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x1 Introduction
Let 
 � Rn, n � 2, be a bounded C1 domain. Let N � Rk be a Riemannian manifold

without boundary. For 1 < p � n and � > 0, we consider the generalized Ginzburg-Landau

functional

(1:1) Ip
�
(u) =

Z



(
1

p
jDujp + 1

�p
F (u)) dx;

over W 1;p(
; Rk). Here F (p) = �(d2(p;N)) and � : R+ ! R+ is smooth with �(t) = t for

t � �2
N
, �(t) = 4�2

N
for t � 4�2

N
, �0 � 0, �00 � 0, d(p;N) denotes the distance from p to N ,

and �N > 0 is chosen so that d(p;N) is smooth for p with d(p;N) � 2�N . Suppose that

u� 2W 1;p(
; Rk) is a critical point of Ip
�
. Then it satis�es the Euler-Lagrange equations:

(1:2) div(jDujp�2Du) + 1

�p
f(u) = 0:

Here f(u) = �(DF )(u) is the negative gradient of F w.r.t. u. Note that weak solutions

to (1.2) are smooth for p = 2. It is also well-known that, for p 6= 2, weak solutions u� to

(1.2) are in C1;�, for some � 2 (0; 1) (see also [Tp]). The functional I2
�
has been used by

Chen-Struwe [CS], where they proved the negative gradient 
ow of I2
�
converges to a global

weak solution of the heat equations of harmonic maps from Riemannian manifolds without

boundary into N . Later, Chen-Lin [CL] used the same approach to extend the main result

of [CS] to the case that the domain is a Riemannian manifold with boundary. For p = 2,

two key properties for solutions u� to (1.2) are: the energy monotonicity inequality, the

gradient estimates under small energy hypothesis (see also [CS] [CL]).

Note also that if N = Sk�1 � Rk (the unit (k�1)-sphere in Rk), we replace F by 1
4
(1�

juj2)2 so that I2
�
becomes the usual Ginzburg-Landau functional, which has been widely
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used by people to model the superconductivity theory (k = n = 2). Recent years there

have been many important research works done in this direction, the reader can consult

with [BBH] (references therein). In particular, the limit behavior for energy minimizers of

I2
�
under �xed Dirichlet boundary data g 2 Lip(
; S1), as � # 0, was established by [BBH].

Later, Han-Li [HaL] and independently Hong [Hm] extended one of the main results of

[BBH] to energy minimizing maps of In
�
for n � 3 and k = n.

On the other hand, it is also a very interesting question to look at the limit for solutions

to (1.2), with uniformly bounded energies. In [LW], we show that for p = 2, if N doesn't

support harmonic S2 (nonconstant harmonic maps from S2 to N), then any H1-weak limit

of solutions to (1.2) is a strong limit and hence a stationary harmonic map whose singular

set is of Hausdor� codimension at least 4. The ideas in [LW], originated by Lin [Lf] [Lf1]

in his study of blowing up of stationary harmonic maps, are to study the defect measures

associated with the weak convergence and show that strati�cations of nontrivial defect

measures can generate at least one harmonic S2.

The purpose of this note is to extend the result of [LW] to Ip
�
, for any p 2 (1; n]. Our

results are divided into two cases: non-integers p's; integers p's.

To state the results, let us �rst recall the de�nition of stationary p-harmonic maps.

A map v 2W 1;p(
;N) is called a p-harmonic map if

(1:3) div(jDvjp�2Dv) + jDvjp�2A(v)(Dv;Dv) = 0;

in the sense of distribution. Here A(�)(�; �) denotes the 2nd fundamental form of N in Rk.

A p-harmonic map v 2 W 1;p(
;N) is called a stationary p-harmonic map if, for any

X 2 C1
0 (
; R

n),

(1:4)
d

dt
jt=0

Z



jDutjp dx = 0;

where ut(x) = u(x+ tX(x)).

One direct consequence of (1.4) is the energy monotonicity inequality (cf. Price [Pp]):

Rp�n

Z
BR(a)

jDvjp � rp�n
Z
Br(a)

jDvjp

� p

Z
BR(a)nBr(a)

jx� ajp�njDujp�2j @u

@jx� aj j
2;(1:5)

for any a 2 
, 0 < r � R < dist(a; @
).
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A nonconstant C1 p-harmonic map from Sl to N is called a p-harmonic Sl, here

2 � l � n.

Now we state our theorems.

Theorem A. Assume that p 2 (1; n) is not an integer. Let �i # 0 and u�i 2 W 1;p(
; Rk)

be solutions to (1.2), with Ip
�i
(u�i) � C < 1. Assume u�i ! u weakly in W 1;p(
; Rk).

Then

e�i(u�i) dx � (
1

p
jDu�i jp +

1

�
p

i

F (u�i)) dx!
1

p
jDujp dx

as Radon measures. In particular, u�i ! u strongly in W 1;p(
; Rk).

This strong convergence, combines with Federer dimension reduction argument (cf.

[SU] [HL] [Ls] [Fm] for minimizing p-harmonic map cases), yields

Corollary B. Under the same assumptions as theorem A. The map u obtained is a sta-

tionary p-harmonic map. Moreover, there exists a closed � � 
, with Hausdor� dimension

at most n � [p] � 1, such that u 2 C1;�(
 n �;N). If, in addition, N has no p-harmonic

Sl for [p] � l � n� 1, then u 2 C1;�(
;N) for some � 2 (0; 1), and u�i ! u in C1 norm.

Here [p] denotes the largest integer part of p.

It is well-known that any p-energy minimizing map is a stationary p-harmonic map.

Theorem A indicates that for non-integer p's, the Ginzburg-Landau approximation may

be useful to construct stationary (possibly non-minimizing) p-harmonic maps.

Theorem C. For p = 2; 3; � � � ; n. Let �i # 0 and u�i 2 W 1;p(
; Rk) be solutions to (1.2),

with Ip
�i
(u�i) � C <1. Assume u�i ! u weakly in W 1;p(
; Rk). Suppose that there is no

p-harmonic Sp in N . Then

e�i(u�i) dx � (
1

p
jDu�i jp +

1

�
p

i

F (u�i)) dx!
1

p
jDujp dx

as Radon measures. In particular, u�i ! u strongly in W 1;p(
; Rk).

Similar to Corollary B, we have

Corollary D. Under the same assumptions as theorem C. The map u obtained is a sta-

tionary p-harmonic map. Moreover, there exists a closed � � 
, with Hausdor� dimension

at most n� p� 2, such that u 2 C1;�(
 n�;N) for some � 2 (0; 1). If, in addition, N has

no p-harmonic Sl for p + 1 � l � n� 1, then u 2 C1;�(
;N) and u�i ! u in C1 norm.

To obtain these theorems, we �rst study solutions u� to (1.2) and use the Pohozaev

identity to show (see x2 below) that u� satis�es an energy monotonicity inequality, similar
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to (1.5). Note that the argument for the Bochner inequality seems to need the requirement

that p � 2. To prove the gradient estimates for u� under the small energy hypothesis,

we take a compactness method, which seems to be new and may have its own interest,

to show that for any q > n, 1
�p
f(u�) is uniformly bounded in Lq, provided that u� is

uniformly bounded in C1. For non-integer p's, we use a result due to Marstrand [Mm] to

show that the concentration set, along the convergence process, has (n � p) dimensional

Hausdor� measure zero. For integer p's, we follow the idea in [LW] with several necessary

and nontrivial modi�cations to show that if the concentration set has positive (n � p)-

dimensional measure, then we can blow up a p-harmonic Sp in N .

