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Abstract

We investigate the set of open maps from one Knaster continuum to another. A
structure theorem for the semigroup of open induced maps on a Knaster continuum
1s obtained. Homeomorphisms which are not induced are constructed, and it is shown
that the induced open maps are dense in the space of open maps between two Knaster
continua. Results about the structure of the semigroup of open maps on a Knaster
continuum are obtained and two questions about the structure are posed.
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1 Introduction

Following the notation of J.W. Rogers [10], for each positive integer n let w,, : [ =[0,1] — I
denote the mapping which is 0 at ¢/n for i even, 1 at i/n for i odd, and linear in between,
that is,

<ae<itl <y
<ae<ifl <

nr —1 if 7 is even and 0 <

wy(x) = :

14+1—mnz if7is odd and 0 <

The map w,, is called the standard map of degree n, and the set of all the maps w, is

denoted by W. As noted in [6], the composition w,, w,, of two standard maps is the standard

map Wy,y,, and so W is a semigroup of mappings on I which is naturally isomorphic with
the multiplicative semigroup of positive integers under the function w,, — deg(w,) = n.

If 7 is any sequence of positive integers and K, denotes the inverse limit lim{/, 7T]]§+1}7
H

where I, = I and ﬂ',’j"’l = Wg(k), then K is an indecomposable continuum (compact
connected metric space) except in the case that 7(¢) = 1 for all but finitely many ¢ [9].

If the sequence 7 is a constant sequence 7 (k) = n, then we denote K, by K,. The
continuum K is the well-known ‘bucket handle’ described in the 1920°s by Knaster as an
intersection of disks in the plane. We refer to K, as a Knaster continuum and denote
the set of all of homeomorphism classes of Knaster continua by K.

Knaster continua have been studied by many authors, including J. W. Rogers [10], and
W. Debski [6].

In [10], Rogers shows that each indecomposable metric continuum can be mapped con-
tinuously onto any Knaster continuum, and that any inverse limit li;n{li, ff"’l} is (home-

omorphic with) a Knaster continuum if each map ff"’l is a limit of open maps in the sup
metric.

In [6], Debski provides a complete classification of Knaster continua and shows that
there are uncountably many topologically different Knaster continua.

In this paper, we investigate the structure of the open mappings between Knaster con-
tinua. If 7 and p are sequences of primes, then O] denotes the set, possibly empty, of all
open mappings f : K; — K,. In case 7 = p, O] will be written O. This last set forms a
semigroup under composition of functions, since the composition of open maps is open.

Let P be the set of primes and w = {0,1,2,--, 00} the set of countable cardinals.

Every sequence 7 of primes has associated with it an occurrence function

occr, P —w

whose value at a prime p is the number of occurrences of p in the sequence .

Since 7 is an infinite sequence of primes, either occ,(p) must be oo for at least one prime
p or occ(p) must be nonzero for infinitely many primes p. Conversely, given a function
7 : P — w such that 7(p) = oo for some prime p or 7(p) > 0 for infinitely many primes p,
we can arrange a sequence 7 of primes such that occ, = 7.

The semigroup of open mappings on the interval is described in section 2. The structure
we find in this semigroup is a key to unlocking the structure of the open induced maps
between Knaster continua, which we describe in section 3.



A map f: K, — K, is said to be an induced map provided that there is an increasing
sequence of subscripts i; and maps f; : I;, — I so that pif = fym;, foreach k =1,2,---
The sequence is called a defining sequence of coordinate maps for f. The set of open
induced maps from K to K, is denoted by OI7. In the case 7 = p, write OZ] = OZ.

We show that the composition of open induced maps is an open induced map whenever
the composition is defined. So the set O, is a subsemigroup of the semigroup O;.

We show that an open induced map is determined by any one of its coordinate maps.
We obtain a structure theorem for the semigroup OZ, which expresses it as a semi-direct
product of some of its subsemigroups.

In section 4, we show how to construct homeomorphisms of Knaster continua which are
not induced, and prove that each open mapping between Knaster continua is the uniform
limit of open induced mappings.

Before the open maps between K, and K, can be analyzed, we need to look carefully
at the open selfmaps on 1.

2  The semigroup of open maps on [

Let O denote the semigroup of open maps from I to I under composition. We call an
element f of O order preserving provided that f(0) =0

and denote the set of all these by OF. Then O7 is clearly a subsemigroup of the
semigroup O.

The following theorem is proved in [10].

2.1 Theorem For each f € O, f: 1 — I is a surjection. Further, there is a uniquely
determined strictly increasing sequence a;, t = 0---n, with ag = 0, a,, = 1, such that the
restriction of f to [a;,a;11] is a homeomorphism to I, for each it =0---n — 1.

The degree of an open mapping f, deg(f) is defined to be the n that satisfies the above
theorem.

Let # (M) denote the group of homeomorphisms (order preserving homeomorphisms)

of I. Then H is the group of units of @ and HT = H N OF is the group of units of O7.
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Denote by a the homeomorphism z —+ 1 — & on /. Then a* = wy, the identity map on

1.

2.2 Lemma Let 1 denote the constant function x — 1 on I. Then for any positive
integer n,
(i) 1 — w, = aw, # w,a = w, when n is even and
(ii) 1 — w, = aw, = wya # w, when n is odd.

The next lemma is found in [10].

2.3 Lemma If f: 1 — I is a continuous function and a;, ¢ = 0,---,n is an increasing
sequence in I on which the values of [ alternate between 0 and 1, then there is a continuous
function g such that w,g = f. Furthmore, if ap = 0= f(ag), a, = 1, and the restriction of
f to each interval [a;, a;y1] is 1-1, then g is an order preserving homeomorphism of I.



If h € HT and w, € W, then f = hw, € OF and deg(f) = n, so the the graph of the
map g defined in Roger’s lemma 2.3 to satisfy hw,, = w,g is seen to be the union of n scaled
copies of the graph of h. (See the diagram below).

1.00 1.00
.807 . 80]
.607T .60]
.407 .40]
L2071 .20]
0 0

0 .20.40.60.8a.00 d .20.40.60.8a.00

So it is reasonable to call ¢ a multiple of h by n and to denote g by nh. Also
we will denote h by %g. Note that while nh always exists, %h only exists when there is
a homeomorphism k such that nk = h. This notation is useful for stating the rule for
multiplication in O, in the structure theorem below.

2.4 Structure theorem for O Fach f € O can be written uniquely as a product
f = a'w,h, where i = f(0) € Zy, deg(f) = n, and h is in Ht. Furthermore, the rule for
multiplication in O is given by

(alw,h) (2 w,,g) = '™ wy, m(alha) g.

Proof:

Case 1: [ is order-preserving.

Since f(0) = 0, f is open, and deg(f) = n, we know by Theorem 2.1 that there are
numbers a; with ag = 0 < a3 < ---a, = 1 such that f(a;) = 0if 7 is even, f(a;) = 1
if ¢ is odd, and f is a homeomorphism on each subinterval [a;, @;31]. In particular, if
x ¢ {ag,a1,---,a,}, then f(z) € (0,1). By Lemma 2.3, at least one map ¢ satisfying the
conditions a), b), and ¢) exists.

To show that ¢ is unique, suppose ¢’ # ¢ is also a such a map. Then, since f(a;) =
wy(g(a;)) = wp(¢'(a;)) and f(a;) € {0,1} for each i, we conclude that g and ¢’ map
{ag, -+, a,} into w;1({0,1}) = {0,1/n, -+, 1}. Furthermore, since g and ¢’ are one to one



and order preserving, we know that g(a;) = i/n = ¢'(a;) for each i. Since g # ¢', there
exist ¢ and « such that a; < @ < a;41 and g(2) # ¢'(z). Then, since w,(g(2)) = w,(¢'(2)),
it follows that there is a turning point p of w, between g¢(z) and ¢’(z). Without loss of
generality, we may assume that g(z) < p < ¢'(x). But g and ¢’ are order preserving, so
i/n=g(a;) < g(z) <p<g'i(zr) <g(a1)=(i+1)/n. So p cannot be a turning point of
Wy, since ¢/n and (i 4+ 1)/n are consecutive turning points of w,,.

Case 2: f is order-reversing.

