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Abstract

In this paper, we consider Latouche-Ramaswami's logarithmic reduction algorithm for solv-

ing quasi-birth-and-death models. We shall present some theoretical properties concerning con-

vergence of the algorithm and discuss numerical issues arising in �nite precision implementa-

tions. In particular, we shall present a numerically more stable implementation together with its

rounding error analysis. Numerical examples will be given to demonstrate the higher accuracy

achieved by the re�ned implementation.

1 Introduction

A large number of queueing systems can be modeled by two-dimensional Markov chains called

quasi-birth-and-death processes (QBD) (see [16] for examples of QBD). A QBD process has a matrix-

geometric stationary distribution [22] which is de�ned through the minimal nonnegative solution

of the matrix equation of the form

R = A0 +RA1 +R2A2 (1)

or through the related equation

G = A2 +A1G+A0G
2 (2)

where (A0; A1; A2) are three n � n nonnegative matrices that de�ne the transition matrix of the

QBD process and they are such that A � �2
k=0Ak is stochastic [16]. Numerically solving the

above equations play an important role in the applications of QBD models and various numerical

methods have been developed to solve (1), (2) or some more general nonlinear matrix equations [22].

They range from linearly convergent �xed point iterations to quadratically convergent iterations

such as Newton's method (see [2, 3, 4, 9, 11, 14, 15, 17, 18, 20] and the references contained

therein). One of the most eÆcient ones for (1) or (2) is the algorithm of Latouche and Ramaswami

[15], which possesses a quadratic convergence property at a cost more comparable to other linear

convergent algorithms. The Latouche-Ramaswami algorithm involves inverting certain matrices
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at each iteration, and relatively large roundo� errors may incur if the matrices for inversion are

ill-conditioned. Because the algorithm is based on partial sum approximation of an in�nite series

expression for the solution, any roundo� error made at early steps for computing partial sums

carries forward to future approximations without any mechanism for correcting such errors. Hence

the accuracy of the �nal approximation is limited by roundo� errors accumulated from early stage

of the iterations.

It appears that the ultimate accuracy to which the �nal solution can be obtained by the

Latouche-Ramaswami algorithm depends on condition numbers of certain matrices in the mid-

dle of the process. We note however that the matrices de�ned at each iteration are related to a

certain QBD process, which is derived from and is well determined by the original QBD process

independent of such condition numbers. Indeed, we shall demonstrate that such a dependence

of the algorithm on the condition numbers of the middle matrices is a consequence of the use of

numerical methods for inverting a general matrix rather than the intrinsic physical characteristic

of the solution. Speci�cally, we shall use in this paper the fact that the matrices involved in the

inversion are diagonally dominant M-matrices which, if de�ned properly, can be inverted entrywise

to high relative accuracy independent of any condition number [1]. Thus, by properly de�ning

the matrices involved, each iteration of the algorithm can be implemented in a numerically more

stable way to produce a more accurate solution. We remark that this approach has proved to be

very e�ective in producing more accurate solution for �xed point based iterations in [23] and it is

possible to generalize it to more general problems such as those of [5, 7, 21].

The paper is organized as follows. In Section 2, we shall brie
y describe an entrywise forward

stable algorithm developed in [1] for inverting a diagonally dominant M-matrix, which generalizes

the GTH-algorithm [13] for stochastic matrices. In Section 3, we present the Latouche-Ramaswami

algorithm and some theoretical results. Then in Section 4 we derive a re�ned implementation of

the Latouche-Ramaswami algorithm and present an error analysis to demonstrate its improved

accuracy. Finally in Section 5, we give some numerical examples.

Notation: For m�n matrices B = (bij) and C = (cij), we denote by jBj the matrix of entries

jbij j. We write B � C if bij � cij for all i and j. Throughout, we let e denote the column vector

of all ones, i.e.,

e = (1; 1; � � � ; 1)T :

We use fl(z) to denote the computed result of the expression z in a 
oating point arithmetic, which

is also often denoted by ẑ.

2 Diagonally Dominant M-Matrix

Many matrices arising in stochastic models belong to the class of diagonally dominantM -matrices.

Such matrices have better theoretical and numerical behavior and can be, for example, inverted

entrywise to high relative accuracy (see [1]). In this section, we brie
y discuss such an algorithm,

which will be used in later sections.

