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Abstract

We show that the 2-Opt and 3-Opt heuristics for the traveling salesman problem

(TSP) on a complete graph Kn produce a solution no worse than the average cost of

a tour inKn in a polynomial number of iterations. As a consequence, the domination

numbers of the 2�Opt and 3�Opt, Carlier-Villon, Shortest Path Ejection Chain,

and Lin-Kernighan heuristics are all at least
(n�2)!

2
. The domination number of the

Christo�des heuristic is shown to be no more than d
n

2
e!, and for the Double Tree

heuristic and a variation of the Christo�des heuristic the domination number is

shown to be one (even if the edge costs satisfy the triangle inequality). Further,

unless P=NP, no polynomial time approximation algorithm exists for the TSP with

domination number at least (n � 1)! � k for any constant k or with domination

number at least (n� 1)!� ( k

k+1
(n+ r))!� 1 for any constant r and any constant k

such that k � �1 mod (n + r): The complexity of �nding the value of the median

tour and of similar problems is also studied.
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1 Introduction

Let Kn = (V;E) be the complete graph on n vertices and let c(e) be a cost

associated with e 2 E. If G is a subgraph of Kn, we denote by c(G) the sum

of the costs of the edges in G. Let F be the family of all Hamiltonian cycles

(tours) in Kn. The symmetric traveling salesman problem (STSP) is to �nd an

H� 2 F such that c(H�) � c(H) for all H 2 F. Replacing Kn by a complete

digraph ~Kn and asking for the directed tour of minimum cost in the digraph

yields an asymmetric traveling salesman problem (ATSP). When a statement

applies to both ATSP and STSP, we simply use traveling salesman problem

(TSP). Let E = fe1; e2; : : : ; emg. The vector c = (c(e1); c(e2); : : : ; c(em)) of

edge costs is called the cost vector.

Let � be a heuristic algorithm for the TSP, let H� be the solution produced

by � and let H� be an optimal solution. Assume that the cost vector c is

restricted to the domain D � R
m . One measure of the worst-case performance

of � on these instances is the performance ratio

P�(D ) = sup
c2D

f
c(H�)

c(H�)
: c(H�) > 0g :

(We assume that there exists c 2 D such that c(H�) > 0. If c(H�) � 0 for all

c 2 D then it makes more sense to consider such problems as maximization

problems.)

Clearly P�(D ) � 1 and the closer the performance ratio is to one, the better

the worst case performance of the algorithm � is. Identifying the exact value of

P�(D ) is usually diÆcult and hence upper bounds on the performance ratio are

used instead. A heuristic � is a Æ-approximation algorithm with respect to the

domain D if P�(D ) � Æ. Unless P=NP, no polynomial time Æ-approximation

algorithm exists for the TSP with D = R
m for any constant Æ � 1 [23]. If Rm

� =

fc 2 R
m : the edge-costs ce satisfy the triangle inequalityg, the Christo�des

heuristic is a 3=2-approximation algorithm [2]. The existence of an algorithm

with a better performance ratio is an important open question.

Recently Glover and Punnen [3] proposed domination analysis as another ap-

proach to measure the quality of a heuristic algorithm �: Let F�(c) = fH 2

F : c(H) � c(H�)g: De�ne the domination number of � with respect to the

domain D by

dom(�; D ) = inf
c2D

jF�(c)j :

When D = R
m , dom(�; D ) is denoted by dom(�). For any heuristic �, the

domination number exists and it is at least one for the TSP, as the problem

is always feasible. The de�nition extends directly to any minimization com-

binatorial problem with feasible set F. If dom(�) = jFj, then � is an exact
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algorithm producing an optimal solution. Thus the goal is to develop heuristic

algorithms with domination number close to jFj.

Let � : R �! R be a real valued function. For a given edge cost vector c

and tours H1; H2 2 F, we say that H1 dominates H2 if and only if c(H2) �

c(H1). Let �(c) be the vector obtained by applying � to each entry in c. The

function � is an order preserving transformation for the TSP if and only if,

for all costs vectors c, the ranking of the solutions in F is the same with

respect to c or to d = �(c): d(Hi) � d(Hj) if and only if c(Hi) � c(Hj). For

example d(i; j) = �c(i; j) + ai + bj where � > 0 and ai; bi 2 R, is an order

preserving transformation for the TSP. Any solution improvement heuristic

(local search [14]) in which in every iteration the search neighborhood and tie

breaking rule are independent of the actual value of the edge costs produces

the same solution when applied to instances with edge costs c and d as de�ned

above. It follows that the domination number of � remains the same with edge

costs c or d. It should be noted that the stability of the domination number

under order preserving transformations does not hold for most construction

heuristics, an exception being the Patching heuristic [12].

Another advantage of domination analysis is that meaningful upper bounds on

the domination number can be obtained even if the cost vector is not restricted.

In fact we will show that for a large class of heuristics, the domination number

with respect to the domain R
m is the same as the domination number with

respect to the domain Rm

�
. Domination analysis also indicates what percentage

of the feasible region is `covered' by the solution produced by an algorithm.

This information together with other indicators may be useful in diversifying

search paths in local search based metaheuristics [17].