Since f(0) = 1, note that o(f(0)) = 0, so Case 1 applies to af to factor af = w,h
uniquely. This yields f = aaf = of@w,h.

To prove that the factorization is unique, suppose that f = o/w,,g, with ¢ € HT.
Then i = £(0) = o’ (wn(g9(0))) = o/ (w,,(0)) = o’/ (0) = j. Hence w,,g = wyh, s0o m =
deg(wp,g) = deg(w,h) = n. Finally, by Case 1, h = g.

To verify the rule for multiplication,

(@'w,h) (D w,g) = o'w,(ala?)halw,,g
= (a'w,a?) (@ halw,y,)g
Now in the second factor in the last expression, o/ ha/w,,, a?ha’ is in Ht, so by Case 1
(@w,o?)(adhadw,)g = ('wyad)w,(m(a?hal))g

Now each of the last two factors above, m(a’ha’) and g, are in Ht so their composition
is in HT. Further, using Lemma 2.2, and taking cases j = 0,1 and n even or odd, we can
write a'w,of = T w,,. Hence

(lwpof ) w,, (m(adhal))g = ol w,, m(alhal)g.
This establishes the rule for multiplication. m
The following corollary is immediate.

2.5 Corollary The function deg : O — Z% is a homomorphism of the semigroup of
open self-maps of I to the semigroup of positive integers under multiplication.

The next result establishes cancellation properties for O.

2.6 Lemma Suppose that f, g, and ¢’ are in O. Then
1) If deg(f) is odd and fg = fq', then g =g¢'.
2) If deg(f) is even, fg = f¢', and both g and ¢’ are order preserving or both are order
reversing, then g = ¢'.

3)Ifgf=g'f, theng=4¢'.

Proof: Whether the assumption is fg = f¢' or gf = ¢'f, it follows by Corollary
2.5, that deg(g) = deg(g’). By the Structure Theorem 2.4, there are nonnegative integers
m,n, 1, J,I and homeomorphisms h, k, and &’ in H* so that f = w,a'h, ¢ = w,a’k, and
g = w,a'k.



Invoking the multiplication rule from Theorem 2.4, we have
(o)t w0, n(@had )k = fg = fg' = o™ wp, n(atha K.

Thus, by the uniqueness (i + mj) mod2 = (i + ml) mod2, hence mj mod2 = ml mod?2.
Proof of 1): If m is odd, then j =1 and (**) becomes

(**)ai-l—mj W, n(OzjhOéj)k — fg — fg/ = ai+mj Wonn n(afhaf)k/.

Now we conclude from uniqueness that n(a?ha’)k = n(a?ha’)k'. Since n(a’hal) is a
homeomorphism, k = k'. So g = o/ w,k = o*w,k' = ¢'.

Proof of 2): If m is even, and ¢ and ¢’ are both order preserving or both order re-
versing, then j = [ =0or j =1 = 1. In either case 7 = [ and so we get from (**) that
Wen 1(? had Yk = w,,, n(a?ha?)k'. As before, we get g = ¢'.

Proof of 3): This argument proceeds similarly to the above, except that no cases are
needed. m

A semigroup S is left cancellative provided that for all z,y,z € S, xy = zz implies
y = z. Right cancellative is defined similarly. S is cancellative if it is both left and right
cancellative.

2.7 Corollary The semigroup O is cancellative. The semigroup O is right cancellative,
but not left cancellative.

Proof: Lemma 2.6 shows that OF is cancellative, and O is right cancellative. To see
that O is not cancellative, note that woor = wy, but « is not the identity. m

Generally speaking, a cancellative semigroup need not be embeddable into a group [4].
However, we show in Corollary 3.12 that there is a Knaster continuum whose group of
homeomorphisms contains a naturally embedded copy of OT.

The semigroup O is also not commutative, although the subsemigroup of standard maps
W is commutative. In fact, we have the following theorem.

2.8 Theorem An open mapping f: I — I is a standard open mapping if and only if it
commutes with wy.

Proof: Suppose fwy = wyf. Then f(0) = f(w2(0)) = wo(f(0)) = 0, since f(0) € {0,1}.
Thus by Theorem 2.4, f = w,h, where deg(f) = m and h € H*. Using the rule for
multiplication in Theorem 2.4, we see that we,h = waf = fwy = wa,(2h). So by the
uniqueness, we have h = 2h. But then h =lim,_ ., 2"h = w;. W

2.9 Corollary The semigroup W is a mazimal commutative subsemigroup of O.

Proof: Any f € O which commutes with each standard map must be a standard map
by the above theorem. m



3 Open Induced Maps between Knaster Continua

Recall that a map f: K — K, is induced by the sequence of indices ¢, and maps
e L, = Iy if pr.f = fimy for all positive integers k.

This means that in figure 1, the trapezoid with sides fi and f commutes and the
trapezoid with sides f; and f commutes. It follows from this definition that for each 1
with & < [, the trapezoid with sides fx and f; commutes, that is, pﬁgfl = fkﬂ';i To see this,
note first that '

foml mo, = fumi, = prf = plpif = plfimi,.

But m;, is a surjection and so can be cancelled on the right to establish the claim.

Figure 1: fis induced by sequences ¢ and fj
i,
f i h

K

Ik 47 I(p

J

Pk

3.1 Lemma A map f: K; = K,, induced by sequences iy, and fy, is open if and only if
all of the maps fi are open.

Proof: Suppose [ is open. Since all of the bonding maps ,0; are open, the projections
pi are open. So pif is open for each k. But pif = fim;, and since 7;, is open, it follows
that f is open for all k.

Now suppose all of the maps fi are open. Let U be a basic open set in K. Then there
is a natural number ¢; and an open set V' C I;; such that U = TZI(V). We claim that
HUE pj_lfjm]( ) =p; “1£:(V), which is clearly open in K.

Proof of the claim: Suppose that y € f(U). Then there is a point # € U such that
fl@)=y.

Now p;f(z) = f;m; (), by the definition of f, soy = f(z) € p],_lfjﬂ'ij (U). Now suppose
that y € p; 1f]mJ(U). We will construct a point @ € U such that f(z) =y. For each k, let
yr = pr(y). Now for each k > j, we claim the following two statements are true:

1) ﬂ'i_klfk_l(yk) is closed in K.

This is easy to see, since the set in question is the continuous preimage of a singleton,
which is closed in 1.

2) If k > n, then 7 lfk (ye) C 7y, Y (y).
To see this, suppose that p € ﬂ'zklfk (yx). Then fym;, (p) = yx. Next, fnﬂ'ZZﬂ'% (p) =

pr femi, (p). But this yields f,m;,(p) = pi(yx) = yn, s0 p € 7Ti_nlfn_1(yn).



Since 1) and 2) hold, we know that the set ﬂk>j ﬂ'i_klfk_l(yk) is nonempty and contains
some point z. For each k& > j, pif(z) = frmu(x). Since x € W;Ifk_l(yk), we know that

femiy(x) = yy. Also, for each k < j, ppf(x) = fimi (x) = pkfimi () = pk(y;) = yr, s0
fle)=y.m

K is said to be an even Knaster continuum if occ,(2) = oo, otherwise it is an odd
Knaster continuum.

In order to simplify matters we will require that, when choosing a representative K, of
an odd Knaster continuum, the sequence p contains no 2’s at all, i.e., occ(2) = 0.

3.2 Lemma If a sequence v, of indices and maps [y, : I;, — I, induces an open map
[: Kz — K,, then fr € OF for allk or fi, € aOF for all k.

Proof: If K, is an even Knaster continuum, it follows from part i) of Lemma 2.2 that
all the maps fj are order preserving. For if f; is order reversing for some £, then choosing
[ > k so large that pl has even degree, we have pl f; = fkﬂ'zli But p! f1(0) = pt (1) = 0 while
fkﬂZ;(O) = fx(0) = 1, a contradiction.

If K, is an odd Knaster continuum (with no 2’s in p), then it follows from part ii) of
Lemma 2.2 that f;(0) = f1(0) for all k, so all the maps f; are order preserving or all maps
are order reversing. m

3.3 Lemma If a sequence v of indices and maps [y : I;, — I, induces an open map
f: Kr — K,, then the map [ is completely determined by any map in the defining sequence.

