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Abstract

This article introduces a new fourth-order implicit time-stepping scheme for
the numerical solution of the acoustic wave equation, as a variant of the con-
ventional modified equation method. For an efficient simulation, the scheme
incorporates a locally one-dimensional (LOD) procedure having the splitting
error of O(At?). Tts stability and accuracy are compared with those of the
standard explicit fourth-order scheme. It has been observed from various ex-
periments for 2D problems that (a) the computational cost of the implicit LOD
algorithm is only about 40% higher than that of the explicit method, for the
problems of the same size, (b) the implicit LOD method produces slightly less
dispersive solutions in heterogeneous media, and (c¢) its numerical stability and
accuracy match well with those of the explicit method.

1. Introduction
Let @ ¢ R™, 1 <m < 3, be a bounded domain with its boundary I' = 99 and

J = (0,T] the time interval, T'> 0. Consider the following acoustic wave equation

1
(a) gutt—AU:S(X,t), (X,t) € x J,

(b) %Ut +u, =0, (x,t) € ' x J, (1.1)
(C) U(X, 0) = QU(X), Ut(x, 0) = gl(x), x€eQ, t=0,

where ¢ = ¢(x) > 0 denotes the normal velocity of the wavefront, S is the wave
source/sink, v denote the unit outer normal from I', and gy and g; are initial data.
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Wave problems are often formulated in an unbounded domain. These problems
can be solved numerically by first truncating the given unbounded domain, imposing
a suitable absorbing boundary condition (ABC) on the (artificial) boundary of the
truncated bounded domain, and then solving the resulting problem using discretiza-
tion methods (e.g., finite differences, finite elements, and spectral methods). Equation
(1.1.b) has been popular as a simple-but-effective ABC, since introduced by Clayton
and Engquist [3]. Equation (1.1) has been extensively studied as a model problem
for second-order hyperbolic problems by many authors; see e.g. [1, 2, 5, 11, 13]. It is
often the case that the source is given in the following form

S(x,t) = 0(x = %) f(1),

where x; € €2 is the source point. For the function f, the Ricker wavelet of frequency
v can be chosen, i.e.,
Ft) =722 (1 = 202%2) e ™0

In Geophysical applications, the wave equation (1.1) is often solved by explicit
time-stepping schemes, which require to choose the time step size sufficiently small to
satisfy the stability condition and to reduce numerical dispersion as well. Alternative
conventional approaches for solving wave equations introduce an auxiliary variable to
rewrite the equation as a first-order hyperbolic system. With these approaches one
introduces new unknowns, which result in an increase in the number of variables in
the discrete problems. Thus, there are good reasons to try to keep the formulation
involving the second time-derivative and a scalar unknown. However, it has been
known that with this formulation it is hard to construct methods combining good
stability with high accuracy. In particular, it is hard to incorporate a high-order
approximation of the ABC. In this paper we shall introduce a one-parameter family
of three-level methods incorporating the locally one-dimensional (LOD) time-stepping
procedure for an efficient simulation. It is analyzed to be unconditionally stable for

the parameter in a certain range.

An outline of the article is as follows. In the next section, we first review the con-
ventional methods: explicit (three-level) schemes and the two-level implicit scheme.
Section 3 introduces a new three-level implicit scheme. A locally one-dimensional
(LOD) perturbation having the splitting error in O(At*) is considered for an efficient
simulation. Its stability and computational complexity are compared with those of
the standard explicit fourth-order scheme in the same section. In Section 4, we
present some numerical results showing numerical stability, efficiency, and accuracy
of the new scheme. In Section 5, we discuss strategies of incorporating high-order
approximations of the ABC. The last section included conclusions.
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2. Preliminaries

In this section, we review conventional methods for the numerical solution of the
wave equation (1.1). Let A denote an approximation of —A of order p, i.e.,

Au ~ —Au+ O(h?),

where h is the grid size; in most cases, p is 2 or 4. Then, the semi-discrete equation
for the acoustic wave equation reads

1
gvtt+AU =S. (21)

(Here we have omitted the equations for the boundary and initial conditions, for a
simpler presentation.)