As a by-product of the estimates for (1.2) and the replacement ideas by Chen-Lin

[CL1], we are able to give an alternative proof to the partial regularity result for p-energy

minimizing maps. It is well-known, modular all other steps, that the following theorem is

the key to the partial regularity result to p-energy minimizing maps.

Theorem E ([SU] [HL] [Ls] [Fm]). There exist �0 > 0, 0 < �0 < 1 such that if u 2
W 1;p(B1;N) is a p-energy minimizing map and

R
B1
jDujp � �

p

0; then u 2 C�0(B 1
2
;N),

and

(1:6) kukC�0(B 1
2
) � C(�0; n;N):

In contrast with theorem C, when p = 2; 3; � � � ; n and N does support harmonic

Sp's, we may expect that the strong convergence from u�i to u may fails. Therefore,

by the analysis of x4 below, there exist a closed subset � � 
, with Hn�p(�) > 0 and

Hn�p(� \K) <1 for any compact K �� 
, and a nonnegative Radon measure � on 
,

with spt(�) � � and �(
) > 0, such that

(1:7) e�i(u�i)(x) dx !
1

p
jDujp(x) dx + � � �;

as convergence of Radon measures. Moreover, for Hn�p a.e x 2 �,

(1:8) 0 < �n�p(�; x) � lim
r#0

rp�n�(Br(x)) <1:

Hence, we can apply the argument of [Lf], on his proof of the recti�ablity result for the

concentration set for stationary harmonic maps, with slight modi�cations, to show that

� is a (n� p)-recti�able set (One can also follow the abstract approach by Preiss [Pd] to

reach the same conclusion). Here, in x5 below, we shall adopt a di�erent and conceptually
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easier approach, namely the generalized varifold approach which is a natural extension of

the classical varifold concept of Almgren [Af] and Allard [Aw] and recently adopted by

Ambrosio-Soner [AS] in their study of the dynamics of Ginzburg-Landau equations with

complex values and Lin [Lf2] in the study of mapping problems. Roughly, we associate

each u�i with a (n� p)-generalized varifold Vu�i on 
 by letting

Vu�i (x;A) = �A(u�i )(x)e�i(u�i)(x) dx; 8(x;A) 2 
�An�p:

Here An�p is a class of n� n matrices de�ned by

An�p = fA 2 Rn�n : A is symmetric; trace(A) = n� p;�(n� p)In � A � Ing

where In is the identity matrix of order n, and A(u�i) 2 An�p is de�ned by

A(u�i)(x) = In � p
Du�i 
Du�i
jDu�ij2

(x); if Du�i 6= 0;(1:9)

= In�p; otherwise:

Then we will show that the �rst variation of V (u�i), �V (u�i), converges to zero. Hence,

we can assume that there exists a (n � p)-generalized varifold V on 
 such that Vu�i !
V weakly in 
 � An�p and �V = 0 (i.e., V is stationary). By extending the Allard's

recti�ablity theorem from the classical varifolds to the generalized varifolds, we will show

that V Lfx 2 
 : 0 < �n�p(kV k; x) < 1g is a (n � p)-recti�able classical varifold, here

the Radon measure kV k = � is the weight of V on 
. In particular, � = fx 2 
 : 0 <

�n�p(kV k; x) <1g is a (n � p)-recti�able set. In fact, we have

Theorem F. Under the same notations as above. We have that � is a (n� p)-recti�able

set. Moreover, V is stationary and V = Vu + V (�;�n�p(�; �)). Here

(1:10) V (�;�n�p(�; �))(x) = �Tx��
n�p(�; x)Hn�pL�;

denotes the (n� p)-recti�able varifold associated with � and �n�p(�; �). In particular, we

have the stationarity for the pair (u; �) as follows. For any X 2 C1
0 (
; R

n),

Z



1

p
jDujpdiv(X) �

X
1�ij�n

jDujp�2uiujXi

j

= �
Z
�

div�(X)�n�p(�; �) dHn�p:(1:11)
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The paper is written as follows. In x2, we provide the necessary estimates for u�.

In x3, we prove theorem E. In x4, we prove theorems A, C, corollaries B, D. In x5, we
introduce the generalized varifold concept and proved theorem F.

x2 Priori Estimates for solutions to (1.2)

In this section, we derive the monotonicity inequality and �0-gradient estimates for

solutions to (1.2).

Lemma 2.1. Let u� 2 W 1;p(
; Rk) solve (1.2). Then we have, for any x 2 
 and

0 < r � R < d(x; @
),

Rp�n

Z
BR(x)

e�(u�) � rp�n
Z
Br(x)

e�(u�)(2:1)

�
Z
BR(x)nBr(x)

jy � xjp�njDu�jp�2j @u�

@jy � xj j
2:

+ p

Z
R

r

tp�n�1
Z
Bt

1

�p
F (u�):

Proof. Without loss of generality, we may assume x = 0 2 
, and 0 < R < d(0; @
). By

the smoothness Lemma (see, e.g. [Tp] [Mc]), we know that jDu�j p�22 jD2u�j 2 L2(
; Rk).

Note also that u� 2 C1(
; Rk). Hence we have jDu�jp 2 W 1;2(
; Rk). Now multiplying

(1.2) by x �Du� and integrating it over BR and using the integration by parts, we have

0 = �
Z
BR

jDu�jp + n

Z
BR

(
1

p
jDu�jp + 1

�p
F (u�))

�R

Z
@BR

(
1

p
jDu�j

p

2 +
1

�p
F (u�)) +R

Z
@BR

jDu�jp�2j@u�
@r

j2

This implies

d

dR
(Rp�n

Z
BR

e�(u�)) = Rp�n

Z
@BR

jDu�jp�2j@u�
@r

j2

+Rp�n�1

Z
BR

p

�p
F (u�):

Integrating it, we obtain (2.1).

Lemma 2.2. Let u� 2 W 1;p(
; Rk) solve (1.2). Then, for any x 2 
 and 0 < R <

d(x; @
), we have

(2:2)

Z
BR

2
(x)

1

�p
�0(d2(u�;N))d(u�;N) � C(Rn�p +

Z
BR(x)

jDu�jp):
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Proof. Since f(u) = �DF (u), f(u�) = �2�0(d2(u�;N))d(u�;N) d

du�
d(u�;N). Note that

for d(u�;N) < 2�N there exists a smooth unit-vector �eld � in Rk such that d

du�
d(u�;N) =

�(u�). Let � 2 C1
0 (BR(x)) be such that �(y) = 1 for y 2 BR

2
(x), and jD�j � 2

R
.

Multiplying (1.2) by �(u�)�
2 and integrating it over BR(x), we obtain

2

Z
BR(x)

1

�p
�0(d2(u�;N))d(u�;N)�2

= �
Z
BR(x)

jDu�jp�2Du� �D(�(u�)�2):

Note that

j
Z
BR(x)

jDu�jp�2Du� �D(�(u�)�2)j

= j
Z
BR(x)

(jDu�jp�0(u�)�2 + jDu�jp�2Du�D�2�(u�))j

� C

Z
BR(x)

jDu�jp + C

R

Z
BR(x)

jDu�jp�1

� C(Rn�p +

Z
BR(x)

jDu�jp):

Here we have used the fact that jD�j � C and the Schwartz inequality at the last step.

This certainly implies (2.2).

Now we are ready to show the gradient estimates under the small energy hypothesis.

