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Abstract

We consider solving eigenvalue problems or model reduction problems for a quadratic
matrix polynomial IA> — A\ — B with large and sparse A and B. We propose new
Arnoldi and Lanczos type processes which operate on the same space as A and B live
and construct projections of A and B to produce a quadratic matrix polynomial with
the coefficient matrices of much smaller size, which is used to approximate the original
problem. We shall apply the new processes to solve eigenvalue problems and model
reductions of a second order linear input-output system and discuss convergence prop-
erties. Our new processes are also extendable to cover a general matrix polynomial of
any degree.

1 Introduction

Krylov subspace techniques are widely used for solving linear systems of equations and
eigenvalue problems involving large and sparse matrices [8, 16]. It has found applications
in many other large scale matrix problems such as model reductions of linear input-output
systems [11, 13]. The basic idea of the techniques is to extract information of an n x n
matrix A most relevant to the underlying computational problem through utilizing the
so-call Krylov subspace

Ki(A,v) = span{v, Av, ... 7Ak_lv}7
or through utilizing two (row and column) Krylov subspaces
]Ck(A,’U), ICk(A*,w)

simultaneously, where v and w are vectors of dimension n, the asterisk denotes the
conjugate transpose. This is realized by either the Arnoldi (or Lanczos) process when
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only Kr(A,v) is employed or by the nonsymmetric Lanczos process if both Ki(A,v) and
Kr(A*,w) are used [1, 19]. See also [8, 16, 24, 28, 29].

When i (A, v) has dimension k, the Arnoldi process generates an orthonormal basis
{a1,q,...,q,} for Ki(A,v), and an upper Hessenberg matrix Hj, = Q; AQy, which is the
projection of A onto (A, v), where Qr = [q1,42, - - ., qx]. On the other hand, the Lanczos
process generates a basis for K (A, v) and a basis for i (A*, w) such that the two bases are
biorthogonal. Simultaneously, a tridiagonal matrix T} is obtained, which is the projection
of A onto Ky(A,v) along Ki(A*,w). For Hermitian A, usually w is taken to be v and the
process coincides with the Arnoldi process and is called the (symmetric) Lanczos process.

For modest k < n, some of the eigenvalues of Hy (and T} ) are good approximations to
some eigenvalues (usually extreme part) of A. This approximation of A by Hy (and T}) can
be used in many other applications as well, such as model reductions of linear input-output
systems [6, 11, 13]. Over the years, many technical inventions, including a shift-and-invert
strategy, look-ahead techniques, rational Krylov, (adaptive) block versions, implicit restart
strategies, and so on, have been developed for the Lanczos/Arnoldi algorithm for better
numerical efficiency and stability. But we shall not discuss them here, see for example
3, 4, 10, 17, 18, 25, 27, 28, 31, 35] and references therein.

In this paper, we consider related problem for a large and sparse n X n monic matrizc
polynomial

m—1
AN = LA™ = ) AN, (1.1)
=0

where I, is the n x n identity matrix (later we may simply write I if its dimension is
clear from the context.). (1.1) is typically associated with an m-th order linear system of
ordinary differential equations:

2™ (t) — Z A (t) = g(8), (1.2)

with appropriate initial values for z(t) and its derivatives up to order m — 1 at ¢ = 0,
where A; is an n x n constant matrix and z(t) is a vector of dimension n, depending on t.
A modal analysis of (1.2) is to find those scalars p and nonzero vectors x and/or y such
that

A(p)z =0, y"A(p) =0.

p is called an eigenvalue of (1.1) and z (and y) a right (and left, resp.) eigenvector. On
the other hand, in a linear input-output system with the state governed by (1.2), we are
interested in approximations and computations of the transfer function

f(s) = c*A(s)" b, (1.3)

Specifically, we would like to find a lower dimensional linear input-output system whose
input-output relations (i.e. the transfer function) gives a good approximation to those of
the given system. This is often referred to as model reductions.



In most cases, a problem (e.g. eigenvalue problem) concerning the matrix polynomial
can be reduced to one for the following nm x nm matrix [15]

o I 0 -- 0
o o I -- 0
Ay = )
o o o0 --- I
Ay A1 Ay -+ Anq

to which well-established methods can be applied. This is called linearization. For the
eigenvalue problem or the model reduction problem, one can use the Arnoldi or the Lanczos
algorithm on Ay to produce a Krylov subspace and then a projection, which is used to
approximate Ap;y. Such a process will have to operate with vectors of dimension mn and
therefore may substantially increase the computational cost. Furthermore, the projection
of Ay on a Krylov subspace is usually not a linearization of any matrix polynomial and
thus the approximation as obtained loses its intrinsic physical connection to the original
problem. In model reductions, for example, a consequence of this is that the reduced
model that is obtained by applying the Arnoldi or the Lanczos process to the linearization
problem A;;y cannot be synthesized with a physical model of an mth order input-output
system [2].

In this paper, we study extensions of the standard Arnoldi process and the standard
Lanczos process for matrix polynomials without going through any linearization. We
note that several other methods [22, 30] have been developed that do not rely on the
linearization processes (see also [4, 32]). Here, we develop Krylov type projection methods
that generate a basis {q1,q2,...,qr} for a subspace as defined by A; and its powers, and
then apply projection simultaneously to each matrix A; of the matrix polynomial to obtain
H Igz = Q;A;Q) which is also in some condensed form, where Qi = [¢1, 2, ...,qx]. Then
we approximate A(A) by the lower dimensional matrix polynomial

m—1
He(\) = LA™ = Y BN
i=0
Compared with the linearization, this approach has advantages of preserving certain prop-
erties of the original system A()\) such as

o If the field of values of A(\) (i.e. F = {\:2*A(N\)z = 0 for some = # 0}) is on the
left half complex plane, which guarantees stability of the system (1.2), then the field
of values of Hy(\) is also on the left half plane, preserving the stability.

e The property that A; is symmetric, positive definite, etc. is preserved by H ,gz). In
particular, if A(\) is an overdamped vibrating system [9, 15], so is Hx(A). So the
property that all eigenvalues are real is preserved. The same is true if A(\) comes
from a weakly damped system, which has the eigenvalues near the imaginary axis.

e A gyroscopic system about a stable equilibrium [9] has Ayp > 0 and A; skew-hermitian
with m = 2. In this case, the eigenvalues are all pure imaginary. Again, the projec-
tion problem preserves this property.



An Arnoldi process of this type has already been developed recently for a monic quadratic
polynomial [21], where a special case is also considered in which a linear combination of
the two matrices is of low rank. This paper, as a continuation of [21], will first investigate
the subspaces associated with the Arnoldi type process, especially for the commutable
case. This is done in Section 3. In Section 4, we develop a Lanczos type process for
monic quadratic polynomials. Briefly analogous extensions to a general monic polynomial
of degree m are mentioned. The uses of the Arnoldi/Lanczos type processes for model
reductions and eigenvalue computations, and their convergent behaviors are given in Sec-
tions 5 and 6. We shall also present a numerical example to illustrate our new algorithms
in Section 7. Throughout the paper, however, we will be focusing mostly on explaining
the new ideas and leave subtle but important numerical considerations and numerical ap-
plications (e.g., more extensive numerical testing) to future studies. We also note that our
focus on monic matrix polynomials does not lose any generality because non-monic cases
can be handled implicitly as a monic one through some kind of combination of shifting
and a factorization of the leading matrix.

Notation. The jth column of an identity matrix (of size that will be clear from the
context) is denoted as e;. C™*" is the set of all m-by-n complex matrices, C" = crl
(vectors), and C = C! (scalars). We shall use MATLAB-like notation X (irj,k:¢) tO denote
the submatrix of X, consisting of the intersections of rows ¢ to 7 and columns k to ¢, and
when i : j is replaced by :, it means all rows, similarly for columns. The generic notation
x is for a possible nonzero scalar, vector, and X for a possible nonzero matrix. ||x||3 is the
Euclidean norm of a vector z and ||X||2 is the spectral norm of a matrix X. Given a real
number 7, |v] is the largest integer that is not greater than .

