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Abstract

This article is concerned with the fourth-order compact scheme for an ac-
curate simulation of acoustic waves in the frequency domain. The compact
schemes are known for a long time; however, they have shown difficulties, in
particular, in dealing with general boundary conditions. This article introduces
a new formulation for the compact scheme for the Helmholtz equation and an
effective strategy of incorporating absorbing boundary conditions. It has been
numerically verified that the resulting compact scheme is fourth-order in gen-
eral heterogeneous media and improves the accuracy of the numerical solution
dramatically, by more than two-digits, over the standard second-order scheme.

1. Introduction

The propagation of waves in realistic media is often formulated in an unbounded
domain. Such a problem can be solved by first truncating the domain into a tractable
finite domain, imposing a suitable absorbing boundary condition (ABC) on the arti-
ficial boundary, and then solving the resulting problem using discretization methods
(e.g., finite differences and finite element methods).

Let Q C IR? be a rectangular domain with its boundary I' = 9. Consider the
following Helmholtz problem

(a) —Au—K*(x)u=f(x), x€Q, L
(b) %jwja(x)u:(), xel, (1.1)
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where 7 is the imaginary unit, v is the unit outward normal from I', f denotes the
source, and the coefficients K (x) and a(x) are given as

K =w/v,
a=oqa, —io, oa.>0, az >0,

where v denotes the sound velocity and w is the angular frequency. The coefficient «
is assumed to be properly chosen such that (1.1.b) represents the first-order ABC that
allows normally incident waves to pass out of € transparently. Problem (1.1) models
the propagation of time-harmonic waves, polarized electromagnetic waves, scattering
problems, seismic waves, and ocean acoustics.

In the simulation of acoustic waves in the frequency domain, the second-order
schemes requires to choose 25-40 grid points per wavelength for the numerical so-
lutions of an acceptable accuracy for various applications [7]. So the problem size
becomes too large to solve even in modern high-performance computers, in partic-
ular, for high frequency applications. This article studies compact schemes for the
numerical solution of the Helmholtz problem. The 9-point compact difference formu-
las have been known for many years [2]. In recent years, many authors have derived
fourth-order finite difference (FD) approximations to solve various partial differential
equations (PDEs); see e.g. [1, 3, 6, 8,9, 10] and references therein. These fourth-order
schemes have been derived by substituting the Taylor series expansions at neighboring
grid points (up to order four) into the PDE and by obtaining the representation for
the solution of the PDE. Thus the derivation of compact schemes and its extensions
to 3D and time-dependent problems are straightforward but tedious; the symbolic
derivation has occasionally saved such human efforts [4]. However, these standard
compact schemes show the following drawbacks:

e [t is difficult to incorporate more general boundary conditions such as Neu-
mann and mixed-type boundary conditions. Up to date, compact schemes have
been applied either to problems of Dirichlet boundary conditions or with lower-
order/one-sided difference approximations for general boundary conditions.

e Properties of the resulting algebraic system are hardly known for most cases.

In this article, we present a new approach for the derivation of fourth-order com-
pact schemes for an accurate solution of the Helmholtz equation (1.1).

2. Preliminaries

In this section, we review the standard compact schemes. For simplicity, let Q) =
(0,1)2, the unit square in IR?. Let n, and n, be the numbers of equally partitioned
elements in the z- and y-directions, respectively, and {x;; := (ihy, jhy)} the grid
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Figure 1: Stencils for —Aw at the reference point x;; for the conventional fourth-order
scheme (left) and the fourth-order compact scheme (right).

points in 2, where h, = 1/n, and h, = 1/n,, for some positive integers n, and n,,.
Define u;; = u(x;;) and h = max(hy, hy).

The conventional fourth-order scheme for —Aw incorporates five points in each
direction, as shown in Figure 1 (left). The fourth-order compact scheme is formulated
on a compact set of nine grid points as in Figure 1 (right). To derive the nine-point
fourth-order compact scheme, the solution « is assumed to satisfy the Taylor series
expansion

u(€,m) =D cpg &M’ (2.1)
locally on the local mesh points, with a local center at the reference grid point (0, 0)
and the nearest eight neighboring grid points. The force term f is also assumed to
have a similar Taylor series expansion locally at the grid points under consideration.
The fourth-order compact scheme can be obtained by substituting the Taylor series
expansions into the differential equation and by setting all the Taylor series coefficients
of up, and f,, to be zero for (p + ¢) > 4. When h = h, = hy, the resulting compact
scheme for the Poisson equation at the reference grid point x;; reads (see e.g. [5])

F—1 -2 —1 - : 1 "
- - = 0 — 0
6 3 6 12

1| -2 10 -2 2 1

2| 3 3 3 J 12 3 12 Ji (2:2)
-1 -2 -1 1
L6 3 6 i 12 J

corresponding to the nine point stencil. This formula is often called “Mehrstellen”
and has been known for a long time [2]. The idea for the derivation of Mehrstellen has
been applied to various PDEs along with the development of efficient computational



algorithms; see [3, 6, 8, 9, 10] and references therein. However, none of these arti-
cles have considered compact fourth-order approximations for Neumann/mixed-type
boundary conditions. Furthermore, properties of the resulting matrices obtainable
from the fourth-order compact schemes are hardly known, in particular, when the
problem coefficients are not constant and/or when h, # h,,.