Lemma 2.3. There exist �0 > 0, 0 < �0 < 1, C0 > 0 such that if u� 2W 1;p(
; Rk) solves

(1.2), and for a 2 
, 0 < r < d(a; @
),

rp�n
Z
Br(a)

e�(u�) � �
p

0;

then

(2:3) rp sup
B r

2
(a)

e�(u�) � C0�
p

0;

and

(2:4) r�0kDu�kC�0(B r
2
(a)) � C�0:
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Proof. For a 2 
 and 0 < r < d(a; @
). Similar to [Sr]. Let r1 > 0 and x1 2 Br1
(a) be

such that

max
0�s�r

(r � s)p max
Bs(a)

e�(u�) = (r � r1)
p max
Br1

(a)
e�(u�) = (r � r1)

pe�(u�)(x1):

Denote �ep = maxBr1
(a) e�(u�). Then we know

max
B r�r1

2

(x1)
e�(u�) � max

B r+r1
2

(a)
e�(u�)

� (r � r1)
pmaxBr1

(a) e�(u�)

(r � r+r1
2

)p
� 2p max

Br1
(a)

e�(u�) = 2p�ep:

Let r2 =
(r�r1)�e

2
and de�ne v�(x) = u�(x1 +

x

�e
). Then v� satis�es

(2:5) max
Br2

(0)
e��(v�) � 2p; e��(v�)(0) = 1;

where �� = �e�, and

(2:6) div(jDv�jp�2Dv�) + 1

��p
f(v�) = 0; in Br2

:

Now we claim r2 � 1. It is clear that r2 � 1 implies (2.3). Suppose, otherwise, that r2 > 1.

Then we claim that there exists a universal constant C > 0 such that

(2:7) 1 � C

Z
B1

e��(v�):

We prove (2.7) by contradiction. Suppose that (2.7) is not true. Then there exist ��i ! 0

and a sequence of fv�ig �W 1;p(
; Rk) satisfying (2.5), (2.6), but

(2:8)

Z
B1

e��i(v�i ) = �i ! 0:

Claim. For any positive integer q. There exist �q 2 (0; 1), Cq > 0, such that

(2:9)

Z
B�q

(
1

��
p

i

�0(d2(v�i ;N))d(v�i ;N))q � Cq; 8i:

Once (2.9) is proven, we see that

Z
B�q

(
1

��
p

i

jf(v�i )j)q � 2q
Z
B�q

(
1

��
p

i

�0(d2(v�i ;N))d(v�i ;N))q � Cq
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so that the result of [Tp] implies that, by choosing q > n, there exists �q 2 (0; 1) such that

(2:10) kv�ikC1;�q (B �q
2

) � Cq; 8i:

Therefore we can assume that v�i ! v0 in C1(B �q

2

). Moreover, (2.8) implies that v0 2 N

is a constant. But this contradicts with jDv0j(0) = 1, which follows from (2.5) and the

C1-convergence.

Now, we return to prove (2.9).

Proof of Claim. Lemma 2.2 implies that (2.9) is true for q = 1. By the induction on

q, we may assume that (2.9) is true for q = k � 2. Then, by the Fubini's theorem, there

exists �k+1 2 ( �k
2
; �k) such that

(2:11)

Z
@B�k+1

(
1

��ip
�0(d2(v�i ;N))d(v�i ;N))k � Ck+1:

Multiplying (2.6) by (
�
0(d2(v�i ;N))d(v�i;N)

��
p

i

)k�(v�i) and integrating it over B�k+1
, we have

Z
B�k+1

(
1

��
p

i

�0(d2(v�i ;N))d(v�i ;N))k+1

� �
Z
B�k+1

jDv�i jp�2Dv�i �D((
�0(d2(v�i ;N))d(v�i ;N)

��
p

i

)k�(v�i))

+

Z
@B�k+1

jDv�i jp�2
@v�i
@r

� (�
0(d2(v�i ;N))d(v�i ;N)

��
p

i

)k�(v�i)

= I + II

Note that, by (2.5) and (2.11), we have

jIIj �
Z
@B�k+1

jDv�i jp�1(
1

��
p

i

�0(d2(v�i ;N))d(v�i ;N))k

� max
B1

jDv�i jp�1
Z
@B�k+1

(
1

��
p

i

�0(d2(v�i ;N))d(v�i ;N))k

� 2p�1Ck+1

For I, we have

I = �
Z
B�k+1

jDv�i jp�2Dv�i �D(�(v�i ))(
�0(d2(v�i ;N))d(v�i ;N)

��
p

i

)k

� k

��
p

i

Z
B�k+1

[(
�0(d2(v�i ;N))d(v�i ;N)

��
p

i

)k�1

� jDv�i jp�2Dv�i �D(�0(d2(v�i ;N))d(v�i ;N))�(v�i )]

= I1 + I2

9



It is easy to see from (2.5) and (2.11) that

jI1j � Cmax
B1

jDv�i jp
Z
B�k

(
1

��
p

i

�0(d2(v�i ;N))d(v�i ;N))k � 2pCk

Using the fact that �0 � 0; �00 � 0, we also have

Dv�i �D(�0(d2(v�i ;N))d(v�i ;N))�(v�i )

= �0(d2(v�i ;N))jDv�i � �(v�i)j2

+ 2�00(d2(v�i ;N))d2(v�i ;N)jDv�i � �(v�i )j2 � 0;

so that

I2 � 0:

Putting all these inequalities together, we prove that (2.9) holds for q = k + 1. Therefore

(2.9) and (2.7) are proved. Now we want to show that (2.7) is impossible. In fact, by using

the monotonicity inequality (2.1) for v�, we haveZ
B1

e��(v�) � r
p�n

2

Z
Br2

1

p
jDv�jp + 1

(�e�)p
F (v�)

= (
r � r1

2
)p�n

Z
B r�r1

2

(x1)

1

p
jDu�jp + 1

�p
F (u�)

� Crp�n
Z
Br(a)

e�(u�) � C�
p

0

Hence (2.7) implies that 1 � C�
p

0, which is impossible if we choose �0 su�ciently small.

This �nish the proof of (2.3). Once (2.3) is proven, we can apply the Claim again to show

that (2.4) also holds true.

x3 Proof of Theorem E

In this section, we give an alternative proof of Theorem E by using the estimates of

x2. The idea was originally due to Chen-Lin [CL1], where theorem E is proved for the case

p = 2.

It is well-known that iterations of the following energy decay result and Morrey Lemma

[Mc] imply Theorem E (see, e.g. [SU] [HL] [Ls] [Fm]).

Lemma 3.1. There exist �0 > 0, �0 2 (0; 1), such that if u 2 W 1;p(B2;N) is a p-energy

minimizing map, with
R
B2
jDujp � �p0, then

(3:1) �
p�n

0

Z
B�0

jDujp � 1

2

Z
B1

jDujp:
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Proof. For � > 0, let v� 2W 1;p(B2 nB1; R
k) satisfy

Z
B2nB1

1

p
jDv�jp + 1

�p
F (v�) = inff

Z
B2nB1

1

p
jDvjp + 1

�p
F (v)g

among v 2 W 1;p(B2 n B1; R
k)g, with vj@(B2nB1) = uj@(B2nB1). The existence of v� is

standard. Note that v� satis�es (1.2) in B2 nB1, and we have, by comparing it to u,

(3:2)

Z
B2nB1

1

p
jDv�jp + 1

�p
F (v�) �

Z
B2nB1

1

p
jDujp � �

p

0:

Here we have used the fact that F (u) = 0. Lemma 2.1 implies that

(3:3) rp�n
Z
Br(a)