It now remains to discretize the second-order system of ODEs (2.1) with respect to
the time variable. Let At be the time step size and t" = nAt. Define v"(x) = v(x, t").
For a simpler presentation, we define the following difference operator

Un—l—l — " + ,Un—l
At? '

gttv" =
2.1. Explicit schemes

Explicit methods are still popular in the simulation of waveforms. We begin with
the second-order scheme (in time) formulated as

1 -
- attvn + Avn = Sn (22)
c
As a stability constraint, the scheme requires to choose
At = O(h).

The scheme (2.2) works well for smooth solutions, but otherwise it can introduce
severe nonphysical oscillations.

To formulate the fourth-order scheme (in time), consider the Taylor expansion
n a3 ,,n At2 n 4
'Utt(t ) ~ 8ttv — ﬁvtttt(t ) + O(At ) (23)

It follows from (2.1) that

v (1) = A(Sp — Avlh) = [ Sp— A(c*(S" — Av™))]. (2.4)
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Utilizing the above identity, (2.3) can be rewritten as

At?

v (t") =~ O™ — ECZ[SZ - A(C2(5n — Av™))] + O(At4) (2.5)
. )
~ Oyv" — Al—;cZ[gttS” — A(A(S™ — Av™))] + O(AtY),

where we have used S ~ 0,S™ + O(At?). Thus the explicit fourth-order algorithm
reads

1 n n At2 2 n n At2 =Y n 2aqn
gattv +A(U - ﬁc AU ) =5 + ﬁ(ﬁtts - AC S ) (26)
or, equivalently,
At?
ot = 2t — L - At2C2A(’Un — —CQAU”)
A 12 (2.7)
+APP[S" + ~y (0uS" — Ac*S™)].

See [4, 5, 14] for details.

Remark. In the wave simulation using (2.7), the quantity A#*c?> can be pre-
computed and saved in a vector. When the fourth-order central FD scheme is adopted
for the Laplace operator in 3D, the matrix A has 13 nonzero entries in a row. Thus
a matrix-vector multiplication, Av, requires 13 flops per point. It is not difficult to
see that the algorithm needs 30 flops per point (in a time level) for 3D problems.

2.2. Two-level implicit schemes

Rewrite the system (2.1) as

77t+AU:S,

1 (2.8)
g?}t —n= 0,

where 7 is an auxiliary variable. Then, the two-level implicit scheme can be formulated

as follows [9]:

n

vt —n
(a) ——— + Al + (1 — a)v"] = S,

At
Lot g » ) (2.9)
(b) ET—[BU + (1= 8)n"] =0,

where 0 < a, 8 < 1 are algorithm parameters and S"™® = aS"™! + (1 — )S™. In the
literature, the following is well known for the two-level algorithm (see e.g. [9, §9.11]):

e The algorithm (2.9) is unconditionally stable when «a, 8 > 0.5.
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e It is second-order if (o, 3) = (0.5,0.5), for example.

e It coincides with the explicit second-order scheme (2.2) when (o, 3) = (0, 1).
Thus it works well for smooth solutions, but it can introduce severe numerical

oscillations when the solution is nonsmooth.

The case (a, 3) = (0.5,0.5) is particularly interesting, because it allows the algo-
rithm to be both second-order accurate (in time) and unconditionally stable. For an
efficient implementation, (2.9) can be reformulated as follows. Multiply (2.9.a) and
(2.9.b) by BA#* and At, respectively, and add the resulting equations to have

1 1
(—2 + aﬁAt2A> "t = (—2 — (1 - a)ﬁAt2A> "+ Aty + BA ST (2.10)
c c
Along with (2.9.b) and n° = v?/c? = g,/c?, the above equation solves the problem.
When o = 8 = 1/2, the resulting algorithm reads

1 Af? 1 Af? At?
(a) (— + —tA> " = (— - —tA> v" 4+ Aty + —tS”+1/2,
c? 4 c? 4 2 211
, 2.11)
(b) nn+1 — _nn 4 (,Un+1 - ,Un).

At
Note that solving (2.11.a) requires inverting a matrix, presumably large. However,
since the matrix is symmetric and strongly diagonally dominant, most iterative alge-

braic solvers must converge fast unless At is selected unreasonably large.