A matrix A = (aij) is called a diagonally dominant M -matrix (DDM) if it has non-positive
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o�-diagonal entries and has non-negative row sums [6] , i.e.,

aij � 0; for i 6= j; and v � Ae � 0:

Let v = [v1; v2; � � � ; vn]
T = Ae, which is the row sums (or the diagonally dominant part) of A. It is

easy to see that the diagonal entries of A are given by

aii = �j 6=i(�aij) + vi � 0: (3)

Thus, such a matrix is determined by its o�-diagonal entries and the row sums v = (v1; � � � ; vn)
T .

Indeed, this is a more appropriate way to represent such matrices.

De�nition 1 Let P = (pij) be an n � n nonnegative matrix and v = (vi) be a nonnegative n-

vector. We use (P; v) to represent the unique diagonally dominant M -matrices (DDM) A of the

form A = D � P that satis�es Ae = v, where D is a diagonal matrix. We write A = (P; v).

In this representation, the o�-diagonal entries of A are those of �P and the diagonal entries are

given by (3). Note that the diagonal entries of P play no role in de�ning A and can be arbitrary.

One advantage of this new representation is that the solution to Ax = b (with b � 0) is well

determined by the data in (P; v) and can be computed more accurately. Namely, if A is represented

in A = (P; v), then the Gaussian elimination for A can be carried out in this representation and

consequently involves no subtraction. This generalizes the idea in the GTH-algorithm for stochastic

matrices [13, 19]. The following algorithm was developed in [1] and called a GTH-like Algorithm.

Algorithm 1: GTH-like Algorithm for Solving Ax = b.

Step 1: LU factorization

For k = 1; 2; � � � ; n� 1,

the pivot �k = v
(k)
k +

Pn
j=k+1 p

(k)
kj :

p
(k+1)
ij = p

(k)
ij +

p
(k)
ik

p
(k)
kj

�k
for i; j > k; i 6= j:

v
(k+1)
j = v

(k)
j +

v
(k)
k

�k
p
(k)
jk for j > k:

Step 2: Solving Ly=b

y1 = b1=�1

For k = 2; 3; � � � n;

yk = (bk +
Pk�1

j=1 p
(j)
k;jyj)=�k

Step 3: Solving Ux=y

xn = yn

For k = n� 1; n� 2; � � � ; 1

xk = yk + (
Pn

j=k+1 p
(k)
kj xj)=�k

The above algorithm has essentially the same computational 
ops as the standard Gaussian

elimination. Yet, the computational results could be signi�cantly more accurate as no subtraction

is involved. This is demonstrated by a rounding error analysis, as given in the next theorem [1].
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Theorem 1 Suppose Algorithm 1 is carried out in a 
oating point arithmetic with the machine

precision � to solve the linear system Ax = b, and the input data pij, vi, bi (i; j = 1; 2; � � � ; n) are


oating-point numbers. Then the computed solution bx satis�es

jx� bxj � (�(n)�+O(�2))x: (4)

where �(n) =
2(n+2)(n+3)(2n+5)

3
:

Each entry of the solution has a relative acuracy of order �. This compares with the standard

Gaussian elimination with partial pivoting whose solution has a normwise accuracy dependent on

the condition number of A.

In our error analysis, we assume the following standard model for roundo� errors in basic matrix

computations [10, p.66]

fl(x+ y) = x+ y + f with jf j � �jx+ yj (5)

fl(Ax) = Ax+ f with jf j � �njAjjxj+O(�2): (6)

where A 2 Rn�n, x; y 2 Rn are 
oating point matrices and � is the machine roundo� unit. Recall

that fl(z) denotes the computed result of some expression z in a 
oating point arithmetic. It is

also easy to show that

fl(y +Ax) = y +Ax+ f with jf j � �(jyj+ (n+ 1)jAjjxj) +O(�2); (7)

which we will use in later analysis.

3 Latouche-Ramaswami's Algorithm

We �rst describe the following quadratically convergent iteration for solving (2) due to Latouche

and Ramaswami [15].

Algorithm 2: Latouche-Ramaswami's Algorithm.