Proof: Fix a map f,: [;, — I, in the defining sequence for f and suppose that
g: K; = K, is an induced open map with a defining sequence j; of indices and maps
gk I, — I in which j, = ¢, and ¢, = f,. It is required to show that ¢ = f. Let
= (21,29, ) € Ky. Then f(z) = (y1,y2,--) € K, and g(x) = (21, 22,---) € K, where
we know that vy, = f.(z:,) = gn(2i,) = z,. Hence yp =z, for k=1,---,n. Let k£ > n, and
assume without loss of generality that ji > ¢x. Then we have

Ik _ Ik _ k
fnﬂ-in - gnﬂ-in = PrIk
since f, = g, and ¢ is an induced map. But also we have
JE _ i _Jk __ k Ik
ol = fnﬂ'inﬂ'ik = Pnfkﬂ'ik

since f is an induced map. Hence pFg, = pﬁfkﬂflf Now by Lemma 3.2, all the maps in the
defining sequence for f are order preserving or all the maps are order reversing. The same
is true for g, and since g,, = f, we can apply parts 1 and 2 of Lemma 2.6 to cancel pF on
the left and get gy = fym". Hence

vk = filwi) = faml(2,) = gr(zj,) = 25

This shows that f(z) = g(«) for all € K, and completes the proof that f =g¢. m



Given an f € OF, and an integer k, let (f)} be the map f considered as a map from Iy
to I;. Now (f)’f may or may not be the first term in a defining sequence of maps for some

induced open map from K, to K,. If it is, we use the symbol (f)%(r,p) to stand for the
induced map. If it is clear from the context, we will drop the reference to = and p. Also, f

is used as an abbreviation of (f)1(7,~).
Note: It will shorten some statements if we agree that #{ = wjy, the identity map on I.

3.4 Lemma Let K, and K, be Knaster continua.

1) If fe: Ly, — Iy is a defining sequence for an open induced map f € OL7, then for
eachn > 1, f = (p7 )7 (7. p).

2) For each f € OF and each integern > 1, (77 )} = (7} f)7 (%, 7) exists. In particular,
(71)7 is the identity map on K,. In addition, if g € O, then (z7q)} (77 )7 = (7797
Further, if f is a homeomorphism then (77 f)} is a homeomorphism.

3) If ™ is an odd sequence with occ.(2) = 0, then @ exists. If © is even, then @ does not
exist.

Proof: 1) This identity is established by applying both maps to an arbitrary point
r = (21,22, - ) € K.

Fla) = (o), fales), oo ) = (00 falein) o ) = (07 )Y (2).

2) Let py = f and apply 2.4 repeatedly to construct a sequence of open maps
Pt Lngr—1 — Inek—1 so that Tzi]]z_lpk+1 = pkﬂgillj_l, for k > 1. Define

fr = 772+k_1pk: Loyx—1 — Iy for each k.

This sequence induces a map F': K, — K, which is open because all its coordinate maps

are open (3.1). Further, by part 1), F' = (77 f)7 and so (7} f)7 exists. To see that (#7)7 is
the identity map on K, apply the map to a point (zy, 29, --,) € K

(T @1y 2, ) = (77 (@n)y o ) = (21,000 )

If g € OF, then after constructing the defining sequences

gr = ﬂ'Z"'k_lqk and (¢gf)r = ﬂ'z"'k_lsk (with the maps ¢ and sj defined analogously to the

maps py) for the maps (77¢)7 and (77¢f)7, note that

2n—
n

(7-‘-7119)711 (T?f)?(xh ey T2p—1s 0t ) - (T?g)?(ﬂ?f(xn)v e, T 1p2n—1($2n—1)7 o )

= (7771197772171_1])2n—1($2n—1)7 o ) = (T?gfﬂ-?zn_l($2n—1)7 o )

= (719 f(zn), ) = (779 )7 (21, )

Finally, if f is a homeomorphism of I, then by what has just been shown,

(Fr Y (7P 91 = (0 =97 (7 )T = (701,

and (7])7 is the identity map on K.



3) In case = has no 2’s, the sequence f; = « induces an open map @ on K using Lemma
2.2. If 7 is an even sequence, then no order reversing map can induce an open map on K,
again by Lemma 2.2. m

Let n be a positive integer. An induced map g € O, is said to be vertically induced
with order at most n provided ¢ = (77 f)] for some f € 0. The order of a vertically
induced map is the smallest n for which it is vertically induced of order at most n. The

next theorem shows that there are lots of isomorphisms of O into 0.

3.5 Theorem For each positive integer n, define F,: O — O, by F,(f) = (z})}.
Then F, is an isomorphism of OF with the set of vertically induced open maps of order at
most n. The set of images I, (O7) is an increasing tower; that is, F,(OT) C F,41(0T).
Finally, if occ;(2) =0, then F,, extends to all of O

Proof: That F), is a well-defined homomorphism follows from parts 1) and 2) of Lemma
3.4. To see that F, is 1-1, suppose F,(f) = F,(g). Then the first terms of the defining
sequences for these maps are equal, i.e., 7] f = 7]'g. But O is (left) cancellative, so f = g.
To see that F,,(O%) C F,41(OT), note that

Fo(f) = (riN)i = (it = (rimen )17 = (77 p2) 1™ = Foga(p2)

Finally, assume 7 is a sequence of odd primes. Then by Lemma 2.2, « commutes with
all the bonding maps of K, and hence induces an open map &: K, — K. By the structure
theorem for O, Theorem 2.4, each open map f € O which is not order preserving looks like
ag where g = «f € OF, and hence maps to ag. ®

Let OV, be the union of the tower of subsemigroups F,(O1) (F,(O) if 7 is odd with
no 2’s). Then it follows from Theorem 3.5 that OV is a subsemigroup of OZ., which we
refer to as the semigroup of open vertically induced maps of K. Similarly, let HV;
be the union of the increasing tower of groups F,(H*). By part 2 of 3.4, the maps in HV,
are homeomorphisms of K. Using 3.5, we can see that H)V, is a subgroup of the group of
units of O,. We refer to it as the group of vertically induced homeomorphisms of
K.

Note that for any m, n, F, (w,,) = Fi(w,;,) = W, so the image of the standard maps W
remains the same under the isomorphisms F,,. We denote this common image by W, and
refer to it as the semigroup of standard induced maps on K.

The next lemma gives a factorization of an arbitrary open induced map from K, to K,.

3.6 Lemma Let g € OI7. Then g can be factored into a'qu where i € {0,1}, ¢ =
(W) (7, p), and v € HY .

Proof: Let i; and gy: I;, — I be a sequence of indices and maps inducing g. First, by
Theorem 2.4, factor g, = a’*w,,, hy, where hy, is an order preserving homeomorphism. By
Lemma 3.2, we know that j; = 0 for all k£ or jp = 1 for all k. Denote this common value by
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j. Let v = (xihy)% (x,7) = Fi (hy). This vertically induced homeomorphism exists from
Lemma 3.4. Next, note that for each k,

Tht1 k41
kT, = Pr Gk41-

Substituting in the factorizations, we have

oejwmkhkﬂ';:“ = pz+1o¢jwmk+lhk+1.
If j = 0, we can erase the a/ on both sides of the equation. If j = 1, then pi"’l is odd and
o = o/ commutes with it by 2.2, so we can multiply both sides of the equation by « and
erase it. In either case, we have

Tkt

k+1
Wiy Tt = w0 B

Tl Uk
Now hkﬂ'ik =7 hg+1, and so

Tkt _ k+1
Wy, T hiy1 = pj wmk+1hk+1.

Now multiply on the right by (hgy1)~" and obtain

Tht1 k41
Wy Ty = Py wmk+1'

We have shown that ¢ = (wy,,)% (7, p) exists. If j = 1, let @ = @(p, p), which we know
exists because p is odd with no 2’s. If j = 0, let @ be wWi(p,p). In either case, we can
calculate that

& (W, )Y (7, p) (71 By (7, 7) = g.m

One consequence of 3.6 is that there is an open induced map from K, to K, (if and)

only if there is one of the form (w,,)¥(r, p) for some m and k.
For each positive integer n and Knaster continua K, and K ,, define a function

do(m,p):P—w

which we will call the n deficit of 7 over p, by d,,(7, p)(p) = max{0, occ,(p) —occ(ry= (p)}.
We will say that d,, (7, p) is trivial if it never takes co as a value and all but finitely many
of its values are 0.