For a purpose of comparison with the three-level algorithms to be presented in the
next section, we shall reformulate (2.9) by eliminating " and n"*1. Multiply (2.9.a)
by (1 — 8)At and subtract (2.9.b) from the resulting equation to have

1 ot —n
n+l _ n+o n+l n
"t = (l—B)At(S — Alav™™ + (1 — a)v ]) t T A

Take n" from (2.12) to plug in (2.10). Then the two-level algorithm (2.9) equivalently
reads, for n > 1,

(2.12)

é@tun + A(aBo™ + (a+ B — 208" + (1 — a)(1 - B)u™)

— BSMH 4 (1 B)Sm, -

3. New Approaches

In this section, we introduce a three-level implicit method for solving the acoustic
wave equation (1.1); see §3.1. For an efficient simulation, a locally one-dimensional
(LOD) method is adopted for the problem in rectangular or cubic domains (§3.2).
Later subsections of this section include stability analysis, fourth-order accuracy in
time, an efficient treatment of ABC, and comparisons of computational complexity
between the conventional explicit method and the new implicit method.
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3.1. The three-level implicit method

We suggest a three-level implicit time-stepping algorithm for the acoustic wave

0

equation (1.1) as follows: Given v°,--- v™ n > 1, find v"*! by solving

égttv” + A(Gv”“ + (1 —20)v" + 91}”’1) = S" + 0At*0,S™, (3.1)
where 6 is an algorithm parameter to be selected in [0, 0.5]. Note that
S™ + OA? 0, S™ = 05" + (1 — 20)S™ + 95" 1.
One can verify the following:

e The truncation error of (3.1) is O(At* + hP), p > 2, for every 0 € [0,0.5].

e When 6 = 0, (3.1) turns out to be the second-order explicit scheme (2.2).

e When # = 1/12, the truncation error of (3.1) becomes O(At* 4 hP); see §3.4.
e The algorithm is unconditionally stable when 6 € [0.25,0.5]. (See §3.3 below.)

e The three-level algorithm is equivalent to the two-level method (2.9) when o =
B = 0.5 and # = 0.25. Also they are equivalent when o = ry, § = ry, and
6 = 1/12, where 7, and 7, are the two zeros of 22 — x + 1/12 = 0. (The latter
example is such that the algorithms are fourth-order accurate in time.)

The implicit method (3.1) requires an appropriate initialization for v'. Recall the
initial conditions given in (1.1.c) and the Taylor series expansion

At? t? At
u' = u® + Atu) + 5 ug, + 2 ugy, + 0 uy, + O(At). (3.2)
Consider the equalities
U? = g1,
u?t = 02 (SO - .Ag()), (3 3)
Upy = CQ(S? — Ag),
Upy = ¢ [Sgt - -’4(02(50 — Ago))],
and approximations
_ 0 4 1 Q2
S0 35 +AS 5 L o),
SO — 2?6’1 j— S? (34)
Sy~ + O(At).

At?
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Then, it follows from (3.2)-(3.4) that

1 At?c? 0 3
(a) o' = go+ Atg + (S” — Ago) + O(AL”),
A2 175° + 651 — S?
(b) o' & go+ Atg + 2C { i " (3.5)
At N
—./4(90 + 391 + 12C (SO — Ago)>} + O(At5)

The initial values in (3.5.a) and (3.5.b) can be adopted respectively for the second-
and fourth-order methods in time.

3.2. The LOD procedure

In many applications including Geophysical ones, the domain is often rectangular
or cubic. To solve the implicit algorithm (3.1) efficiently in these regular domains,
we can adopt a locally one-dimensional (LOD) method, in particular, the alternating
direction implicit (ADI) method [6, 7, 8, 12]. We will formulate the LOD procedure
for 3D problems. Decompose A into the three directional operators A,, ¢ = 1,2, 3,
ie.,

A=A + Ay + As,
where A, is the pth-order FD approximation of —0;,,,. Then, as a perturbation
of (3.1), an LOD time-stepping procedure can be constructed as follows. Given

w®, - -, w", first approximate the solution at t"*! by the explicit procedure:

1 wn+1,0 — ™ + wn—l
c? At?

and then apply the implicit directional sweeps

+ Aw" = S" + 0A25,S", (3.6)