2 Arnoldi/Lanczos Process for Matrices — Review

We first give a brief description of the standard Arnoldi and Lanczos algorithms for a
matrix A, and at the same time set our other notation. The Arnoldi and Lanczos Processes
yield partial realizations of the following decompositions of a matrix A.

e Given ¢; € C" with ||¢1]|2 = 1, there is a unitary matrix @ € C"*™ with Qe; = ¢
such that Q*AQ = H = (h;j) is upper Hessenberg, i.e., h;j = 0 for i > j + 1. This
can be proved by Hessenberg Reduction, the first step in computing the eigensystem
of a (dense) matrix by QR method [8, p.164].

e Given vy,w; € C" such that wiv; = 1, (unless there is a breakdown!) there is a
matrix V € C™" with Ve; = v; and V"*e; = w; such that VAV =T = (tij)
is tridiagonal, i.e., t;; = 0 for i« > j+ 1 or ¢ +1 < j. A similar proof to that of
Theorem 4.1 below can be given (see also [14, 23]).

The Arnoldi process starts with ¢; and then looks at AQ = (QH one column at a time
from the first column onwards to achieve its goal. The following algorithm presents a basic

! Breakdown, though not defined yet, is intrinsic to the nonsymmetric Lanczos process. A good reference
is [25]. See also the paragraph immediately followed Algorithm 2.2.



version of it.

Algorithm 2.1 STANDARD ARNOLDI PROCESS:

1 Given ¢q; with ||¢i|2 =1;
2 for j=1,2,...,k do

3 q = Agj;

4 for :=1,2,...5 do

5 hij = @i q; ¢ = q — qihij;
6 end for

7 hjv1; = lldll2;

8 if hj+1j > 0 then

9 qj+1 = q/hjy15;

10 else

11 BREAK

12 end if

13 end for

If this algorithm concludes after the j-loop finishes at the end for j = n, the decomposition
described above is realized; if it finishes by BREAKing out, an invariant subspace of A
is computed.

Similarly, the Lanczos process is based on the second decomposition and starts with
two vectors v; and wy with wjv; = 1. The following algorithm presents a basic version of
it.

Algorithm 2.2 STANDARD NON-SYMMETRIC LANCZOS PROCESS:

1 Given v; and w; such that wjv; = 1;
2  Set By = =0; vg = wy = 0;

3 for j=1,2,...,j do

4 aj = w;fAUj;

5) 0= Avj — QV; — ﬂj_lvj_l;

6 w = A*wj — QW5 — Yj—1Wj—1;
7 Vi = V| of;

8 if v, = 0 then BREAK;

9 Bj = w*d/;; )

10 w1 =0/, w1 = 0/ B;;

11 end for

A breakdown occurs in Algorithm 2.2 whenever a zero v; is encountered. There are two
kinds of breakdowns: 1) 7; = 0 is caused by either ¥ = 0 or w = 0; 2) 7; = 0 is due to
0L but where neither ¢ nor w is a zero vector. The first kind is a benign and welcome
situation since it signals that an invariant subspace of A has been found; while the second
one is more serious, see [12, 25, 35].



3 Arnoldi Type Process for Monic Matrix Polynomials

In this section, we shall first describe the Arnoldi type process for IA2 — A\ — B derived in
[21], and then study the Krylov type subspace that it computes. In particular, we discuss
the special case when A and B commute. We shall also show how this can be generalized
to a general m-th degree monic matrix polynomial.

3.1 Arnoldi type process for I\> — A\ — B

The Arnoldi algorithm for IA\?> — A\ — B of [21] is based on the fact that given ¢; € C"
with ||g1]|2 = 1, there is a unitary matrix Q € C™*" with Qe; = ¢; such that?

Q*AQ =H, = (ha;ij)7 Q*BQ = Hb = (hb;ij) (31)

satisfying
hasij =0 for i >2j 41, hyy; =0 for i > 25 4 2. (3.2)

From this, the following algorithm is derived in [21].
Algorithm 3.1 ArnorLpI TYPE PROCESS :
1. Given ¢; with [|¢1]|2 =1;

2. N=1;
3. for j=1,2,...,k do

4 if 7 > N then BREAK;

5. (j = AQj;

6. for i =1,2,...N do

7 hasij = @i 4 4 = G — qihasij;
8 end for

9. hant1 = [1]l2;

10. if ha;N+1’j > 0 then

1L N =N+1, qn = §/ha;nj;
12. end if

13. q = Bygj;

14. for i =1,2,...N do

15. Moz = 4; G5 G = 4 — qihwij;

16. end for

17 hyngg = 112
18. If hy.n4+1,; > 0 then

19. N =N+1; gn = ¢/ha;n 5
20. end if
21. end for

In the algorithm, N tracks the number of vectors ¢; already generated at any given
point. Let ap and (i be the values of N at the ends of Lines 12 and 20 respectively for

2The entries of H, and H, are unfortunately heavily subscripted a little bit — with a lower case letter
[k

before the separator “;” indicating the association to A or B, and with two integers ¢ and j as their row
and column positions. For better readability, sometimes we insert a comma between the two integers.



the trip 7 = k. It can be seen that o < B < ax + 1. Upon completion of the above
process, we have (see [21])

AQ(:,l:k) = Q(:,l:ak)Ha(lzak71:k)7 (33)
BQ(:,I:k) = Q(:,l:,@k)Hb(lzﬁk71:k)7 (34)

unless the j-loop is forced to BREAK out at Line 4, in which case,

AQ(:,l:N) - Q(:,l:N)Ha(lzN,lzN)7 (35)
BQ(:,l:N) = Q(:J:N)Hb(l:N,l:N)' (36)

While H, and Hy, are lower banded, their lower bandwidths increase quickly. In [21], the
special case that a linear combination of A and B is of low rank is considered. In that
case, the lower bandwidth of H, and Hp is bounded by the rank of the combination plus
1. Later, we shall consider a special case when A and B commute. As we shall see, the
lower bandwidth can also be significantly reduced in this case. We first need to describe
the subspace span{qi, g2, ...,q/} in terms of ¢, A, and B.

3.2 Subspace span{qi, ¢, ..., q}
Suppose first that in line 10 and 18 of Algorithm 3.1, all

ha;n+15 >0, hipny1; > 0.

We notice that the process starts with ¢;, and at j = 1 it generates new directions in
vectors Aq; first and then Bgqp; at j = 2, new directions in vectors A%q; first and then
BAq; at j = 3 new directions in vectors ABgq; and then B2%q;; and so on. The following
table displays new vectors that expand the same subspace as the vectors generated at step

J-

L Jj (1t 1213 ] 4 [ 5 [ 6 | 7 |
new | Aqi | A%q1 | ABq1 | A3qi | ABAq | A’Bqi | AB*qq
vectors | Bqy | BAq, | B?>q1 | BA%q, | B?Aq, | BABq, | B3qy

We list those vectors in the order of their first appearances as

Group 0: ai,
Group 1: Aqi, Bqu,
Group 2: AZ(]LBAQ1>ABQMB2Q1; (37)

Group 3: ASQL BAZQD ABAQl» BzA(ha AZBQD BABq17 ABQQL ngla

They are produced in the order from top downwards and from left to right. Notice that
we divide them naturally into Groups with Group 0 having only ¢;, and Group ¢ having
2! vectors in the forms

X XoX1q1, X; € {A,B}



The rule that governs the ordering in (3.7) is

Xs -+ XoX1q1 appears before Yy ---YoY1q1 in (3.7) if s < t
orif there is an j (1 < j <t) such that X; =Y; for 1 <i < (3.8)
j—1,X;=A, andY; = B when s =t.

Define
gke({A, B}, q1) (3.9)

to be the subspace spanned by the first ¢ vectors in (3.7) equipped with the ordering just
described. We call it a generalized Krylov subspace. Then

span{qi, g2, ..., qe} = glCe({A, B}, q1).

Now, if hg;n41,7 = 0 (or hp;n4+1,; = 0), the first N+1 vectors in (3.7) are linearly dependent.
In that case gy 41 is constructed by using the next linearly independent vector, say the fth
vector, in the sequence (3.7). At that point, the number of linearly independent vectors
in the first £ vectors is exactly N + 1. This leads to the following general result.