Let us now discuss some notations and basic results used in our analysis. The

average cost of all tours in ~Kn (resp. in Kn), denoted by A( ~Kn) (resp. A(Kn)),

are given by [8,20,21]

A( ~Kn) =
1

n� 1
c( ~Kn) and A(Kn) =

2

n� 1
c(Kn) :

Sarvanov [21] showed that, for an ATSP with n odd, there are at least (n�2)!

tours in ~Kn having objective function value greater than or equal to A( ~Kn). He

also suggested a computational scheme based on Hamiltonian decomposition of
~Kn to �nd a solution with objective function value no worse than A( ~Kn). When

n is even, he showed that there are at least (n�2)!

2
tours in ~Kn with objective

function value greater than or equal to A( ~Kn). His proof and result for the

case of odd n extends directly to the case for even n, using an Hamiltonian

decomposition of ~Kn for even n. The existence of such a decomposition for

n � 8 was proved by Tillson [24]. Recently, Gutin and Yeo [8] independently

showed that for any n 6= 6 there are at least (n�2)! tours in ~Kn with objective
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function value at least A( ~Kn). As a direct consequence, it can be seen that

there are
(n�2)!

2
tours inKn having objective function value at least A(Kn) [20].

These results can be summarized as follows:

Theorem 1 For a heuristic algorithm � for the ATSP and n 6= 6, if c(H�) �

A( ~Kn), then dom(�) � (n� 2)!. In the case of STSP, if c(H�) � A(Kn), then

dom(�) � (n�2)!

2
.

There are several polynomial time heuristic algorithms available for the TSP

that produce solutions with objective function value at least as good as A(Kn)

(or A( ~Kn)) [5,8,18,20{22,25] and hence the domination number of each of

these heuristics is at least (n� 2)! for the ATSP and (n� 2)!=2 for the STSP,

whichever is applicable.

In this paper we study the domination number of the Christo�des, Double

Tree, 2�Opt, 3�Opt and Node-Shifting heuristics and give some complexity

results related to domination analysis. The paper is organized as follows. In

section 2 we show that the 2�Opt heuristic for TSP is guaranteed to produce

a solution with value at least A(Kn) in a polynomial number of iterations and

hence the domination number of 2�Opt is at least
(n�2)!

2
. In section 3 we con-

sider domination analysis of Carlier and Villon algorithm [1]. We also observe

that the domination numbers of the Shortest Path Generation algorithm of

Glover [3] and its variations [17], and the Lin-Kernighan algorithm [13] are at

least (n�2)!=2. Section 4 shows that the Node-Shifting heuristic may produce

a solution worse than A(Kn) and a data dependent bound on the objective

function value of this solution is given. Further, we show that the 3 � Opt

heuristic produce a solution no worse than the average cost of all tours. In

section 5 we consider domination analysis of the Christo�des [2] and the

Double Tree algorithms [12]. It is shown that the domination number of the

Christo�des algorithm is at most (n
2
)! when n is even and at most (n+1

2
)! when

n is odd. Further, we show that the Double Tree algorithm as well as a vari-

ation of the Christo�des algorithm have domination number one. In section

6 we show that, unless P = NP, no polynomial time algorithm for the ATSP

exists with domination number (n� 1)!� k for any constant k or with domi-

nation number (n�1)!� ( k

k+1
(n+r))!�1 for any constant r and any constant

k such that n+ r is divisible by k+1. We also show that, unless P=NP, there

is no polynomial time algorithm to compute the value of a tour in ~Kn that

dominates exactly b(n� 1)!p=kc tours where p 2 f1; : : : ; k� 1 for any integer

constant k � 2.

An open question is the existence of a polynomial time algorithm for the ATSP

with domination number (n� 1)!k where k > 1=2. Gutin and Yeo [7] showed

that if there exists a constant r > 1 such that for every suÆciently large k,

every k-regular digraph with number of nodes n < rk admits a Hamiltonian

decomposition and if such a decomposition can be obtained in polynomial
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time, then a tour which dominates at least (n� 2)!(n� k) tours in ~Kn can be

identi�ed in polynomial time. Without loss of generality we assume that the

nodes of the complete graph are numbered f1; : : : ; ng and that all subscripts

are taken modulo n.

2 Domination Analysis of 2-Opt

The 2 � Opt heuristic is a simple and well known local search algorithm for

the STSP [12]. Consider a Hamiltonian cycle H = (1; 2; : : : ; n; 1) of Kn. A

2-exchange operation replaces two non-adjacent edges (i; i + 1) and (j; j + 1)

from H by the edges (i; j) and (i + 1; j + 1) to get a new tour Hij. Let

�ij = c(Hij)� c(H). Then

�ij = c(i; j) + c(i+ 1; j + 1)� c(i; i + 1)� c(j; j + 1) :

For any i in f1; : : : ; ng, let Ni = f1; : : : ; ng� fi� 1; i; i+1g. If �ij � 0 for all

i = 1; 2; : : : ; n and all j in Ni, then H is said to be locally optimal for 2�Opt.

For any node i of Kn, let Ær =
nX

j=1;r 6=j

c(r; j).