1 n+1,1 _ ,,,n+1,0

_2w Atzw oA (wn+1,1 o™ & wnfl) =0, (x-sweep)

c

1 n+1,2 _ n+171

S 04 (T = 20" 0" ) =0, (yrsweep) (3.7)
1 n+1 __ n+1,2
c

The LOD algorithm, (3.6)-(3.7), can be implemented as follows:

" = 2" — wnfl,
w

PO _ g 4 AR (S™ + AT, S — Auw™),
(I + OAPAA)w" T = w0 L gAL2 A 0", (3.8)
(I 4 AL A)w" T2 = w" T L AP P AT",
(I 4+ AP AW = w2 4+ AL A",
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To find the error involved by the LOD-perturbation, we will eliminate the inter-
mediate values in (3.6)-(3.7). Adding the four equations in (3.6)-(3.7), followed by
some algebra, reads

L Opw™ + A(Gw”“ + (1 —20)w" + Gw”’l)
2t
+By(w" Tt — 2w™ +w™ ) = S™ + 0A*0,S",

(3.9)

where

Bg = 92At262 (A1A2 + A1A3 + A2A3) + 93 (At202)2 A1A2A3.

Compared with (3.1), the LOD algorithm (3.6)-(3.7) incorporates an extra term
By(w"™ — 2w™ + w™ 1), which results from the LOD operator splitting and is called
the splitting error. Since (w™*' — 2w™ + w"™!) = O(A#?) for sufficiently smooth
solutions, the splitting error turns out to be fourth-order in time, i.e.,

By(w"™ — 2uw™ +w" ) = O(AtY). (3.10)

Thus the LOD algorithm (3.6)-(3.7) solves the three-level implicit difference equation
(3.1) accurately, with an extra error (splitting error) in O(A#*).

For 2D problems, the z-sweep in (3.7) must be eliminated and w™"? becomes

n+1,2

the solution in the new time level, i.e., w™*! = w . The splitting error for 2D

problems turns out to be By(w"™ — 2w™ + w"~ '), where
Bg == 92At262 .A1./42. (2D)

Thus the splitting error is again O(At*) for sufficiently smooth solutions.

As investigated in [7], the splitting error of the LOD algorithm can be much larger
than the truncation error (although they show the same order in At) unless the time
step size is sufficiently small. However, one can wvirtually eliminate the splitting error
as follows. If we could add By(w™™ — 2w™ + w"™!) to the right hand side of (3.6),
then we could cancel the perturbation term in (3.9) completely; but since we do not
know w"™! at the moment of solving (3.6), we cannot make this modification in the
algorithm. Our best estimate for By(w™ — 2w™ + w" ') is By(w™ — 20"~ + w"~?),
which we can add to the right side of (3.6). Then, the overall splitting error for this
modified LOD algorithm becomes

By(w" = 3w™ + 3w — w"7?),

which is O(A#°) for sufficiently smooth solutions. We will not try to address further
details in that direction; see [7] for the virtual elimination of the splitting error for
the numerical solution of the heat equation.

A few more comments are in order for the LOD algorithm (3.6)-(3.7).
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e Solving the directional sweeps requires to invert a series of tri- or quanta-

diagonal matrices, which is inexpensive.
e The LOD algorithm is unconditionally stable when 6 € [0.25,0.5]; see §3.3.

e Higher-order spatial difference schemes can be incorporated by simply replacing
the LOD operators Ay, ¢ = 1,2, 3, by higher-order schemes.

3.3. Stability analysis
In this subsection, we present a stability analysis for the three-level implicit algo-
rithm (3.1) and its LOD procedure (3.6)-(3.7).

Theorem 3.1. Let § € [0.25,0.5]. Then (3.1) and its LOD procedure (3.6)-(3.7)
are unconditionally stable.

Proof. It suffices to show the stability of the LOD procedure (3.9); stability of (3.1)
follows by replacing w™ by v™ and setting By = 0.

Let || - || denote the L?*(Q2) or ¢* norm, as appropriate. (That is, depending on
the spatial discretization by finite elements or finite differences.) Define difference
operators

o w” — ! . wn Tl — . -
atw = T, 8;%11 = T, 3,5 = (aj‘i‘at )/2
Then

Oy = (a;r —0;)/At.