H0 = (I �A1)
�1A0;

L0 = (I �A1)
�1A2;

G0 = L0;

T0 = H0;

For i = 0; 1; 2; � � � until convergence

Ui = HiLi + LiHi

Hi+1 = (I � Ui)
�1H2

i ;

Li+1 = (I � Ui)
�1L2

i ;

Gi+1 = Gi + TiLi+1,

Ti+1 = TiHi+1,
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The algorithm implements the following expression of the minimal non-negative solution

G = �1j=0(H0H1 � � �Hj�1)Lj : (8)

and approximates G at step i� 1 by the partial sum

Gi = �i
j=0(H0H1 � � �Hj�1)Lj

If the QBD is either positive recurrent or transient, then Gi converges to G quadratically. One

potential numerical diÆculty is caused by inverting I � Ui in the algorithm. A standard inversion

algorithm (e.g. the Guassian elimination with partial pivoting) usually produces a backward stable

solution; but the relative error in Hi+1 = (I �Ui)
�1H2

i depends on the condition number of I�Ui.

Although we know that limUi = 0 and therefore I � Ui is asymptotically well-conditioned, at the

early stage of iterations (smaller i), Ui needs not be small and thus the roundo� errors caused

by inverting I � Ui may be large at the beginning. Unfortunately, the algorithm itself has no

error correction mechanism and such roundo� errors carry forward to all subsequent Gi. Thus the

accuracy of the �nal solution is limited by the roundo� errors incurred at the beginning. This is

the numerical issue that we shall consider in the next section. Here, we present some convergence

properties of Algorithm 1 and discuss when there might be a slow convergence.

In studying the matrix equation (2), it is helpful to consider the level-reversed process as de�ned

by (A2; A1; A0) and the corresponding equation

bG = A0 +A1
bG+A2

bG2; (9)

i.e. bG = A2
bG2 +A1

bG+A0. It is well-known that

1. If the QBD is positive recurrent, G is stochastic and bG is substochastic.

2. If the QBD is transient, bG is stochastic and G is substochastic.

3. If the QBD is null-recurrent, both G and bG are stochastic.

For Algorithm 1, it is also well known that Hi +Li is stochastic (see the derivation [15]). Further-

more, it can be deduced from [15] that the QBD as de�ned by (Hi; 0; Li) has G
2i and Ĝ2i as the

corresponding solutions of (2) and (9) respectively, i.e.,

G2i = Li +HiG
2i+1

; and bG2i = Li
bG2i+1

+Hi: (10)

The property that Hi + Li is stochastic leads to the following identity concerning the approxi-

mation error as well as stochastic measure of Gi.

Theorem 2 If the QBD is recurrent (positive recurrent or null recurrent), we have

e�Gie = H0H1 � � �Hie

and hence kG �Gik1 = kH0H1 � � �Hik1:
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Proof From the de�nition of Gi, we have

e�Gie = e� �i
j=0(H0H1 � � �Hj�1)Lje

= e� �i
j=0(H0H1 � � �Hj�1)Lje�

��i
j=0(H0H1 � � �Hj�1)Hje+�i+1

j=1(H0H1 � � �Hj�1)e

= ��i
j=0(H0H1 � � �Hj�1)(Lje+Hje� e) + (H0H1 � � �Hi)e

= H0H1 � � �Hie

where we have used Lje+Hje� e = 0: In the case of recurrent QBD, G is stochastic and G � Gi.

Thus

kG�Gik1 = k(G�Gi)ek1 = kH0H1 � � �Hiek1 = kH0H1 � � �Hik1:

This result characterizes the dependence of the convergence of Gi on Hi. In particular

kG�Gik1

kG�Gi�1k1
� kHik1:

We next discuss convergence properties of Hi.

Lemma 1 Assume that the QBD and A = A0 + A1 + A2 are irreducible and the QBD is positive

recurrent. Let gT be the stationary probability vector of G. Then

G = egT +G1 with �(G1) < 1: (11)

Furthermore, for any k � 1,

Gk = egT +Gk
1 : (12)

Proof By Theorem 7.2.1 of [16, p.152], G after a suitable permutation can be written as

G =

 
G11 0

G12 G22

!

where G11 is stochastic and irreducible and G22 is lower triangular with zeros on the diagonal.