3. The Compact Scheme

3.1. A new derivation

For a simpler presentation, we first define £ = £, + L5 to be the central second-
order difference operator for —A, where

—Ui1,j T 2Ui — Uiy

Liug; = 12 '
r U1+ 22U — U4 (3.1)
2Uij = h2 ’
Y
Then, we have
—AU(XZ']') ~ ,Cuij
+Eummmm(xz]) + Tguyyyy(xij) + O(h4)

To obtain a fourth-order scheme, one has to approximate w5, and wy,,, in (3.2)
by FD schemes of at least second-order. Also the utilized grid points must be on the
9-point box enclosing the reference point x;;. Note that the equation (1.1.a) reads

Upy = —uyy—KZU—f, Uyy = — Uy — K2 — f.

By differentiating the equations and approximating the resulting equations by the
central second-order scheme, we have

wam(xij) = (_uyy — K?u — f)mm(xw)
—L1[Laui; — (K*u)ij — fij] + O(h?),

Uyyyy(xij) = (~ Uz — K*u — f)yy(xz'j)

~ —Lo[Liui; — (K?u)i; — fis] + O(h).

Thus from (3.2) and (3.3), the fourth-order compact scheme for —Au — K?u can be
formulated as

Q

(3.3)

(—Au — K*u) (xi5)
h2 hZ
~ <£1 + LQ — 1—;£1£2 — é£2£1>ui]’ (3 4)
h3 h; 2 '
hy . Dy "
+(E£1 4 E£2> fis + O(h).
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The corresponding fourth-order algorithm for the Helmholtz equation in 2D reads:
Find u (:= {u;;}) satisfying

Pu=b, (3.5)
where
hy h
P = (1 - E£2)£1 + (1 - E£1)£2
h2 h2
(1-lag, g >K2
( 1270 12777
h? h?
b = (1——% ——y£> .
kT k)t
Here we have to incorporate the boundary condition appropriatel%f, which will be
discussed in the next subsection. Note that (1 — }f—gﬁl) and (1 — %Lz) are 3-point
averaging operators having the weights (1—12, %, é) in the z- and y-directions, respec-
tively, and (1 — %El — %Eg) is the averaging operator whose weights are % and 1—12

respectively at the reference point x;; and its four neighboring points. When K = 0
and h, = hy, the above scheme turns out to be Mehrstellen (2.2).

3.2. The absorbing boundary condition

In this subsection, we incorporate a fourth-order approximation of the ABC (1.1.b)
into the algebraic system (3.5). One may try fourth-order one-sided approximations
for the normal derivative u,; however, it will destroy the compactness structure near
the boundary. A compact approximation of the boundary condition is preferred.

We begin with defining

Do = Lol Uizt o Uil T Wit
gy -— oh ) yWwig «-— 2% )
z Y

and letting D? and Df be the restrictions at boundary points for D, and D,, respec-

tively. Then,
2

hx
ug(xij) ~ Dluyy — 5 Ugaa (%i5) + O(hy). (3.6)

Since Ugzy = (—uyy — K*u — f),, we have

Upgy ~ Df(ﬁzu - %KQu — f)

1 (3.7)
S (R2u). () + OU),
and therefore (3.6) reads
h? h?
Um(xij) ~ Df <1 — _m£2> Uij + = Df(KQU)Z]
o o (3.8)
+1g (KPu)a(x) + 2 D7 fi + O(hY),



It should be noticed that in (3.7), only the half of (K?u), is approximated by a
second-order difference and the other half is remained as a derivative; the reader will
figure out the reason soon.

Define
r _ Lo, if v=(%£1,0),
T Ly, if v=1(0,%£1),
DVB = (DwBaDyB)Va
h, = |(hg, hy) V|

Then, (3.8) and its analogues can be written as

h? h?
uy(x;j) = D (1 - gyﬁr> u + 1—; D) (K?u);;

2 2 (3.9)
F (), (x5) + 1 D2+ O(1),
for x;; € I'. Note that from the ABC (1.1.b), one can have
(K*u), = 2KK, + K*u, = 2KK, — ia K*u. (3.10)

Thus it follows from (3.9) and (3.10) that the fourth-order approximation of the ABC
at x;; € ' reads

B hy he B2

+{ia<1 — h—’%K2> + hy KK ]u (3.11)
12 6 v
~ o DEfii + O(h*
~ 6 ufzy+ ( )