Theorem 2 If H is locally optimal for 2� Opt then c(H) � A(Kn).

Proof. Let �i =
P

j2Ni
�ij. Then

�i = �(n� 3)c(i; i+ 1)�
X

j2Ni

c(j; j + 1) + Æi + Æi+1; for i = 1; 2; : : : ; n:

Adding these n equations together, we get

� =
nX

i=1

�i = �(2n� 2)c(H) + 4c(Kn) : (1)

If H is locally optimal for 2 � Opt then �i � 0 for all i and hence � � 0.

Thus (1) yields c(H) � 2c(Kn)

n�1
= A(Kn).

Corollary 3 The domination number of 2� Opt is at least (n�2)!

2
.

This follows from Theorems 1 and 2. Note that each edge in H can be ex-

changed with (n� 3) edges and n(n � 3)=2 distinct 2-exchanges are possible

for a given H. Thus, the average cost of a 2-exchange operation from tour H,

denoted by �(H), is given by 2�

n(n�3)
. Hence

�(H) =
4(n� 1)

n(n� 3)
[A(Kn)� c(H)] : (2)
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Suppose we begin the 2 � Opt heuristic with a tour H such that c(H) >

A(Kn). Then �(H) < 0 and, for the optimal choice of non-adjacent edges

(i; i + 1) and (j; j + 1) for the 2-exchange operation, �ij � �(H) < 0. It

follows from equation (2) that this 2-exchange operation reduces the value of

c(H)�A(Kn) to c(Hij)�A(Kn), i.e. by a factor of
4(n�1)

n(n�3)
. To count the number

of iterations needed to reach a solution with value at least A(Kn), consider

the order preserving transformation �(x) = x � A(Kn)

n
and let d = �(c). The

sequence of tours H1; H2; : : : ; Hq produced by the 2 � Opt heuristic for the

cost vectors c and d are the same provided that they start from the same

initial tour H0. For cost vector d, the average cost of all possible tours is 0 and

therefore, for any starting tour H0 with c(H0) > A(Kn) (implying d(H0) > 0),

we have

d(Hi) � (1�
4(n� 1)

n(n� 3)
) d(Hi�1) for i = 1; 2; : : : ; q : (3)

From equation (3), using a result of Grover [5] we get q = O(n log(d(H0)), i.e.

q = O(n log(c(H0)�A(Kn))). We shall now get a strongly polynomial bound

for q using the following result of Goemans, cited in [19].

Lemma 4 Let c = (c1; c2; : : : ; cp) be a real vector and let y1; y2; : : : ; yq be

vectors in f�1; 0; 1gp. If, for all i = 1; 2; : : : ; (q � 1), 0 � yi+1c �
1

2
yic, then

q = O(p log p).

Since

(1�
4(n� 1)

n(n� 3)
)n � (1�

4

n
)n � e�4 ;

from equation (3), we see that, after O(n) 2-exchanges, we get a solution with

value at most d(H0)=2. Thus, using Lemma 4 with p = n(n � 1)=2, we get

q = O(n3 logn). The forgoing discussion can be summarized as

Theorem 5 For the STSP, the 2 � Opt algorithm produces a solution with

value at most A(Kn) in O(minfn3 logn; n log(c(H0)� A(Kn))g) iterations.

Note that the solution indicated in Theorem 5 need not be locally optimal

with respect to the 2� Opt neighborhood.

Let � : R �! R be a mapping and let d = �(c) for an arbitrary cost vector

c. A heuristic algorithm � for the TSP is said to be stable with respect to �

(�-stable for short) if and only if c(H�) = d(H�). All improvement heuristics,

such as the 2 � Opt and 3 � Opt heuristics, in which the neighborhood and

tie-breaking rules are independent of edge costs are �-stable for any order-

preserving transformation �. However, the Christo�des heuristic is not �-stable

even for the transformation �(cij) = �cij + ai+ bj where � > 0 and ai; bj 2 R.

Theorem 6 If � is a �-stable heuristic for the TSP with �(c(i; j)) = c(i; j)+

M for M � 3maxfjc(i; j)j : (i; j) 2 Eg, then dom(�;Rm) = dom(�;Rm

� ):
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Proof. Since Rm

�
� R

m we have

dom(�;Rm) � dom(�;Rm

�
) : (4)

Let c 2 R
m . For d = �(c), we have d(i; j)+d(j; k)�d(i; k) = c(i; j)+ c(j; k)�

c(i; k) +M � 0 i.e. d 2 R
m

� . Since the transformation � is order-preserving,

we have

dom(�;Rm) � dom(�;Rm

� ) : (5)

The result follows from (4) and (5).

Since 2 � Opt is �-stable when � is de�ned as in Theorem 6, it follows that

imposing the triangle inequality on the cost vector will not improve its domi-

nation number.

3 Carlier-Villon Algorithm

Let the nodes ofKn be labeled as 1; 2; : : : ; n. A tour (�(1); �(2); : : : ; �(n); �(1))

of Kn is pyramidal with respect to this node ordering if there exists an index

1 � k � n such that �(k) = n and

�(1) < �(2) < : : : < �(k) > �(k + 1) > : : : > �(n) :

There are 2n�2 pyramidal tours in Kn with respect to a given node labeling

and the best pyramidal tour can be obtained in O(n2) operations [11].