Here G22 could possibly be empty, in which case G itself is irreducible. Then, G11 and hence G

have exactly one eigenvalue with modulus 1. Note that gT and e are left and right eigenvectors of

G with gT e = 1. Hence, using an eigenvalue decomposition (e.g. the Jordan canonical form), we

have G = egT + G1 and �(G1) < 1. Furthermore, it follows from gTG1 = gT (G � egT ) = 0 and

G1e = (G� egT )e = 0 that

G2 = egTegT + egTG1 +G1eg
T +G2

1 = egT +G2
1:

Similarly, the more general (12) can be proved by an induction.
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Lemma 2 Let �T be the stationary probability vector of A = A0 + A1 + A2 and let �Ti be de�ned

recursively by (assuming it is de�ned)

�T0 =
�T (I �A1)

�TA0e+ �TA2e
; �Ti =

�Ti�1(I � Ui�1)

�Ti�1H
2
i�1e+ �Ti�1L

2
i�1e

:

Then �Ti is the stationary probability vector of Hi + Li.

Proof It is easy to verify the statement for i = 0. Suppose it is true for some i, i.e. �Ti (Hi+Li) =

�Ti . Then �
T
i (H

2
i + L2

i ) = �Ti (I �HiLi � LiHi) = �Ti (I � Ui). Therefore, �
T
i+1e = 1 and

�Ti+1(Hi+1 + Li+1) =
�Ti (I � Ui)(I � Ui)

�1(H2
i + L2

i )

�Ti H
2
i e+ �Ti L

2
i e

= �Ti+1:

This completes the proof.

Theorem 3 Assume that the QBD and A are irreducible and the QBD is positive recurrent. We

have the following.

�Ti Hi = �Ti Li
bG2i = �Ti

bG2i
�
I + bG2i

�
�1
�! 0; (13)

and

�Ti = (1� �Ti Hie)g
T + �Ti Hi(I +G2i

1 ) �! gT : (14)

Proof From the second of (10), we have

�Ti Li
bG2i+1

+ �Ti Hi = �Ti
bG2i = �Ti (Li +Hi) bG2i :

Then,

�Ti Hi(I � bG2i) = �Ti Li
bG2i(I � bG2i)

which together with the fact that bG is substochastic imply

�Ti Hi = �Ti Li
bG2i = �Ti

bG2i
� �Ti Hi

bG2i (15)

Thus we have �Ti Hi(I + bG2i) = �Ti
bG2i and hence (13).

Similarly, From the �rst of (10), we have

�Ti Li(I �G2i) = �Ti HiG
2i(I �G2i):

Using Lemma 1, we obtain

�Ti Li(I �G2i

1 )� �Ti Lieg
T = �Ti HiG

2i

1 (I �G2i

1 )

where we note that G2i(I �G2i) = (egT +G2i

1 )(I � egT �G2i

1 ) = G2i

1 (I � G2i

1 ). Hence, inverting

I �G2i

1 and using gT (I �G2i

1 ) = gT , we have

�Ti Li = �Ti HiG
2i

1 + �Ti Lieg
T (16)

Thus,

�Ti = �Ti Hi + �Ti Hi = �Ti Hi(I +G2i

1 ) + (1� �Ti Hie)g
T :

This proves (14).
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The theorem shows that gTHi = �Ti Hi + (gT � �Ti )Hi converges quadratically and the conver-

gence at initial stage could be slow if �(Ĝ) is near 1 or if Ĝ2i (for some small i) has an eigenvalue

near �1 (which results in a large
�
I + bG2i

�
�1
). Clearly, if all entries of g are nonzero, Hi converges

in the same way. We next consider another factor (the initial state) that a�ects the number of

iterations.

Theorem 4 For all i � 1, we have

�Ti Lie� �Ti Hie = �Ti L
2
i e� �Ti H

2
i e =

�Ti�1L
2
i�1e� �Ti�1H

2
i�1e

�Ti�1L
2
i�1e+ �Ti�1H

2
i�1e

; (17)

and

�T0 L0e� �T0H0e = �T0 L
2
0e� �T0H

2
0e =

�TA2e� �TA0e

�TA2e+ �TA0e
: (18)

Proof From �Ti�1(L
2
i�1 + Ui�1 +H2

i�1) = �Ti�1(Li�1 +Hi�1)
2 = �Ti�1, it follows that �

T
i�1L

2
i�1 =

�Ti�1(I � Ui�1) + �Ti�1H
2
i�1. Then

�Ti L
2
i e =

�Ti�1L
2
i�1(I � Ui�1)

