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Abstract

In this paper, we consider Latouche-Ramaswami’s logarithmic reduction algorithm for solv-
ing quasi-birth-and-death models. We shall present some theoretical properties concerning con-
vergence of the algorithm and discuss numerical issues arising in finite precision implementa-
tions. In particular, we shall present a numerically more stable implementation together with its
rounding error analysis. Numerical examples will be given to demonstrate the higher accuracy
achieved by the refined implementation.

1 Introduction

A large number of queueing systems can be modeled by two-dimensional Markov chains called
quasi-birth-and-death processes (QBD) (see [16] for examples of QBD). A QBD process has a matrix-
geometric stationary distribution [22] which is defined through the minimal nonnegative solution
of the matrix equation of the form

R = Ay + RA;, + R*A, (1)

or through the related equation
G=A+AG+ A0G2 (2)

where (Ag, A1, Ag) are three n X n nonnegative matrices that define the transition matrix of the
QBD process and they are such that A = E%:[)Ak is stochastic [16]. Numerically solving the
above equations play an important role in the applications of QBD models and various numerical
methods have been developed to solve (1), (2) or some more general nonlinear matrix equations [22].
They range from linearly convergent fixed point iterations to quadratically convergent iterations
such as Newton’s method (see [2, 3, 4, 9, 11, 14, 15, 17, 18, 20] and the references contained
therein). One of the most efficient ones for (1) or (2) is the algorithm of Latouche and Ramaswami
[15], which possesses a quadratic convergence property at a cost more comparable to other linear
convergent algorithms. The Latouche-Ramaswami algorithm involves inverting certain matrices
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at each iteration, and relatively large roundoff errors may incur if the matrices for inversion are
ill-conditioned. Because the algorithm is based on partial sum approximation of an infinite series
expression for the solution, any roundoff error made at early steps for computing partial sums
carries forward to future approximations without any mechanism for correcting such errors. Hence
the accuracy of the final approximation is limited by roundoff errors accumulated from early stage
of the iterations.

It appears that the ultimate accuracy to which the final solution can be obtained by the
Latouche-Ramaswami algorithm depends on condition numbers of certain matrices in the mid-
dle of the process. We note however that the matrices defined at each iteration are related to a
certain QBD process, which is derived from and is well determined by the original QBD process
independent of such condition numbers. Indeed, we shall demonstrate that such a dependence
of the algorithm on the condition numbers of the middle matrices is a consequence of the use of
numerical methods for inverting a general matrix rather than the intrinsic physical characteristic
of the solution. Specifically, we shall use in this paper the fact that the matrices involved in the
inversion are diagonally dominant M-matrices which, if defined properly, can be inverted entrywise
to high relative accuracy independent of any condition number [1]. Thus, by properly defining
the matrices involved, each iteration of the algorithm can be implemented in a numerically more
stable way to produce a more accurate solution. We remark that this approach has proved to be
very effective in producing more accurate solution for fixed point based iterations in [23] and it is
possible to generalize it to more general problems such as those of [5, 7, 21].

The paper is organized as follows. In Section 2, we shall briefly describe an entrywise forward
stable algorithm developed in [1] for inverting a diagonally dominant M-matrix, which generalizes
the GTH-algorithm [13] for stochastic matrices. In Section 3, we present the Latouche-Ramaswami
algorithm and some theoretical results. Then in Section 4 we derive a refined implementation of
the Latouche-Ramaswami algorithm and present an error analysis to demonstrate its improved
accuracy. Finally in Section 5, we give some numerical examples.

Notation: For m x n matrices B = (b;j) and C' = (¢;;), we denote by |B| the matrix of entries
|bij|. We write B > C' if bj; > c¢;; for all + and j. Throughout, we let e denote the column vector
of all ones, i.e.,

e=(1,1,---,1)T.

We use fl(z) to denote the computed result of the expression z in a floating point arithmetic, which
is also often denoted by 2.