1

p
jDv�jp + 1

�p
F (v�) � �

p

0;

for any a with jaj = 3
2
, and 0 < r < 1

4
. Therefore, by choosing �0 su�ciently small, we can

apply (2.3) of Lemma 2.3 to conclude that

(3:4) kDv�kC�0(f 11
8
�jxj� 13

8
g) � C�0;

for some 0 < �0 < 1. By the lower semi-continuity, we may assume that v� ! v� weakly

in W 1;p(B2 nB1; R
k). It is clear that v� : B2 nB1 ! N , v� = u on @(B2 nB1). Moreover,

Z
B2nB1

jDv�jp �
Z
B2nB1

jDujp:

This implies that v� : B2 n B1 ! N is also a p-energy minimizing map. Moreover, (3.4)

implies that

(3:5) max
jxj=3

2

jDv�j � C�0:

Now, we de�ne u� : B2 ! N by

u� = u; for jxj � 1

= v�; for 1 � jxj � 2

It is clear that u� is a p-energy minimizing map and

Z
B2

jDu�jp =
Z
B2

jDujp

11



Moreover, (3.5) yields

(3:6) osc@B 3
2

ju�j � C�0:

Now we have

Claim. If �0 > 0 is su�ciently small, then

(3:7) oscB 3
2

ju�j � C�0:

Proof of Claim. To prove this claim, we recall a fact (see, Jost [Jj]) that there exist a

�0 = �0(N) > 0 and a Lipschitz map �0 : N ! B(p; �0), which satis�es

(3:8) �0(q) = q 8q 2 B(p; �0); jD�j(q) < 1 8q 2 N nB(p; �0):

Here B(p; �0) � N denotes a geodesic ball, centered at p, with radius �0. Note that if we let

p = u�(a0) for some a0 2 @B 3
2
, then u�(@B 3

2
) � B(p; 2C�0) � N . Therefore, if we choose

�0 =
�0

2C
then we must have u�(B 3

2
) � B(p; �0). For, otherwise, we have �0(u�) 6= u� and

�0(u�)j@B 3
2

= u�j@B 3
2

, but

Z
B 3

2

jD(�0(u�))jp <
Z
B 3

2

jDu�jp;

which contradicts with the minimizing property of u�. This �nishes the proof of (3.7).

Note that (3.7) implies, in particular, oscB1
u � C�0.

Now we sketch how (3.7) implies (3.1). To do it, let v 2W 1;p(B1; R
k) be given by

div(jDvjp�2Dv) = 0; in B1(3:9)

v = u; on @B1

Hence we have (see [Uk] for p � 2, and [Tp] for 1 < p < 2)

(3:10) kDvkL1(B1
2
) � CkDukLp(B1):

In particular, for 0 < � < 1
2
,

(3:11) �p�n
Z
B�

jDvjp � C�p
Z
B1

jDujp:

12



Multiplying (1.3) and (3.9) by u� v and integrating over B1, we obtain

Z
B1

(jDujp�2Du � jDvjp�2Dv) � (Du�Dv)

=

Z
B1

jDujp�2A(u)(Du;Du) � (u� v)

� Cmax
B1

ju� vj
Z
B1

jDujp

� CoscB1
u

Z
B1

jDujp � C�0

Z
B1

jDujp:

For p � 2, and a; b 2 Rk, we have

(3:12) ja� bjp � 2p�1(jajp�2a� jbjp�2b) � (a � b):

Hence we have, for p � 2,

(3:13)

Z
B1

jDu�Dvjp � C�0

Z
B1

jDujp:

For 1 < p < 2, and a; b 2 Rk (see [HLM]), we have

(3:14) (p� 1)(jaj + jbj)p�2ja� bj2 � (jajp�2a � jbjp�2b) � (a � b):

Applying (3.14) and the Schwartz inequality, we have

Z
B1

jDu�Dvjp(3:15)

� C(

Z
B1

jDujp + jDvjp) 2�p2

� (
Z
B1

(jDujp�2Du� jDvjp�2Dv) � (Du �Dv))
p

2

� C(

Z
B1

jDujp) 2�p2 (C�0

Z
B1

jDujp) p2

� C�
p

2

0

Z
B1

jDujp:

Note that

�p�n
Z
B�

jDujp � 2p�p�n
Z
B�

jDvjp + 2p�p�n
Z
B�

jDu�Dvjp

Putting (3.11), (3.13), (3.15) together, we then have, for all p > 1,

(3:16) �p�n
Z
B�

jDujp � C�p
Z
B1

jDujp + C
p
�0�

p�n

Z
B1

jDujp:

13



Choosing � = �0 = (4C)�
1
p and �0 = (

�
n�p

0

4C
)2, we get

�
p�n

0

Z
B�0

jDujp � 1

2

Z
B1

jDujp

This �nishes the proof of Lemma 3.1.

x4 Proof of Theorems A, C, Corollaries B, D

In this section, we will prove the conclusions of theorem A, C, and corollaries B, D.

The arguments here are similar to [Lf] [LW].

First we recall a theorem due to Marstrand [Mm] (see also [Lf1] for a simple proof).

Theorem 4.1([Mm]). Let s be a positive number. Suppose that � a Radon measure on

Rn such that the density �s(�; a) exists and is positive and �nite in a set of positive �

measure. Then s is an integer.

Now, let fu�ig solve (1.2) and u�i ! u weakly in W 1;p(
; Rk). Since Ip
�i
(u�i) is

bounded, we may assume that there exists a nonnegative Radon measure � on 
 such that

e�i(u�i) dx!
1

p
jDujp dx+ �; as �i ! 0;

as convergence of Radon measures on 
. Denote � = 1
p
jDujp dx + �. The monotonicity

inequality (2.1), for u�i , implies

(4:1) rp�n�(Br(x)) � Rp�n�(BR(x));

for any x 2 
, 0 < r � R < d(x; @
). Hence

�n�p(�; x) = lim
r#0

rp�n�(Br(x))

exists for any x 2 
 and is upper semi-continuous in 
. De�ne

� = \r>0fx 2 
j lim inf
i!1

rp�n
Z
Br(x)

e�i(u�i) � �
p

0g

where �0 is the same constant as in Lemma 2.3. Then (2.1) implies that � � 
 is a closed

set and

Hn�p(� \K) � C(K) <1;

for any compact K �� 
. Moreover, Lemma 2.3 implies

u�i ! u; in C1

loc \W
1;p

loc
(
 n �; Rk):

14



Let sing(u) denote the discontinuous set of u, and spt(�) denote the support of �.

Note that sing(u) � � and u 2 C
1;�0

loc
(
n�;N) is a p-harmonic map in 
. In fact, we have

Claim 1. sing(u)[spt(�) = �.

Let BR �� 
 n � be any ball. Taking �i # 0, (2.1) implies that for 0 < r � R,

Rp�n

Z
BR

(
1

p
jDujp + d�)� rp�n

Z
Br

(
1

p
jDujp + d�)

=

Z
BRnBr

jxjp�njDujp�2j@u
@r
j2 + p

Z
R

r

tp�n�1�(Bt) dt:(4:2)

Here we have used the fact that

1

p
jDu�i jp dx!

1

p
jDujp dx; 1

�
p

i

F (u�i) dx! �

as convergence of Radon measures in 
n�. On the other hand, since u is a C1 p-harmonic

map on 
 n �, we know that u also satis�es the monotonicity inequality (1.5) on BR.