�1L2
i�1e

�Ti�1H
2
i�1e+ �Ti�1L

2
i�1e

=
�Ti�1L

2
i�1e+ �Ti�1H

2
i�1(I � Ui�1)

�1L2
i�1e

�Ti�1H
2
i�1e+ �Ti�1L

2
i�1e

: (19)

Using �Ti L
2
i e = (�Ti � �Ti Hi)Lie and �Ti L

2
i e = �Ti Li(e�Hie), we obtain

�Ti L
2
i e = �Ti Lie�

1

2
�Ti Uie: (20)

Similarly, we can prove

�Ti H
2
i e =

�Ti�1H
2
i�1e+ �Ti�1H

2
i�1(I � Ui�1)

�1L2
i�1e

�Ti�1H
2
i�1e+ �Ti�1L

2
i�1e

: (21)

and

�Ti H
2
i e = �Ti Hie�

1

2
�Ti Uie: (22)

Now combining (19) with (21) and (20) with (22) we obtain (17). Clearly, (18) can be proved

similarly.

For the positive recurrent case, it follows from �Ti L
2
i e+ �Ti H

2
i e � 1 that �Ti L

2
i e� �Ti H

2
i e and

hence �Ti Lie��
T
i Hi increase monotonically to 1. By considering �Ti Lie��

T
i Hie as an indication

of convergence of Hi, (17) suggests the need of more iterations if the initial �TA2e � �TA0e is

small.

In the extreme case of a null-recurrent QBD, �TA2e� �
TA0e = 0, �Ti Lie� �Ti Hie remains to

be 0 for all i. Noting that �Ti Lie+�Ti Hie = 1, we have �Ti Lie = �Ti Hie =
1
2
(which has also been

obtained in [12]). So Hi does not converge to 0.
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Theorem 5 Assume that the QBD and A are irreducible and the QBD is null-recurrent. Let gT

and ĝT be the stationary probability vectors of G and bG respectively and let G = egT + G1 andbG = ebgT + bG1. Then,

�Ti Hi �!
1

2
ĝT ; �Ti �! uT �

1

2
(gT + ĝT ): (23)

Proof We �rst note that the proof of (16) is valid for the null-recurrent case and we have

�Ti Li = �Ti HiG
2i

1 + �Ti Lieg
T

= �Ti G
2i

1 � �Ti LiG
2i

1 +
1

2
gT ;

which implies

�Ti Li = �Ti G
2i

1 (I +G2i

1 )
�1 +

1

2
gT �!

1

2
gT :

On the other hand, since the QBD is null-recurrent, bG is stochastic. Therefore, by the same reason,

�Ti Hi = �Ti
bG2i

1 (I +
bG2i

1 )
�1 +

1

2
ĝT �!

1

2
ĝT :

Thus, �Ti = �Ti Li + �Ti Hi �!
1
2
(gT + ĝT ):

Now, assume that all entries of g and ĝ are nonzero. Then u > 1
2
ĝ. Writing U = diag(u) (i.e.

the diagonal matrix with Ue = u), we have

eTUHiU
�1 = uTHiU

�1
�!

1

2
ĝTU�1 < eT :

In particular, for some Æ > 0 and suÆciently large i, kUHiU
�1k1 � max(ĝTU�1=2) + Æ < 1: Thus,

H0H1 � � �Hi converges to 0 linearly and so is Gi � G. We remark that the convergence property

of null-recurrent QBDs has recently been studied independently by Guo [12]. There, under some

mild assumptions, it is shown that Gi converges precisely at the rate of 1=2.

We �nally mention an interesting implication of (15). For the case i = 0, we have �T0H0 =

�T0 L0
bG. Then, if v is an eigenvector of bG corresponding to �(G), then �T0H0v = �(G)�T0 L0v i.e.

�(G) =
�T0H0v

�T0 L0v
=
�TA0v

�TA2v
:

In another word,
�T0 A0v

�T0 A2v
appears to be a measure of how close the QBD is to being null-recurrent.

We also note that our derivation of these rsults are purely algebraic; but for at least some of

them, probabilistic arguments should be possible.