2 Diagonally Dominant M-Matrix

Many matrices arising in stochastic models belong to the class of diagonally dominant M-matrices.
Such matrices have better theoretical and numerical behavior and can be, for example, inverted
entrywise to high relative accuracy (see [1]). In this section, we briefly discuss such an algorithm,
which will be used in later sections.

A matrix A = (a;;) is called a diagonally dominant M-matriz (DDM) if it has non-positive



off-diagonal entries and has non-negative row sums [6] , i.e.,
a;j <0, fori#j, andwv = Ae>0.

Let v = [v1,v2,---,v,]7 = Ae, which is the row sums (or the diagonally dominant part) of A. Tt is
easy to see that the diagonal entries of A are given by

ai; = Yjzi(—aij) +v; > 0. (3)

Thus, such a matrix is determined by its off-diagonal entries and the row sums v = (v, -, v,)".
Indeed, this is a more appropriate way to represent such matrices.

Definition 1 Let P = (p;;) be an n X n nonnegative matriz and v = (v;) be a nonnegative n-
vector. We use (P,v) to represent the unique diagonally dominant M -matrices (DDM) A of the
form A = D — P that satisfies Ae = v, where D is a diagonal matriz. We write A = (P,v).

In this representation, the off-diagonal entries of A are those of —P and the diagonal entries are
given by (3). Note that the diagonal entries of P play no role in defining A and can be arbitrary.

One advantage of this new representation is that the solution to Az = b (with b > 0) is well
determined by the data in (P, v) and can be computed more accurately. Namely, if A is represented
in A = (P,v), then the Gaussian elimination for A can be carried out in this representation and
consequently involves no subtraction. This generalizes the idea in the GTH-algorithm for stochastic
matrices [13, 19]. The following algorithm was developed in [1] and called a GTH-like Algorithm.

Algorithm 1: GTH-like Algorithm for Solving Az = b.
Step 1: LU factorization
For k=1,2,---,n—1,
the pivot ay = v,(f) + 2k p,(c];).

(k), (k)
P = pl) ¢ B for > k, i .
o(F)
v](-kH) ( ) 42 L p;k) for j > k.
Step 2: Solving Ly b
y1="b1/o
For k =2,3,-

Yk = (bk‘*‘zk 1pk]yy)/ak
Step 3: Solving Ux=y
In = Yn
Fork=n—-1,n—-2,---,1

k
T =Yk + (Z?:kJrl p](cj)xj)/ak
The above algorithm has essentially the same computational flops as the standard Gaussian

elimination. Yet, the computational results could be significantly more accurate as no subtraction
is involved. This is demonstrated by a rounding error analysis, as given in the next theorem [1].



Theorem 1 Suppose Algorithm 1 is carried out in a floating point arithmetic with the machine
precision € to solve the linear system Az = b, and the input data p;j, vi, b; (4,5 =1,2,---,n) are
floating-point numbers. Then the computed solution T satisfies

|z = & < (¢(n)e + O(e*)). (4)

where ¢(n) = 2("+2)(n§3)(2n+5)‘

Each entry of the solution has a relative acuracy of order €. This compares with the standard
Gaussian elimination with partial pivoting whose solution has a normwise accuracy dependent on
the condition number of A.

In our error analysis, we assume the following standard model for roundoff errors in basic matrix

computations [10, p.66]
flz+y)=z+y+f with [f|<elz+y| (5)

fl(Az) = Az + f  with |f| < en|A||z| + O(€?). (6)

where A € R" ", x,y € R™ are floating point matrices and € is the machine roundoff unit. Recall
that fl(z) denotes the computed result of some expression z in a floating point arithmetic. It is
also easy to show that

flly+Az) =y + Az + [ with || <e(lyl+ (n+1)|Alle]) + O(e?), (7)

which we will use in later analysis.

3 Latouche-Ramaswami’s Algorithm

We first describe the following quadratically convergent iteration for solving (2) due to Latouche
and Ramaswami [15].

