ASYMPTOTICS OF THE LENGTH SPECTRUM FOR
HYPERBOLIC MANIFOLDS OF INFINITE VOLUME

PETER A. PERRY

ABSTRACT. We compute the leading asymptotics of the counting function for
closed geodesics on a convex co-compact hyperbolic manifold in terms of spec-
tral data and scattering resonances for the Laplacian. Our result extends
classical results of Selberg for compact and finite-volume surfaces to this class
of infinite-volume hyperbolic manifolds.

1. INTRODUCTION

Selberg’s zeta function for a compact or finite-volume hyperbolic surface X [18]
is an analytic function constructed from the lengths of closed geodesics. As such, it
encodes information about the length spectrum, much as the celebrated Riemann
zeta function encodes information about the distribution of prime numbers. Just as
the first pole of the Riemann zeta function determines the leading asymptotics of
the counting function for prime numbers, so the first zero of Selberg’s zeta function
determines the leading asymptotics of the counting function for ‘prime’ geodesics.
In this note, we show how results of Patterson and Perry [17] on the divisor of
Selberg’s zeta function for a convex co-compact hyperbolic manifold can be used
to obtain similar results for the counting function for closed geodesics on this class
of infinite-volume hyperbolic manifolds.

To state our results, we first recall some basic facts about convex co-compact
hyperbolic manifolds. A discrete group G of orientation-preserving isometries of
real hyperbolic space H?T! is called convex co-compact if it admits a finite-sided
fundamental domain of infinite hyperbolic volume and has no parabolic elements.
If, in addition, G is torsion-free, then the orbit space X = G\H"*! is a Riemannian
manifold with the induced metric; such an X 1s a convex co-compact hyperbolic
manifold. We will also assume that G is non-elementary so that there is an infinite
number of distinct hyperbolic conjugacy classes. Under these hypotheses, GG consists
solely of hyperbolic elements and may be written as a disjoint union of hyperbolic
conjugacy classes {7}, each of which contains a unique primitive element ~v. We
denote by £(y) the length of the associated closed geodesic. We wish to study the
counting function for primitive closed geodesics defined by

mx(t) =#{{v}: L(y) <t}

To do so, we will use Selberg’s zeta function for X as discussed in [15]. Let {v} be
a listing of conjugacy classes of hyperbolic elements of G. Each primitive element ~

is conjugate to the composition of an SO(n) rotation with eigenvalues {a; (v)}i_,
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and a dilation by exp (£(7)). Selberg’s zeta function is the Euler product

W zx () =11 (1= ar (0o () exp(= (s + k) £(7))] -
{4} k1 ka0

The product is easily seen to converge for R (s) > d (G), where § (G) is the exponent
of convergence for the Poincaré series

(2) Y exp(—sd (w,y (w))) .

VEG

Here d (-, -) denotes hyperbolic distance and w is a chosen point in H**1; the expo-
nent of convergence is independent of the choice of w. For the class of groups under
consideration, § (G) € (0, n). Patterson and Perry [17] showed that the singularities
of Zx (s) are determined by eigenvalues and resonances for the Laplacian on X and
topological data of X. In order to find the leading asymptotics of 7x (¢), we need
to know about the first pole of 7% (s) /Zx (s).

We will show that, as in the compact case, the first pole of Selberg’s zeta function
is determined by the first pole of the resolvent for the Laplacian Ax on X. To de-
scribe the relationship, we recall that the operator A x has at most finitely many -
eigenvalues in the interval [0, n?/4) [8] and purely absolutely continuous spectrum
of infinite multiplicity in [n?/4,c0) [9]. It follows that the L? (X)-resolvent opera-
tor Rx (A) = (Ax — A)~" is a meromorphic function in the cut plane C\[n2/4, )
with simple poles at the eigenvalues of A x whose residues are finite-rank operators
whose rank equals the dimension of the corresponding eigenspace. It is convenient
to introduce the quadratic transformation A = s (n — s) which maps the half-plane
R (s) > n/2 onto the cut plane C\[n?/4,c0); writing Rx (s) = Rx (s(n —s)) we
have Rx (s) meromorphicin % (s) > n/2. It was shown by Mazzeo and Melrose [10]
that, viewed as a mapping from Cg§° (X) to C'* (X), the operator Rx (s) admits a
meromorphic continuation to C. We will view the resolvent in this extended sense
in what follows. The resolvent kernel can be written as a sum over the group G of
translates of the resolvent on H"*! which is dominated by the Poincaré series (2),
so that Rx (s) is entire for R (s) > J (G).