Let H = (u1; u2; : : : ; un; u1) be an arbitrary tour of Kn. The Carlier-Villon

neighborhood of H, CV(H), is de�ned as follows: Choose any node ui of H and

relabel the nodes ui; ui+1; : : : ; un; u1; u2; : : : ui�1 respectively as 1; 2; : : : n. Let

Fi be the class of all tours of Kn that are pyramidal with respect to this new

labeling of the nodes. Then CV (H) = [n
i=1

Fi: The best member in CV (H)

can be identi�ed in O(n3) operations by repeated application of the algorithm

for computing the best pyramidal tour [1]. A local search algorithm selecting

the best solution in CV (H) is called the CV-algorithm [1]. Let 2 � Opt(H)

denote the 2� Opt neighborhood of H.

A tour that is locally optimal with respect to the CV neighborhood is also

locally optimal with respect to the 2�Opt neighborhood, as mentioned in [9].

The following lemma yields this result.

Lemma 7 2� Opt(H) � CV (H).

Proof. Let H = (u1; u2; : : : ; un; u1). We show that Ĥ 2 2 � Opt(H) im-

plies Ĥ 2 CV (H): Choose two arbitrary non-adjacent edges (ur; ur+1) and
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(us; us+1) of H. Without loss of generality, let us assume that r < s. Let Ĥ be

the tour obtained by a 2-exchange operation involving these two edges. Thus

Ĥ = (u1; u2; : : : ; ur; us; us�1; : : : ; ur+1; us+1; us+2; un; u1) :

It can be veri�ed that Ĥ 2 Fs+1 and hence Ĥ 2 CV (H):

Theorem 8 The CV-algorithm produces a solution to the STSP with value

no more than A(Kn) and the domination number of this algorithm is at least
(n�2)!

2
.

The proof of this theorem follows from Lemma 7 and theorems 2 and 5. It

may be noted that the previously best known domination number of the CV-

algorithm was n2n�2 [1]. The worst case complexity of this algorithm is not

known to be polynomial. However, we have the following.

Theorem 9 The CV-algorithm produces a solution with value no worse than

A(Kn) in polynomial time.

The proof of Theorem 9 follows from Lemma 7 and Theorem 5. As in the case

of Theorem 5, the solution indicated in Theorem 9 need not be locally optimal

with respect to the CV(H) neighborhood.

Note that the CV-algorithm may be used on directed graphs too. However,

the arguments used in proving theorems 8 and 9 are not valid for directed

graphs.

Gutin and Yeo [6] showed that any polynomial time heuristic � for the STSP

can be modi�ed to get a polynomial time heuristic �� for the ATSP such

that dom(��) � dom(�): Given an instance of ATSP with input graph ~Kn

and arc cost vector c construct an instance of STSP on Kn with edge costs

d(i; j) = (c(i; j) + c(j; i))=2. Let H� be the solution produced by � for this

instance. Of the two tours in ~Kn corresponding to H�, one in forward and

other in backward direction, choose the one with lesser cost. As a consequence

of this result and Theorem 6 we have,

Theorem 10 The domination number of the CV-algorithm for the ATSP is

at least
(n�2)!

2
:

Using arguments similar to that in the proofs of Lemma 7 and Theorem 8, it

can be shown that the domination numbers of Lin-Kernighan algorithm [13]

and the Shortest Path Ejection Chain algorithm [4,17] are at least
(n�2)!

2
.
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4 Node-shifting and 3-Opt heuristics

In this section we investigate the value of local optima with respect to neigh-

borhoods that are subsets of the well known 3�Opt neighborhood [12]. Let us

�rst consider the node-shifting neighborhood. Let H be a tour in ~Kn. Without

loss of generality we assume that H = (1; 2; : : : ; n; 1). Eject a node i and an

edge (j; j+1); j 6= i; i�1, fromH and introduce the edges (i�1; i+1); (j; i) and

(i; j + 1) to form the tour Hij. We call this operation shifting node i between

nodes j and j+1 and we say that Hij is obtained fromH by node-shifting. The

collection of all tours that can be obtained from H by node-shifting is called

the node-shifting neighborhood of H. The node-shifting neighborhood is de-

�ned for both STSP and ATSP. Unlike the 2�Opt neighborhood, the objective

function value of a locally optimal solution corresponding to the node-shifting

neighborhood could be worse than A( ~Kn) (or A(Kn)) as illustrated by the

following example.

Consider a complete graph on 10 nodes. (See Figure 1. The missing edges have

cost zero.) All edges of the tour H = (1; 2; 3; : : : ; 10; 1) have cost 1, all edges of

3

2

3
4

5

6

7

89

3

10

1

1

1 1

1

1

1

11

1

1

3

3
3

3
3

3

3

3

Fig. 1.

the subtours (1; 3; 5; 7; 9; 1) and (2; 4; 6; 8; 10; 2) have cost 3 and all other edges

have cost zero. The average cost of all tours is 8.888 and the cost of H is 10.

It can be veri�ed that H is locally optimal with respect to the node-shifting

neighborhood.