Algorithm 2: Latouche-Ramaswami’s Algorithm.
Ho = (I - A1) " Ag;
L() = (I — Al)ilAQ;

Go = Lo;
Ty = Ho;
For i =0,1,2,--- until convergence

U,=H;,L;+ L;H;
Hiyy = (I -U;) ' HE
Liyy= (I -U)~'Ly;
Giy1 = Gi +T; Ly,
Tiv1 =TiHiyq,



The algorithm implements the following expression of the minimal non-negative solution
G =X72y(HoH, - Hj 1)Lj. (8)
and approximates G at step ¢ — 1 by the partial sum
Gi=X}_o(HoH; - Hj_1)L;

If the QBD is either positive recurrent or transient, then G; converges to G quadratically. One
potential numerical difficulty is caused by inverting I — U; in the algorithm. A standard inversion
algorithm (e.g. the Guassian elimination with partial pivoting) usually produces a backward stable
solution; but the relative error in H; 1 = (I — U;) "' H? depends on the condition number of I — U;.
Although we know that lim U; = 0 and therefore I — U; is asymptotically well-conditioned, at the
early stage of iterations (smaller i), U; needs not be small and thus the roundoff errors caused
by inverting I — U; may be large at the beginning. Unfortunately, the algorithm itself has no
error correction mechanism and such roundoff errors carry forward to all subsequent G;. Thus the
accuracy of the final solution is limited by the roundoff errors incurred at the beginning. This is
the numerical issue that we shall consider in the next section. Here, we present some convergence
properties of Algorithm 1 and discuss when there might be a slow convergence.

In studying the matrix equation (2), it is helpful to consider the level-reversed process as defined
by (As, A1, Ag) and the corresponding equation

G = Ag + A1G + A,G2, (9)
ie. G = AyG? + A,G + Ag. Tt is well-known that
1. If the QBD is positive recurrent, G is stochastic and G is substochastic.
2. If the QBD is transient, G is stochastic and G is substochastic.
3. If the QBD is null-recurrent, both G and G are stochastic.

For Algorithm 1, it is also well known that H; + L; is stochastic (see the derivation [15]). Further-
more, it can be deduced from [15] that the QBD as defined by (H;,0, L;) has G* and G?' as the
corresponding solutions of (2) and (9) respectively, i.e.,

2i+1

G = L; + HiG2i+1, and G2 = Li@ + H;. (10)

The property that H; + L; is stochastic leads to the following identity concerning the approxi-
mation error as well as stochastic measure of Gj;.

Theorem 2 If the QBD is recurrent (positive recurrent or null recurrent), we have
e — Gie = H()Hl"'Hie

and hence |G — Gil|looc = ||HoH1 -+ - Hil|oo-



Proof From the definition of GG;, we have

e—Gie = e—YX\_((HoH---Hj 1)Lje
= e— X! _(HoHy - -H;_1)Lje —
—Xi_o(HoH, -+ Hj 1)Hje + X571 (HoH, --- Hj 1)e
= —%!_o(HoH; - Hj_1)(Lje+ Hje — e) + (HoH; - - Hy)e
= HyH,---Hje

where we have used Lje + Hje —e = 0. In the case of recurrent QBD, G is stochastic and G > Gj.
Thus
|G = Gilloo = (G — Gi)elloo = [HoHy - - - Hielloo = [[HoHy - - - Hiloo-

This result characterizes the dependence of the convergence of G; on H;. In particular

G = Gill

————— < [|H;||o-

We next discuss convergence properties of H;.