Therefore, subtracting (4.2) by (1.5), we have

Rp�n�(BR)� rp�n�(Br) = p

Z
R

r

tp�n�1�(Bt) dt;

or

(4:3)
d

dr
(r�n�(Br)) = 0; 80 < r � R:

In particular, �n(�; z) = 0 for all z 2 
 n �. Hence �(BR) = 0. This implies that

spt(�) � �. Therefore, sing(u)[spt(�) � �. On the other hand, if x0 =2 sing(u)[spt(�),
then there exists r0 > 0 such that �(Br0

(x0)) = 0 and

r
p�n

0

Z
Br0

(x0)

jDujp � �
p

0

2
:

Hence x0 =2 �. This �nishes the proof of claim 1.

Claim 2. For any a 2 �,

(4:3) �
p

0 � �n�p(�; a) <1:

For Hn�p a.e. a 2 �,

(4:4) �n�p(�; a) = �n�p(�; a):

15



(4.3) follows from the de�nition of � and (2.1). To see (4.4), recall a theorem, due to

Federer-Ziemer [FZ], that for Hn�p a.e. x 2 
, we have

(4:5) lim
r!0

rp�n
Z
Br(x)

jDujp dx = 0:

Hence, for Hn�p a.e. a 2 �, we have �n�p(�; a) = �n�p(�; a).

Claim 3.

e�i(u�i) dx 6!
1

p
jDujp dx, �(
) > 0; Hn�p(�) > 0:

To see this, we �rst note that for any compact K �� 
, and r0 =
1
2
dist(K;@
), we

have

�n�p(�; a) � r
p�n

0 �(Br0
(a)) = lim

�i!0
r
p�n

0

Z
Br0

(a)

e�i(u�i) � r
p�n

0 E;

for a 2 � \K, here E = sup
i
Ip
�i
(u�i) <1. Hence the comparison Lemma implies

�
p

0H
n�p(� \K) � �(� \K) � r

p�n

0 EHn�p(� \K):

Therefore, �(�) = 0 , Hn�p(�) = 0. This, combines with the fact 0 � � � �, gives the

claim.

Proposition 4.2 Under the same notations as above. We have

lim
i!1

Z

\K

1

�
p

i

F (u�i) = 0;

for any compact subset K �� 
.

Proof. If follows from the proof of claim 1 that for any � > 0 su�ciently small

lim
i!1

Z
(
\K)n��

1

�
p

i

F (u�i) = 0;

where �� = fx 2 
 : dist(x;�) � �g. Therefore, it su�ces to show that

lim
i!1

Z
K\��

1

�
p

i

F (u�i) = 0(�);

where lim�!0 0(�) = 0: The monotonicity inequality (2.1) implies, for any a 2 �,

Rp�n�(BR(a)) � rp�n�(Br(a)) � p lim
i!1

Z
R

r

tp�n�1
Z
Bt(a)

1

�
p

i

F (u�i):

16



In particular �n�p(�; a) = limr#0 r
p�n�(Br(a)) exists and there exists �0 > 0 such that

for any � < �0 Z
�

0

tp�n�1 lim
i!1

Z
Bt(a)

1

�
p

i

F (u�i) = 0(�):

This, combines with the Fubini's theorem, implies

lim
i!1

Z
B�(a)

1

�
p

i

F (u�i) = 0(�);

so that a simple covering argument yields the desired inequality.

Now we can give the proof of theorem A.

Proof of Theorem A

Assume that e�i(u�i) dx 6! 1
p
jDujp dx. Then we know Hn�p(�) > 0 and �(�) > 0.

Claim 2 implies that for Hn�p (or �) a.e. a 2 �, 0 < �n�p(�; a) < 1. Hence we can

apply Theorem 4.1 to � and � to conclude that n� p is integer. But this contradicts with

the fact that p 2 (1; n) is not an integer. Hence the conclusion of theorem A is true.

Proof of Theorem C

Here we follow [Lf] [LW] closely. We will show that if Hn�p(�) > 0 then we can

blow up u�i to get a non-constant p-harmonic map from Sp to N . Denote �� = fa 2 � :

�n�p(�; a) = �n�p(�; a)g. Then we know Hn�p(��) = Hn�p(�) > 0. For ��, we need

Lemma 4.3 (The geometric Lemma 2.4 of [Lf]) There exists E � ��, with Hn�p(E) > 0,

such that for any x 2 E and ri # 0 there are fxj
i
gn�p
j=1 � �� \ Bri

(x) satisfying

(4:6) jxj
i
� xk

i
j � �ri; 0 � j < k � n� p;

(4:7) d(x
j

i
� x0

i
; spanfx1

i
� x0

i
; � � � ; xj�1

i
� x0

i
g) � �ri; 2 � j � n� p;

for some uniform � > 0, here x0
i
= x.

Now we pick up a x0 2 E, with

lim sup
r#0

rp�nHn�p(�� \Br(x0)) > 0; lim
r#0

rp�n
Z
Br(x0)

jDujp = 0;

and �n�p(�; �) is Hn�p-approximately continuous at x0. De�ne the rescaling measures �i

by

�i(A) = r
p�n

i
�(x0 + riA); 8 Borel A � Rm:
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Then we have

2n�p�
p

0 � �i(B2) � C(x0;�) <1

Hence we can assume that �i ! �� for some nonnegative Radon measure ��. By the

diagonal process, we can also assume that, after passing to subsequences,

e�i(u�i) dx! ��;

and u�i ! c0 weakly in W 1;p for some constant c0 2 N . Let �� = spt(��). Then we have

Hn�p(��) > 0; �n�p(��; x) = �n�p(�; x0) for any x 2 ��:

Moreover, by the choice of x0 and Lemma 4.3, we know that for � > 0 given by Lemma

4.3, there exist (n � p) points f�jgn�p
j=1 � �� nB� such that

j�j � �kj � �; 1 � j � k � n� p;

d(�j ; span(�1; � � � ; �j�1)) � �; 2 � j � n� p:

It is clear that f�jgn�p
j=1 spans a (n � p)-dimensional subspace in Rn, denoted as Rn�p.

Write Rn = Rp � Rn�p. Moreover, repeating (2.1) around 0, �1; � � � ; �n�p, we know that

there exists �0 2 �� such that

Z
B �

4
(�0)

jDu�i jp�2jDTu�ij2 +
1

�
p

i

F (u�i)! 0; as i!1;

here T denote vectors in Rn�p � f(0; ; � � � ; 0; xp+1; � � � ; xn)g. In particular,

(4:8)

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

nX
j=p+1

jDu�ijp�2j
@u�i
@xj

j2 + 1

�
p

i

F (u�i)! 0:

Therefore, by the weak L1 estimates of the Hardy-Littlewood maximal functions, there

exists a Ai � B
n�p
�
4

(�0), with Hn�p(Ai) > 0, such that for pi 2 Ai,

(4:9) sup
0<r< �

4

rp�n
Z
B
n�p
r (pi)

fi ! 0; as i!1:

Here

fi =

Z
B
p

�
4

(0)

nX
j=p+1

jDu�i jp�2j
@u�i
@xj

j2 + 1

�
p

i

F (u�i):

Now we have
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Claim 4. ��(x1; � � � ; xp; xp+1; � � � ; xn) = �n�p(�; x0)H
n�pL(f0g �Rn�p).