Now, to see how (3.5) can incorporate (3.11), we have to look at the equations in
detail. Consider a reference point x;; on the left edge, I';, for example. Then when
h = h, = hy, the coefficients of the contribution from the three points outside the
domain become

- —1 . 1 1 ]
o2 2h 6
-2 1 1 2 K2 K2,
K%, | oand | .2 g 3.12
3h2 12 I oh 3712 on (3.12)
-1 | L1

L 6h2 L 2h 6 |

for (3.5) and (3.11), respectively. Thus one can easily check that the right-hand
column in (3.12) multiplied by —2/h, is exactly the same as the left-hand column.
This implies that the (2/h,)-multiple of (3.11) can be added to (3.5) for the outer
bordering, the inward contribution of outside coefficients via the reflection along the
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boundary. Since the inward coefficients of (3.11) is the negation of the outside ones,
the outer bordering would double the inward coefficients of (3.5), canceling out the
first two terms in the left side of (3.11). When h, = h,,, this procedure can be applied
to all four edges, except for the four corner points; the second-order scheme can be
applied at the corners.

The overall scheme incorporating the outer bordering reads
Pu=h, (3.13)

where

~

,P = ( —%22)214‘( —%21)52

b
(1=, ¥ K2
( TRt 12£2>

c
2 h2 h2 B X )
—lia[ 1 — —”K2> —”KK,,]
. [w‘< %)% ’
- h2 . hi. h
= (1-tap M _lpﬂ
b ( 12£1 12£2 37 1,

where = on the matrices indicate the inward reflection of the outside coefficients
along the boundary and the superscript B denotes the boundary restriction. The
above scheme is fourth-order at the boundary grid points, except for the four corner
points, when h, = h,; it is always fourth-order for interior points.

4. Numerical Experiments

This section shows numerical results for solving the Helmholtz equation by the
fourth-order compact scheme (3.13). It is not intended to present efficient iterative
solvers for the resulting algebraic system; the CGNR (the conjugate gradient method
applied to the normal equation) is adopted with an ILU (incomplete LU factorization)
preconditioner. Here we will focus on the accuracy of the compact scheme.

For the accuracy analysis, we choose 2 = (0,1)? and select the following solution

are(7,9) = @)0(y),  H(x) = €V 4 e 9,

where w is the angular frequency, i.e., w = 2wu, where p is the frequency. Then the
source f(x,y) can be set for uye to satisfy (1.1.a) exactly. Note that e satisfies
the ABC (1.1.b) when o = w. We choose three different velocities

vi(z,y) = 2,

) = 1.6+ |sin(3wx) - cos(4my)],
2, if x <0.5,
2 + sin(brzy), else.

vs(z,y) = {
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Table 1: The least-squares error for the standard 5-point scheme and the 9-point
compact scheme, for ;1 = 10 (w = 207).

5-Point 9-Point
Ny X Ny v=1 V= Uy v = U3 v =1 U= Uy v = Us
100 x 100 | 2.70E-01 3.08E-01 5.74E-01 | 4.99E-03 5.64E-03 1.11E-02
200 x 200 | 6.72E-02 7.46E-02 1.41E-01 | 3.12E-04 3.58E-04 6.91E-04
200 x 100 | 1.93E-01 1.94E-01 4.21E-01 | 3.54E-03 3.38E-03 7.89E-03
400 x 200 | 4.87E-02 4.77E-02 1.04E-01 | 2.21E-04 2.13E-04 4.82E-04

In Table 1, we present the least-squares errors for the 5-point and compact schemes.
We select the frequency g = 10 (thus, w = 207). As one can see from the table, the
compact scheme computes the solution in fourth-order accuracy, although the veloc-
ity is not homogeneous and although the mesh elements are not squares (h, # hy).
For the case h, # h,, the compact scheme is not fourth-order along the boundary.
However, its overall accuracy turns out to be fourth-order; the accuracy degradation
from the boundary dose not seem to affect the overall accuracy to be altered visibly.
The fourth-order compact scheme improves the solution accuracy dramatically, at
least two-digit for problems of reasonable sizes, over the second-order scheme. We
have found from various experiments that it suffices to choose 6-12 grid points per
wavelength for an acceptable accuracy.

5. Conclusions and Discussion

The fourth-order compact scheme has been derived for the numerical solution of
the Helmholtz equation in 2D. Strategies for incorporating a fourth-order compact
approximation of the absorbing boundary condition is fully discussed. When h, = h,,
the resulting scheme is analyzed to be fourth-order (except for the corner points).
It has been observed from various numerical experiments that the compact scheme
shows a fourth-order accuracy, in general heterogeneous media, although the condition
hy, = h, is violated. Extensions to 3D problems and/or problems of general diffusion
(density) coefficients are straightforward.
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