The local search algorithm using the node-shifting neighborhood is called the

Node-Shifting algorithm. Let us now give a data dependent bound on the

objective function value of the solution produced by the Node-Shifting algo-

rithm. We de�ne the mate of the tour H, denoted by Ĥ, as follows. If n is

odd then Ĥ is the tour (1; 3; : : : n � 2; n; 2; : : : ; n � 1; u1) and if n is even

then Ĥ is the collection of two subtours (1; 3; : : : ; n� 1; 1) and (2; 4; : : : ; n; 2).

Let �ij = c(Hij) � c(H). The tour H is said to be locally optimal with re-

spect to the node-shifting neighborhood if �ij � 0 for all i = 1; 2 : : : ; n and

j = 1; 2; : : : ; n; j 6= i; i � 1: For each node r of ~Kn let ~Ær =
P

n

j=1
c(r; j) and

~Ær =
P

n

j=1
c(j; r).

Theorem 11 Let H be a locally optimal solution with respect to the node-
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shifting neighborhood. Then for the ATSP, c(H) � (n�2)

3n�4
c(Ĥ) + 2(n�1)

3n�4
A( ~Kn)

and for the STSP, c(H) � (n�2)

3n�4
c(Ĥ) + 2(n�1)

3n�4
A(Kn).

Proof. It can be veri�ed that �ij = �c(i� 1; i)� c(i; i+ 1)+ c(i� 1; i+ 1)+

c(j; i) + c(i; j + 1)� c(j; j + 1): Adding all these �ij values for j = 1; 2; : : : ; n,

j 6= i� 1; i and denoting the sum as �i we get

�i = (n� 2)(�c(i� 1; i)� c(i; i+ 1) + c(i� 1; i+ 1)) + ~Æi + ~Æi � c(H) :

Thus

� =
nX

i=1

�i = �(3n� 4)c(H) + (n� 2)c(Ĥ) + 2c( ~Kn) :

If H is locally optimal, with respect to the node-shifting neighborhood, then

� � 0. Thus we have

c(H) �
(n� 2)c(Ĥ) + 2c( ~Kn)

3n� 4
: (6)

The result now follows from the de�nition of A( ~Kn). The case of the STSP

can be proved in a similar way.

Corollary 12 If c(Ĥ) � c(H) then, for the STSP, c(H) � A(Kn) and for

the ATSP, c(H) � A( ~Kn).

Corollary 13 If the edge costs satisfy the triangle inequality, then c(H) �
2(n�1)

n
A( ~Kn) for the ATSP and c(H) � 2(n�1)

n
A(Kn) for the STSP.

Proof. If the edge costs satisfy the triangle inequality, c(Ĥ) � 2c(H) and the

result follows from (6).

We shall now show that, by considering additional 3�Opt exchanges, a solution

can be obtained with value at most A(Kn). Let (i; i + 1); (j; j + 1); (u; u+ 1)

be a triplet of distinct edges in H = (1; 2; : : : ; n; 1) that do not form a path of

length 3. Consider the following types of 3� opt exchanges:

Type 1: For j = i+1, let the new tour obtained by this exchange be the tour

Hiu obtained by shifting node i between u and u+ 1.

Type 2: Suppose that edges (i; i + 1); (j; j + 1); (u; u + 1) are pairwise non-

adjacent and that i < j < k. Replace the edges (i; i + 1); (j; j + 1); (u; u+ 1)

by the edges

Type 2(a): (i; j + 1); (j; u); (i+ 1; u+ 1) to get a new tour H1

iju
.

Type 2(b): (i; u); (i+ 1; j + 1); (j; u+ 1) to get a new tour H2

iju
.

Type 2(c): (i; j); (i+ 1; u); (j + 1; u+ 1) to get a new tour H3

iju
.
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Now we consider the partial 3-Opt neighborhood corresponding to type 1, type

2(a), 2(b), and 2(c) exchanges. Recall that, for the tour Hij obtained using

node-shifting operations, we have de�ned

�iu = c(Hiu)� c(H) =�c(i� 1; i)� c(i; i+ 1) + c(i� 1; i+ 1) (7)

+c(u; i) + c(i; u+ 1)� c(u; u+ 1) :

De�ne

�1

iju
= c(H1

iju
)� c(H) = c(i; j + 1) + c(u; j) + c(i+ 1; u+ 1) (8)

�c(i; i+ 1)� c(j; j + 1)� c(u; u+ 1)

�2

iju
= c(H2

iju
)� c(H) = c(i; u) + c(j + 1; i+ 1) + c(j; u+ 1) (9)

�c(i; i+ 1)� c(j; j + 1)� c(u; u+ 1)

�3

iju
= c(H3

iju
)� c(H) = c(i; j) + c(i+ 1; u) + c(j + 1; u+ 1) (10)

�c(i; i + 1)� c(j; j + 1)� c(u; u+ 1) :

Theorem 14 If H is locally optimal with respect to the partial 3�Opt neigh-

borhood, then c(H) � A(Kn).