To see this, let � 2 C1
0 (Bp

�
4

(0)) and � 2 C1
0 (Bn�p

�
4

(�0)). We have, for p+ 1 � j � n,

Z
B
n�p

�
4

(�0)

(

Z
B
p

�
4

(0)

e�i(u�i)�
2)

@�

@xj

= �
Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

(jDu�i jp�2Du�i �D
@u�i
@xj

� 1

�
p

i

f(u�i ))
@u�i
@xj

�2�

=

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

div(jDu�i jp�2Du�i�2�)
@u�i
@xj

+

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

1

�
p

i

f(u�i)
@u�i
@xj

�2�

=

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

(div(jDu�i jp�2Du�i) +
1

�
p

i

f(u�i ))
@u�i
@xj

�2�

+

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

jDu�i jp�2Du�i �D(�2�)
@u�i
@xj

= 2
X
1�l�p

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

jDu�ijp�2
@u�i
@xl

@�

@xl
��

@u�i
@xj

+
X

p+1�k�n

Z
B
p

�
4

(0)�B
n�p

�
4

(�0)

jDu�i jp�2
@u�i
@xk

@�

@xk

@u�i
@xj

�2

= I + II

Here we have used the smoothness Lemma (see [Tp] [Mc]) that guarantees jDu�jp�2Du� 2
W 1;2(
; Rk) so that we can use the integrations by parts in the above derivation. This

implies, for p+ 1 � j � n,

@

@xj
(

Z
B
p

�
4

(0)

e�i(u�i)�
2) = �2

X
1�l�p

Z
B
p

�
4

(0)

jDu�i jp�2
@u�i
@xl

@�

@xl
�
@u�i
@xj

+
X

p+1�k�n

@

@xk

Z
B
p

�
4

(0)

jDu�i jp�2
@u�i
@xk

@u�i
@xj

�2;(4:10)

in the sense of distribution.

By using the bound of Ip
�i
(u�i) and (4.8), we can see that I; II ! 0 as i !1. This
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implies that for p+ 1 � j � n,

(4:9)
@

@xj

Z
B
p

�
4

(0)

e�i(u�i)�
2 ! 0; in D0(Bn�p

�
4

(�0)):

Hence ��(x) = g(x1; � � � ; xp) dxp+1 � � � dxn for some nonnegative Radon measure g in

Rp. Moreover, we know that spt(g) consists of at most �nite many points, and for

(x1; � � � ; xp) 2spt(g), we have g(x1; � � � ; xp) = �n�p(�; x0). Therefore, we obtain the claim.

Claim 4 implies that

e�i(u�i) dx ! 0; locally in (B
p

�
4

(0) �B
n�p
�
4

(�0)) n (f0g �Rn�p):

Now we begin the blowing-up process as follows. Choose pi 2 Ai, with jpi��0j � �

8
. There

exist xi 2 B
p

�
4

(0) and �i # 0 such that

Z
B
p

�i
(xi)

e�i(u�i)(x; pi) dx = maxf
Z
B
p

�i
(a)

e�i(u�i)(x; pi) dx j a 2 B
p

�
4

(0)g

=
�
p

0

C(n)
(4:11)

for some large C(n) to be chosen later. De�ne the maps vi(x) = u�i((xi; pi) + �ix). Then

(4:12) div(jDvijp�2Dvi) + 1

��
p

i

f(vi) = 0; in Bn
�
8�i

(0);

here ��i =
�i

�i
! 0.

(4:13) sup
0<r< �

8�i

rp�n
Z
B
n�p
r (0)

Z
B
p

�
8�i

(0)

nX
j=p+1

jDvijp�2j @vi
@xj

j2 + 1

��
p

i

F (vi)! 0:

Z
B
p

1
(0)

1

p
jDvijp + 1

��i
F (vi)(x; 0) dx =

�
p

0

C(n)

�
Z
B
p

1
(a)

1

p
jDvijp + 1

��i
F (vi)(x; 0) dx;(4:14)

for all a 2 
i, here 
i = ��1
i

(B
p

�
4

(0) n fxig). Moreover, we claim that if we choose C(n)

su�ciently large, then we have

(4:15) 2p�n
Z
B
n�p

2
(0)�B

p

2
(a)

1

p
jDvijp + 1

��i
F (vi) � �

p

0; 8a 2 
i:
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To see (4.15), we need to recall the strong constancy Lemma of Allard ([Aw1] page

3-5).

Lemma 4.4. For a 2 Rm and 0 < r < 1. Let u 2 L1(Br(a)) be nonnegative andR
Br(a)

juj �Mrm. Let fj ;X
i

j
2 L1(Br(a)) for 1 � ij � m, and 0 � � <1 be such that

Z
Br(a)

jXi

j
j+ rjfj j � �rm

Assume that Dju = div(Xj ) + fj for 1 � j � m, here Xj = (X1
j
; � � � ;Xm

j
). Then there

exists a �1 = �1(M; �) > 0 such that if � � �1 then there exists a 0 � c <1 such that

r�mj
Z
Br(a)

u�� c

Z
Br(a)

�j � � sup
Br(a)

j�j; 8� 2 C1(B r
2
(a)):

Applying Lemma 4.4 to our setting with a = pi, r 2 ( �
8
; �
4
), m replaced by n � p,

u =
R
B
p

�i
(xi)

e�i(u�i)�
2 2 L1(Bn�p

r
(a)),

fl = �2
Z
B
p

�
4

(xi)

pX
k=1

jDu�i jp�2
@u�i
@xk

@u�i
@xl

@�

@xk
�;

X
j

l
=
R
B
p

�i
(xi)

jDu�ijp�2 @u�i@xl

@u�i

@xj
�2 for p+ 1 � l; j � n. Then one can check all conditions

of Lemma 4.4 are satis�ed. Hence for any small � > 0 there exists 0 � c < 1 such that

for i >> 1,

rp�nj
Z
B
n�p
r (pi)�B

p

�
4

(xi)

��2e�i(u�i)� c

Z
B
n�p
r (pi)

�j

� �k�k
L1(B

n�p
r (xi))

;(4:16)

for all �
8
< r < �

4
and � 2 C1

0 (B
n�p
r
2

(xi)). Taking (4.14) into account, we see that c � 2�
p

0

C(n)
.

Hence, if we choose � > 0 su�ciently small and C(n) su�ciently large, then we have

(4:17) (2�i)
p�n

Z
B
n�p

�i
(pi)�B

p

�i
(a)

e�i(u�i) �
�
p

0

2
; 8a 2 
i:

Rescaling (4.17), we obtain (4.15). Applying Lemma 2.3, we now conclude that

vi ! v; locally in C1(Rp �B
n�p

1 (0); Rk):
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Moreover, (4.13) implies v(x1; � � � ; xp; xp+1; � � � ; xn) = v(x1; � � � ; xp). Note that �i

�i
! 0.

Hence v : Rp ! N is a C1 p-harmonic map. (4.14) implies that

0 <

Z
Rp

jDvjp <1:

Therefore, using the conformal invariance of p-energy in Rp, the conformal equivalence of

Sp nfnorth poleg and Rp, and the removablity result of isolated singularity for p-harmonic

map on Sp (due to [SaU] for p = 2, and [MY] for p � 3), v yields a non-constant p-

harmonic Sp in N . But this contradicts with the assumption on N . The proof of Theorem

C is complete.

Now we give proofs to the two corollaries.

Proof of Corollary B

>From Theorem A, we know that u 2 C1;�(
 n �;N) for some � 2 (0; 1), here � is

de�ned at the front of this section and Hm�p(�) = 0. Moreover, the strong convergence

from u�i to u guarantees that u is a stationary p-harmonic map. To prove that � is of

Hausdor� dimension at most n � [p] � 1, we need to apply Federer dimension reduction

argument (see, e.g. [SU] [HL]). Note that the key point to apply the Federer dimension

reduction argument is to show that for any a 2 � and ri ! 0, there exists a stationary

p-harmonic map � such that vi(x) = u(a+rix)! � strongly inW 1;p(B1;N) (after passing

to subsequences). Note that, by (1.5), we know that vi is bounded in W 1;p(B1;N) so that

there exists a p-harmonic map � 2W 1;p(B1;N) such that vi ! � weakly in W 1;p(B1;N).