4 Re�ned Implementation and Error Analysis

In this section, we present a re�ned implementation of the Latouche-Ramaswami Algorithm. We

�rst observe that Algorithm 2 involves addition operations (of positive numbers) except at the

steps involving inverting I �Ui or I �A1. Thus the only potential numerical instability lies at the

inversion steps. We address this issue now.
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Theorem 6 For Algorithm 2, I �Ui is a DDM matrix and (I �Ui)e = H2
i e+L

2
ie � 0; i.e. in the

notation of De�nition 1, I � Ui is represented as

I � Ui = (Ui; vi); with vi � H2
i e+ L2

i e:

Proof First, we note that (Hi +Li)
2 = H2

i +L2 +HiLi +LiHi = H2
i +L2 +Ui. Since Hi+Li is

stochastic, we have e = (Hi + Li)
2e = (H2

i + L2
i )e + Uie, which leads to (I � Ui)e = H2

i e + L2
i e.

Clearly Ui � 0. Therefore I � Ui is a DDM matrix and I � Ui = (Ui; vi).

Now, computations of Ui and vi involve additions only and therefore the data used to represent

I � Ui is each computed to the machine precision. Thus, using Algorithm 1, we can invert I � Ui

with entrywise accuracy to the machine precision. Similarly I�A1 can be inverted accurately using

the representation I �A1 = (A1; A0e+A2e). This leads to the following re�ned implementation of

Algorithm 2.

Algorithm 3: Re�ned Implementation of Latouche-Ramaswami Algorithm.

v0 = A0e+A2e;

Solve M0H0 = A2 by Algorithm 1 with M0 = (A1; v0);

Solve M0L0 = A0 by Algorithm 1 with M0 = (A1; v0);

G0 = L0;

T0 = H0;

For i = 0; 1; 2; � � � until convergence

vi = H2
i e+ L2

i e;

Ui = HiLi + LiHi

Solve Mi+1Hi+1 = H2
i by Algorithm 1 with Mi+1 = (Ui; vi);

Solve Mi+1Li+1 = L2
i by Algorithm 1 with Mi+1 = (Ui; vi);

Gi+1 = Gi + TiLi+1,

Ti+1 = TiHi+1

Each step of iteration uses the inverse of Mi+1 twice but we only need to compute the LU

factorization (Algorithm 1) once. Also, For positive recurrent queues, G is stochastic and, once

computed, we can obtain the rate matrix R through R = A0(I � A1 � A0G)
�1 (see [16, p.166]).

Again, I �A1 �A0G is a DDM and since (I �A1 �A0G)e = A2e, it has the representation

I �A1 �A0G = (A1 +A0G;A2e)

which involves additions only. Therefore, R can be computed from G entrywise to the machine

precision.

We next present an error analysis to demonstrate the higher accuracy achieved.

Lemma 3 Let bHi,
bLi and

bGi be the computed Hi, Li and Gi of Algorithm 3 respectively. We have

that bHi � 0 and bLi � 0 and hence bGi is monotonically increasing.

10



The proof simply follows from the fact that Algorithm 3 involves only addition operations of

nonnegative numbers. The following result shows that the stochastic property ofHi+Li is preserved

in �nite precision.

Lemma 4 Let bHi and
bLi be the computed Hi and Li of Algorithm 3. Then

j( bHi + bLi)e� ej � ( (n)�+O(�2))e:

where  (n) = 2
3
(n+ 2)(n+ 3)(2n+ 5) + 2n:

Proof For i � 0, let bUi and bvi be the computed Ui and vi and bRi; bSi be the computed bH2
i and bL2

i

respectively at step i. Then, using (6) and (5), we have

bvi = fl( bRie+ bSie) = bRie+ bSie+ f; (24)

where jf j � 2n�( bRie+ bSie):
Now, let Mi+1 = ( bUi; bvi), Xi+1 =M�1

i+1
bRi and Yi+1 =M�1

i+1
bSi. Note that bHi+1 and bLi+1 are the

computed solutions to Mi+1Hi+1 = bSi and Mi+1Li+1 = bTi respectively, while Xi+1 and Yi+1 are

respectively the exact solutions. Hence, by applying Theorem 2.1 to columns, we have

jXi+1 �
bHi+1j � (�(n)�+O(�2))Xi+1:

and

jYi+1 � bLi+1j � (�(n)�+O(�2))Yi+1:

On the other hand, by the de�nition ofMi+1, we have Mi+1e = bvi orM�1
i+1bvi = e. Then, combining

it with (24), we have

(Xi+1 + Yi+1)e = M�1
i+1(

bRi + bSi)e
= M�1

i+1bvi �M�1
i+1f = e� ~f

where j ~f j = jM�1
i+1f j � 2n�M�1

i+1(
bRie+ bSie) = 2n�(Xi+1 + Yi+1)e: Thus,

j( bHi+1 + bLi+1)e� ej � j( bHi+1 �Xi+1)ej+ j(bLi+1 � Yi+1)ej+ j(Xi+1 + Yi+1)e� ej

� (�(n)�+O(�2))(Xi+1 + Yi+1)e+ j ~f j

� ( (n)�+O(�2))e:

This proves the cases i � 1 of the theorem. The case i = 0 can be proved similarly.

The near stochastic property of bHi + bTi improves the accuracy of the �nal approximation. To

see this, let us consider again the positive recurrent case, in which the solution G is stochastic.

The following theorem demonstrates that at convergence (i.e. when Ti is suÆciently small), the

computed solution bGi will be stochastic to the order of the machine precision.
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Theorem 7 Let bGi,
bTi, bHi and

bLi be the computed Gi, Ti, Hi and Li, respectively, of Algorithm

3. Then

je� bGiej � bTie+ (�(n; i)�+O(�2))e

where �(n; i) = 2
3
(i+ 1)(n+ 2)(n+ 3)(2n+ 5) + (i+ 2)2(n+ 1):

Proof Using (7), we have bGi = fl( bGi�1 + bTi�1 bLi) = bGi�1 + bTi�1 bLi+Fi, where jFij � ((n+1)�+

O(�2)) bGi. Thus bGi = bL0 + bT0 bL1 + � � �+ bTi�1 bLi + F1 + � � �+ Fi

Write Ei = F1 + � � �+ Fi. Then jEij � (i(n+ 1)�+O(�2)) bGi, where we note that bGi is monotonic.

On the other hand, using (6),

bTi = fl( bTi�1 bHi) = bTi�1 bHi + F
(2)
i (25)

with jF
(2)
i j � (n� + O(�2)) bTi. Furthermore, by Lemma 4, bHie � (1 + O(�))e and hence bTie �

(1 +O(�)) bTi�1e+O(�) bTie. This implies bTie � (1 +O(�))Ti�1e and thus bTie � (1 +O(�))e. Using

the expression of bGi and Lemma 4, we also have that bGie � (1 + O(�))(e + bT0e + � � � + bTi�1e).
Hence,

bGie = bL0e+ bT0 bL1e+ � � � + bTi�1 bLie+Eie

= bL0e+�i�1
j=0(

bTj bLj+1e+ bTj bHj+1e� bTje)� �i�1
j=0

bTj bHj+1e+�i�1
j=0

bTje+Eie

= bL0e+ bT0e+�i�1
j=0

bTj(bLj+1e+ bHj+1e� e) + �i�1
j=1(

bTj � bTj�1 bHj)e� bTi�1 bHie+Eie:

Noting that bT0 = bH0, it follows from (25) and Lemma 4 that

je� bGiej � bTi�1 bHie+ ( (n)�+O(�2))(e+ bT0e+ bT1e+ � � �+ bTi�1e) +
+(n�+O(�2))( bT1e+ � � �+ bTi�1e) + (i(n+ 1)�+O(�2)) bGie

� bTi�1 bHie+ (�(n; i)�+O(�2))e:

The coeÆcient �(n; i) in the bound depends on n3, which is inherited from the worst case bound

of Theorem 1 and seems to be far too pessimistic in practice (see our numerical examples and those

in [1]). On the other hand, the dependence of �(n; i) on i arises in the summation of i terms in

the series Gi. This e�ect can be reduced by implementing a group wise update of the partial sum,

namely, updating Gi only when the accumulated TiLi+1 is suÆciently large. However, given the

fast convergence of the algorithm (i.e. small i), we have not found this necessary in practice.