Proof. IfH is locally optimal with respect to the partial 3�Opt neighborhood,

then, for all 1 � i < j < u � n, �iu � 0 and �k

iju
� 0 for k = 1; 2; 3. Adding

all the inequalities (7), (8), (9), (10), we get, by symmetry,

�rc(H) + r1c(S1) +
X

e2S2

r(e)c(e) � 0 ; (11)

for some r; r1 and fr(e) : e 2 S2g where, S1 = f(i; i + 2) : i 2 f1; 2; : : : ; ngg

and S2 = E � (S1 [H). An edge e in H occurs in 3(n� 4) exchanges of type

1 and (n�4)(n�5)

2
exchanges of each of the types 2(a), 2(b) and 2(c). Hence,

r = 3(n�3)(n�4)

2
.

Let e 2 S1 with e = (a; b) and assume w.l.o.g. that b = a+2 (mod n). Edge e

is involved in (n� 2) exchanges of type 1: (n� 4) of them with i = a+1, one

with i = a; u = b and one with i = b; u = a� 1. It is also involved in 2(n� 5)

exchanges of type 2: e can possibly be only edge (j; u) or (i + 1; u + 1) for

2(a) exchanges, edge (i; u) or (i+ 1; j + 1) for 2(b) exchanges, and edge (i; j)

or (j + 1; u+ 1) for 2(c) exchanges. If 1 � a < b � n, observe that the cases

where (a; b) is (i; j) or (j; u) always account for (n � 5) choices of i; j; u, as

well as the cases (i+ 1; j + 1) or (j + 1; u+ 1). Since the remaining two cases

are excluded, e is indeed in 2(n� 5) exchanges as claimed. If 1 � b < a � n,

then (a; b) is either (u; i) or (u + 1; i + 1), accounting for 2(n � 5) exchanges

as claimed. Thus r1 = 2(n� 5) + (n� 2) = 3(n� 4).

11



Now consider any edge e = (a; a+ k) in S2 for some a 2 V and 2 < k < n� 2.

Let us count the number of type 2 exchanges in which edge e is involved. Since

the edges f(i; i+ 1); (j; j + 1); (u; u+ 1)g are pairwise non-adjacent in H, the

set fi; j; ug should contain precisely one of a� 1 and a and it should contain

precisely one of a+k�1 and a+k. Then e will be involved in precisely one of

the corresponding type 2(a), 2(b), 2(c) exchanges. Now consider the following

four cases. Case 1: fa� 1; a+ k � 1g � fi; j; ug; case 2: fa; a+ kg � fi; j; ug;

case 3: fa; a + k � 1g � fi; j; ug and case 4: fa � 1; a + kg � fi; j; ug. In

each of cases 1 and 2, we have n � 6 choices for the third edge. In case 3,

we have n � k � 2 choices for the third edge, while in case 4, we have k � 2

choices for the third edge. Thus the total number of type 2 exchanges in which

e is involved is 3n � 16. Also edge e is involved in four type 1 exchanges, (i)

i = a; u = a + k � 1, (ii) i = a; u = a + k, (iii) i = a + k; u = a � 1, and (iv)

i = a+ k; u = a. Thus r(e) = 3n� 16+ 4 = 3(n� 4). Since edge e was chosen

arbitrarily in S2, r(e) = 3(n� 4) for all e in S2. By substituting the values of

r; r1 and fr(e) : e 2 S2g in inequality (11) we get,

3(n� 4)c(Kn)�
3(n� 4)(n� 1)

2
c(H) � 0 :

This implies that c(H) � 2c(Kn)

(n�1)
= A(Kn).

Corollary 15 If H is locally optimal for 3�Opt, then c(H) � A(Kn). Further

the domination number of 3� Opt heuristic is at least (n� 2)!=2

The following theorem can be proved in essentially the same way as the similar

theorem corresponding to the 2� Opt heuristic.

Theorem 16 The 3� Opt heuristic produces a tour with cost no more than

A(Kn) in O(minfn3 log(n); n log(c(H)� A(Kn))g) iterations, where H is the

starting solution.

5 Christo�des and Double Tree Heuristics

The Christo�des algorithm [2] is a well known 3

2
-approximation algorithm for

the TSP when the edge costs satisfy the triangle inequality. The algorithm

constructs a minimum spanning tree T of Kn and a minimum cost perfect

matching M of the nodes of odd degree in T . The graph B = T [M is thus

Eulerian and connected. Select an ordering of the edges in B to produce an

Eulerian tour of B. Then, starting at an arbitrary node of B, traverse the Eu-

lerian tour, introducing shortcuts to skip already visited nodes, to obtain an

Hamiltonian tour C. The quality of C depends on the selected perfect match-

ing, on the starting node of the Eulerian tour and on the Eulerian tour itself.
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Among all the possible tours that can be generated in this way, identifying

the best tour is an NP-hard problem [15].

Theorem 17 The domination number of Christo�des heuristic is at most

(n
2
)! for even n and at most (n+1

2
)! for odd n, even if the edge costs satisfy the

triangle inequality.

