) exp{) Z: dho(u),

and D = lim,,_,o, D,,. Thus,

Lin(t; B0, %, Ao) = Lin(t; Bo, 70, o) = n_lz/ 5(0) de(“)*‘Pk(t)(@—%)+0p(”_1/2)7
and
Ly (t; Bos Y0, o) — =n 1Zflm + 0p(n _1/2)7

where &;(t) = Vii(t; Bo)Gi(t; 70, Mo) ™! — Li(t), and Ry (t,u) and Py(t) are the limits of
Ryn(t,u) and Py, (t), respectively. Therefore, using the functional Delta-method, it follows
from (A.6) that

n'2Uy(fo) = n~1? ) {fmt /0 ' s«?((t) )nd()JrBD / {Zi — z:(t) }AM(t) | + 0p(1),

i=1
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where

' G (Xzﬁo,/\o) 0 Lo(t)Ls(t)  La(t)?Ls(t)  La(t)Ls(t)*|

and R(t) and B are the limits of R,(¢) and B, given in (14), respectively. Utilizing the
multivariate central limit theorem, n'/2U,(3,) is asymptotically normal with mean zero and

covariance matrix X, where

{& /S(O) dMC()—l—BD /{Z—zr }dMC }@2.

An empirical covariance estimator 3, defined by (14), in which all unknown quantities are

replaced with their observed counterparts, converges in probability to .

It can be checked that U,(3) converges almost surely uniformly in a closed set of 3 to

up(B), and up(Gy) = 0, where

EXh(8'Z)Z9(8'2) (T — )"} E{g(8'Z) " I(T > t)}
E{g(0'2)*(T = 1)*} E{g(5'2)~'T}

u(B) = E{h(P'2)Z} — / .

For any function w(Z), define

E{w(Z)g(8y2) (T — t)*}

B} = =Rz -7y

and

_ B{w(2)9(6,2) T}

Eg{w(Z)} = Flo2)T]
Then

auabgéo) :2/OT vartﬂo{h<5(,)Z)Z}E50{S(t|Z>m(O|Z)_1}

1" , | o
~mo(0) /0 Covs, {(By2)Z, S(t12)} Covis, {1(512)Z, 9(B6Z) " Yel.

We observe that S(t|Z) is decreasing function of g(3,2) ™!, which implies that {h(5,2), S(t|Z)}
and covy g, {N(By2)Z, g(B3yZ)~'} must take opposite signs (Maguluri and Zhang, 1994). This

gives that du,(0y) /00 is positive definite. Thus, it follows that 3, is consistent and unique
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in a neighborhood of fy. A Taylor series expansion of Uy(3,) vields that n'/2(3, — By) is

asymptotically normal with mean zero and covariance matrix given by
Ouy (%) s [ Ou(Bo)’ o
a5 "1 ap

A.4. WEAK CONVERGENCE OF 6,(t, z)

It can be checked that

nl/2 2) — z 2
bult 2) = {Bn(;(t)’ Z)B(t, )} 5;::2))2711/2{1{”@,2)—H(t, N to,1), (A7)

a(,2) / / S_t CA; (t) Hy,(ds,dw),
w)G(s)

B(t,z) // Sﬁ;j Hl(d dw).

Consider the martingale representation of the Kaplan—Meier estimator (Fleming and Har-

where

and

rington, 1991, p.97)

é( Zz 1 MC( )
/ G(u nmp(u) (48)
where M£(t) = fo (X; > u)dA°(u) and A°(t ) = —log(G(t)) is the cumulative hazard

function of the censoring times. It is well known that M¢(t) (i = 1,...,n) are martingales

with respect to the o-filtration
o{l(X; >u), [(X; <u,0,=0),Z;:0<u<ti=1,..n}

It follows from (A.8) and a Taylor series expansion that

- [ 200 (249
(s —1)G(t)

s —t)G(t)
/ / 9 (Fw)C(s) [Hin(ds, dw) — Hy(ds, dw)]
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s — O)h(Biw)w'G(t) - )
/ / ﬁow ( ) Hl(dsadw)(ﬁa 50)+ p(l). (A9)

Thus, combining (A.5), (A.7) and (A.9), we have

Ou(t,2) = Sult,2) = dult.z) =072 milt,2) + 0p(1),

=1

where ;(t, z) = pi(t, 2) — pi(t, z,), and

V / e <d8’dw)1df<+;(>w
)

pi(ta Z)

5(X—t)G() Vit 2 | .
H(tz 9BZ )](X >t,7; < z)— H(t,z)](XzZt’ZZS )
S—t )w’
tz // 5010 (s) H,(ds, dw)

A / (h(HZ) 7 — ()} molu)dM (u).
Thus, by the same arguments as those of Appendix A.5 in Lin et al. (2000), 6,(¢, 2)
converges weakly to zero-mean Gaussian process with covariance function o(t, z;t*, 2*) =
E{n;(t, z)n;(t*, z*)} at (¢, 2) and (t*, z*), which can be consistently estimated by o (¢, z; t*, z*)

given in Section 4.
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Table 3: Estimation of the effects for the lung cancer data

Covariates g(x) Parameter estimate SEE p-value
1+ 1.2249 0.6130 0.0457

Treatment (Z) e’ 0.7334 0.2413 0.0024
log(1 + €*) 1.2487 0.5164 0.0156

1+ 1.0596 0.6338 0.0946

Cell type (Z2) e’ 0.6528 0.2590 0.0117
log(1 + €*) 1.1035 0.5462 0.0434

31

Note: SEE is the standard error estimate; p-value pertains to testing no covariate effect.
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Figure 2: Kaplan-Meier Estimates of Survival Functions
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