Theorem 3.1 1. Ifdimgk,({A, B},q1) = N, then
span{qi, gz, ..., qn} = gKe({4, B}, q1).
2. If the j-loop of Algorithm 3.1 runs to its completion, then
span{qi, g2, - .., qn} = gKar11({A, B}, q1).
3. If Algorithm 3.1 concludes by BREAK ng out at Line 4, then
span{qi, q2, ..., qn} = 8Koj1({4, B}, q1) = Ko; ({4, Bq) = - -

Proof: The first two claims are rather obvious. We shall now prove the third one. We
have

aj
Agj = Z Gihasij
i=1
and
Bj
Bg; = qilwyj
i=1

When the BREAKing out occurs, 8; = j as (3; is the value of N. Together with o; < 3;,
this shows that span{qi,q2,...,qn} is an invariant subspace for both A and B and is
the same as gfCyj—1({A4, B}, q1). The vectors from the 2jth onwards in (3.7) are linear
combinations of vectors from the first to the (25 — 1)-th multiplied by sequences of A

and/or B and thus fall into gKoj—1({4, B}, ¢1). |



3.3 The Case When A and B Commute

When A and B commute, the reduced H, and H; will have much fewer nonzero entries
below the diagonal than those for the general case in (3.1). We note that, for the eigenvalue
problem I\?2 — A\ — B, A and B share the same invariant subspace and thus we can just
run the standard Arnoldi/Lanczos process on either A or B and then solve the quadratic
eigenvalue problem. However, for other problems like the reduced order modeling to
evaluate ¢} (I — As — Bs?)"1qy, the new processes may still be of interest. This subsection
also shows that some inherent relations between A and B will have interesting effects on
our new Arnoldi type process (and the Lanczos type process later in this paper).

The commutativity between A and B implies that some vectors in (3.7) appears mul-
tiple times, i.e., BAq; = ABgq;. In fact, Group t which has 2! vectors effectively consists
of t + 1 vectors

Atql, BAt_lql, ey Bt_lAql, th1

in the generic situation. It can be seen that the generated basis vectors

q1,92,43; - - -
correspond to the sequence
Group 0: aq,
Group 1: Aq1, Bq,
Group 2: A%qi, BAq1, B>q, (3.10)

Group 3: A3q1, BA%q1, B?Aq1, B3qu,

in the sense that the new direction in, e.g., g5 is from BAg;. We shall use “~” to indicate

such a correspondence, e.g., g5 ~ BAqy, g3 ~ BA?%q;, and so on. We would like to know
the nonzero patterns in the generated H, and Hj. It suffices for us to look at Ag; and
Bg; and find out the first positions at which the vectors in (3.10) bring out the same new
directions as Ag; and Bg; do for expanding the generalized Krylov subspace. First we
need to know the corresponding position for ¢; in (3.10). To this end, let integers s and ¢
be such that

j=tt+1)/2+s forsome0<s<t+1,

i.e., ¢j belongs to Group ¢ in (3.10), and ¢; ~ Bs~1 A= (=Yg, Thus

Agy ~ B TPATIETN g o gy iga) 2 = Gt (3.11)
Bqj ~ B A™'Tq0~ quin)aaa)2bst1 = Gtre- (3.12)
So the jth column of H, has nonzero entries from position 1 to j4+t+1 and the jth column

of Hjp has nonzero entries from position 1 to j + ¢ 4+ 2. Figure 1 shows the structures of
H, and H, for the commutative case.
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Figure 1: The sparsity patterns of H, and Hy: the commutative case

Theorem 3.2 Given q1 € C" with ||q1]|2 = 1, suppose that A and B commute and that the
first n vectors in (3.10) are linearly independent. Then there is a unitary matriz Q € C™*"

with Qe; = q1 such that

Q*AQ =H, = (ha;ij)a

satisfy

ha;ij:OfOT‘iZj—l—t—l—Z

Q*BQ = Hy = (hyyj)

hb;ij:OfOT’Z.Zj—i-t—i—s,

(3.13)

(3.14)

where t is the unique integer such that t(t+1)/24+ (t+1) > j > t(t+1)/2.

It is of interest to compare nonzero patterns for H, and Hj here with those for H, and H,
in (3.1) for general A and B, where there are about j nonzero entries below the diagonal
entries in the jth columns. Theorem 3.2, however, says when A and B commute there are
about /27 nonzero entries below the diagonal entries since t =~ /27 for large j.

It is of an independent interest to see how many trips to the j-loop in Algorithm 4.2
for commutative A and B must be made in order to produce an orthonormal basis for
the entire space C", assuming that the first n vectors in (3.10) are linearly independent.
(Recall that in the generic case and noncommutative A and B, (n—1)/2 trips are enough.)
To this end, by (3.11) and (3.12) we need to find the minimal j so that

j+t+1l=mnorj+t+2=n,subjecttoj=t{t+1)/2+sand1<s<t+1,

or equivalently t(t+1)/2+1<j <t(t+1)/2+t+ 1. Write j+t+2=n, wheren =n
or n + 1 as needed. Then
2 +3t+6—-20<0<t>4+5t+6—20n

tt+1)/2+t+3<n<tt+1)/242t+3 &
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which gives

S+ VBT -3+ VBi 15
TV T . .

<
5 <t<
Thus
1 8n—15 .1 W/8n+1
R Sl

For example when n = 1000, this requires j = 955. Asymptotically it needs n steps.

3.4 General monic matrix polynomial

The Arnoldi type process developed for A and B can be extended to a general monic
matrix polynomial (1.1) of degree m. Recall the theoretical backbone of the algorithm is
the decomposition (3.1). So we shall just state a corresponding decomposition result for
A(X) but omit a detailed statement of an algorithm. The actual algorithm follows readily
from this.

Theorem 3.3 Let Ay € C"*", 0 < ¢ <m—1. Given g1 € C" with ||q1]|]2 = 1, there is a
unitary matriz Q € C™™ with Qey = q1 such that

Q" AQ = Hy = (hyij), for0<£<m-—1 (3.15)
satisfying
heij =0 fori>mj+m — L. (3.16)

4 Lanczos Type Process for Monic Quadratic Matrix Poly-
nomials

In this section, we develop a Lanczos type processes in parallel to the Arnoldi type process
presented in the previous section. We shall present the derivation for monic quadratic
matrix polynomial I\?> — A\ — B, and indicate a generalization to general m-th degree
monic matrix polynomials.

4.1 Decomposition Theorem

The following lemma is essentially in [33] but not explicitly stated. It is in [5] for real
vectors = and y but can be easily extended for complex vectors. For a more general version
when z and y are replaced by tall (real or complex) matrices, see [20].

Lemma 4.1 Let x,y € C". If x*y # 0, then there exists nonsingular V- € C™*™ such that
Vly=ae;, V*'z=n~e,

and ¥y = va.
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Lemma 4.2 Unless there is a breakdown which will be made clear in the proof, there is a
nonsingular matriz V€ C™*™ with Ve; = e1 and V~"*e1 = e1 such that

VAV =T, = (tays), V 'BV =Ty = (tpij)
satisfy
taij =0 fori>2j+1o0rj>2i+1, ty;=0fori>2j+2o0rj>2i+2.