The next lemma tells when (w,,)7 (7, p) exists and gives a factorization of it which will
prove useful.

3.7 Lemma The map (w,,)7 (7, p) exists if and only if d, (7, p) is trivial and m = dt for

some integert, where d = Hpeppd"(”’p)(p). In this case, (w7 (7, p) = (wa) 7 (7, p) (w) (7, 7).

Proof: First suppose that (w,,)} (7, p) exists.
Let fix = wy,, : I, — Iy be a defining sequence for (w,,)7 (7, p). Suppose d does not

divide m. Then there is a prime p such that the highest power p’ that divides d does not

11



divide m. Choose k so large that if ,OH'1 = w, then ¢ < k and if ﬂ" = w,, then ¢ < n. Let
p' and p® be the highest powers of p dividing deg(pl) and deg(w ”k) respectively. Then by
the definition of d, p does not divide fi, and so p/p® = p'. But m deg(x7*) = deg(p¥) fi. It
follows that p’ must divide m, a contradiction.
Now suppose that the condition holds. We will show that (wq)] exists. Let f; = wy:
I, — I, and suppose f : I,, — I; has been defined so that fr_; Tk = P£—1 fr.
Let p be the prime such that ,ok‘i'1 = w,. Let p?, p* and p' be the highest powers of p
d1V1d1ng m, deg(n7*), and deg(p¥) respectively. If ﬂ'f"'l # wp for all ¢ > ng, then [ <
Jj + s. Hence p divides deg(f;) and so we can choose ng1; = ng + 1 and define fy11 = w,

deg(fk) 1
P

. Otherwise, choose ¢ > ny so that 773"' = wp, and define

deg(fk)geg(ﬂlk)_ Thus (wy)}(

where r = (mrtt)

deg

nry1 = 1+ 1 and fnkJrl = w,, where r = 7, p) exists. Now

(i (. p) = (@i (m, p) (@), ) exists. m
Now if # = p, the result of Lemma 3.7 can be sharpened. As we shall see, the map
(wq)7 (7, ®) can be factored nicely. First we need some invertibility lemmas.

3.8 Lemma Suppose that p and q are distinct prime numbers and p is odd. Then w,
permutes each of w;1(0) and w;(1).

Proof: First, when n = 2, w, fixes each of w;1(0) and w;1(1), so the result is trivially
true.
Now suppose that n is odd. Note that for each » € w;1(0), that z = % for some

0<k <z 1, and that either wy(z) = —i + L Qk _m;ll_ka for some i € 2N or
wy(z) =14+1—-p- % = w for some i+ 1 € 2N. In either case, there is an

integer r such that wy(z) = M € TUw;1(0). Similarly, if € w; (1) it can be shown

that for some integer r, that w,(z) = W € Tuw,(1). So w,(w;,;*(0)) C w,*(0)
and wy (w; (1)) C wt(1).

We now show that w, is one to one on w,'(0) ). Suppose that for some 0 <

Uwg (1
a,b, < n, there are points & and Q such that w,(%) = wp(%). By the definition of w,,
there are three cases to COIlSldeI’

1. w, has positive slope at both % and % Then there are natural numbers ¢ and k so

that —7 + % = -b+ pr This means that % - pr = ZM is an integer. Since

n and p are relatively prime, we know that n divides a — b. Now, since 0 < a,b, < n,
we know that either « = b or that @ € {0,n} and b=n —a. If @ =0 and b = n, then
wy(a/n) = wy(0) = 0 # wy(1) = wy(b/n). This means that it must be the case that
a="b.

2. w, has negative slope at both % and % This case is essentially the same as case 1.

3. w, has positive slope at one of {£ 0 n} and negative slope at the other. We will assume

the notation is chosen so that w, has positive slope at % Then there are natural
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numbers 2 and j so that 14+ 1 — % = —k—l—]%b. In this case, %_I_p%b = ZM is an
integer. Since p and n are distinct primes, we know that n divides a 4+ b. Now, since

0 < a,b,<n, we have one of the following cases to consider:

(a) a+b=0. Thena=b=0,s0 a/n=0=0b/n.
(b) a+b=2n. Thena=>b=mn,s0a/n=1="b/n.

(¢) a+b=mn. Then 0 < ¢ < n and b = n — a. This means that %: 1— £ Since p
is odd, and therefore the graph of w, is symmetric about the point (1/2,1/2), it
follows that w, has the same slope at a/n as it does at 1 —a/n = b/n. So this
case is impossible.

Now, since w, takes each of w;!(1) and w;!(0) into itself, and since w, is one to one
on w;, ' (0) Uw;, (1), we know that w, permutes each of these sets.
Note, in particular, that if p and n are distinct primes and p is odd, then w, permutes
-1
w, " (0). m

e
3.9 Lemma If n is an odd prime, then wy maps each of w;1(0) and w;1(1) one to one
onto w;1(0). In particular, wy permutes w;*(0).

Proof: Note that 1/2 ¢ w;'(0) U w; (1), because n is odd. We first show that
wa(w;1(0)) C w;'(0). Note that » € w,*(0) if and only if for some 0 < k < nT_l,

that o = % If ¢ < 1/2, then wy(z) = @ € w;(0), and if x > 1/2, then
2(2k 2(n — 2k
wa(z) =2 — (n): ( - )Ew;I(O).

We next show that wy is one to one on w;; }(0). To see this, first note that w is one to one
on each of w;1(0)U[0, 1/2] and w1 (0)U[1/2,1]. Now if # € w1 (0)U[0,1/2], then z = % for
some k and wy(z) = % Since n is odd, we know that the numerator of this expression is an

even multiple of 2. Now, if z € [1/2,1]Uw;, *(0), we have that wy(z) = 2 — % = 2n—dk _

n
M for some natural number k. Since n is odd, we see that the numerator of this
expression is an odd multiple of 2. Therefore, ws(w;, ' (0)U[0, 1/2])Uwq(w,; 1 (0)U[1/2,1]) = 0
and w,, permutes w;1(0).

Finally, since for each 2 € I, wy(z) = wy(1 — z), and since the function a(z) =1 —z is
a bijection from w; (1) onto w;!(0), wy maps w;, (1) one to one onto w;,;*(0). m

A standard map w, on I is not invertible in 0. However, its image w, € O, will be
invertible when the prime factors of n occur infinitely often in 7, i.e., occ(p) = oo for each
prime divisor p of n.

3.10 Invertibility Theorem The standard induced map W, is invertible in O if and
only if for each prime factor p of n, occr(p) = co. Furthermore, if p is a prime such that

ocer(p) = 0o, then W, ~' = (xf~1)%, where k is chosen so that ©f_, = w,.
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Proof: First, suppose that the condition fails. Without loss of generality, we can assume
that some prime factor p of n does not occur in 7 at all. We show that that w, is not 1-1. It
is clear that @, ((0,0,0...)) = (0,0,0,...). By lemmas 3.8 and 3.9, for each 7TZ»+1 of K, 7TZ»+1

permutes wzjl(O). Thus, there is at least one point z = (%,xg,xg, ..) #(0,0,0,...) € K,

for which z; € w;'(0) for each 4, and so w,(x) = (0,0,0,...). Hence w, is not 1-1 and so
is not invertible. But this implies that w, is not invertible, since w, is a factor of it. This
completes the proof of the only if part.

Now suppose that w,, is invertible. It is enough to assume that n is a prime; since if
p and ¢ are primes with w, and w, invertible, then w, w, = w,, is invertible. When n
is prime, we know that it occurs infinitely often in m, so there is an increasing sequence
of integers, 1 < k; < ko < ... for which ﬂ';;?_l = w,. For each i, define g;: Iy, — I; by

.= 751 Note that for each i
g i )
k; S k; L kiy1—1 L kiy1—1
gim = ﬂf’ lﬂ'kZH = ﬂf’ lﬂ'k;“ w, = ﬂ'f’ 1wnﬂ'k;+1 =
ki—1 __k; kig1—1 _  _kip1—1 441 _kip1—1 41
T T 1Tk =7 =7 T =T i,

so the sequence of maps g; induces a map g: K, — K. Finally, note that for each ¢,

TigW(2) = gimk, Wa(2) = giwamy, (¢) = m Tl g (2) = 7w (0) = m(e),

ky

I exists and equals ¢ = (g1)]* =

and hence gw, = wy, the identity map on K,. So w,~
k1—1\k
(7' 7). .