Proof. To prove this theorem, we only need to construct an instance of the

TSP for which Christo�des algorithm produces a tour that dominates only

the claimed number of tours. Consider the case n even. Let V = f1; 2; : : : ; ng

be the node set of the complete graph Kn. Let the cost of each of the edges

in M� = f(3; 4); (5; 6); : : : ; (n � 1; n)g be two. All other edges of Kn have

cost one. In this case, the star at node 1 is a minimum spanning tree T . Let

M = f(2; 3); (4; 5); : : : ; (n � 2; n � 1); (n; 1)g. Observe that M is a minimum

cost perfect matching of the nodes of odd degree in T . Consider the Eulerian

tour

n; 1; 2; 3; 1; 4; 5; 1; : : : ; (n� 1); 1; n

in B = T [M . The short-cutting phase of Christo�des algorithm produce the

tour

(n; 1; 2; 3; 4; : : : ; n� 1; n) :

This is one of the worst tours in Kn and there are exactly (n
2
)! tours in Kn

having this cost. A similar example yields the result for n odd.

Let us consider a variation of the Christo�des algorithm designed to improve

its performance when applied to an instance where the edge costs do not

satisfy the triangle inequality. We do not know who introduced this variation

and we call it modi�ed Christo�des algorithm. The algorithm can be described

as follows.

Step 1: Find a minimum spanning tree in Kn.

Step 2: Find a minimum cost perfect matching M in the subgraph G(T ) of

Kn induced by the odd degree vertices of T when the cost of edge ij

in G(T ) becomes the cost of the shortest ij-path in Kn.

Step 3: For each edge eij 2 M , let P (i; j) be a shortest ij-path Kn. Let

M� = [ij2MP (i; j).

Step 4: Consider the Eulerian graph T [ M�. Using shortcuts, as in the

Christo�des algorithm, produce a tour in Kn.

Theorem 18 The domination number of the modi�ed Christo�des algorithm

is one.

Proof. We give an example where the modi�ed Christo�des algorithm pro-

duces the worst tour and this tour is the only one with that value. Consider

the complete graph Kn = (V;E) where V = f1; 2; : : : ; ng. Assume that n is

even. Let the cost of each edge incident to node 1 be zero and the costs of the

13



edges f(3; 4); (4; 5); : : : ; (n� 2; n� 1); (n� 1; n); (n; 2)g be 10. Assign a cost of

one to the remaining edges of Kn. The minimum spanning tree T in this case

will be the star at node 1. Note that every node has odd degree in T and that

the shortest ij-path, for i 6= j, is a two edges path passing through node 1

with a cost of 0. Hence, (1; 2); (3; 4); : : : ; (n� 1; n) is a minimum cost perfect

matching in G(T ) and the resultant connected, Eulerian graph (as obtained in

Step 4 of the algorithm) is precisely the double tree obtained from the star at

node 1. Consider the Eulerian traversal (2; 1; 3; 1; 4; 1; 5; 1; : : : ; n�1; 1; n; 1; 2).

The short-cutting phase of the modi�ed Christo�des algorithm produces the

tour (2; 1; 3; 4; 5; : : : ; n� 1; n; 2). It can be veri�ed that it is the unique worst

tour in our Kn and hence the domination number the modi�ed Christo�des

algorithm is one. The case where n is odd is similar.

In the modi�ed Christo�des algorithm, if the costs of edges in G(T ) are set to

their original values, we get yet another version of the Christo�des algorithm.

Under triangle inequality, this version also guarantees a 3/2-approximate so-

lution for the TSP. However it is possible to show that the domination number

of this variation of Christo�des algorithm is one even if the edge costs satisfy

the triangle inequality.

Let us now discuss the domination number of the Double Tree algorithm [12].

This heuristic �rst computes a minimum spanning tree of Kn, duplicates its

edges to form an Eulerian graph and then, as the Christo�des algorithm,

follows an Eulerian tour and uses shortcuts to skip already visited nodes to

produce a tour in Kn. As in the case of Christo�des algorithm, it is easy to

show that �nding the best double-tree tour (over all possible Eulerian tours)

is NP-hard.

Theorem 19 The domination number of the Double Tree algorithm is one

even if the edge costs satisfy the triangle inequality.

Proof. We shall construct an instance of the TSP where the Double Tree

algorithm produces the worst tour and where this worst tour is unique. Con-

sider the complete graph Kn = (V;E) where V = f1; 2; : : : ; ng. Let the

cost of each edge incident to node 1 be one and the cost of the edges in

M = f(3; 4); (4; 5); : : : ; (n� 2; n� 1); (n� 1; n); (n; 2)g be two. All other edges

of Kn are of cost one. In this case the star at node 1 is a minimum spanning

tree. Consider the Eulerian tour (2; 1; 3; 1; 4; 1; 5; 1; 6; 1; 7; : : : ; n � 1; 1; n; 1; 2)

in the double tree obtained from T . The short-cutting phase of the Double

Tree algorithm produces the tour (2; 1; 3; 4; 5; : : : ; n � 1; n; 2). It can be veri-

�ed that this is the unique worst tour in the graph and hence, the domination

number of the Double Tree algorithm is one.
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6 Complexity and Domination Analysis

An important open question in domination analysis is to identify the largest

possible domination number for a polynomial time heuristic for the TSP. Al-

though this question remains open, we prove some upper bounds under the

assumption P 6= NP .