The first pole of Rx (s) (or, more precisely, the resolvent times an Euler Gamma
function) occurs in all cases at s = § (), and is a simple pole with rank-one residue.
Moreover, there are no other poles of the resolvent on the line R (s) = ¢ (G). If
d (G) > n/2, this follows from the Elstrodt-Patterson-Sullivan theorem (see [4] and
references therein and [13] for n = 1, and see Sullivan [19] for n > 1): there is a
strictly positive L%-eigenfunction of A x with eigenvalue Ag = § () (n — & (G)), and
that Ag is the lowest eigenvalue (ground state) of Ax. The absence of other poles
on the line R (s) = § (G) follows from the self-adjointness of Ax. If § (G) < n/2, it
was shown by Patterson [14] that the resolvent multiplied by T' (s — n/2 + 1) again
has a simple pole with rank-one residue and no other poles on the line % (s) = § (G).
Thus:

Proposition 1.1. Let G be a convex co-compact, torsion-free discrete group of
hyperbolic isometries. The operator-valued function T (s — n/2+ 1) Rx (s) is holo-
morphic in N (s) > 6 (G) and its first pole occurs at s = & (G), with no other poles
on the line N (s) = 6(G). The pole at s = §(G) is simple and its residue is a
rank-one operator.
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We will use the characterization of the divisor of Zx (s) obtained in [17] to show
that in all cases Z% (s) /Zx (s) has its first pole at s = § (), that this pole is
simple, and that its residue is one. We will then obtain the leading asymptotics of

™ (t)
Theorem 1.1. Let X = G\H"*! be a conver co-compact hyperbolic manifold.
Then

lim (7x () / [exp (61) / (60)]) =1

t—=00

where § =4 (G).

For infinite volume surfaces with finite geometry, including convex co-compact
hyperbolic manifolds with n = 1, this result is due to Guillopé [6].

The plan of this paper is as follows. In section 2 we use the remarks above and
results of [17] to compute the first pole of Z% (s) /Zx (s). In section 3 we reduce
the proof of Theorem 1.1 to a standard Tauberian argument.

Acknowledgements. 1t is a pleasure to thank Peter Sarnak for encouragement
and a helpful conversation.

2. SINGULARITIES OF THE ZETA FUNCTION

Our goal in this section is to prove:

Proposition 2.1. The first pole of Z% (s) /Zx (s) occurs at s = 6 ((), and the
residue of Z'% (s) /Zx (s) at s = 0 (G) is 1. Moreover, there are no other poles of
7% (8) /Zx (s) on the line N (s) =4 (G).

First, we consider the case § (G) > n/2. For a resolvent pole ¢, we define the
multiplicity of ¢, M¢, to be the rank of the operator

/ Rx (s) ds
Ye,e

where 7, . is a simple closed contour enclosing ¢ and no other singularity of Rx (s).

Lemma 2.1. Let X be a convexr co-compact hyperbolic manifold, and suppose that
3 (G) > n/2. Then the first pole of Z% (s) /Zx (s) occurs at s = § (G) and has
residue one. Moreover, there are no other poles of Z% (s) /Zx (s) on the line N (s) =

3 (G).

Proof. Tt is shown in Theorem 6.2 of [17] that all poles ¢ of 7% (s) /Zx (s) for
s > n/2 arise from L?-eigenvalues of Ax with eigenvalue ¢ (n — ), and the residue
at each such ( 1s the multiplicity of the corresponding eigenvalue of Ax. Thus,
for 6 (G) > n/2 we observe that, by the Elstrodt-Patterson-Sullivan theorem, Ax
has its first eigenvalue at § (G) (n — & (G)). Moreover, the simplicity of the first
eigenvalue guarantees that Mgy = 1. If 6 (G) = n/2, we first observe that there
are no L%-eigenvalues since Rx (s) is holomorphic for s > § (7). Next, we recall
from [17] that Z% (s) /Zx (s) may only have a singularity at s = n/2 if Rx (s) has
a pole at s = n/2, and residue of Z (s) /Zx (s) at s = n/2 equal to M, /5. By
Proposition 1.1, such a singularity occurs, and My, = 1. O
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This proves Proposition 2.1 if §(G) > n/2. It remains to consider the case
d(G) < n/2.

If § (G) < n/2 there are no L?-eigenvalues and no resolvent pole at s = n/2,
so it follows from Theorems 1.5 and 1.6 of [17] that the only singularities of
7% (8) /Zx (s) in 0 < R(s) < n must come from poles of the scattering oper-
ator Sx (s). Thus we must study the relationship between poles of Rx (s) and
those of Sx (s). To do this, we first review some basic facts about Sx (s) and its
relationship to the resolvent Rx (s) but refer the reader to [17] for a full discussion.