In particular, note that when 7 is the constant sequence n, then w,~! is the shift map,
s: Ky — K, defined by s(zy1, 22, 23, ...) = (22, 23, ...).

We can now state an existence and factorization theorem for maps (w,)¥ (7, 7).

3.11 Theorem Write 7} = wswy, where for each prime factor p of s, occr(p) < 0o and

for each prime factor p of f, occr(p) = oo . Then (w,)¥(x,7) exists if and only if n = st

for some t. In that case, (w,)¥ (7, 7)=w; w; ~'.

Proof: The first statement follows from Lemma 3.7 upon noting that the d in that
lemma is the s of this corollary. The second statement follows from the factorization given
in Lemma 3.7 and the Invertibility Theorem 3.10. m

Theorem 3.10 also enables us to answer affirmatively the question raised in the pre-
vious section about the embeddability of OF into a group. Let + denote the sequence

2,3,2,3,5,2,3,5,7,--- of primes in which each prime occurs infinitely often.

3.12 Corollary The induced open maps of K., form a group. Hence Ot is embeddable
into the group of units of K.
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Proof: Each prime occurs infinitely often in v, and so for each positive integer n, 3.10
says that w, is invertible in O, hence the isomorphism Fj takes O into the group of units

of O,. m

In [6], Debski defines the degree of an arbitrary open map between Knaster continua.
For the moment, we will define the degree of an induced map in a simpler fashion. Later,
in the next section, we show that the two definitions agree on the induced open maps.

Suppose K, and K are Knaster continua with K, < K. For any map f € OZ7, define

the degree of f, by deg(f) = %, where f1:1;; — I is the first coordinate map of f
1

1 .
and my is by decree w;.

3.13 Theorem 1) If f € OI] and g € OLf, then deg(gf) = deg(g) deg(f).
2)Ifmr=p=24, then deg: OL, — Q is a homomorphism into the group QT of positive
rational numbers under multiplication.

3) The open induced maps with degree 1 consist precisely of the vertically induced home-
omorphisms HY ., and the open induced maps of positive integer degree consist precisely of
the open vertically induced maps OV ..

4) The image deg(OZI,) is the subsemigroup Q. of QT consisting of all positive rationals
% such that for each prime divisor p of m, occr(p) = oc.

Proof: 1) Let fi: I;, — I, and ¢;: I;, — I; be defining sequences for f and g. Now

af = (g1 ()Y = (901" (b1 fi)1" = (o fi)?"
Hence, the degree of ¢ f is

deg(g1 f;,) _ deg(gr) deg(pi')deg(f;,)

deg(gf) = o= : ;
deg(m") deg(py')  deg(m)")

= deg(g) deg(f).

2) This follows immediately from 1).

- . 11
3) Let f € HV,. Then f = (w'h)}, where h € H. Then deg(f) = % =
4 eg(m]
deg(h) = 1. Conversely suppose f € OV, has degree 1. Let f; = a’w,,g: I;, — I; be the
first coordinate map of f, where g is a homeomorphism of /. Then 1 = deg(f) = % =
eg(my

_m
deg (it
4) Let f € OV,, then by 3.7, f = a/qv where ¢ = (w,,,)} (7, %), and v € HV,. Hence

by the results of the above paragraphs, deg(f) = deg(q). But now, by 3.7, ¢ factors into
(wgq)7 (wy){, where d = Hpeppd(m’”’”)(p) and m = dt. Hence deg(q) = deg((wq) 7" )deg((w:)l) =

Lmt. Let deg(n{*) = M. Now, by 3.11, d = s divides M and we can write 7" = wy; =
deg (")

wqwy, where for each prime factor p of k, ocer(p) = oo and for each prime factor p of d,
t = %t = % € Q. All that is left is to show that

, hence w,, = ﬂ'il, and f € HV,

occr(p) < oo. Hence deg(q) = W
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each % € (Qr is the degree of some open induced map. This follows from the easily estab-
lished facts that 1) @, is generated by the primes and the reciprocals of the primes p which
occur infinitely often in m, and 2) if p is a prime, then deg(w,) = p and if occ,(p) = oo,
—— 1
then deg(w, ~') = 5- |
Let er denote the subsemigroup of OZ, generated by the induced standard maps w,,
together with w, ~! where occ,(p) = oco. The proof of the following theorem is immediate.

3.14 Theorem The function deg takes er isomorphically onto Q.. Hence,

1) W= is commutative.

2) Fach element f of er can factored uniquely as f = W, w, ~ where m and n are
relatively prime. Further, if f = w,, w, ~' and ¢ = w, w; ~' are in er then f g =
(@ @ =)W Wy ™) = Wiy Wy

3) If w, is invertible in O, and f =, w, ', then deg(f) = L.

n
We now want to introduce some notation. Given a rational number % € @, with
ged(m,n) = 1, let wm denote w, w, ~'. Further if v = (7'h)!" is a vertically in-

duced homeomorphismi then muv is defined to be the vertically induced homeomorphism
(7t (mh)), where mh is the multiple of A defined above 2.4. We also want to define

%v. First, we define ]l)v, where occr(p) = oo, as follows: Choose k > 1 so large that
ﬂ'j:“ = w,. Then v = (Tik+1hk+1)ik+l. By the definition above 2.4, hj, = ]l)hk+17 and we

define Zl)v = (ﬂ'ik“hk)ik“. Now 1v is defined by induction on the sum of the exponents of
the prime factors of n.

Figure 2: vw, ~! = w, _1(%11)
I ces Iy Wp I, ces I, 4 Wp I,
ﬂ'f_l ip TZ_I g
I ces Iy Wp I, ces I, 4 Wp I,
1h h L
L [ RS

3.15 Lemma Let v € HV, and let m and p be integers, where p is a prime with
occr(p) = oco. Then
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1) v, = W, (mv),
2)vw, Tt =, 7).

Proof: By Theorem 3.10, we can choose k so large that @, =% = (7{~1)% and v =

(rih)k = (ﬂ'f_l(%h))]f_l. Also chose n > k so that #”_, = w, and so @, ' = (x]71)7.
To prove 1),

v = (7{h)Y (Tiwn)} = (7hwn)]

= (mywm (mh))f = (F{wn)i (75 (mh))} = T (mo).

n—1

To prove 2), refer to the diagram in Figure 2. Choose g: I,, — I,, so that hﬂ'z_l =7 9.
So wyhr} ™! = wpr g, But wyhnrl ™! = 77 and wyh = (leh)wp7 S0 Tpg = (Zl)h)wpﬂ'z_l =
(zR)mg. Thus So = (77 (Gh)) = (z7g)f
Now we compute

wp _1(?]) = (m17O1 (719)i = (71 79)t = (r{hm T = (7fR)f (7777 = v, ~'m

Now we can prove a structure theorem for the semigroup OZ . of induced open maps on
K,
3.16 Structure Theorem for O, If K, is even, then each [ € OL, can be factored
uniquely into the product wau, with deg(f) = % € Qn, we € W, and u € HV. The rule
SJor multiplication in OL is given by

Wau wWev = wac(=u)v.
b d bd

d

If K is odd, then & exists and each [ € OL, can be factored uniquely into the product
at wau, with i € {0,1} = Zy, deg(f) = % € Qr, we € W, and u € HV,. The rule for
multiplication is given by

@iw%u @jwﬁv =a wac (g(aju@j)) v.

Proof: Let g € OZ,. Then by Lemma 3.6, ¢ = @ ¢ u, where i € {0,1}, ¢ = (w,)¥
for some positive integers n and k, and v € HV,. By Corollary 3.11, n = st for some

positive integer ¢, where 7f = w,; is as defined in 3.11, and (w,)¥ = @ w;~!. Let
a = gcdf—mf) and b = m' Then ¢ = W, geags,f) We gcd(mf)_l = w, wp~'. By Theorem

3.13, deg(g) = % € Qr.