Theorem 20 Unless P = NP , there is no polynomial time approximation

algorithm for ATSP with domination number (n� 1)!� k for any constant k.

Proof. Assume that � is a polynomial time algorithm for the TSP with dom-

ination number (n� 1)!� k for some constant k. We show that this algorithm

can be used to �nd a minimum cost Hamiltonian uv-path in a complete di-

rected graph D for u; v 2 V (D) with edge cost vector d. Construct a cor-

responding instance of the TSP with cost vector c as follows. Let D
0

be a

complete digraph with k
0

vertices, such that k0! > k. Join each node of D
0

to

each node of D � fu; vg by two opposite edges e; e0 with cost ce = ce0 = M ,

where M >
P

e2D jdej. Edges joining any two nodes of D get their original cost

except edge (u; v) with cuv =M . All remaining edges of the complete directed

graph on the node set V (D) [ V (D0) have cost zero. Let D� be the resulting

directed graph.

If P is a minimum cost Hamiltonian uv-path in D with cost d(P ), then there

are at least k
0

! Hamiltonian cycles in D� with cost equal to d(P ), obtained

by extending P with the nodes in D0 in all possible order. It can be veri�ed

that each of these k
0

! Hamiltonian cycles in D� corresponds to an optimal

solution to the TSP on D�. Furthermore, each optimal solution to the TSP

on D� is of this form and from any one of these optimal solutions, an optimal

Hamiltonian uv-path in D can be recovered. Since, k
0

! > k, any tour in D�

dominating (N � 1)!� k tours must be one of these optimal tours in D� and

� serves as a polynomial time algorithm for Hamiltonian uv-path problem,

which is impossible under the assumption P 6= NP .

Theorem 21 Unless P = NP , there is no polynomial time approximation

algorithm for the ATSP with domination number (n� 1)!� ( k

k+1
(n+ r))!� 1

for any constant r and any constant k with k + 1 � 0 mod(n + r).

Proof. The proof of this theorem is similar to that of the previous theorem.

The only di�erence is that we choose the number of nodes in D
0

to be k(n+r).

Note that there are (k(n + r))! optimal tours in D� and each one of them

corresponds to an optimal solution to the Hamiltonian uv-path problem on

D.

By choosing appropriately the number of nodes inD
0

in the proofs of theorems

20 and 21, several related complexity results on domination analysis can be
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obtained.

We have seen that the average value of all tours in a graph can be obtained

by evaluating a simple formula in O(n2) operations. One might wonder if this

is also the case for the median cost of all the tours. We now show that unless

P = NP there is no polynomial time algorithm that computes the median of

all the tour costs in ~Kn. In fact we prove a more general result.

Theorem 22 Unless P = NP , there is no polynomial time algorithm to com-

pute the objective function value of a tour which dominates exactly b(n �

1)!p=kc tours where p 2 f1; : : : ; k � 1g for any integer constant k � 1.

Proof. Assume that there is a polynomial time algorithm � to compute the

objective function value of a tour which dominates exactly b(n�1)!p=kc tours.

We show that this algorithm can be used to compute the value of a minimum

cost Hamiltonian uv-path in a complete directed graph ~Kn, where n is divis-

ible by k for a given integer k. We refer to this problem as minimum value

(u; v)-Hamiltonian path problem (MVHPP(u; v; k)). It is not diÆcult to show

that MVHPP(u; v; k) is NP-hard. From an instance of MVHPP(u; v; k), we

construct a complete directed graph ~Kn+1 as follows.

Let S be a subset of the node set of ~Kn such that u =2 S; v =2 S and jSj =

n(k� p)=k. Introduce a new node z and join v to z and z to u by arcs of cost

zero. Let M > 0 be a number larger than the absolute value of the cost of

any Hamiltonian dipath in the original graph (with free extremities) and let

M 0 > (n + 1)M . Join each node of S to z by arcs of cost �M 0 and join z to

each node of ~Kn except u by arcs of cost M . Also join each node not in S [ u

to z by edges of cost zero. All edges of the constructed ~Kn+1 corresponding to

the original Kn keep their cost in ~Kn.

Observe that an optimal Hamiltonian uv-dipath P with cost c(P ) in ~Kn can

be extended to a tour in ~Kn+1 by adding edges vz and zu to it. Moreover, the

only tours of ~Kn+1 with a cost lower than c(P ) are tours using an edge sz for

some s 2 S. There are exactly jSj � (n � 1)! = n!(k � p)=k such tours. Thus

n!p=k tours of this ~Kn+1 will have length greater than or equal to c(P ). Thus

� can be used to �nd a solution to MVHPP(u,v,k). Since MVHPP(u; v; k) is

NP-hard, the result follows.

It may be noted that the above theorem does not rule out the possibility of

a polynomial time algorithm with domination number at least b(n � 1)!p=kc

for the ATSP.
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7 Conclusion

In this paper we obtained the domination number of several popular heuristics

for the TSP improving the best known domination numbers. We also gave

upper bounds (unless P=NP) on the domination number of any polynomial

time heuristic for the TSP. It is an open question to �nd a least upper bound

on the domination number valid for all polynomial time heuristic for the TSP.
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