To define the scattering operator, recall that the manifold X admits a compacti-
fication to a C'°® manifold X with boundary X ; X is a smooth compact manifold
without boundary. Let p be a determining function for X, i.e., a smooth function
which is strictly positive on X, vanishes to first order on X, and has everywhere
nonvanishing differential on 9.X. For R (s) = n/2, S (s) # 0, and a given function
f-eC™ (3X), there exist a unique C'*° solution u of the eigenvalue equation

(Ax —s(n—5))u=20

having the asymptotic form

u~p fr+p" -+ 0 (p"/z"'l) :

see [2, 7, 11]. Tt follows that the mapping f_ — f1 is a well-defined linear mapping
from C*° (3X) to itself. In our normalization, the scattering operator is given by
T'(n/2-2s)
T'(s—n/2)
where T'(z) is the Euler Gamma function; the T-factors divide out trivial poles
and zeros which are artifacts of the covering space H"*!'. This linear operator
is actually a pseudodifferential operator on C* (3X) which depends trivially on
the choice of p; moreover it extends to a meromorphic family of pseudodifferential
operators for s € C, and up to holomorphically invertible factors is a meromorphic
family of Fredholm operators. Thus one can use the theory of [5] to conclude that
the multiplicity of zeros and poles of Sx (s) at s = ¢ is given by the integer

Sx (s) fo=2""% f+

211 Sy,

ve ="Tr (L Sx (5)_183( (s) ds)

where v¢ . is a simple closed contour surrounding ¢ and no other singularity of
Sx (s). Indeed, v = 1/2’ — v, where 1/2’ (resp. v ) Is a nonnegative integer which
counts the multiplicity of the zero (resp. pole) at s = ¢ (see [17] for a complete
discussion). From the theory of [5] and the functional equation Sx (s) Sx (n — s) =
I, (here I is the identity operator), it follows that v,_ = —v,.

Theorems 1.5 and 1.6 of [17] imply that poles of Z% (s) /Zx (s) in the range
0 < RN (s) < n/2 can only occur if the scattering operator has v nonzero for some
such ¢, and such poles have residue —v. Moreover, in the case d (G) < n/2, the
scattering operator is holomorphic in a half-plane % (s) > ¢ (G) which contains the
critical line R (s) = n/2, so that v > 0 for ¢ in this half-plane. It follows that for
R <n/2,ve=—v;.

Thus, to complete the proof of Proposition 2.1, we must show that the scattering
operator has poles in this region only if Rx (s) has such poles, that the resolvent
has a unique pole at s = § (G) of multiplicity one on the line R (s) = ¢ (G), and
that this pole induces a pole of the scattering operator of multiplicity one. It will
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then follow from Proposition 1.1 that Z% (s) /Zx (s) has its first pole at s = d (G)
and no other pole on the line R (s) = ¢ (G) as desired.

The Schwartz kernel of the scattering operator may be recovered from that of
the resolvent by the formula ([17], eq. (4.12))

I'(s—n/2 y—% /
T o) p () Ko ('),

m’=b’'

(3) Ksx(s) (b, b') = (2s —n)

for b # b'. Thus, roughly and informally, the scattering operator has the mero-
morphy of T' (s — n/2+ 1) Rx (s) for % (s) < n/2. In fact, the residues of Sx (s)
at its poles are known to be finite-rank smooth operators, and the same is true of
the resolvent kernel. Tt follows from this observation that the set of poles of Sx (s)
is contained in the set of poles of T' (s — n/2+ 1) Rx (s). For a particular pole of
Rx (s) to give rise to a pole of Sx (s), the residue of the right-hand side of (3) must
be nonzero.

Theorem 2 of [14] asserts that Kg, (s)(m, m') has rank-one residue of the form
c(G)F (m) F(m') at s =4 (G) for a function F' € C*° (X) and a nonzero constant
¢(@). Indeed, it follows from Theorem 2 of [14] that F(r(w)) = F(w), where
7 H**! — X is the canonical projection and F is the smooth, G-automorphic
function on H"*t! given by

(4) F(w) = /a - P(w, x' )" Dy (x') .

Here the integration goes over J,,H"T! (e.g. R™ U {co} in the upper half-space
model), p is a measure on 9., H"*1 supported on the limit set of the discrete group
G, and P(w,x’) is the non-Euclidean Poisson kernel. In order to prove that Sx ()
also has a pole at s = § (), we need to show that F' (m) = p(m)é(G) G (m) for a
function G € C* (X) with G|y5 # 0.