Proof: Our proof is constructive. It goes as follows. Partition

A= 1 <(I11 CT )
n—1 \ ai X

A breakdown occurs if ¢ja; = 0; otherwise by Lemma 4.1, we find a Vm e C
such that Vlacl ~v1e1 and Vla a1 = aje;. Let Vi, = diag(1, Vla) We have

(n—1)x(n—1)

1 1 n—2

a1 |1 0O 1 bir b2 ff

ViltAVi, = | o . , ViiBVie= 1 | ban ban x
0 n—2 \ by X X

Another breakdown occurs if f{b; = 0; otherwise by Lemma 4.1, we find a 1//\'11, e C(n=2)x(n-2)

such that ‘/}ﬁ)fl = d1e1 and f}lglbl = [iey. Let Vy, = diag(Io, ‘711,) and V; def ViaVip- We
have

_ biy | b2 |01 0
aip [y 0 b b "
VAV = [T c VB = [ 22
0 X B
0 X X

This put the first columns and rows of A and B into the desired forms. Next we work on
their 2nd columns and rows. Partition

101 1 n-2
1 X X 0 0
1 1 X X a3 ¢
Vl AVl 1 0 aso X X
n-3\0 a2 X X
A breakdown occurs if c5as = 0; otherwise by Lemma 4.1, we find ‘7ga e C(=3)x(n=3) guch

that 172‘;@ = ve1 and 172_ala2 = agey. Let Vo, = diag(Is, ‘72@) We have

X X 0 0

x| x |azg |y 0
Vo Vit ANV = 0lap [ x| x |,

0 a02 X X
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11 1 1 n—4
1 X X X 0 0
1 x x by bu [
Vo, lVilBiVe, = 1 | x b3 x  x  x
1 0 by x X X
n—4 \ 0 b2 X X X

Yet another breakdown occurs if fyba = 0; otherwise by Lemma 4.1, we find ‘7% €

C=Hx(n=4) guch that ‘//\Szfé = ey and 172;1132 = f3se1. Let Vo = diag(L;,VQb) and

Vo % Vo, Vay. We have

X X 0 0
X X azs | Y2 0
V' VittAvive = | 0 e | x | x|,
0 062 b'd X
X X X 0 0
x| x |bag|bas|da 0O
—1y,—1 o X b32 X X
Vo Vi BV, = 0] bgo | x | x X
0 502 X X X

By now the first two columns and rows of A and B are put into the desired forms. The
process continues in a similar fashion from here. At the end, the jth column of transformed
A has possible nonzero entries from positions |(j 4+ 1)/2] to 27, its ith row has possible
nonzero entries from positions | (i +1)/2| to 2i, and the jth column of transformed B has
possible nonzero entries from positions max {1, |j/2|} to 25 + 1, its ith row has possible
nonzero entries from positions max {1, |i/2]} to 2i + 1. Taking V' = V1 V5 - - Vi completes
the reduction, where k < n/2. It is easy to see Ve; = e and V~"*e; = e;. |

Theorem 4.1 Given vi,w; € C" such that wjvy =1, (unless there is a breakdown which
is explained in the proof of Lemma 4.2) there is a matrix V€ C™*™ with Ve, = vy and
V~=*e1 = w1 such that

VAV =T, = (taus), V 'BV =Ty = (tyj) (4.1)
satisfy
tajij =0 fori>2j+1o0rj>2i+1, ty;; =0 fori>2j+2o0rj>2i+2. (4.2)

Proof: By Lemma 4.1, we can find Vy € C"*" with Vhe; = v1 and Vj "e; = wi. Now
apply Lemma 4.2 to Vo_lAVO and Vo_lBVo to get V € €™ with ‘761 =e1 = 17_*61 such
that R R R R

VIIVTPAV) Y =T, VI VIBW)V =T,

have the desired forms. Now letting V = VOYA/ completes the proof. |
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4.2 Lanczos Type Process

We now present a Lanczos type process to partially realize the decomposition in Theo-
rem 4.1. Let W = V™" and rewrite (4.1) to get

AV =VT,, AW =WT¥, W*V =1,,

BV =VT,, B*W =WT}. (4.3)
Notice that v; and w; are given and wjv; = 1. We shall show how to progressively
compute the first few columns of V' = (vi,ve,...,vy), W = (w1, wa,...,wy), Ty and Tj

from v; and w; until a breakdown occurs. We have

Avi = vitga + vate21, (4.4)
A*wy = wite11 + woteo, (4.5)
Bvy = wvitpa1 + vatpo1 + vstpan, (4.6)
B*wy = wity11 + watp12 + walps. (4.7)

Equations (4.4), (4.5), and biorthogonality between V’s columns and W’s columns yield
ta;n = wavl. Set
f)g = Avl — Ulta;u, 1f)2 = A*wl - wlta;ll-

We may take t4,01 = \/|1®§—1§2| . A breakdown occurs if ¢4,01 = 0; otherwise we assign
ta12 = Wo02/ta21, V2 = D2/te1, w2 = Wa/ta12.
Then, wive = 1. Next we turn to (4.6) and (4.7). Analogously we obtain
th11 = wiBvi, tpo1 = wyBvi,  ty12 = wiBus. (4.8)
Set
U3 = Buy — vitp11 — Vatpo1, W3 = B wi — wilp11 — watp1o. (4.9)
We may take t.31 = \/]w§—fz3| . A breakdown occurs if #;,31 = 0; otherwise we assign
ty13 = W303/tp31, vz = 03/tp31, w3 = w3/ty3.
Then, wivs = 1. In general, we have for j > 2:

2j—1
Av; = Z Vitaij + v25ta:25 7, (4.10)
i=[(j+1)/2]
2j—1
Afw; = Z Wita;ji + Wajta;j 25, (4.11)
i=|(j+1)/2]
2
By; = Z Vilhsig 4 V254+110;2541 55 (4.12)
i=j/2]
2j
Bw; = Z Withji + Waj 11t 241 (4.13)
i=j/2]
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Equations (4.10), (4.11), and biorthogonality between V’s columns and W’s columns yield

ta;ij = wavj, ta;ji = w;fAvi, for K] + 1)/2J <i1<25—1. (414)
Set
25—1 2j—1
ﬁgj = Avj - Z 'Uita;ij, ’LZ)QJ' = A*wj - Z wifa;ji. (4.15)
i=1G+1)/2] i=(+1)/2]

We may take tq.25; = 4 /]ﬁ)%f)gﬂ. A breakdown occurs if t,.2;; = 0; otherwise we assign

Ak A A~ A~ T
taj2j = W3;025/ta;2jjs V25 = V2j/ta2jj, W25 = Waj/la;j2;-

Then, w3;v2; = 1. Next we turn to (4.12) and (4.13). Analogously we obtain

tb;ij = ’LU%kB’Uj, tb;ji = ijvZ-, for L]/QJ S ) S 2j. (4.16)
t
Se 2 2
@Qj_,_l = B’Uj — Z vitb;ij, ’lf)gj_,_l = B*wj — Z wifb;ji. (4.17)
i=1j/2] i=15/2]

We may take tp0;41; = 4 /|1D§j+1@2j+1\. A breakdown occurs if #9511, = 0; otherwise we

assign
Ak ~ A~ A~ T
thj2j+1 = Wajpoloj+1/tb2i+15,  Voj+1 = V2541 /th2j41j,  W2j41 = W21 /thyj2j41-
Then, w3, ,v9;11 = 1. We summarize this process into the following algorithm.
y Woj4+1V25+ p g alg

Algorithm 4.1 LaNczos TYPE PROCESS I:

1 Given v; and w; such that wiv; = 1;
2 for j=1,2,...,k do

3 0 = Avy; 0 = A*wy;

4 fori=|(j+1)/2],...,2j —1do

5 ta;ij = wff}, ’LA} = ’LA} — vita;ij;

6 taji = W0 W = — Witayis

7 end for

8 tas2jj = \/[0*0;

9 if ta;ij =0 then

10 BREAK;

11 else

12 taij2j = W0 /tas2; 53 V2 = 0/t j5 wa; = W/tas;253
13 end if

14 0 = Bvj, W = B*wy;

15 for i = max {1, (j/2]},...,2j do
16 tb;ij = wj‘@, V=10 — ”Uitbﬂ'j;

17 tb;ji = @*Ui; wW=w — wi{b;ji;

18 end for

19 tygje15 =/ |00);
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20 if tb;2j+1j =0 then

21 BREAK:

22 else

23 tegojen = W0/ thaji g Vaji = 0/thaj1 g5 wasen = W/t 25415
24 end if

25 end for

If A and B are Hermitian and vy = wi, then T, and T}, are symmetric and v; = w;.
This results in a symmetric version of the above algorithm, which is also equivalent to the
Arnoldi type process.