To prove the uniqueness of the factorization, suppose ¢ = @’ w s v is also a factorization
b/
of g. We consider two cases.
Case i) w is an even sequence. Then @ does not exist by Lemma 3.4, and so ¢ = j = 0.

!
Since deg(g) = % = %, we can assume that ged(a’,0’) = 1 and so W, = W, and W, = Wy~ .

Hence W, u = W, v. Now we can choose k so large that u = (7 hy)¥ and v = (7F h)¥ for

17



some hy, hy € HT. But then W, u = (7fw,h1)¥ and W, v = (7fw,h2)5. So by Lemma 3.3,
ﬂ'fwahl = ﬂfwahg and so hy = hy by Lemma 2.6. Thus u = v, and Case i) is proved.

Case ii) 7 is an odd sequence. Then by Lemma 3.4, @ does exist, and all the coordinate
maps of g are order preserving or all are order reversing. In the first case, ¢ = j = 0, and in
the second case i = j = 1. If ¢ = 0, use the same argument as in Case i). If ¢ = 1, multiply
by @ and use the same argument as in Case i).

This completes the proof of the uniqueness of the factorization.

The rule for multiplication for the case of 7 even follows from Theorem 3.14 and Lemma
3.15 (part 2 is used repeatedly). Thus,

S — -1 1 c

Weu Wev = wau We Wy~ v = wele (cu)Wq — v =wae Wy~ (5(cu))v=wee(Zu)v

d d

3
b

Note that the assumption that 7 is even was not used in the calculations above, so we
know the rule for multiplication in the case 7 is odd holds when ¢ = 7 = 0. The general
rule for the case of 7 odd is established using this and using additionally these properties
of @&, which follow from Theorem 3.5.

@ =a 7, 2)if bis odd, then @ w; = Wy, @, and 3) @ W, @ = alte)med? g,

o wau o’ wev = o w, wy tud wev = o w, wy o Valuw? wev =

o' W, (@wy)” ol ua? wev = o' W, (wboe])_laju@] wev = o w, a’wy ' dudd wev =

L . T c_. _.
aliai)mod2 e~ wev = a(2+a1)m0d2w%(3a1ua1)vl

3.17 Corollary Fach open induced map f: K, — K, is no more than n to 1, where n
is the numerator of the degree of f reduced to lowest terms.

Proof: By Theorem 3.16, f = @ W, W,, ~‘u. All of the factors are 1-1 maps, except
W, so for any = € K, the cardinality of f~!(z) is the same as the cardinality of A, the
set of points y € K, such that w,(y) = «. If card(A;) > n for some @ € K., then in
some coordinate k, card(mi(A;)) > n. But w,(71(A;)) = 2 and w, is at most n to 1, a
contradiction. m

4 Open maps on i,

In this section, we will show that there are open maps on Knaster continua which are not
induced, but that each open map is the uniform limit of induced open maps. Specifically,
we construct an example of a homeomorphism on Ky that is not induced. We also show
that each open map f € OF is a uniform limit of induced open maps. In addition, we show
that Debski’s degree function deg: O] — QT is continuous.

Throughout the section, if f,g: X — [ are maps on a compact space X, then |f — g
denotes the distance from f to ¢ in the ‘sup’ metric, that is,

|[f =gl = sup{[f(2) = g(2)]: = € X}.
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Also if f,g: K; — K,, then |f — ¢| denotes the distance from f to g in the ‘sup’ metric,
that is,

~|mif(2) — mig(@)| :
oSl )
An Example Let B be the standard bucket handle continuum constructed as a union of
semicircles (see [8], p 205) situated in the (r, 8) plane so that the endpoint of B is the point
(1, 7) and the semicircle containing the endpoint is the upper half of the unit circle, centered
at the origin. Define B* to be the visible composant of B. Note that B* is comprised of a
sequence, ();, of quarter-circles joined end to end. Denote the center of ); by ¢;. We will
define a continuous bijection p : [0,00) — B*. First define p(0) to be the endpoint of B*
and p(1/4) to be the midpoint of the first quarter circle Q1. Next p(1/2) = (1,7/2), the
other endpoint (1. For ¢ > 1, define p(i/4) to be the first endpoint of @; in the natural
ordering of B*. Now extend p to all of [0, 00) as follows:

o(t) = the point ¢ € Q1 s.t. %:1% for 0 <t <1/2
the point ¢ € Q; s.t. é(p((;//‘;))ciq) — t;}f fori>1landi/d<t<(i4+1)/4

The diagram below shows the first portion of B*.

P(1/2)

P(1/4)

PO)* | | Pii4) | | P b P(3/14)
P P() :

P(l)
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Now for each k, let J, = p([0,2¥]) C B*, and for [ < k define the bonding map
fFedy— Dby fh= e forl<k—1.Forl=k—1,

p(t) if0<t< 261
. p(2F1 — (t = 2+1y) if2f=t <p <2k -1
i—1(p(t) = 1 1ok P ook 1 -
p3+5EHEE-(2F-1) if2k-L <<k -4
p(grzr (t — 29)) ik~ 1<y <ok

Denote the inverse limit of the arcs J; and maps flk by W;. Note that each bonding
map has degree 2, so W5 is homeomorphic with K.

These definitions of Ji and flk were constructed to satisfy the conditions of the Anderson-
Choquet embedding theorem (See p 23 in [9]), and so the mapping h: Wy — B given by
h((2:):2y) = lim; 2; is a homeomorphism.

Now define a homeomorphism F: B — B as follows:

(r,r8) fo<o<z l<r<i
F(r,0) = (rri+2-r)(0-17)) if%gegw,§§r§1
(r,0) otherwise

4.1 Theorem The homeomorphism G = h~'Fh: Wy — Wy is not induced.

Proof: Consider the subset X = 7" (p(3)) of W,. Note that X is homeomorphic with
the Cantor set, and hence is uncountable. The homeomorphism A carries X to the set Y
consisting of all (r,7) € B, and applying I’ to Y yields the set Z of all (r,r3) € B. Now
the map m;h~! takes each point (r, rg) € Z to the point (1,r3) and so we conclude that
71 (G(X)) is uncountable. But if ¢ is induced by a sequence g¢;: Ji, — J; of open maps,
then m(G(X)) = g1(me, (X)) s finite, since mp, (X) = m (11 (0(4)) = ()~ (p(3)) 3s
finite. m

The manner in which the homeomorphism G is defined on W5 could be duplicated on

any Knaster continuum, because they can be embedded in the plane in the same manner
as Wy (see Watkins [11]).

The open induced approximation theorem. The next three lemmas lead to a proof
of theorem 4.7 : any open map from K, to K, can be approximated by an induced open
map of the same degree.

4.2 Lemma If f.g € O and |f — g| < %, then
1. deg(f) = deg(g)

2. there is an order preserving homeomorphism, h, such that f = gh.

Proof: Since |f—g| < %, we have that f(0) = ¢(0). By Theorem 2.1, there are numbers

0=ag <a <..<a,=1"for which f|j, ,,.,]is a homeomorphism onto I. For each i, let

Bit1
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f|a +1( ), I = [0, 1], and IU_[ 1]. Note that for each ¢, f([a;, 1,a; 3]) C IL,
[ 2 2
or f([ a;y1,a;,3]) C Iy. Since | f —g| <! 5 and g is open, it follows that g| (i) ({07 1})isa
2 2

singleton for each 7, which makes deg(g) < < deg(f). Similiarly, deg(f) < deg( ). Next, using
Theorem 2.4, write f = a'w,hy and g = a*w,h, for some order preserving homeomorphisms

hi and hy. Let h = h; 'hi. Then f=gh. m

4.3 Lemma If f,g € OF with f(0) = g(0) and |w, f — w, g| < 2, then for any i and
any t € I, the interval between f(t) and g(t) cannot contain both % and —+—

Proof. Suppose the lemma is false. Let ¢; be the smallest t which violates the lemma
and let i be the smallest i such that Z and —+— both lie between f(t1) and ¢(t;) . We
may assume that f(¢;) is less than g(tl) NOW ty > 0, for otherwise f(t1) = g(t1), since
f(0) = g(0). Further, either f(t;) = L or g(t;) = =2, for otherwise f(t;) < £ < 2L < g(ty)
and by the continuity of f and g, there is a ¢t < t; such that f(¢) < % < % < g(t), a
violation of the choice of ¢;.