To do so, we will compute the asymptotic behavior of F (w) in the upper half-
space model, using the fact that Fisa generalized eigenfunction of the hyperbolic
Laplacian Ag. In the upper half-space model, w = (x,y) with x € R” and y > 0,
and the Poisson kernel takes the form

’ Y
P(w,x) |x—x’|2—|—y2.
Since (G is convex co-compact, there is a finite-sided fundamental domain F for the
action of GG whose closure in the Euclidean topology of R”*! does not touch the
limit set. The fundamental domain F can thus be covered in a neighborhood of
infinity by hemispheres isometric to the hemisphere

H={(xy) e R |x" +y° < 1}

which have the same property. In such a hemispherical neighborhood the coordinate
function y is a determining function for d., H**' which projects to a determining
function for X . Thus it suffices to show that in each such neighborhood, F (w) =
GG (w) where G is the restriction of a smooth function on R"*! with G(x, 0) #
0.

Using the representation formula (4) and the fact that p is supported in the
limit set, it is easy to see that for any hemispherical neighborhood H of infinity
in H*t! that does not touch the limit set of G, F(w) = yé(G)é(w) where G is
the restriction to H of a function in C'™ (R”‘H); in particular, G has a Taylor
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series in y about y = 0 to all orders. We wish to show that, in some hemispherical
neighborhood H, G (z,0) # 0. Supposing this not to be the case, we will show
that F' is square-integrable in any hemispherical neighborhood of infinity, so that ¥
is a square-integrable eigenfunction of Ax, a contradiction, since Ax has no such
eigenfunctions if § (G) < n/2.

Since F' is a generalized eigenfunction of Ay it has an asymptotic expansion of
the form

F(w) ~ ) aj (x) y" O+
j=0
where, from the differential equation
(Ao—s(n—s))ﬁzo
with s = ¢ (G) and
Ao == (y9y)* +n(ydy) — v* Ax,
the coefficients a; (2) obey the recurrence

1
s+2j+2)(n—(s+2j+2))—s(n—s)]

provided d (G) # n/2 — k for some positive integer k. If § (G) = n/2 — k for some
positive integer k, it remains true that

Aj+1 = [( Axaj

k—
F (w) ~ aj (x) yé(G)+2j +0 (yé(G)+2k)
—

—

[

with the same recurrence. In either case, if ag = 0 we then conclude that F is
square-integrable with respect to hyperbolic volume measure y~(*+tDdxdy in a
neighborhood of infinity in H. If ¢y = 0 for all hemispherical neighborhoods, we
conclude that F projects to a square-integrable eigenfunction on X, a contradiction.

It follows from these observations that F' is a generalized eigenfunction of Ax
having the form F'(m) = p(m)é(G) G(m) where G € C*° (X) and g = G|y # 0. It
now follows from (3) that the scattering operator has a first-order pole at s = ¢ ()
with rank-one residue

¢ (G)g(b)g (b).

It is now clear that V(;(G) = 1, so that v5(g) = —1. Since I'(s = n/2 4+ 1) Rx (s) has
no other poles on the line R (s) = § (G) by Patterson’s theorem, and the poles of
the scattering operator are among those of this operator, we have proved:

Lemma 2.2. Let X = G\H"*! be a convexr co-compact hyperbolic manifold and
suppose that § (G) < n/2. Then the first pole of Z% (s) /Zx (s) occurs at s = § (G)
and the residue is one. Moreover, there are no other poles of Z% (s) /Zx (s) on the

line & (s) =4 (G).

This completes the proof of Proposition 2.1.
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3. ASYMPTOTICS OF THE LENGTH SPECTRUM

To study the zeta function near its first pole we make a convenient factorization
for R (s) large which remains valid near s = ¢ (G). Write

ZX (8) = ZOyX (8) Zl,X (8)

where

Zox (s) = [ (1 = exp(=st ()
{v}

is Ruelle’s zeta function, and

Zix) =1 TI [t—ar @ an() exp(=(s+ k) (7))

{’Y} ki, kn 20
kit k>l

is holomorphic in the strip 3 (s) > J (G) — 1 using the Poincaré series (2). It follows
from Proposition 2.1 that, in all cases, 7] x (s)/Z1 x (s) has a simple pole with
residue 1 at s = § (G) and no other pole on the line R (s) = § (G). We can now
apply the Wiener-Tkehara Tauberian theorem as used, for example, in ([12], section
10) to recover Theorem 1.1.
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