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Abstract

One of most challenging problems in image processing is edge-preserving

noise removal, because edges deliver most important information to the hu-

man visual system. The article is concerned with eÆcient numerical techniques

for edge-preserving noise removal, solving nonlinear partial di�erential equa-

tions. A new minimum-biased anisotropic di�usion (MinBAD) algorithm is

introduced to eÆciently eliminate the noise and to minimize di�usion on both

the piecewise smooth portions and their boundaries. It has been numerically

veri�ed that MinBAD eliminates, rather than di�uses, the noise and shows

great properties in image restoration. It is compared with various median �l-

ters. MinBAD turns out to be better than most median �lters and an optimal

performance is observed when the permutation center weighted median �lter is

adopted as a post-processor of MinBAD.
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1. Introduction

In the modern digital age, many applications are based on images and therefore

the resulting achievements must rely on their quality. Since images are not always

in a good quality due to various types of noise (natural noise, defects in the sensors,

transmission problems, etc.), it is important to remove the noise automatically and

eÆciently. Image restoration is historically one of the oldest concerns and still a nec-

essary processing step for many other applications, as indicated in [3]. As the �eld

requires higher levels of reliability and eÆciency for the last two decades, mathemat-

ical image processing has become an important component. In particular, mathe-

matical frameworks employing recent powerful theory of partial di�erential equations

(PDEs) and functional analysis have been extensively studied to answer fundamental

questions in image processing.

Applications of the PDE models can be widely found in a broad range of im-

age processing tasks such as denoising, deblurring, object and pattern recognition,

segmentation, matching, and morphing. These can be categorized to three major

parts: image restoration, segmentation, and compression. Image restoration is of-

ten necessary as a pre-processing for segmentation and compression; good denoising

methods have strong demands. However, those PDE-based methods can show some

drawbacks unless the governing equations are incorporating appropriate parameters

and discretized by suitable numerical schemes. The selected model parameters and

numerical schemes should be able to capture characteristics of the image. The devel-

opment of appropriate numerical techniques for the PDE models is another important

component of PDE-based approaches.

There are other ways to tackle image restoration; among others, we quote the

�ltering approaches [2, 5, 15, 20, 30] and stochastic modeling [4, 8, 14] for interested

readers.

Edges deliver most important information of images to the human visual system

(HVS). Thus one of the biggest issues in image analysis is how to preserve or en-

hance edges. The article is concerned with eÆcient PDE-based numerical techniques

for edge-preserving denoising. For an e�ective noise removal with the anisotropic

mean-curvature 
ow, we introduce a new minimum-biased FD scheme to minimize

di�usion on both the piecewise smooth portions and their boundaries. For the time-

stepping procedure, the incomplete alternating direction implicit (ADI) method is

considered along with formulas for e�ective time-step sizes, both to remove the high-

frequency components of the error (the noise) more eÆciently and to minimize the

torture of lower-frequency components of the image. Also we discuss a strategy for

automatic stop of the di�usion process. The overall algorithm, called the minimum-

biased anisotropic di�usion (MinBAD), has been numerically veri�ed that it elimi-
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nates, rather than di�uses, the noise and turns out to be better than most median

�lters. When median �lters are applied as a post-processing, the algorithm improves

its performance.

An outline of the article is as follows. In the next section, we review brie
y me-

dian �lters [2, 5, 15, 17, 30, 34] and PDE-based approaches [1, 6, 7, 24, 27, 35]. The

section also includes a set of desirable properties for image restoration algorithms.

Section 3 presents a re�nement of the so-called Minimum-Biased Anisotropic Di�u-

sion (MinBAD) [16], which satis�es the set of desirable properties for various realistic

images. The new algorithm incorporates minimum-biased di�erence formula, Crank-

Nicolson-ADI time-stepping procedure, and a strategy of choosing optimal timestep

size. In Section 4, we present a hybrid algorithm where the permutation center-

weighted median (PCWM) �lter is adopted as a post-process for MinBAD. Section 5

presents numerical experiments with the hybrid algorithm, which shows a better per-

formance than a sole application of MinBAD and the PCWM �lter, for the removal

of impulse noise and Gaussian noise. The last section concludes our experiments.

2. Preliminaries

In this section, we review some of conventional approaches for image denois-

ing/enhancement, focusing on median �lters and PDE-based approaches. We also

consider desirable properties for noise removal algorithms.

2.1. Nonlinear median �lters

The median �lter (called the running median) was �rst suggested as a nonlinear

smoother for discrete data by Tukey in 1974 [30]. Since then, variants have been

studied to attenuate high-frequency noise more e�ectively and preserve signal edges

better. Weighted median �lters were introduced in the signal processing literature by

Brownwigg in 1984 [5] and have been received a considerable attention [17, 34]. The

performance of those nonlinear smoothers has been further improved by incorporating

ways of rank-dependent weight section, as in permutation weighted median �lters

[2, 15]. See also Mitra and Sicuranza [20].