Choose 9;w" as a test function for (3.9). Then, for n > 1,

((é + AtQBg) Opw", gtw”>

B (3.11)
+(Alw™! + (1= 20)w" + w""], Fu™) =0,

where we have set S = 0.

Multiply (3.11) by At and sum beginning at n = 1 to have

n 1 _ R .

Z ((; + At280) attw], 8tw])At

=ty | | | | (3.12)
+3 (A[Gw]“ + (1 —20)w? + 0w’ 1], gth)At = 0.

J=1
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Consider the following identities

((i + At289) gttwj, gtuﬂ) At

2

1/,1 o o
-2 ((g + APBY) (9 — oy ), (9 + 0, )w7>
1,1 12 1,1 112
— 2 |(5 +aeB) orw| -2 ‘ (5 +2¢8,) "o v |
2 [1he? c? (3.13)
(.A[ijJrl + (1 = 20)w? + uw’ 1], gtwj)At
= Ll )+ (1= 20y, 07— )
— 1 + (05 _ 1 — (o)
= 2'P (w’, 0) 2’P (w’,0),
where
PE(w?,0) = 0(Aw!,w?) + O(Aw’™, w?) + (1 — 20) (Aw?, w'**).
Since
oyw! =0 w™, P (w,0) =P (w",0),
it follows from (3.12) and (3.13) that
2
‘ (l2 + a2B,) 0w | + P, 0)
¢ (3.14)

1 1/2 2
< H(g +At289) / oy w’| +Pt(w,0).

Note that P*(w’,0) > 0, for § € [0.25,0.5], which completes the proof. 0

3.4. Fourth-order accuracy in time (§ = 1/12)

When 6 = 1/12, the algorithms (3.1) and (3.6)-(3.7) become fourth-order in time.
To see this, recall the Taylor expansion for vy (t") in (2.3). Utilize the identity

Utttt(tn) = CZ(SZ - AUZ) (315)

to rewrite (2.3) as

= At
Utt(tn) ~ 8ttvn — —02(53 - AUZ;) + O(At4)
12
B AR 2 (3.16)
~ 8ttvn — 302 attsn + E A(Un+1 — 20" + Un_l) + O(At4),

where the central second-order approximations are applied for Sj; and vj;. Thus a
fourth-order time-stepping algorithm can be formulated as

2 1tV 12 v v v vo= 12 tt y .
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n+1 tn+l
t" . t" .
tn-l tn-l

Figure 1: The FD stencils, depicted in one spatial variable, for the fourth-order
explicit scheme (left) and the fourth-order implicit scheme (right).

which is identical to (3.1) when # = 1/12. The LOD variant of (3.17) clearly reads

1~ 1
— 00" + — A(w™ T — 20" + w™ ) + Aw™
At? '
+Bl/12(wn+1 — 2w" + wnil) =9" + E attsna

which is equivalent to (3.6)-(3.7) when 6 = 1/12. O

Remark. The conventional fourth-order explicit scheme utilizes the identity (2.4)
for the approximation of vy, while the new implicit method employs (3.15). As
a result, the implicit method adopts a more compact set of grid points in the FD
approximation. See Figure 1, where the FD stencils are depicted for the fourth-order
explicit scheme (left) and the fourth-order implicit scheme (right), in one spatial
variable. The fourth-order explicit scheme utilizes values at 33 and 73 grid points in
the n-th time level for 2D and 3D problems, respectively.

3.5. The absorbing boundary condition

The ABC in its second-order approximation can be formulated as

1 wn—l—l _ wn—l

T ong T (V") v =0, (3.19)

where V}, denotes the second-order FD approximation of the gradient V. It should be
noticed that the ABC (3.19) involves no spatial approximations on the (n+1)-th time
level. Thus, the LOD algorithm can incorporate the ABC in its explicit step only, and
the implicit directional sweeps are carried out with a Dirichlet boundary condition.
This strategy clearly imposes the second-order approximation of the ABC on all time
levels. For higher-order approximations, see discussions in Section 5 below.