To see the strong convergence, we note that for u�i given by theorem A and for each

i > 0, the same proof as theorem A implies that u�j (a + ri�) ! vi, as j ! 1, strongly

in W 1;p(B1; R
k). Therefore, by the standard diagonal process, we know that there exist

subsequences j(i) ! 1 such that u�j(i) ! � strongly in W 1;p(B1; R
k). In particular,

vj(i) ! � strongly in W 1;p(B1;N). Now, we can follow exactly the argument of [SU] or

[HL] to show that � is of Hausdor� dimension n � [p] � 1. Furthermore, if N doesn't

support any p-harmonic Sl for [p] � l � n � 1, then � = ;. Hence u�i ! u in C1(
; Rk).

Proof of Corollary D

Since N doesn't support any p-harmonic Sp, theorem C implies that u�i ! u strongly

in W 1;p(
; Rk) and u is a stationary p-harmonic map. The same argument as in the proof

of corollary B implies that � is at most of Hausdor� dimension n � p � 1. Moreover,

applying again the assumption that N doesn't have any p-harmonic Sp, we have � is

22



at most of Hausdor� dimension n � p � 2. The nonexistence of any p-harmonic Sl for

p+ 1 � n� 1 then yields � = ;. Hence the rest of corollary D follows.

x5. Generalized Varifolds and the Proof of Theorem F

In this section, we assume that the readers are familiar with the theory of classical

varifolds by Allard [Aw] and Almgren [Af](see also Simon [Sl] for details). We recall the

basic de�nition and properties of generalized varifolds (see also Almgren [Af], Ambrosio-

Soner [AS], or Lin [Lf2] Lin-Wang [LW2]) and then apply the generalized varifold to prove

the theorem F.

De�nition 5.1. For 1 � l � n and a bounded C1 domain 
 � Rn. A l-dimensional

generalized varifold V is a nonnegative Radon measure on 
�Al, where

Al = fA 2 Rn�n : A is symmetric, trace(A) = l;�lIn � A � Ing;

here In denotes the identity matrix of order n. The class of all generalized l-varifolds is

denoted by V �
l
(
). For V 2 V �

l
(
), we let kV k denote the weight of V , which is just

�#(V ), here �(x;A) = x : 
 � Al ! 
. Since Gl(n), the standard Grassmann manifolds

of l-dimensional unoriented planes in Rn, is contained in Al, we have that Vl(
) � V �
l
(
),

here Vl(
) denotes the class of l-dimensional classical vari
ods (see [Sl] for the de�nition).

De�nition 5.2. For any given V 2 V �
l
(
), the �rst variation of V , �V , is a distribution

on C1
0 (
; R

n) de�ned by

(5:1) �V (X) = �
Z

�Al

DX(x) : AdV (x;A); 8X 2 C1
0(
; R

n):

Here A : B =
P

ij
AijBij denotes the scalar product of A;B 2 Rn�n. V is stationary if

�V = 0. V 2 V �
l
(
) is said to have its �rst variation as a Radon measure, if

k�V k(G) = supfj�V (X)j : X 2 C1
0(
; R

n); kXkL1 � 1; spt(X) � Gg
� C(G) <1; 8G �� 
:(5:2)

Note also that the convergence of V 2 V �
l
(
) is understood as weak convergence of

Radon measures on 
 � Al. Moreover, if Vi ! V , then �Vi ! �Vi as convergence of

distributions. Furthermore, if sup
i
k�Vik(A) <1 for A � 
, then

(5:3) k�V k(A) � lim inf
i!1

k�Vik(A) <1:
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Recall also that a set E � Rn is called l-recti�able if except a H l measure zero subset

E can be covered by countably many l-dimen sional C1 submanifolds in Rn. A V 2 V �
l
(
)

is said to be a l-recti�able varifold if there exist a l-recti�able set E � 
 and a locally

H l integrable and positive function � such that V = �TxE�H
lLE, here TxE denotes the

tangent plane of E at x and �TxE denotes the Dirac mass at TxE.

Now we apply the generalized varifold concept to study the limiting behaviors of

solutions to (1.2) for integer power p's.

For p = 2; � � � ; n�1; n, � > 0, and any map u� 2W 1;p(
; Rk) solving (1.2), we associate

a generalized (n � p)-varifold Vu� 2 V �
n�p(
) as follows. Vu�(x) = �A(u�)(x)e�(u�)(x) dx,

where

A(u�)(x) = In � p
Du� 
Du�

jDu�j2 (x); if jDuj(x) 6= 0;(5:4)

= In�p; if jDu�j(x) = 0:

It is clear that A(u�) 2 An�p so that Vu� 2 V �
n�p(
). Moreover,

kVu�k(B) =
Z
B

e�(u�)(x) dx;8B � 
;

and, for X 2 C1
0 (
; R

n),

�Vu�(X) = �
Z



((
1

p
jDu�jp + 1

�p
F (u�))div(X) � p

X
ij

jDu�jp�2u�;iu�;jXi

j
)

+ p

Z



DX(x) :
Du� 
Du�

jDu�j2
1

�p
F (u�)(x) dx:(5:5)

Lemma 5.1. Under the same notations as above. We have

(5:6) �Vu�i (X) = p
X
jl

Z



u�;ju�;lX
l

j

jDu�j2
F (u�)

�p
:

In particular

(5:7) j�Vu�(X)j � p

Z



jDXjF (u�)
�p

:

Proof. (5.6) follows from (5.5) and th following Pohozaev identity:

(5:8)

Z



(
1

p
jDu�jp + 1

�p
F (u�))div(X) =

X
jl

Z



jDu�jp�2u�;ju�;lX l

j
;
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for any X 2 C1
0 (
; R

n). (5.7) follows easily from (5.6).

For �i ! 0, we let ui � u�i 2 W 1;p(
; Rk) solve (1.2) and assume that ui ! u

weakly in W 1;p(
; Rk). Then we know that kVuik(
) is bounded. Hence, we may assume

that there exist a nonnegative Radon measure � on 
 and a generalized (n � p)-varifold

V 2 V �
n�p(
) such that

e�i (ui)(x) dx !
1

p
jDujp(x) dx + � � �;

and

Vui ! V:

Moreover, kV k = �, Proposition 4.2 and Lemma 5.1 imply that �V = 0 (i.e., V is station-

ary). It also follows from the monotonicity inequality (2.1) that

(5:9) rp�nkV k(Br(x)) � Rp�nkV k(BR(x));

for all x 2 
 and 0 < r � R < dist(x; @
). In particular,

�n�p(kV k; x) = lim
r#0

rp�nkV k(Br(x))

exists for all x 2 
 and is upper semicontinuous. Furthermore, it is easy to check that the

concentration set � de�ned by x4 is

� = fx 2 
 : �
p

0 � �n�p(kV k; x) <1g

and ui ! u in C1

loc
(
 n �; Rk). In fact, Lemma 2.3 also implies

� = fx 2 
 : 0 < �n�p(kV k; x) <1g

Now we can extend the proof of Allard's recti�ability theorem (see [Aw]) to show that

Lemma 5.2. Under the same notations as above. We have that V L� is a (n�p)-rectifable
varifold. In particular, � is a (n � p)-recti�able set.