Case i. f(t) = L. In this case, g(t;) > L, otherwise g(t;) = L and so |w,g(t1) —
w, f(t1)| = 1, a violation of the assumption that |w,g — w, f| < % Also, ¢g(t1) < Z"'z
otherwise by the continuity of f and g thereis at < t; such that f(t) < —_I;L—l < ufb—Q < g( ),
a violation of the choice of ¢;.

Now as t decreases from 1, f(¢) must increase by the minimality of ¢;. Further, since f is
open, f(t) must continue to increase until it reaches 1. Let ¢ = max{t € [0, ]| f(t) = ZL}.
Likewise, since g is open, as t decreases from ¢y, ¢(f) must either increase from g(¢;) to 1
or decrease from g(¢;) to 0.

Subcase 1: g(t) increases to 1. Let ¢ = max{t € [0,4]|g(t) = Z2}. First note that
t' < t" is false. For otherwise “L and £2 lie between f(t”) and g(t”), a violation of the
choice of t1. So t' > ¢". Then L = f(¢') < g(t1) < g(t') < g(t") = “£2. Hence

(xx) |, (f(t) —w,(g(t1))| < |wn(f(t')) —w,(g(t))]- But the left hand side of (**) is
greater than 1/2 since |w, (f(t1)) — w.(g(t1))| < § and |w,(f(¢')) — w,(f(t1))] = 1. So the
right hand side of (**) is greater than 1/2, in contradiction to the hypothesis |w,, f — w,g| <
%. So subcase 1 cannot occur.

Subcase 2: ¢(t) decreases to 0. Let t"" = sup{t € [0,t1]|g(t) =0 or f(t) = 1}.

By the continuity of f and g, f(t") =1 or g(t") = 0.

Suppose f(t") = 1. Then “£2 = 1 (otherwise 2 and “£2 lie between g(t") and f(t"),
violating the choice of ;). Also g(t”) > L for the same reason. Note that g(t') €
(9", F()] € [£, 1] and so

[on(g(t) — wn(FEN] < lam(g(t")) = wa(F(E)] < &

Now |w,,(f(t')) = w,(g(t'))| < % and so, by the triangle inequality, we have [w,(f(t")) —
w, (f(t))] < 1, which is false since f(¢") = %2 and f(t') = %L Thus f(¢") # 1.

Hence f(t”) < 1 and it must be that g(t") = 0. Now since f(t") > £, we have that
L =0 (otherwise =L and < lie between g(t") and f(¢"), violating the choice of ;). Also
f(t") < =L for the same reason. Now let ¢ = max{t € [0,t1]|g(t) = ZL}. Note that
" € [t",t1] and so |w,(f(t") — wa.(g(t")] < 3. Now |w,(f(t")) — wa(g(t"))| < 3 and
so, by the triangle inequality, we have |w,(g(t")) — w,(g(t""))| < 1, which is false since
g(t") = L and g(t"") = L. Hence g(t") > 0. So subcase 2 cannot occur either.
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So Case i. cannot occur.

Case ii. g(t;) = ZL. This case is similar to case i. First show that =L < f(#;) <
and ¢(t) increases as ¢ decreases from #;. Then show there are two subcases:

Subcase 1: f(t) increases to 1. This subcase is eliminated in a manner similar to the
manner Subcase 2 of Case i is eliminated.

z
n

Subcase 2: f(t) decreases to 0. This subcase is eliminated in a manner similar to the
manner Subcase 1 of Case i is eliminated.
In this manner it is shown that Case ii cannot occur either. m

4.4 Lemma Ifn > 1 is a positive integer, f,g € O with f(0) = ¢(0), and |w, f — w, g| < %
then |f — g| < |w,f — wpg|.

Proof. Choose a t; so that |f — g| = |f(t1) — g(t1)|. Without loss of generality, assume
that f(¢1) < g(t1). Now 0 < t; and ¢; < 1. For the moment assume that 0 < f(¢1) < 1 and
0 < g(t1) < 1. Then since f, g are open and |f(¢1) — ¢g(#1)| is maximum, as t increases (or
decreases) from t1, f(t) and ¢(¢) must both increase or both decrease. For if f(t) increases
and ¢(t) decreases as t increases, say, then allowing ¢ to decrease from ¢; will cause f(¢) to
decrease and ¢(t) to increase. In one direction or the other, |f(¢) — ¢g(¢)| must increase, a
contradiction, since |f(t1) — ¢(¢1)] is maximum.

By Lemma 4.3, there is at most one % between f(t1) and g(t1). If there is no % strictly
between f(t1), g(t1) then |w, f(t1) — wag(t1)| = n [f(t) — g(t)|. If there is one, say *, we
consider three cases.

Case 1. wy, f(t1)and wy, g(t;) are between 0 and 3. '

Suppose * is between f(t1) and g(t1). Then w, () =0 . For suppose w,(-) = 1. Then
by either increasing t from ¢; or decreasing t from ¢ , w, ¢(t) stays below 1/2 until w,, f(t)
decreases to 0, at which point Lemma 1 is violated. Without loss of generality assume that
L — f(t1) < g(t1) — L. Then we note from the geometry that g(t1) — f(t1) < w, g(t1). Now
as t increases or decreases from 1, wy, f(t) decreases to 0 before w, g(t) increases to £ and
hence at that point ¢(t1) — f(t1) < w, ¢(t) — w, f(t) and the lemma holds.

Case 2. w, f(t;) and w, g(t;) are between % and 1,

This case is nearly identical to Case 1.

Case 3. w, f(t1) is between 0 and § and w, g(t1) is between } and 1.

This case cannot occur. For by increasing or decreasing t from ¢;, we can decrease
wy, f(t) to 0 before w, g(t) increases to 1, at which point the distance from w, ¢ to w, f
exceeds %, a contradiction. m

In [6], Debski defines an approximating sequence as follows:

Let f: K; — I be an open map. A sequence of open maps f;: I; — [ is called an
approximating sequence for f provided that the sequence f;m;: K, — I converges to f
in the uniform metric.

He then proves an approximation theorem [6, p24]:

4.5 Debski’s Approximation Theorem Fvery open map f: K. — I has an approxi-

mating sequence f;. Furthermore, for sufficiently large v, the sequence deg(fi)

1s constant.
deg(m})
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Let 0 denote the point in K, all of whose coordinates are 0.

4.6 Corollary Let f € OF. If p is even then f(0) =0, and if p is odd (with no twos)
then f(0) =0 or @(f(0)) = 0.

Proof: For each positive integer k, let f; : I; — I be an approximating sequence
for the kth coordinate map of f, prf : K; — I. Since the maps f; are open, we have
fi(m:(0)) = f:(0) is 0 or 1. Since the sequence f;m; converges uniformly to pjf, we know
fi(7i(0)) converges to pg(f(0)), so pr(f(0)) is 0 or 1. Now if p is even, then for each k there
is an [ > k such that p! = ws,, for some m. Hence px(f(0)) = pk(pi(f(0))) = wam(j) = 0,
where j is 0 or 1. This shows that f(0) = 0 if p is even. If p is odd, let j = p1(f(0)). Now
i for some k, pi(f(0)) = ¢ # j. then j = pu(f(0)) = pk(pe(F(O))) = ph(t) =  # j. This
shows that f(0) =0or@f(0) =0. m

Debski defines the degree of an open map f : K, — I to be the constant guaranteed
by 4.5. The degree of an open map f: K, — K, is defined as the degree of p; f. Note
that this definition extends the notion of the degree of an induced open map from K, to
K,.

4.7 Theorem If f: K, — K, is an open map and € > 0, then there is an open induced
map g : K, — K, such that |f — g| < ¢ and deg(f) = deg(g).

Proof:

Without loss of generality, we can assume that f(0) = 0. Hence for each 7, p;(f(0)) =0
and so the terms of any approximating sequence for p;f can be assumed to take 0 to 0.
We make this assumption below. Also, we assume that € < 1/2. For each j € N| there is a
d; < ¢/4 such that

1) if o — y| < 65, then |p1(x) — p1(y)] < €/4.