The nonlinear median �lters show good properties in suppressing impulse noise,

while preserving the signal edges well, especially when the impulses occur with rela-

tively low probabilities.

In Figure 1, we present performance of median �lters suppressing impulse noise.

The Lena image is perturbed by random-valued impulse noise of probability 20% and

restored by the running median, center weighted median (CWM), and permutation

center weighted median (PCWM) �lters, for 5 � 5 window. For CWM, we set the
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(a) (b)

(c) (d)

Figure 1: The Lena images in 256� 256 cells, with (a) random-valued impulse noise

of probability 20%, and restored images by the running (b) median, (c) CWM, and

(d) PCWM �lters. The window size is 5� 5 for the median �lters.



MinBAD 6

center weight Wc = 15; the PCWM incorporates

Wc =

(
15; if 6 � Rc(xij) � 20;

1; otherwise;
(2.1)

where Rc(xij) denotes the rank of the center sample of the window at location xij.

As one can see from the �gure, the running median smoother suppresses the noise

well, but the image becomes too much blurry. The CWM �lter preserves the edges

relatively well; the output still contains much impulse noise. The output of the

PCWM �lter is less blurry than that of the running median �lter and less noisy than

the CWM output. However, when the noise level is relatively high, these median

�lters tend to remove details from the image or leave much impulse noise and the

edges easily become either jagged or blurry. Their main drawback is \blindness in

the spatial ordering" of signal samples. See [20] for details.

2.2. PDE-based approaches

Anisotropic di�usion has been a popular tool for noise removal since the �rst

elegant formulation by Perona and Malik in 1990 [24]. A considerable amount of

research has been carried out for the theoretical and computational understanding of

the method and related methods for image enhancement [1, 6, 7, 19, 21, 27, 35]; good

references to work on them are Osher and Fedkiw [22], Sapiro [28], and Sethian [29].

It is now well known that by choosing a proper energy functional in the variational

formulation, edges in noisy images can be well restored and enhanced. Among the

many possible choices, the total variation (TV) is one of the simplest but suÆciently

eÆcient measurement for denoising/enhancement.

Let 
 be a rectangular domain in IR2. Suggested by Rudin, Osher and Fatemi [25,

26], for given noisy image u0 : 
! IR, the TV minimization is to �nd u which satis�es

min
u

F (u); F (u) :=

Z



jruj dx +
�

2

Z



ju� u0j
2 dx; (2.2)

where � � 0 is a parameter to be appropriately chosen. The Euler-Lagrange equation

of the functional, parameterizing the descent direction by an arti�cial time t, reads

ut = r �
� ru
jruj

�
+ �(u0 � u): (2.3)

Recently, Marquina and Osher [19] introduced a variant, by merely multiplying the

right-side of the equation (2.2) by jruj:

ut = jruj r�
� ru
jruj

�
+ � jruj (u0 � u): (2.4)
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The authors claimed that (2.4) had the same steady state solution as (2.3) and it

showed strong analytical, numerical, and philosophical advantages, because jruj van-

ished only in 
at regions. See also [22, x11.3].

Earlier to the model (2.3) above, Perona and Malik [24] introduced an anisotropic

di�usion model which aims at the enhancement of edges

@u

@t
�r�

�
g(jruj)ru

�
= 0; (x; t) 2 
� J; (2.5)

where g is a function, g(x) � 0, having the property:

g(x)! 0 as x!1: (2.6)

For example, one may choose one of the following

g(x) = 1=(1 + x2=�2);

g(x) = e�x
2=�2 ;

� > 0: (2.7)

The equation (2.5) has motivated a large number of researchers to study the mathe-

matical properties of the kind, numerical schemes, and applications [1, 6, 24].

From various experiments, we have found the following: The parameters � and �

in (2.3), (2.4), and (2.5)-(2.7) must be chosen appropriately. For example, � should

be large enough to preserve high-frequency components of the image, while it must

be small enough to smoothen the image. For the functions g in (2.7), the parameter

� must be determined based on statistical properties of the images; its choice is often

problematic [16]. It should be suÆciently small to virtually stop di�usion across the

edges, because otherwise edges of small jumps would smear out rapidly. On the other

hand, it should be large enough to eÆciently eliminate noise of high-frequency. For

a �xed �, the di�usion can be small at points where the gradient magnitude is large,

e.g., the edges and the noise. However, the di�usion would be large where the gradient

magnitude is small such as for faces. By faces we mean the piecewise smooth portions

of the image. As a consequence, the di�usion process makes relatively 
at portions of

the image 
atter, which is called the staircase e�ect in the literature [19]. Since the

noise is hardly smooth, the gradient magnitude is likely large at points perturbed, in

particular, by impulse noise. Thus there is possibility that the noise removal process

incorporating (2.5) and (2.7) either fails or becomes extremely slow. The main goal of

this article is to introduce edge-preserving algorithms which can eliminate the noise

in a few iterations.