Lemma 1 Assume that the QBD and A = Ayg + Ay + As are irreducible and the QBD is positive
recurrent. Let g1 be the stationary probability vector of G. Then

G =eg’ + Gy with p(Gy) < 1. (11)

Furthermore, for any k > 1,
Gt = eg” + GF. (12)

Proof By Theorem 7.2.1 of [16, p.152], G after a suitable permutation can be written as

G- ( G 0 )
G2 G
where (11 is stochastic and irreducible and G2 is lower triangular with zeros on the diagonal.
Here G2 could possibly be empty, in which case G itself is irreducible. Then, G1; and hence G
have exactly one eigenvalue with modulus 1. Note that g7 and e are left and right eigenvectors of
G with gTe = 1. Hence, using an eigenvalue decomposition (e.g. the Jordan canonical form), we
have G = eg! + Gy and p(G;) < 1. Furthermore, it follows from g7 Gy = g7 (G — eg’) = 0 and
Gie = (G —eg’)e = 0 that

G? =egleg! +eg' G + Greg! + G? = eg” + G2,

Similarly, the more general (12) can be proved by an induction. 0



Lemma 2 Let ol be the stationary probability vector of A = Ay + Ay + Ay and let ol be defined
recursively by (assuming it is defined)
ST o (I—A S o vl Ui
07 aTAge + ol Ase’ of \H? je+al |L? |e

Then ol is the stationary probability vector of H; + Lj.

Proof It is easy to verify the statement for i = 0. Suppose it is true for some 4, i.e. ! (H;+L;) =
of . Then of (H? + L?) = of (I — H;L; — L;H;) = o} (I — U;). Therefore, o}, ;e =1 and
o [ -U)I -U) "(HZ +LF) _ ¢

T
o'k H;ii 1+ L) = =05, .
i (it i+1) oziTHZ?e + aiTL%e ol

This completes the proof. 0

Theorem 3 Assume that the QBD and A are irreducible and the QBD is positive recurrent. We
have the following.

~oi ~oi ~oi\ —1
of Hi = ol LiG* = ol G* (1+G¥) —0, (13)

and
of =(1—of He)g" +ol Hi(I+GT) — g". (14)

Proof From the second of (10), we have
OzZTLZ'@QiJrl + OéZTHi = a@T@Zi = OzZT(LZ' + HZ)C:YT
Then, ‘ _ ‘
ol Hy(I — G*) = o L;G* (I - G*')
which together with the fact that G is substochastic imply
ol H; = al-TLZ-CAv’Qi = aZ-TCAv’Qi — al-THiC:’Zi (15)
Thus we have o H;(I + G?) = al-TCATQi and hence (13).
Similarly, From the first of (10), we have
ol Li(I — G*') = ol H;G* (I — G¥).
Using Lemma 1, we obtain
ol Li(I - GY) — o Lieg" = ol H;GY (I — GY)
where we note that G¥ (I — G21) = (eg” + G%i)(I —egl — G%z) = G%i(I - G%l) Hence, inverting
I — G?% and using g7 (I — G?') = g*, we have
OzZTLZ' = a?HzG%l + oziTLiegT (16)
Thus, .
of =alHy +al Hy = o Hi(I + G¥) + (1 — o Hie)g".

i =

This proves (14). 0



The theorem shows that ¢/ H; = aZ-THi + (g1 - aiT)Hi converges quadratically and the conver-
gence at initial stage could be slow if p(G) is near 1 or if G (for some small i) has an eigenvalue

A . .
near —1 (which results in a large (I +G? ) ). Clearly, if all entries of g are nonzero, H; converges
in the same way. We next consider another factor (the initial state) that affects the number of
iterations.