Upon completion of above process, V(. 1.9541)s Wi 1:2k41)s and Ty (1.2541,1:26+1) €xcept
its right bottom block Ty (k4 1.2k41,k41:2k+1) are computed. Partially to (4.3) we have

A‘/(:,l:k) = ‘/(:,1:2k)Ta(1:2k:,1:k)7 A*W(:,l:k) = W(:,l:Qk) [Ta (1:k,1:2k)]*7 (418)

B‘/(:,lzk) = ‘/(:,I:Qk—l—l)Tb(1:2k;+1,1:k)7 B*W(:,lzk) = W(:,1:2k+1)[Tb (1:k71:2k+1)]*7 (419)
(Wi t2k+1)] Vi 12k41) = Lok (4.20)

The following figures in (4.21) show what the computed part of T;, and T} look like for k =
5, where the entries marked by unfilled circles have not been computed by Algorithm 4.1
(LaNczos TYPE PROCESS I) yet, but they can be readily computed afterwards by

ta;ij :w;‘Avj, tb;ij:w;"ij for k+1 SZ,] §2k+1

Ty (1:11,1:11) Ty (1:11,1:11)
L] L] L] L] L]
L] L] L] L) L) L] L] L] L]
L] L] L] L] L] L] L] L] L] L] L] L]
L] L[] L] L] L] L] L] L] L] L] L[] ° L] L] L]
L] L) L] e L[] L] L] L] L[] L] L[] L] L] L] ° L] L] ]
(] () ° (o) [e] [e] [e] [e] [e] (] L[] (] [¢] [e] [e] [e] (o) [¢]
L] [ ] (0] o o o o o L] [ ) L] (e} o o [0} [0) [}
° [ ) (o) o (o] [} o o [ ) ) o o] (¢} [e] (o) o
[ ] (0] o] (e} o o o [ ) L] o o o 0] [0) ]
[ ) (o) ] o ] o o L[] ] o] o ] [0) ]
o o [0} ¢} [0} o L] o o o o o o

(4.21)

Zk’fl enjoy the desired

1=

The following theorem shows that indeed two sets {w;} 71+ and {v;}
biorthogonality property.

Theorem 4.2 Suppose Algorithm 4.1 (LANCZOS TYPE PROCESS 1) runs to its completion
without breakdowns to produce {w;}?*T1 and {v;}* 1. Then

wiv; =0 ifi # j and wiv; = 1.
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Proof: It is a special cases of our later proof for Theorem 4.4. |
Let g/Cy(+, -, -) be defined as in Subsection 3.2. Following the same argument there, we
will arrive at the following theorem.

Theorem 4.3 Suppose there is no breakdown in Algorithm 4.1 (LANCz0OS TYPE PROCESS
I). Then

Span{vla R ,Uf} = gKﬁ({A7 B}’ Ul)v Span{wl)MZa s 7wé} = g,CZ({A*7 B*}vwl)'

We now consider a benign case of breakdown 24,2;; = 0; that is when 09; = w9; = 0
(see (4.15)). Then, Avj is linearly dependent on v; that is already generated and A*w;
is also linearly dependent on w;’s already generated. In this case, the algorithm can be
continued by using Av;j;1 and A*w;11, or the later vectors in the sequence, to construct
V2j+1 and W2j+1- The case that th2j115 = 0 with @2j+1 = ﬁ)gj_H =0in (4.17) is treated
similarly. This leads to Algorithm 4.2 below. We note that, when @2; = 0 but wg; # 0
(another case of breakdown), the process can also be continued by assigning to 0o, any
vector that is orthogonal to all w; generated but not to ws;.

In Algorithm 4.2, N tracks the number of vectors v; already constructed at any given
point, which is also the number of vectors w; already constructed at that point; «; is the
value of N at the end of Line 15, i.e. the row number of the last nonzero entry in the jth
column of 7T, and f3; is the value of N at the end of Line 27, i.e. the row number of the
last nonzero entry in the jth column of Tp; £, (and #) tracks the row number of the first
nonzero entry in the jth column of T, (and T} resp.). Then ¢, is the smallest integer such
that ag, > j.

Algorithm 4.2 Lanczos TYPE PROCESS IT — An Improved Version:

1. Given v; and w; such that wiv; = 1;
2. N=lL,ag=1=1L4L6,=1;4,=1;
3. for j=1,2,...,k do

4. if j > N then BREAK;

5. 0 = Avj; 0 = A*wy;

6 if j > ap, then ¢, = ¢, + 1;

7 for i=/4,,...,N do

8 ta;ij = 'U};k'lA), V=0 — vita;ij;

9. ta;ji = UA)*UI‘; W=w— wit_a;ji;

10. end for

1L tangy = V/[@*0f;

12. if ta;N+1,j =0 then

13. if 0 #0 or w # 0 then BREAK;

14. else

15. N =N+1;ta; N =0"0/tan j; O = 0/tan j; N = B /taj N, aj = N;
16. end if

17. v = Buj; W = B*wy;

18. if j > (3, then 0, = ¢, + 1;

19. for i =4,,...,N do

20. tyij = Wiy O =0 — vilpy4;
21. thji = W*vis W = W — wilpji;
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22. end for

23, tynty = /[Wrof;

24. if tb;N-i—l,j =0 then

25. If 9 #0 or w # 0 then BREAK;

26. else

27. N=N-+1, thj N = if}*f)/tb;]\]j; VN = f)/tb;Nj; WN = w/£b;jN7 ﬁj = N;
28. end if

29. end for

If the execution of Algorithm 4.2 is completed by the BREAK statement at Line 4, a
common (right) invariant subspace and a common left invariant subspace for A and B are
has been computed, and

AV'(:,I:N) = VY(:,I:N)TQ(I:N,I:N)a A*W(:,I:N) = W(:,I:N) [Ta (I:N,I:N)]*a (422)
B‘/(:,lzN) = ‘/(:,I:N)Tb(I:N,l:N)u B*W(:,I:N) = W(:,l:N) [Tb(lzN,l:N)]*v (423)
[W(:,I:N)]*‘/(:,I:N) = In. (424)

If none of the BREAK statements is executed, we have

A‘/(:,lzk) = ‘/(:,Lak)Ta(lzock,l:k)a A*W(:,lzk) = W(:,l:ak)[Ta(lzk,l:ak)]*7 (425)
B‘/(:,lzk) = ‘/(:,I:Bk)Tb(lz,ﬁ’k,l:k)a B*W(:,I:k) = W(:,l:ﬁk)[Tb (lzk,lzﬁk)]*a (426)
[W(:,lzﬁk)]*‘/(:,l:ﬂk) = Iﬁka (427)

In this case, parts of projections T, and T} are not computed, but they can be readily
obtained afterwards by

ta;ij:q:Aij tb;z‘j:q;BQj fork+1<i<Nandk+1<j3<N.

It can be seen that the nonzero patterns, i.e., the positions of nonzero entries, in T, and
T} here, are contained in those as described in (4.21).

The following theorem shows that indeed two sets {w;} and {v;} by Algorithm 4.2
enjoy the desired biorthogonality property.

Theorem 4.4 Suppose Algorithm 4.2 (LANCZOS TYPE PROCESS II) runs to its comple-
tion without breakdowns to produce {w;}Y , and {v;}Y |, where N = . Then

wivj =0 ifi # j and wiv; = 1.

Proof: wiv; = 1 is clear from their definition. We shall only need to show w;v; = 0 if
i # j. Let £y; and {y; be the £, and ¢ used at Lines 7 and 19 respectively at the jth
trip of the j-loop, ©; and w; be the ones finally used to give v; and w; by scalar scaling in
Algorithm 4.2.

We prove the claim by induction on k. The case for k = 1 is easy to establish. Suppose
the claim in the theorem holds for k = 57 — 1. We now show it also holds for & = j, i.e.,
Wila; = 0 =Wy v, for s < aj and witg, = 0= ngvs for s < f3;.
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Wila,; =0= w;‘;jvs for £,; < s < aj —1 follows from definition. For the case of s < £,
we have

a;—1
* e * . — . ..
Wila; = W Av; E Vilasij
i=ly;
*
as—1
* A n
= wiAv; = |Wa, + E Wilasi |V
i:Zas
= 07
aj—l *
A~k * n
Wy, vs = A*w; — g Wita:ji | Vs
i=ly;
as—1
= widvs = w | 0. + E Vitas
- 7 S — 7 g 1vans
7;:eas

by induction hypothesis, since s < £,; implies og < j by Line 6.
Analogously we can show widg, = 0= w;jvs for s < f3;. [ |

4.3 General monic matrix polynomial

As in 3.4, the Lanczos type process developed can also be extended to a general monic
matrix polynomial(1.1) of degree m. Again, we just state the corresponding decomposition
results and omit a detailed statement of an algorithm.