2.3. Desirable numerical properties

Now, we consider desirable numerical properties in image restoration:

(P)

8><
>:

(a) Fast removal of the noise;

(b) Small di�usion on the faces;

(c) Small di�usion on the edges;

(2.8)
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Edges

Noise^ ^ ^^ ^^ ^ ^

Faces

Figure 2: A symbolized image.

where faces denote the piecewise smooth portions of the image. See Figure 2 for a

symbolized image.

Note that the nonlinear di�usion (2.5)-(2.7), applied for denoising, is hard to

satisfy the properties in (P) except for the last one.

3. Minimum-Biased Anisotropic Di�usion

In this section, we review and re�ne the so-called Minimum-Biased Anisotropic

Di�usion (MinBAD) [16], which satis�es each of properties in (P) for various realistic

images. In particular, the properties will be satis�ed perfectly for piecewise constant

images. For simplicity, we derive the numerical techniques for the motion by mean-

curvature:

ut = jruj r�
� ru
kruk

�
; (3.1)

where jruj and kruk are the same gradient magnitude of u; we denote them sepa-

rately to apply di�erent numerical schemes.

3.1. An observation

The main purpose of the section is to introduce a PDE-based edge-preserving

denoising algorithm. We begin with the following observation:

(O1). The central di�erence scheme may not be appropriate for jruj in (3.1).

(O2). The faces in the image (and the texture) are a combination of vertical, hori-

zontal, and 45Æ line segments.

It is clear that numerical algorithms for (3.1) incorporating the central scheme for

jruj will introduce a severe numerical dissipation everywhere, of course, including

the edges. Properly chosen one-sided (ENO-type) schemes can preserve the edges

more e�ectively.
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i,j

Figure 3: The grid point (i; j) and its eight neighboring points.

3.2. The one-sided di�erence formula

As a consequence of the above observation, we introduce the edge-stopping FD

scheme as follows. At each grid point (i; j), compute the eight one-sided di�erences

corresponding to the eight neighboring points:

jui;j � u`;mjq
(i� `)2 + (j �m)2

; (`;m) 2 [i{1; i+1]� [j{1; j+1]; (`;m) 6= (i; j): (3.2)

(See Figure 3.) Let Dij;1 and Dij;2 (Dij;1 � Dij;2) be the two smallest quantities

among the above eight di�erences. Then, an edge-preserving scheme for the gradient

magnitude can be de�ned as

(jruj)i;j �=
q
D2

ij;1 +D2

ij;2; (3.3)

which we call the minimum-biased (MinB) scheme.

MinB preserves piecewise constant images perfectly. To see this, consider a piece-

wise constant image. Then at least two of the one-sided FDs would be zero at each

grid point and therefore the gradient magnitude in MinB becomes completely zero.

On the other hand, when an isolated grid value of u di�ers from neighboring points,

MinB is nonzero at the point and therefore the isolated value must be averaged,

without introducing di�usion at adjacent points.

Note that for general images (having no noise), the tangential derivatives at the

edges are small, while the normal derivative can be large. It is easy to see that at the

edge points, MinB tries to evaluate the gradient magnitude jruj as an approximation

of the tangential derivatives. Thus MinB would be able to preserve the edges quite

well.
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3.3. The Crank-Nicolson ADI procedure

For an eÆcient simulation, we may adopt the locally one-dimensional (LOD)

methods such as the alternating direction implicit (ADI) method and its variants:

the fractional step (FS) method [13, 18, 32, 33] and the additive operator splitting

(AOS) method [31]. The ADI method was �rst introduced by Douglas, Peaceman,

and Rachford [9, 12, 23], as a perturbation of the Crank-Nicolson di�erence equation,

for solving the heat equation in 2D. Such LOD methods are eÆcient but introduce an

extra error called the splitting error. Recently, Douglas and Kim [11] suggested a uni-

�ed approach for the ADI and FS methods in which both methods are second-order

accurate and their splitting errors are in third-order in time. It has been numeri-

cally veri�ed [16] that accuracy of the numerical algorithm can a�ect the eÆciency of

noise removal and the quality of restored images. The Crank-Nicolson ADI (CN-ADI)

procedure shows superior properties to other LOD methods, in both eÆciency and

accuracy. Also, CN-ADI allows us to choose the optimal timestep size with which

the algorithm can reduce high-frequency components relatively faster than lower-

frequency components.