Theorem 4 For all i > 1, we have

T 72 T 172
a;_Li e —a; 1H e
T 72 T 172

a_Li e+a; 1H e

aZ-TLZ-e — aiTHie = aiTL%e — aiTHiZe = ; (17)

and
aTAge — aTAge

T T T 72 T 172
ay Loe — oy Hye = ap Lie — ay Hije = .
0 0 040 0 41o ol Aye + ol Age

(18)

Proof From ol |(L? | +U;_1 + H? ) =l |(Li—1 + H;—1)? = o, it follows that ol ;L? | =
ol (I —Ui_1)+al {H? |. Then
ai (LI -Uiy) 'L e of (L} je+of (HY (I —Ui1) 'L} je

T2 - — —
a; Lie = T 172 T 12 = T 172 T 12 : (19)
a,_H je+o; L7 je a,_H je+o; (L7 je

Using of L?e = (ol — ol H;)L;e and ol L?e = ol L;(e — H,e), we obtain

i i
Tr2 T L
Similarly, we can prove

of |H? je+al \H? |(I-U; 1)7'L7 (e

T 172 T 712
o H e+ (Lj e

ol H2e — (21)
and |
of H?e = ol Hie — EaiTUie. (22)

Now combining (19) with (21) and (20) with (22) we obtain (17). Clearly, (18) can be proved
similarly. 0

For the positive recurrent case, it follows from «! L?e + ol H?e < 1 that o! L?e — ol H?e and
hence aiTLie — aZ-THi increase monotonically to 1. By considering aZ-TLie — aiTHie as an indication
of convergence of H;, (17) suggests the need of more iterations if the initial o Ase — ol Age is
small.

In the extreme case of a null-recurrent QBD, ol Ase —al' Age = 0, aiTLie — aiTHie remains to
be 0 for all 7. Noting that aiTLie + aiTHie =1, we have aiTLie = aiTHie = % (which has also been
obtained in [12]). So H; does not converge to 0.



Theorem 5 Assume that the QBD and A are irreducible and the QBD is null-recurrent. Let g'
and §7 be the stationary probability vectors of G and G respectively and let G = eg? + Gy and
G =egl + Gi. Then,

1 )
o Hi — 5g", af —ul =2(g" +3"). (23)

Proof We first note that the proof of (16) is valid for the null-recurrent case and we have
oL, = aiTHiG%i + ol Lieg”

i 1
= G -G+ 59
which implies
i i\ _ 1 1
ol Li = o] G (I +G¥)™' + 5gT — 5gT.

On the other hand, since the QBD is null-recurrent, G is stochastic. Therefore, by the same reason,

~oi ~oi 1 1
of Hy=of GT (I+GY) "+ 3¢ — 2¢7.

Thus, ozl-T = ozl-TLi + oziTHi — %(gT + QT). 0

Now, assume that all entries of g and § are nonzero. Then u > 1§. Writing U = diag(u) (i.e.
the diagonal matrix with Ue = u), we have

1
e'UHU ' =u"HU ' — EgTU*1 <el.

In particular, for some § > 0 and sufficiently large i, |UH;U||; < max(§’U~!/2) + 6 < 1. Thus,
HyH, --- H; converges to 0 linearly and so is G; — G. We remark that the convergence property
of null-recurrent QBDs has recently been studied independently by Guo [12]. There, under some
mild assumptions, it is shown that G; converges precisely at the rate of 1/2.
We finally mention an interesting 1mphcat10n of (15). For the case i = 0, we have o Hy =
LOG Then, if v is an eigenvector of G corresponding to p(G), then of Hyv = p(G)a Lov i.e.

(@) = O[(j;H()’U B ol Ay
P N angv N OéTAQ'U‘

TA()U
A
We also note that our derivation of these rsults are purely algebraic; but for at least some of

In another word, appears to be a measure of how close the QBD is to being null-recurrent.

them, probabilistic arguments should be possible.

4 Refined Implementation and Error Analysis

In this section, we present a refined implementation of the Latouche-Ramaswami Algorithm. We
first observe that Algorithm 2 involves addition operations (of positive numbers) except at the
steps involving inverting I — U; or I — A;. Thus the only potential numerical instability lies at the
inversion steps. We address this issue now.



Theorem 6 For Algorithm 2, I —U; is a DDM matriz and (I —U;)e = H2e + L?e > 0, i.c. in the
notation of Definition 1, I — U; is represented as

I— Ui = (Ui,’l)z'), with v, = Hlf?e -I—L%e.