3.6. Computational complexity

One of main goals in this article is to compare accuracy and efficiency of the fourth-
order algorithms, (2.7) and (3.18), with A, being the fourth-order FD approximations
of —0?/0z3.
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In the implementation of the LOD algorithm (3.8) for 3D problems, one can pre-
compute (I + 0At*c?Ay), £ = 1,2,3, and save their LU-factorizations. When the
central fourth-order scheme is used for the spatial derivatives, the explicit step in
(3.8) needs 14 flops per point and each directional step can be carried out for 11 flops
per point (6 for the right side and 5 for the inversion of the L and U matrices). Thus
the total number of required operations is 48 per point, which is only 60% more than
that of the fourth-order explicit method (2.7).

For 2D problems, the matrix A contains 9 nonzero entries in a row for the central
fourth-order scheme in space. Thus the required flops per point for (2.7) and (3.6)-
(3.7) are 22 and 33, respectively. The LOD (implicit) method is only 50% more
expensive than the explicit method per point.

Since the LOD algorithm shows implicit features, hopefully it can be either more
flexible in choosing the time step size or less dispersive than the explicit method.
(Note that when 6 € [0.25,0.5], the LOD algorithm is unconditionally stable, although
it turns out to be second-order accurate in time.) Employing various numerical ex-
amples, we will investigate if the implicit method allows a larger time step size for a
stable solution. Also we will numerically verify and compare nonphysical oscillations
introduced by these two fourth-order schemes for the acoustic wave propagation in
realistic media (dispersion analysis).

4. Numerical Experiments

The fourth-order explicit method (2.7) and the LOD algorithm (3.8) are imple-
mented for the acoustic wave equation in two space variables. For the spatial deriva-
tives, the second-order and fourth-order FD schemes are adopted for both algorithms.
The core computational routines are written in F77, with the main and input/output
routines in C++ for a dynamic memory allocation and a flexible data management.
The computation is carried out on a 400MHz Laptop having a Linux operating system.
In the following, CPU denotes the user time on the machine measured in seconds.

Figure 2 presents a vertical section of a real velocity in the Gulf of Mexico (a),
provided from Shell Offshore Inc., and the snapshots of the numerical solution at
t = 2.2 for the fourth-order explicit method (b), LOD with § = 0.25 (c), and the
fourth-order LOD (d). The fourth-order central FD scheme is applied for the spatial
derivatives for all cases. For the point source, a Ricker wavelet of 10Hz (v = 10)
is located at the center of the top edge (x; = (4.57,0)). Since the velocity ¢(x) €
[1.50,4.42] (Km/sec), the wavelength (:= ¢/v) varies between 150 and 442 meters.
The velocity model contains 240 x 160 cells of the edge length 38.1 meters (h = 38.1).
Thus the grid frequency G (the number of grid points per wavelength) becomes



Acoustic Waveform Simulation 13

Z (Km)

Velocity

Z (Km)

LOD (T=2.2; freq=10.; theta=0.25; Dt=0.00645; h=0.0381) LOD (T=2.2; freq=10.; theta=1/12; Dt=0.00645; h=0.0381)

Figure 2: The velocity (a) and the snapshots at ¢ = 2.2 for the fourth-order explicit
method (b), LOD with # = 0.25 (¢), and the fourth-order LOD (# = 1/12) (d). The
fourth-order central FD scheme is applied for the spatial derivatives for all cases.
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Trace @(3.01,3.01) Trace @(6.21,1.03)
R
0.005 4 0.010
A
0.005
0
=]

O,

-0.0054 -0.005
-0.0104

T T T T T T T T T T
1.0 1.2 1.4 1.6 1.8 2.0 1.0 1.2 1.4 1.6 1.8 2.0

Figure 3: The traces seen at (3.01,3.01) (left) and (6.21,1.03) (right). The solid and
dashed curves correspond to LOD(6 = 1/12) and the fourth-order explicit methods,
respectively.

3.94 ~ 11.60. The time step size At is selected for the Courant number o near to
0.75 such that 2.2 is an integer multiple of At, i.e.,
_ Atlel
' h
where ||¢||o denotes the maximum of the velocity ¢. (2.2 = 341At) The following has

~ 0.75,

been observed

‘ Methods H CPU rr;inu(x,2.2) m}:}xu(x,2.2) ‘
Explicit-Order4 || 28.4 —0.0250 0.0204
LOD (6 =0.25) || 39.3 —0.0233 0.0169
LOD (0 =1/12) | 394  —0.0255 0.0208

The min-max of the computed solution is not a standard indicator in measuring
the numerical error. However, it is often smaller in modulus for more dissipative
methods; the second-order scheme seems to be dissipative quite a bit. As one can
see, the solution in Figure 2(c) is smoother than other solutions. The solutions from
the fourth-order methods, Figures 2(b) and 2(d), hardly differ from each other in
their maximum and minimum. The solution from LOD (# = 1/12) seems slightly
smoother than that of the fourth-order explicit method.