For each j € N, let {f] : I, — I} be an approximating sequence for p; f. Choose Ny so
that the following two conditions are met:

2) | [,y — pif] < /4.

deg(fy,)

3) for N > Ny, ;l:j((i{l%)) = ™) (Note: this number is actually deg(f). See [6])

For k > 1, choose Ny > Ni_1 such that the following two conditions are met:
) 1R 73, = pifl < 6

deg(f* deg(fF)
1

Claim 1. For each k, |f]1\717T]]\\77f — p’ffﬁfk| < €/2.
To see this note that

1 _N, k rk 1 k rk
|fN17TNf7TNk - P1ka7TNk| = |fN17TN1 - P1ka7TNk| <

|8 7Ny = pufl+ pof = oI v = 1N 7wy = pof L+ pfpef = pY IR, 7l

From 2), the first term of this sum is less than €/4, and since |pif — f}{,kﬂNk| <
0k, we know from 1) that the second term is less than or equal to ¢/4. So we have
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|f]1\,1 TN, — plka 7N, | < €/2. Since my, is a surjection, it can be cancelled from the
right to yield Claim 1.

Since we have assumed that € < 1/2, Claim 1 shows that |fy, 7TN1 — plka| < 1/2, for
each positive 1nteger k. So by Lemma 4.2, there is an order preserving homeomorphism hy
such that fN 7TN = plfN hi. Let g1 = fN , and for each k > 1, let g = fN hi. Note that

g € OF for all k. Now we have

. N ;
(¥) foreachj, g7y’ = pig;
Claim 2. For each k, gkﬂ'%:-l'l = ,0:+1gk+1- Letting j = k 4 1 in equation (*) yields

k1 Niy1

k_k+1 _ kt+1 _ Npgr _ N,
PIPE k1 =PI Gh41 = OITNT = 1T N Ty,

Letting j = k in equation (*) and multiplying both sides of the resulting equation on
. Nk-l—l .
the right by 7y ™" gives

Nig1

Niy1
- plg 7T]\fk j

N
glﬂ'N1 ﬂ—Nk

and so

k Nig1
P1Pk gk+1—P1gk7TNk .

Since p¥ is a standard open map, Lemma 2.6 guarantees that p¥ can be cancelled on
the left of this equation to yield pk+lgk+1 = gkﬂ'%’““ This proves Claim 2.

Now by Claim 2 and Lemma 3.1, the sequence of maps g induces an open map g :

deg(f:
K. — K,. Since g; = f\ , we have that deg(g) = deg(%l) = g(fxll) = deg(f).
! deg(m; ') deg(m; ')

In order to show that |f — g| < €, we need to establish
Claim 3. For each k, |gr7n, — prf| < e

For k = 1, this follows from the definition of ¢; and condition 2) above. When &k > 1,
the triangle inequality gives |grmn, — prf| < |gr7n, — f}{,kﬂNk| + |f]’{,k7TNK — prfl|. From 4)
and 0 < €/4, the second term in this sum is less than ¢/4. To bound the first term, note
that

k k k pk k pk
PV ar — PL SN, = 1P g P — 101ka| = |fN17TN1 PriIN,| <e/2<1/2

(The first equality uses the definition of g, the second that of hy; the first inequality is
Claim 1, the second is by choice of €.) Since these are interval maps and p’f is a standard
map, Lemma 4.4 yields |gg — fﬁ;k| < |p¥agr — p’ff]]{;k| < €/2. Because 7y, is a surjection,
lgpmN, — f}{,k | = gk — f]]{,k| < €/2. This bounds the first term, and establishes Claim 3.

To complete the argument, choose z € K, so that |f — ¢g| = |f(2) — ¢g(2)|. Then

|f =gl =iz lgpmn, (2) — prf(z)] - 27 < Do € 27F = py 27 =c. m

4.8 Theorem If f and g are open maps from K, to K, with |f — g| < 1/4, then
deg(f) = deg(g).
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Proof: In the case that f and ¢ are both induced, there are f; and ¢;, sequences of
inducing functions for f and g; furthermore, these sequences can be found so that for each
i, dom(f;) = dom(g;) = I,.

Now, for any xy, € I, let x € ﬂ,;ll(xkl) and x; = mg(2). Then,

311 (a) = (on)| € GG g1 (o ) D2 aon) =g (on)| = o) =9(a)| < 17=o1 < .
deg(f1) _

Thus, |f1 — g1] < %, and so f; and ¢g; have the same degree. Finally, deg(f) = PR
eg(m;

deg(gr) _
1) = tea(9).

When one of f or g is not induced, use Theorem 4.7 with ¢ = i — Ifz;gl to find induced
maps f* and ¢* with the same degrees as f and ¢ and so that |f— f*| < e and |g—g*| < em

We have an immediate corollary.

4.9 Corollary The decomposition of O into degree classes is an open decomposition
and each class contains a dense set of induced open mappings. Further, the degree homo-
morphism deg: Op — Qr is a continuous open mapping if O, is given the sup metric and
Q. is given the discrete topology.

For each rational g € Qr, let (’)W(g) = deg‘l(g)7 the open maps of degree g Each
element f of this degree class is a uniform limit of open induced maps from the class. For
example, the degree one open maps are uniform limit of degree one induced open maps, the
vertically induced homeomorphisms. It is natural to ask whether the degree one open maps

must themselves be homeomorphisms. More generally, we can ask the following question.

r

4.10 Question Suppose g

morphisms?

is invertible in Q. Are the members of O(%) all homeo-

We have produced an algebraic structure theorem for the semigroup ZQ,, Theorem
3.16. In view of this and Corollary 4.9, it is natural to seek a structure theorem for the
semigroup O . In particular, we ask the following question:

4.11 Question Can each f € O can be factored into wr wu, where u is a degree one
s

open map of K¢

We can give partial answers to this question, and note that an affirmative answer to the
first question implies an affirmative answer to the second question.

4.12 Lemma If ¢ is invertible in Qr, then Oy (%) = wr O (1).
5

Proof: f € O (%) if and only if f = wr(wsf) € wrOx(r). m
s T 5
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4.13 Corollary Let~ denote the sequence 2,3,2,3,5,---, of primes in which each prime
occurs infinitely often. Then each open map f € O, can be written uniquely as wy u, where
S

g is the degree of f and u is a degree one open map.

Proof: By Lemma 4.12, f can be written as claimed. To show uniqueness, suppose
f=wr v=1wyr v. Then multiply on the left by ws and conclude that v = v. m
S S T

4.14 Lemma Ifu,v € HV, and [0, v — W, v| < %, then |w, v —w, v| > |u—v|.

Proof: Let ¢ > 0 be arbitrarily chosen. Choose n so large that 72 % < € and
we can choose homeomorphisms h,g of I so that v = (77 k)7, and v = (7] ¢)7. Then
wy u= (7" w, k)7, and W, v = (7] w, g)7.

JFrom the definition of distance in K and the given inequality, we have |7} w, h —

7w, g| < %, and so by Lemma 4.4 we have
(7w b= we g| > b=l gl

for all k£ from 1 to n. Now let 2 € K so that |u — v| = |u(z) — v(z)|. It follows that

o0

@ w =, 0| > [W; u(z) - W o(@) =)
=1

|7 Wy u(z) — m Wy v(x)]
21

n

T wle) = T (o) _ g o he) = g(2)
=1

20 . 20
=1

n n
|7 hen) — 7 g(2n)l
> Z ! 5 :Z|ﬂ'iu($>—ﬂ'ﬂj($)| > |u—v|—e
Since € was arbitrary, the lemma follows. m
The following theorem is the closest we have come to a factorization theorem for O.
4.15 Theorem Ifdeg(f) = =%, then f = wr u for some continous surjection u of K.
Proof: By Theorem 4.7, f = lim,,_... @, u,, where u, € HV, for each n. By Lemma
4.14, |y — | < |W; wp — Wy | for sufficiently large n, m and so w,, is a Cauchy sequence.
Since the space of continuous maps from K, to K is complete, the sequence u, converges
uniformly to a continuous surjection w: K; — K,. But also composition of functions is

a continuous operation on the space of continuous maps of K, so the sequence w, u,
converges to w, u. Hence f =w, u. m
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