Proof First, we note that (H; + Li)2 = Hf +L?+ H,L; + L;H; = HZ2 + L? 4+ U;. Since H; + L; is
stochastic, we have e = (H; + L;)?e = (H? + L?)e + U;e, which leads to (I — U;)e = H?e + L?e.
Clearly U; > 0. Therefore I — U; is a DDM matrix and I — U; = (U, v;). 0

Now, computations of U; and v; involve additions only and therefore the data used to represent
I — U; is each computed to the machine precision. Thus, using Algorithm 1, we can invert I — U;
with entrywise accuracy to the machine precision. Similarly I — A; can be inverted accurately using
the representation I — A1 = (A1, Age + Age). This leads to the following refined implementation of
Algorithm 2.

Algorithm 3: Refined Implementation of Latouche-Ramaswami Algorithm.
vy = Age + Ase;

Solve M()HO = A2 by Algorithm 1 with MO = (Al,vo);

Solve M()Lo = AO by AlgOI‘ithm 1 with MO = (Al,vo);

Go = Lo;
Ty = Ho;
For i =0,1,2,--- until convergence

v; = He + L?e;

U,=H;L;+ L;H;

Solve Mi-l—lHi—I—l = HE by AlgOI‘ithm 1 with Mi—l—l = (UZ’,UZ‘);
Solve Mi—l—lLi—I—l = Lz2 by Algorithm 1 with Mi-l—l = (Ui,vi);
Git1 =G+ TiLit,

Tiv1 =TiHip

Each step of iteration uses the inverse of M;,; twice but we only need to compute the LU
factorization (Algorithm 1) once. Also, For positive recurrent queues, G is stochastic and, once
computed, we can obtain the rate matrix R through R = Ag(I — A; — AgG) ! (see [16, p.166)).
Again, I — A — ApG is a DDM and since (I — A; — ApG)e = Age, it has the representation

I— A — AG = (A1 + AyG, A2€)

which involves additions only. Therefore, R can be computed from G entrywise to the machine
precision.
We next present an error analysis to demonstrate the higher accuracy achieved.

Lemma 3 Let fAIi, I/;Z and C:’z be the computed H;, L; and G; of Algorithm 3 respectively. We have
that H; > 0 and L; > 0 and hence G; is monotonically increasing.

10



The proof simply follows from the fact that Algorithm 3 involves only addition operations of
nonnegative numbers. The following result shows that the stochastic property of H;+ L; is preserved
in finite precision.

Lemma 4 Let f[z and IAJZ be the computed H; and L; of Algorithm 3. Then
(Hi + Li)e — e| < (1h(n)e + O(é?))e.
where 1(n) = 2(n+ 2)(n + 3)(2n + 5) + 2n.

Proof Fori >0, let [7@ and v; be the computed U; and v; and Ri, §z be the computed IAIE and Ef
respectively at step 7. Then, using (6) and (5), we have

Ui = fl(Rie + Sie) = Rie + Sie + f, (24)

where |f| < 2ne(R;e + S;e).

Now, let M;; = (Ui,ﬁi), Xit1 = Mijrll]%i and Y11 = Mijrllgi. Note that .[:?\[H,l and ./[\/Z'+1 are the
computed solutions to M;1H;11 = S; and M;,1L;11 = T; respectively, while X;,; and Y;;, are
respectively the exact solutions. Hence, by applying Theorem 2.1 to columns, we have

| Xis1 — Hiy1] < (d(n)e + O(e?)) X1
and
Yit1 — Liv1] < (¢(n)e + O(€%))Yis.