Theorem 4.5 Let Ay € C™*", 0 < ¢ < m—1. Given vi,w; € C" such that wiv; = 1,
(unless there is a breakdown) there is a matrix V€ C™*™ with Ve; = vy and V"*e; = wq
such that

VAW =T, = (tgyg), for0<l<m-—1 (4.28)

satisfying
teij =0 fori>mj+m—{ orj>mi+m—~. (4.29)

5 Application to Model Reduction

In a second order single-input and single-output linear system, a quadratic matrix poly-
nomial is involved in its transfer function

f(s)=c*(I — As — Bs®)~1b

where b and ¢ are n-dimensional vectors, A and B are n X n, either sparse or in some kinds
of factored forms. In model reductions, it is desirable to approximate the given system
by another second order system of lower dimension that is called a reduced system. The
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approximation is usually in terms of the transfer functions and is often done by requiring
that the transfer function of the reduced system g¢(s) and the original transfer function
f(s) to have the same moments up to certain degree (i.e., terms associated with s, s!, s2,

. of their Taylor expansions at s = 0). In the case of the first order systems, Feldman
and Freund [11] show that the Lanczos algorithm is a powerful method that can be used
to achieve this. Here we shall show that the Arnoldi/Lanczos type algorithm derived in

the previous sections can be used in the same way for second order systems.

e For the Arnoldi type process, let Algorithm 3.1 produce Q. 1.n), Hgq(1:n,1:n5), and
Hy(1:n,1:n)- Define

. -1
garnd(s) =CN (I - H, (1:N,1:N) $ — Hb(l:N,l:N) 52) HbH2617 (51)
where ¢; = b/||b||2 and ¢y = Q1:3)C

e For the Lanczos type process, suppose that Algorithm 4.2 runs to its completion
without breakdowns and produces V(. 1.n), Wi 1.n)s Ta (1:8,1:3), and T (1.n,1:8)- De-
fine

Jlanz(8) = (c*b)e] (I - Ta(l:N,l:N) S — Tb(l:N,l:N) 32)_1 €1. (5.2)

We shall next find out how accurate gamd(s) and gan,(s) are as approximations to f(s) by
determining the numbers of matching leading terms in their Taylor expansions at s = 0.
We start by presenting two lemmas.

Lemma 5.1 Let X = (z45) and Y = (y;;) be two n x n matrices satisfying
xij =0 fori > kij + 41, and y;; = 0 for i > koj + £,

and let Z = XY = (z;;). Assume that no zero entries in Z are caused by exact arithmetic
cancellations. Then z;; = 0 if and only if i > kikaoj + (k12 + 1).

Proof: We have

n
Zij = E TimYmj = E TimYmj + E TimYmyj
m=1

{m:i<kim+t1} {m:i>kim+01}

= > TimYmi +0 (5.3)
{m:i<kim-+t1}

since x;;, = 0 for ¢ > kym + ¢;. Now for 7 > (k‘lkg)j + (kﬁlfg + 51) and i < kym + 1, we
have

kim + 01 > (klkg)j+(k1€2+fl) =  m > kyj + lo;
SO0 Ymj = 0. Therefore z;; = 0 for ¢ > (k1k2)j + (k1le + ¢1) by (5.3). It can be seen
that in the generic case if i < (k1k2)j + (kil2 + ¢1), then at least one summand in

Z{m;igklm%} TimYmj is not zero. x
The following lemma can be verified in a straightforward way.
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Lemma 5.2 Let X and Y be n X n, partitioned as

ko n-k ko n—k
_k X111 X2 Kk Y1 Yio
X= n—k <X21 X22>’ Y= n—k<Y21 Y22>’
and let 1 < j <k. If Yore; =0, then XYe; = < Xlli/llej >

5.1 Arnoldi Type Process
Theorem 5.1 Let gamna(s) be as defined in (5.1) as a result of Algorithm 3.1. Then

f(s) = garnd(s) + O(SUOg? NJ+1)'
If, m Cde’L'tiO’ﬂ, c= b, then f(s) = garnd(S) + (9(8\_log2 NJ+2)'

We shall work with the case ¢ = b/||b||2 only; the other case can be treated similarly. If
the Arnoldi Type Process is performed to its completion, we will have n x n matrices @,
H, = (hayj), and Hy = (hy;), satisfying

ha;ij =0for¢>2j+4+1and hb;ij =0 for¢> 25+ 2, (54)
such that
AQ =QH,, BQ=QH,.

We note that the sparsity pattern of (5.4) defines an envelope enclosing nonzeros of H, and
Hy, while the matrices H, and Hj as generated by the algorithm may be more condensed.
From the reduction, we have

F(8)/|Ibll2 =& (I = Hys — Hys?) ey,

where ¢ = Q*c. The Taylor expansion of f(s)/||bl|2 at s =0 is

e}

f(s)/lIbllz =¢" (Z Hys ) = (¢ Hyer)s",

=0

where, as a result of

oo [e.9]
(I — Hys — Hys?) (Z Hgse> =1I,= (Z H58é> (I — Hys — Hys?),
£=0 =0

H/ can be recursively defined as

Hy = 1I,, (5.5)
H, = H,, (5.6)
Hy = HyH; 1+ HyHy o fort>2, (5.7)

= Hy, H,+ H; o2H, for/{>2. (5.8)
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On the other hand, for g,rmq(s) we have

-1

Garnd(8)/[Ibll2 = ¢} (I - Ha(l:N,l:N) S — Hb(l:N,l:N) 82) €1

=

(v Heer)s",

[
WE

~
Il

0

where, as a result of
> ~
(I —H,1.n1.8) 8 — Hyavan) 82 <Z H£SZ> = Iy
=0

- (Z ﬁwg) (I - Hyanav) s — Hyenan 5°) 5
=0

H ¢ can be recursively defined as

Hy = Iy, (5.9)
H = Hyunim, (5.10)
Hy = HyaninyHe1 + HygnanyHeo  for £> 2, (5.11)

= HyHyqnvany + HeoHyovayy  for £> 2. (5.12)

Lemma 5.3 H, and ﬁg have the property that their (i,§)th entries are zero if i > 2¢5.

Proof: We prove this by induction for Hy; the proof is similar for H, ¢. Clearly the result
holds for Hy = I,, and H; = H,. Suppose the result holds for all matrices Hy, H1, ..., Hy,
then the (4, j)th entry of H,Hy is zero for i > 21§ by Lemma 5.1 and by (3.2). Also by
Lemma 5.1, the (i, j)th entry of HyH,_; is zero for i > 25 4+ 1. But for £ > 1 and j > 1,
26+15 > 205 + 2. Therefore, the result now follows from the recurrence relation. |

Lemma 5.4 Suppose N > 3, and let m = |logy N |, the largest possible integer such that
2m < N. Then

'_N ﬁgej o . m—~
1. ng]—nN< 0 >forE—O,l,...,mandj—1,2,...,2 .