To see the differences in detail, the traces are observed and compared at a few
points. Figure 3 contains the traces recorded at (3.01,3.01) (left) and (6.21,1.03)
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(right), where the waveform is expected to oscillate a lot due to sudden changes in
velocity and therefore strong reflections. The solid and dashed curves correspond to
LOD(f = 1/12) and the fourth-order explicit methods, respectively. As one can see
from the figure, the solutions obtained from the two fourth-order methods match to
each other quite well. It has been observed from various experiments that

e The implicit method shows a similar stability property as the explicit scheme.
That is, instability has been observed for a similarly large At for both methods.
Thus the implicit method may not gain efficiency by choosing a larger time step
size than the explicit method.

e The implicit method takes about 40% more computation time than the explicit
method for 2D problems of the same size. Note that the implicit method requires
50% more flops; see §3.6.

e The fourth-order LOD method is slightly less dispersive; it produces a less
oscillatory solution than the fourth-order explicit scheme.

e Second-order methods produce more dissipative solutions than fourth-order
methods. Thus second-order methods are less attractive; a sharp resolution

of wavefronts is often very important in wave simulation.

5. Discussion on Accuracy of the ABC

In this section, we discuss some issues in fourth-order approximations of the ABC;
see [10] for details.
Recall the ABC in (1.1.b). For the time-derivative u;, the fourth-order approxi-

mation begins with

n 3 ,n AtZ n 4
Ut(t ) ~ 8tu — 7uttt(t )+ O(At )

i AtZ 2

= T — 2L (CAu+ S) () + O(A (5.1)
. A 2.2 A 2 2

=~ 8tu” + L Aut(t") - t60 8t5n + O(At4),

where we have utilized the identity (2.1). For a fourth-order approximation, the term
Auy(t") must be approximated by a second-order approximation. One can utilize
either of the following:

Aut(t") ~ Agtun + O(AtQ),

3u™ — 4un—1 + un—2 (52)
") At?).
Au,(t") ~ A N + O(A)
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It follows from (5.1) and (5.2) that fourth-order approximations of the ABC are

_ At?e? At??
at<1 p 2L A)u” - GC 3,5" + O(AtY),
u (") &~ ) g . (5.3)
_ A2 3u™ —4um w2 AR
" _ " O(AL).

The normal derivative u, can be naturally incorporated in FE methods. For FD
methods, we need to find a detailed expression for its fourth-order approximation:
either the one-sided approximation or the one as for u;. However, it does not seem
possible to incorporate the overall fourth-order approximation of the ABC for an
outer-bordering with the difference equations in (2.7) and (3.8). Thus, FE methods are
preferred for high-order approximations of the solution up to the boundary. The mass
matrix can be simplified, without a loss of accuracy, by adopting the tensorization of
the Gauss-Lobatto points for the nodal points and the corresponding mass-lumping
quadratures [5]. In particular, for implicit schemes, the mass matrix can be expressed
as a sum of sub-matrices of directional derivatives, for which one can adopt an efficient
LOD procedure [10].

6. Conclusions

We have introduced a new implicit fourth-order FD scheme for the numerical
solution of the acoustic wave equation. For an efficient simulation, a locally one-
dimensional (LOD) procedure, having the splitting error not larger than the trunca-
tion error, has been adopted. The new implicit method is compared with the standard
explicit method in stability, accuracy, and efficiency:

e The implicit method shows a similar stability condition as the explicit scheme.

e The implicit method turns out to be 40% more expensive than the explicit
method for 2D problems of the same size.

e The implicit method is slightly less dispersive. Due to this property, the im-
plicit scheme can show advantages over the explicit scheme for the waveform

simulation in very oscillatory media.

Finally, we have discussed how to incorporate the fourth-order accuracy for the ABC.
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