On the other hand, by the definition of M; 1, we have M;,1e = ©; or Mifl@i = e. Then, combining
it with (24), we have

(Xis1 + Yipr)e = MY (R + Sie
= M3\oi- M3\ f=e—f

)

where |f] = MLl < 2neMijrll(]§ie + S;e) = 2ne(X;41 + Yiy1)e. Thus,

(Higr+ Lig)e —e| < |(Hitr — Xit1)e| + |(Liv1 — Yirr)e| + |[(Xit1 + Yig1)e — e
< (p(n)e + O())(Xit1 + Yiy1)e + |f]
< (h(n)e+O(?))e
This proves the cases ¢ > 1 of the theorem. The case 7 = 0 can be proved similarly. 0

The near stochastic property of ﬁl + ﬁ improves the accuracy of the final approximation. To
see this, let us consider again the positive recurrent case, in which the solution G is stochastic.
The following theorem demonstrates that at convergence (i.e. when 7; is sufficiently small), the
computed solution G, will be stochastic to the order of the machine precision.

11



Theorem 7 Let CA?i, ﬁ, H; and L; be the computed G;, T;, H; and L;, respectively, of Algorithm
3. Then
le — Gie| < Tie+ (¢(n,i)e + O(e?))e

where ((n,i) = 2(i+ 1)(n +2)(n+3)(2n +5) + (i + 2)*(n + 1).

Proof Using (7), we have G; = fl(@i_l —I—ﬁ-_lii) =G + T L; + Fj, where |F;| < ((n+1)e+
O(€?))G;. Thus

Gi=Lo+Tol1+ -+ TiaLi+ Fi +--- + F
Write E; = F| + - -+ + Fy. Then |E;| < (i(n + 1)e + O(€2))G;, where we note that G; is monotonic.
On the other hand, using (6),

T; = fi(T;—1 H;) = Ty H; + Fi(Q) (25)

with |Fi(2)| < (ne + O(€?))T;. Furthermore, by Lemma 4, Hie < (1 4+ O(e))e and hence Tie <
(14 O(€))T;—1e + O(e)T;e. This implies Tye < (1 + O(e))T;—1e and thus Tye < (1 + O(e))e. Using
the expression of G; and Lemma 4, we also have that Gje < (14 O(e))(e + Toe + --- + T;_1€).
Hence,

~

Gie = Eoe + f’oile + -+ fi_liie + E;e
= Eoe + E;;B(fjij+1e + @ﬁj+1e - fje) - Z;;%@ﬁjJrle + Z;;%fje + Eie
= Loe+ Tye + Xi{T(Ljre + Hj e — e) + B4 (T) — Tj_1Hj)e — T, 1 Hie + Eje.

Noting that Ty = Hy, it follows from (25) and Lemma 4 that

le—Gie| < T, (Hie+ (h(n)e+ O(?))(e +Toe + Tre+---+T; 1€) +
+(ne+ O(2))(Tre + - -+ Ti 1) + (i(n + 1)e + O(e?))Gie
< T Hie + (((n,i)e + O(€%))e.

O

The coefficient ¢(n, i) in the bound depends on n3, which is inherited from the worst case bound
of Theorem 1 and seems to be far too pessimistic in practice (see our numerical examples and those
in [1]). On the other hand, the dependence of ((n,%) on 7 arises in the summation of ¢ terms in
the series GG;. This effect can be reduced by implementing a group wise update of the partial sum,
namely, updating G; only when the accumulated T;L;. is sufficiently large. However, given the
fast convergence of the algorithm (i.e. small i), we have not found this necessary in practice.

5 Numerical Examples

In this section, we present some numerical examples to demonstrate the high accuracy achieved by
the refined algorithm. All testing is carried out in MATLAB with the machine precision e = 10716,

12



Example 1: This example is a QBD process with two phases, which is used by Latouche and
Ramaswami [15]. From the state (i,1), ¢ > 1, the chain moves to (i,2) with probability p and to
(i—1,1) with probability 1—p; from the state (i,2), ¢ > 0, the chain moves to (i, 1) with probability
2p and to (i + 1,2) with probability 1 — 2p. The QBD is always positive recurrent with

G:<18>

We compare the solution error ||G — G|l and the residual error 7; = || A2 + A1G; + AgG? — G|
for the direct implementation (Algorithm 2) and the refined implementation (Algorithm 3). We
present the results in Table 1 for a range of value of p. The termination criterion is set to be
|T;Lit1]loo < 10716, The two implementations take the same number of iterations.