Proof. This is theorem 4.9 of Lin-Wang [2]. For the convenience of readers, we sketch it

here. It su�ces to prove that for Hn�p a.e. a 2 � the tangent measure of V is 
at and

unique. More precisely, we need to show that for Hn�p a.e. x0 2 � there exists a (n� p)-

dimensional plane T0 2 Gn�p(n) and a positive constant �0 such that

(5:10) Dx0;r
(V )! �T0�0H

n�pLT0; as r ! 0:
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Here Dx0;r
(V ) denotes the rescaling of V with center at x0 and scale r.

To prove (5.10), �rst observe that we can write V = VxkV k, where Vx is a measurable

function from 
 to the space of probability measures on An�p. Hence, for Hn�p a.e.

x0 2 �,

�n�p(kV k; �) and Vx is Hn�p approximately continuous at x0;

and

�n�p;�(�; x0) = lim sup
r#0

rp�nHn�p(� \ Br(x0)) � 2p�n:

Hence, by Lemma 4.3, we can assure that for any r ! 0 there exists a subsequence ri ! 0

and a (n � p)-dimensional plane T , which may depend on subsequences, such that

Dx0;ri
(V )! Vx0�

n�p(kV k; x0)Hn�pLT:

On the other hand, since V is stationary, Dx0;ri
(V ) is also stationary, therefore we have

�(Vx0H
n�pLT ) = 0;

so that the constancy theorem for varifolds (see, Simon [Sl]) implies that Vx0 = �T . This

implies that T is unique and independent of the choice of subsequences. This gives (5.10).

Therefore, V L� is (n� p)-recti�able and � is a (n� p)-recti�able set.

Completion of Proof of Theorem F

It follows from Lemma 5.2 and (4.4) that

V L� = �Tx��
n�p(�; x)Hn�pL�:

This implies (1.10). On the other hand, since ui ! u in C1

loc
(
 n�; Rk), we have V L(
 n

�) = Vu. It is easy to see now that (1.11) follows from (1.10), the stationarity of V , and

the formula of V .

REFERENCES

[Af] F. J. Almgren, Jr., The Theory of varifolds. Mimeographed notes, Princeton (1965).

[AS] L. Ambrosio, H. M. Soner, A measure-theoretic approach to higher dimension mean

curvature 
ows. Dedicated to E. D. Giorgi. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25

(1997), no. 1-2, 27-49 (1998).

[Aw] W. Allard, On the �rst variation of a varifold. Ann. of Math. (2) 95 (1972), 417-491.

26



[Aw1] W. Allard, An Integrality Theorem and A Regularity Theorem for surfaces whose

First Variation with respect to a Parametric Elliptic Integral is controlled. Proceeding of

Symp. In Pure Math. Vol. 44 (1986), AMS. 1-28.

[BBH] F. Bethuel, H. Br�ezis, F. H�elein, Ginzburg-Landau vortices. Progress in Nonlinear

Di�erential Equations and their Applications, 13. Birkhuser Boston, Inc., Boston, MA,

1994.

[CL] Y. M. Chen, F. H. Lin, Evolution of harmonic maps with Dirichlet boundary condi-

tions. Comm. Anal. Geom. 1 (1993) no. 3-4, 327-346.

[CL1] Y. M. Chen, F. H. Lin, Remarks on approximate harmonic maps. Comment. Math.

Helv. 70 (1995), no. 1, 161-169.

[CS] Y. M. Chen, M. Struwe, Existence and partial regularity results for the heat 
ow for

harmonic maps. Math. Z. 201 (1989), no. 1, 83-103.

[Fm] M. Fuchs, p-harmonic maps obstacle problems, Part 1, Partial regularity Theory.

Annali. Mat. Pura Appl. (4) 156 (1990), 127-158.

[FZ] H. Federer, W. Ziemer, The Lebesgue set of a function whose distribution derivatives

are p-th power summable. Indiana Univ. Math. J. 22 (1972/73), 139-158.

[HaL] Z. C. Han, Y. Y. Li, Degenerate elliptic systems and applications to Ginzburg-

Landau type equations. I. Calc. Var. Partial Di�erential Equations 4 (1996), no. 2,

171{202.

[HL] R. Hardt, F. H. Lin, Mappings minimizing the Lp norm of the gradient, Comm. Pure

Appl. Math. 40 (1987), 556-588.

[HLM] R. Hardt, F. H. Lin, L. Mou, Strong convergence of p-harmonic mappings. Progress

in partial di�erential equations: the Metz surveys, 3, 58{64, Pitman Res. Notes Math.

Ser., 314, Longman Sci. Tech., Harlow, 1994.

[Hm] M. C. Hong, Asymptotic behavior for minimizers of Ginzburg-Landau type functional

in higher dimensions associated with n-harmonic maps. Adv. in Di�. Equ. 1 (1996) no.

4, 611-634.

[Jj] J. Jost, Two-dimensional geometric variational problems. Pure and Applied Mathe-

matics. A Wiley-Interscience Publication. John Wiley Sons, Ltd., Chichester, 1991.

[Lf] F. H. Lin, Gradient estimates and blow-up analysis for stationary harmonic maps.

Ana. of Math. (2) 149 (1999), no. 3, 785-829

[Lf1] F. H. Lin, Mapping problems, fundamental groups and defect measures. Acta Math.

Sin. (Engl. Ser.) 15 (1999), no. 1, 25-52.

27



[Lf2] F. H. Lin, Varifold Type Theory for Sobolev Mappings. To appear.

[Ls] S. Luckhaus, Partial H�older continuity for Minima of certain Energy among maps into

a Riemanian Manifold. Indiana Journal of Maths. 37 no.2 (1988) 349-367.

[LW] F. H. Lin, C. Y. Wang, Harmonic and Quasi-Harmonic Spheres. Comm. Anal.

Geom. 7 (1999), no. 2, 397-429.

[LW1] F. H. Lin, C. Y. Wang, Harmonic and Quasi-Harmonic Spheres, Part III

|Recti�ablity of the Parabolic Defect Measure and Generalized Varifold Flows. Preprint,

2000.

[Mm] M. Marstrand, The ('; s) regular subsets of n-space . Trans. Amer. Math. Soc.

113 (1964) 369-392.

[Mc] C. B. Morrey, Jr., Multiple Integrals in the Calculus of Variations, Springer-Verlag

1966.

[MY] L. Mou, P. Yang, Regularity for n-harmonic maps. J. Geom. Anal. 6 (1996), no.1,

91-112.

[Pd] D. Preiss, Geometry of measures in Rn: distribution, recti�ability, and densities.

Ann. of Math. 125 (1987), 537-643.

[Pp] P. Price, A monotonicity formula for Yang-Mills �elds. Manuscripta math. 43 (1983)

131-166.

[SaU] J. Sacks, K. Uhlenbeck, The existence of minimal immersions of 2-spheres. Ann. of

Math. (2) 113 (1981), no. 1, 1-24.

[Sl] L. Simon, Lectures on Geometric Measure Theory. Proceedings of the Centre for

Mathematical Analysis, ANU, 3, 1983.

[Sr] R. Schoen, Analytic aspects of the harmonic map problem Seminar on Nonlinear

Partial Di�erential Equations (edited by S.S. Chern), MSRI Publications 2, Springer-

Verlag, 1984.

[SU] R. Schoen , K. Uhlenbeck, A regularity theory for harmonic mappins. J. Di�. Geom

17 (1982) 307-335.

[Tp] P. Tolksdorf, Everywhere regularity of some quasilinear systems with lack of ellipticity,

Annali Mat. Pura Appl. 134 (1983), 241-266.

[Uk] K. Uhlenbeck, Regularity for a class of non-linear elliptic systems, Acta Math. 138

(1977), 219-240.

28