5 Numerical Examples

In this section, we present some numerical examples to demonstrate the high accuracy achieved by

the re�ned algorithm. All testing is carried out in MATLAB with the machine precision � � 10�16.
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Example 1: This example is a QBD process with two phases, which is used by Latouche and

Ramaswami [15]. From the state (i; 1), i � 1, the chain moves to (i; 2) with probability p and to

(i�1; 1) with probability 1�p; from the state (i; 2), i � 0, the chain moves to (i; 1) with probability

2p and to (i+ 1; 2) with probability 1� 2p. The QBD is always positive recurrent with

G =

 
1 0

1 0

!
:

We compare the solution error kG�Gik1 and the residual error �i � kA2+A1Gi+A0G
2
i �Gik

for the direct implementation (Algorithm 2) and the re�ned implementation (Algorithm 3). We

present the results in Table 1 for a range of value of p. The termination criterion is set to be

kTiLi+1k1 < 10�16. The two implementations take the same number of iterations.

Algorithm 2 Algorithm 3

p kG�Gik1 �i kG�Gik1 �i

10�2 1e� 14 1e� 16 1e� 16 0

10�4 7e� 13 0 0 0

10�6 5e� 11 1e� 16 3e� 16 2e� 16

10�8 7e� 09 0 2e� 16 2e� 16

10�10 3e� 07 2e� 16 1e� 15 1e� 16

10�12 6e� 05 2e� 16 2e� 16 0

10�14 2e� 03 0 6e� 16 0

10�16 2e� 01 1e� 16 1e� 16 1e� 16

Table 1: Example 1: �i = kA2 +A1Gi +A0G
2
i �Gik1

From the table, we see that the re�ned implementation (Algorithm 3) leads to a solution with

both the solution error and the residual error at the level of the machine precision. For the direct

implementation (Algorithm 2), as p decreases, the solution error increases steadily. However, the

residual error kA2+A1Gi+A0G
2
i �Gik is in the order of the machine precision, which was originally

observed by Latouche and Ramaswami [15]. This is probably true in general and due to the

backward stability of the standard algorithm; but we do not have an error analysis demonstrating

this for Algorithm 2 (see [23] for an analysis of residual errors for other algorithms). With this, we

note that Gi obtained by Algorithm 2 nearly satis�es the matrix equation but it may be far from

being stochastic.

Example 2: This example is a continuous QBD model of a teletraÆc system taken from Daigle

and Lucantoni [8]. It is de�ned by 24 � 24 blocks A00, A
0
1 and A02 in which A00, A

0
2 are diagonal

such that A00 = 192�dI, (A
0
2)jj = 192(1 � j=24) for 0 � j � 23, and A01 is tridiagonal such that

(A01)j;j+1 = ar(M � j)=M (for 0 � j � 22) and (A01)j;j�1 = jr (for 1 � j � 23). The corresponding

discrete model equation (2) is given by A0 = �A01
�1
A02, A1 = 0 and A2 = �A01

�1
A00 (in our

notation). We use the parametric values r = 1=300, a = 18:244 and a few values of M for our

testing. The stopping tolerance is again set as kTiLi+1k1 < 10�16.
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We present the results in Table 2 for a range of M . We compare the stochastic measure

ke�Giek1, and the residual error �i. A behavior similar to Example 1 is observed. In particular, the

re�ned implementation producesGi that satis�es to the machine precision both the matrix equation

and the stochastic property. On the other hand, the solution by the standard implementation may

be far from being stochastic.

Algorithm 2 Algorithm 3

M ke�Giek1 �i ke�Giek1 �i

64 1e� 12 1e� 16 6e� 16 3e� 16

256 2e� 11 2e� 16 4e� 16 3e� 16

1024 6e� 11 2e� 16 6e� 16 3e� 16

4096 1e� 10 1e� 16 6e� 16 3e� 16

16384 1e� 09 2e� 16 5e� 16 3e� 16

65536 2e� 08 1e� 16 5e� 16 3e� 16

Table 2: Example 2: (for M = 65536) �i = kA2 +A1Gi +A0G
2
i �Gik1

To show the convergence behavior and its relation to the stochastic property of Li + Hi, we

also present in Figure 1 convergence plots of Æi = ke�Giek1 (solid line for Alg. 2 and +-line for

Alg. 3) and the stochastic measure ke� (Li+Hi)ek1 (dotted line for Alg. 2 and dash-dotted line

for Alg. 3). We see that initially (�rst 10 steps), the convergence is nearly linear. The stochastic

property of Li +Hi is graduately lost for Algorithm 2, which eventually limits the convergence of

Gi. For Alg. 3, ke� (Li +Hi)ek1 remains at the machine precision level (see Lemma 4) and that

ensures G�Gi converges to the machine precision.
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