Algorithm 2 Algorithm 3

p |G -Gillx Ti |G — Gill Ti
1072 le — 14 le — 16 le — 16 0
1074 Te — 13 0 0 0
1076 Se — 11 le—16| 3e—16 2e—16
1078 Te — 09 0 2¢ —16  2e—16
1010 3e—07 2e—16 le — 15 le — 16
1012 6e — 05 2e — 16 2e — 16 0
10714 2e — 03 0 6e — 16 0
10~16 2e — 01 le — 16 le — 16 le — 16

Table 1: Example 1: 7; = |42 + A1G; + A0G? — Gl

From the table, we see that the refined implementation (Algorithm 3) leads to a solution with
both the solution error and the residual error at the level of the machine precision. For the direct
implementation (Algorithm 2), as p decreases, the solution error increases steadily. However, the
residual error || Ay + A1G;+ AgG? — G|| is in the order of the machine precision, which was originally
observed by Latouche and Ramaswami [15]. This is probably true in general and due to the
backward stability of the standard algorithm; but we do not have an error analysis demonstrating
this for Algorithm 2 (see [23] for an analysis of residual errors for other algorithms). With this, we
note that G; obtained by Algorithm 2 nearly satisfies the matrix equation but it may be far from
being stochastic.

Example 2: This example is a continuous QBD model of a teletraffic system taken from Daigle
and Lucantoni [8]. It is defined by 24 x 24 blocks Af, A} and A} in which Ay, Af are diagonal
such that Ay = 192p4I, (A5);; = 192(1 — j/24) for 0 < j < 23, and A} is tridiagonal such that
(A])jj+1 =ar(M —j)/M (for 0 < j < 22) and (A});,j—1 = jr (for 1 < j < 23). The corresponding
discrete model equation (2) is given by Ag = —A}"'A), Ay = 0 and Ay = —A}""A} (in our
notation). We use the parametric values r = 1/300, a = 18.244 and a few values of M for our
testing. The stopping tolerance is again set as ||T;L;11]/co < 10716,
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We present the results in Table 2 for a range of M. We compare the stochastic measure
le—Giell~, and the residual error 7;. A behavior similar to Example 1 is observed. In particular, the
refined implementation produces G; that satisfies to the machine precision both the matrix equation
and the stochastic property. On the other hand, the solution by the standard implementation may
be far from being stochastic.

Algorithm 2 Algorithm 3
M | |le—Gie|x Ti le — Giell Ti
64 le — 12 le — 16 6e — 16 3e — 16

256 2e — 11 2e — 16 4e — 16 3e — 16
1024 6e — 11 2e — 16 6e — 16 3e — 16
4096 le — 10 le — 16 6e — 16 3e — 16
16384 le — 09 2e — 16 oe — 16 3e — 16
65536 2e — 08 le — 16 oe — 16 3e — 16

Table 2: Example 2: (for M = 65536) 7; = || A2 + A1G; + AoG? — Gillw

To show the convergence behavior and its relation to the stochastic property of L; + H;, we
also present in Figure 1 convergence plots of J; = ||e — G;e||» (solid line for Alg. 2 and +-line for
Alg. 3) and the stochastic measure ||e — (L; + H;)e||oo (dotted line for Alg. 2 and dash-dotted line
for Alg. 3). We see that initially (first 10 steps), the convergence is nearly linear. The stochastic
property of L; + H; is graduately lost for Algorithm 2, which eventually limits the convergence of
G;. For Alg. 3, |le — (L; + H;)e||~ remains at the machine precision level (see Lemma 4) and that
ensures G — (; converges to the machine precision.
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