Hm+1€1>

X

N

2. Hm+1€1 = e N (

Proof: That the last n — N entries of Hyej for 0 </ < mand 1 < j < 2m=L are all
zeros is due to Lemma 5.3 since N + 1 > 2™ = 2027~ > 2t We shall prove Claim 1 by
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induction on £. It holds true for £ = 0,1. Suppose m > £ > 2 and that the claim holds for
0,1,...,£—1. Then

ngj = HaHg,1€j+Hng,26j
— Ha< H€61€j ) +Hb< He62€j )
Hiq 0 Hi s 0
= Ha< 61 0>€j+Hb< 62 0>ej
_ Ha(l:N,l:N)ﬁZ—lej " Hb(l:N,l:N)ﬁIé—er
X X
_ ﬁge’j
X

on using Lemma 5.2. The lower block marked by x is 0 for £ < m and j <
commented; Claim 1 is proved. With Claim 1 proved, setting / =m + 1 and j = 1 in the
above equations leads to Claim 2. |

Proof of Theorem 5.1: £ < m = |log, N| implies 2¢ < N; and thus by Lemma 5.4
. v\ ( H o T
c"Hpey = ( ;{V ) ( 661 ) = cyHyen,
as expected. Now if ¢ = b, ¢ = ¢y = ||b||2€1, then also by Lemma 5.4

% ~
€1 H, 1€1 i~
€THm+1€1 = < 0 > < m+ = €>{Hm+1€1,

2m—L a5 we

X

as was to be shown. [ |

5.2 Lanczos Type Process

Theorem 5.2 Suppose Algorithm 4.2 runs to its completion without breakdowns with
Ver = ab and Wey; = B¢, and as a result let gian,(s) be as defined in (5.2). Assume
also the process can be continued until all n columns of V' (and W) are obtained. Then

f(S) _ glanz(s) + O(SQLlogQNJ+1).

The assumption that the Lanczos type process can be continued until all n columns of V'
(and W) are obtained is for our theoretical analysis only. In practice the process will stop
much earlier than that for large sparse matrices. With the assumption, we have V, W,
T, = (taij), and Ty = (tp,5), satisfying

tayij =0 for ¢ >2j+1or2i+1<jand t4;; =0 for i > 25 +2 or 2i +2 < j,

such that
AV =VT,, W*A=T,W* BV =VT, W*'B=T,W*
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We note that the sparse pattern of (5.4) defines an envelope enclosing nonzeros of T,
and Tp, while the matrices T, and T, as generated may be more condensed. From the
reduction, we have

f(s)/(c*b) =€} (I —Tys — Tbs2)71 e1

whose Taylor expansion at s = 0 is

f(s)/(c*b) = €] (Z Tys ) er = Z(e*{Tgel)sE,

=0

where Ty can be recursively defined the same as (5.5) — (5.8) with H replaced by 7. On
the other hand, for gjan,(s) we have

oo
glanz Z elTéel 5
£=0

where T; can also be recursively defined the same as (5.9) — (5.12) with H replaced by T.

Lemma 5.5 Ty and T@ have the property that their (i,j)th entries are zero if i > 2L5 or
24 < 4.

Proof: Analogous to the proof of Lemma 5.3. |

Lemma 5.6 Suppose N > 3, and let m = |logy N |, the largest possible integer such that
2m < N. Then

'_N Tgej . . m—rp
1. TEeJ_n—N( 0 >forﬁ—(],l,...,mandj—l,Z,...,2 .

N f 1€1
T, = mt .
2 m+1€1 n—N < X )

N n—N
3. eTy= (efTy 0 ) fort=0,1,...,mandi=12,...,2"".
N n—N
4. 1T 41 = (eTTerl X )
5. efTyer = e;kfgel for £=0,1,...,2m and i = 1,2,...,min{2™, 22m=¢1,

Proof: Claims 1 and 2 follow from Lemma 5.4. We prove Claim 3 by induction on ¢. One
can check that the claim holds for Ty and 7;. Suppose i < 2™, and the claim holds for
0,1,...,£—1. Then

* * *
e;Ty = eTyTy1+e;TyIy o
21 21+1
* *
= E ta;ijej Ty 1+ E tb;z’jej Tyo.

J=1+1)/2] j=max{1,|i/2]}
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Note that 2¢ < 2™~ (=1 and 2i +1 < 2~ =2 g0 we can apply the induction hypothesis
to get

2i 2i+1
eng = Z ta;ij(e;Tg_l 0) + Z tb:ij (e;Tg_Q 0)
J=(i+1)/2] j=max{1,|i/2]}
= (efTo:nn T +efTyanvinmTe—2  0)
= (efT, 0).

With Claim 3 proved, setting £ = m+1 and ¢« = 1 in the above equations leads to Claim 4.
We now prove Claim 5 by induction on £. First for 0 < ¢ < m, the claim holds due to
Claim 1; the claim also holds for £ = m + 1 because of Claim 2. In fact, we can say more

efTrer = ez‘fgel for0</{<m+land1l<i<2m,
We now prove Claim 5 for the rest of ¢:
eTrer = e;"fgel form<l¢<m+1and1<i<22mt (5.13)

by induction on ¢. This claim holds for ¢ = m,m + 1. Suppose that m + 2 < £ < 2m,
i < 227~ and that (5.13) holds for m,m +1,...,¢ — 1. Notice that 2i < 22™~(=1) and
2i 4+ 1 < 22m=(=2) Then

e;Tver = e (ToTy—1+ TyTi—2)er
2% 2i+1
= Z tagje; | Te—1e1 + Z thije; | Tr—2e1
J=1(+1)/2] J=max{1,|i/2]}
2% B 2i+1 B
= S ta(eTimren) + Y ty(efTiaer),
J=(i+1)/2] j=max{1,[i/2]}

on using the induction hypothesis. This can be simplified to

eiTrer = € ThananyTe—ier + €Ty Tr—2er
= 6?@61,
as expected. |
Proof of Theorem 5.2: 1t is a consequence of Claim 5 of Lemma 5.6. |

6 Quadratic Eigenvalue Problems

The Krylov type methods that we have derived can also be used to compute eigenvalues
and eigenvectors of IA\? — A\ — B as follows.



26

e For the Arnoldi type process, if Algorithm 3.1 produces Q(.1.n), Hq(1:n,1:n), and
Hy(1:n,1:n) and 6; is an eigenvalue and u; is a right eigenvector of

I)\2 - Ha(l:N,l:N))‘ - Hb(l:NJ:N)a (61)
then we use (6;,x;) as an approximate eigenpair for the original problem, where
T = Q. 1:N)Ui- (6.2)

e For the Lanczos type process, if Algorithm 4.2 runs to its completion without break-
downs and produces V(. 1.n), Wi 1:n), Ta(i:nv,1:n)s and Ty 1.n1:8), and if 6; is an
eigenvalue and w; (and v;) is a right (left, resp.) eigenvector of

I)‘Q - Ta(l:N,l:N)/\ - Tb(l:N,l:N)7 (63)

then we use 0; as an approximate eigenvalue with z; (and y;) as an approximate
right (left, resp.) eigenvector for the original problem, where

Xy = Vv(:,l:N)ui, Yi = W(:,I:N)U’i- (64)

The above processes approximate a quadratic eigenvalue problem with a projected quadratic
eigenvalue problem.

We now discuss convergence properties for the Lanczos type process only. Corre-
sponding results for the Arnoldi type process can be obtained similarly. We first present
a residual bound for the Ritz values and vectors.

Theorem 6.1 For the Ritz values and Ritz vector obtained by the Lanczos type process
II (Algorithm 4.2), we have

1267 — A0; — B)zill < [VIICN0:To v+ 1:am 8 |+ 1T (V4128003 D01, ey

and

ly; (167 — A8; — B)|| < [IW I (10:T0 (v, N+ 1:0m) |+ 1T (v N4 120 DV, |

where p is the smallest integer such that 3, > N and is equal to the value of ¢, at step
N +1.

Proof: First, from (4.25) and (4.26), we have
A‘/(:,I:N) = ‘/(:,I:N)Ta(I:N,I:N) + Vv(:,N—l—l:aN)Ta (N+1:an,1:N)
BViiny = VernmTeniny + VN80T (N 41:8x,1:8)
Then
(167 — Ab; — B)z; = (0;Vi.1.n) — AV 1.v) — BV 1.v)) U
= ‘/(:,I:N) (I912 - Ta(l:N,l:N)ei - Tb(l:N,l:N))ui
_gi‘/(:,NJrl:aN)Ta (N+1:an,1:N)Wi — ‘/(:,N+1:ﬂN)Tb (N+1:6n,1:N) Ui
= _ei‘/(:,N—i—lzaN)Ta (N+1:an,p:N) Wi (p:N)
_W:,N+1:BN)Tb (N+1:8n,p:N) Wi, (p:N)»
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where we note that the first p —1 columns of Ty, (n41.5y,1:8) and T4 (N4 1:a,,1:N) aT€ Zeros.
Taking the norm of above, we obtain the bound. |
We next derive an error bound similar to that of [34]. Let

0 I 0 I
L= , and Ly = .
( Ty, Ta ) N ( TyanaNy Ta@:naN >

Lemma 6.1 Let Sy and Ty be recursively defined by

So=0, To=In,
S1=T, Tr=T,
Sy =T,5i_1+TpSp—o Ty =T,y 1+ TpyTy_o fort>2.

Se—1 T—
0 _ =1 Lo
pe= (S ).

Similarly, let gg and Tg be recursively defined from Ly as in Sy and T; above. Then,

Lé — §£—1 E:l
Se Ty )
Proof: It can be verified by induction. |

It can be seen that the conclusion of Lemma 5.6 holds for Tg and Ty as well as for §g
and Sy. Thus we have

Then

e1Seer = ejSeen,

for £=0,1,...,2m (m = |logy N ), which implies
e;L e = ef L ey.
Therefore, for any polynomial f of degree 2m + 1,
eif(L)er = eif(Ln)er. (6.5)
There are other similar results. They include, for example,
ehLler = ef 1 Lier (6.6)
For the sake of simplicity, we assume now that L and Ly are diagonalizable, and write
Ly =U"0OV and L= X"AY, (6.7)

where © =diag(01,...,0p), UV = I and A =diag(\1,...,\n), XY = I. Write U =
(uij), V = (vij), X = (x;5) and Y = (y;;). Now substituting (6.7) into (6.5), we obtain

eIX*f(A)Yer = XU f(O)Vey.



Thus . .
D FQ)Zaya =Y f(0:)ava.
i=1 i=1
In particular, using f(z) = (x — 61)p(x), we have
1 - “
M—b=——-—|— A — 0 )Tyl + 0; — 6 0;)u;1vi1 | -
! ' p(A1)T11yn [ g( D) Tagi ;( VPt 1]

Theorem 6.2 Let |A\; — 61| = min; [A\; — 6;|. Then we have

1/2 1/2
(Zz‘;ﬂ |1 [* + Zi;ﬂ ‘uﬂ’z) (Zz’;él lyal* + Zi;ﬂ ‘Uil,g)

A1 — 01| < Keam
|z 11 |y11

where

¢ deg(p)g&kl)zlr?g{!p( s [p(0:)]}

and K = maxiz1{|Ai — 01/;|0; — 01]}.

7 Numerical Example
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We present a numerical example in this section. Our example comes from a finite element

discretization of the following problem from dissipative acoustics [7, 32].

Let Q C R? be a rectangular cavity filled with an acoustic fluid (such as air), with one
absorbing wall I'4 and three reflecting walls I'r. Let P(x,t) and U(z,t) be the acoustic
pressure and the fluid displacement, respectively. Also let p be the density of the fluid,
and c the speed at which the fluid conducts sound. Then the behavior of the fluid satisfies

the equations

o*U
pw +VP = 0

—p? divU = P
with boundary conditions
U-v=0 on I'p

ou
aU—u—{—BE-u:P on 'y

(7.3)
(7.4)

where scalar constants «, 3 are related to the impedance of the absorbing material. As in
7], we choose p = 1 kg/m®, ¢ = 340 m/s, a = 5 x 10* N/m®, 3 = 200 N s/m? for our test;

this choice of v and 8 models a very viscous absorbing material.
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Figure 2: Triangulation of Q with N = 2

We are interested in finding the damped vibration modes of the fluid, which are so-
lutions of the form U(x,t) = e Mu(x), P(x,t) = e*p(x). Then, equations (7.1) — (7.4)
reduce to finding A, p, u satisfying

pA2u+ Vp =0 in O
p=—pc? divu in Q
p=(a+Au-v onI'y

u-v=>0 on I'g.

This system can be converted to a variational formulation. Let V = {v € H(div,Q) :
v-v € L?(09) and v-v = 0 on ['g}. The problem is equivalent to finding A € C, nonzero
u € V so that

)\Q/pu-v—}—)\ ﬁu-vv-y—{—/ au-l/v-u+/pc2divudivv:0 (7.5)
Q Ta Ta Q
for all v € V. Using finite elements to approximate V by Vj, = span{¢1, ..., ¢,} yields the
n X n quadratic matrix eigenvalue problem

MMz 4+ \gFz + (oF + K)xz =0, (7.6)

where

M;; = / poi - ¢5, Kij = / pc? div ¢; div ¢, Fij= | ¢i-ve;-v.
Q Q La

To avoid spurious eigenvalues caused by discretization, it is suggested in [7] to use
lowest order Raviart-Thomas finite elements [26]. Each basis element ¢; is a vector-valued
function with piecewise constant divergence on each triangle of the mesh and ¢;-v constant
along each edge. With a natural choice of the basis, each finite element corresponds to an
edge in the interior or on the absorbing boundary I'4. We use a triangulation of ) with
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Figure 3: Relative residual norms for selected eigenvalues.

6N edges along the vertical sides and 8N edges along the horizontal sides; a model with
9168 degrees of freedom is obtained with the choice of the parameter N = 8 (Figure 2).
Let A= M, B = f(F, C = aF + K and write (7.6) as the symmetric quadratic
eigenvalue problem
(MNA+AB+C)z =0. (7.7)

Note that A is symmetric positive definite, and B, are positive semidefinite matrices.
The eigenvalues of interest are those with smaller imaginary parts. They have real parts
between —250 and —320. We use a shift-and-invert transformation with the shift ¢ = —253
to get

(u>A+ uB + C)z = 0;
for this choice of o, A remains positive definite. Therefore, we can take the Cholesky
decomposition A= LLT and construct the equivalent monic problem

(1] + (L' BL™D) + (L7'CL T )u =0 (7.8)

where A = LL” is the Cholesky decomposition. Algorithm 4.2 is now applied to (7.8) in
a symmetric Lanczos type process to get a basis Vj, and banded k x k matrices Ty, Tp. It
follows that if (6;,u;) is an eigenpair to the projected problem

(WL + W y1ge1:0) + To(isk o)) = 0, (7.9)

then (A, z;) = (0 + 1/pi, zi/||z|) is an approximate eigenpair to the original problem
(7.7), where z; = L_TVk(:J:i)ui.
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Figure 3 shows the results of computing four eigenvalues of (7.7) using Algorithm 4.2.
For each eigenvalue and each i = 1,...,500, we compute the corresponding approximate

eigenpair (A;,z;) by linearizing and solving (7.9) with the MATLAB eigs function. The
_ AN B+O) |
T INPIATHNITB]HIC]
The following table lists the values of the four selected eigenvalues. For each eigenvalue
Ai (as computed by MATLAB), the table gives the type of line used in Figure 3 to plot the
corresponding residual norms, the number of matrix-vector products required to obtain a
relative residual norm r; < 1078, and the error of the corresponding eigenvalue \; at that

point.

resulting relative residual norms r; are plotted in Figure 3.

Eigenvalue )\; Plot line Matrix-vector products  |\; — i
—259.23 +813.27i  dotted 318 1.7x 1078
—320.54 + 267.66i  dashed 322 1.0 x 1078

—342.15 dash-dot 356 8.8 x 107
—296.66 solid 386 3.8 x 1079

8 Conclusions

We have presented basic Arnoldi and Lanczos type processes for a monic matrix polynomial
with large and sparse coefficient matrices. These processes operate on the same space as
the matrix polynomial live and the reduced problem are a matrix polynomial itself. This
has the advantage of preserving certain properties of the original system in the reduced
systems and the process could hold the key on practical applications where such a feature
is a necessity.

What we have presented here are basic ideas. Robust implementations of these new
algorithms will require carefully dealing with many (subtle) technical details. Bearing
similarity in nature to the standard Arnoldi and Lanczos processes, these new Arnoldi
and Lanczos type processes could incorporate many proven techniques developed over the
years for the former. We shall leave these matters to future investigations.
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