Let (Dx1
; Dx2

)T be a proper di�erence operator for the gradient r. Let �t be the

timestep size. De�ne tn = n�t and un = u(tn), n = 0; 1; � � �. Consider the following

incomplete Crank-Nicolson method for (3.1):

un � un�1

�t
+
1

2
An�1(un + un�1) = 0; (3.4)

where An�1 = An�1

1 + An�1

2 , with

An�1

�
un := �jrhu

n�1
j Dx�

�
Dx�u

n

krhun�1k

�
; � = 1; 2:

Here jrhu
n�1
j is the MinB di�erence of jrun�1j, de�ned in (3.3), and the term

krhu
n�1
k denotes the central di�erence of krun�1k.

Then, the CN-ADI procedure for (3.4) in its general formulation [10] reads

�
1 +

�t

2
An�1

1

�
v� =

�
1�

�t

2
An�1

1
��tAn�1

2

�
vn�1;�

1 +
�t

2
An�1

2

�
vn = v� +

�t

2
An�1

2
vn�1:

(3.5)

The algorithm (3.5) which solves (3.1) and incorporates the MinB scheme for jrun�1j

is called the minimum-biased anisotropic di�usion (MinBAD). The algorithm can be



MinBAD 11

implemented as follows:

(1) Get An�1

�
:

A[�] An�1

�
; � = 1; 2;

(2) Compute and save An�1

�
vn�1:

WS[�] A[�]V; � = 1; 2;

(3) Get (1 + �t

2
An�1

�
):

A[�] (1 + �t

2
A[�]); � = 1; 2;

(4) Do the x1-sweep:

WS[1] (V��t(1
2
WS[1] + WS[2]));

WS[1] (A[1])�1WS[1];

(5) Do the x2-sweep:

WS[2] (WS[1] + �t

2
WS[2]);

WS[2] (A[2])�1WS[2];

(6) Swap the array for vn:

V WS[2];

(3.6)

(Its extension for 3D problems is straightforward.) In the above, V is the array for

the solution and WS[�] are arrays for temporary saving and the intermediate solution.

Before swapping WS[2] for vn into the array V, one can measure the di�erence between

WS[2] and vn�1 (saved in V). The measured di�erence can be utilized as a stopping

criterion for the di�usion iteration.

Note that the system of tridiagonal matrices can be solved for �ve 
ops per point.

Thus the required operations for the CN-ADI procedure become 25 
ops per point

in each time level. One can �nd from the above pseudo-code that the dimension of

the required computer memory is 9 times the number of grid points. The CN-ADI

procedure is quite eÆcient in both the operation count and the memory require-

ment. Strategies for choosing an optimal time-step size �t and automatic stop of the

di�usion can be found in [16].

3.4. Numerical experiments with MinBAD

To understand characteristics of MinBAD, the algorithm is implemented as in

(3.6) and has been tested for various images.

Figure 4 shows a synthetic house image, of which the original image is piece-

wise constant. The left �gure is perturbed by random-valued impulse noise of 10%

probability and the right one is restored by two iterations of MinBAD. The relative

di�erence between the original and the restored images turns out to be about 3 �10�5.

We have found from this example that MinBAD converges fast and preserves edges

quite well, at least for piecewise constant images.

Figure 5 contains small images (in 100 � 100 cells); it is designed to see details

of MinBAD's performance. In a single iteration, MinBAD can eliminate most of the
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DATA (U0; Noise=10%)
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Denoised (U2; MinBAD)
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0.6

0.8

1.0

Figure 4: House images in 200�200 cells: (left) perturbed by random-valued impulse

noise of 10% probability and (right) restored by two iterations of MinBAD.

noise eÆciently, preserving edges quite well. Thin features are destroyed in part.

(MinBAD does not touch piecewise constant images when no noise is added.) From

this example, one can see how MinBAD works for noise removal and the preservation

of edges, along with its e�ectiveness and eÆciency.

In Figure 6, we present Lena images that are restored by two iterations ofMinBAD

from the ones contaminated by random-valued impulse noise of 10% (left) and 20%

(right) probabilities. (See Figure 1(a) for the noisy image of 20% probability.) When

the random-valued noise has 10% probability, the restored image is as good as the

original; in two iterations, no apparent noise is remained and the edges are well pre-

served. For the noise of 20% probability, MinBAD preserves the edges relatively well,

but the noise is still remained. However, the quality of noise removal by MinBAD

seems better than the median �lters; compare the right side of Figure 6 with Fig-

ure 1(b){(d).

To compare performances between the median �lters and MinBAD more system-

atically, we have measured the di�erences from the original Lena image to the restored

ones, as presented in Table 1. There MAE and MSE denote respectively the mean

absolute (L1) error and the mean square (L2) error. As one can see from the table,

MinBAD shows smaller residuals than median �lters for all cases.

In Figure 7, we try to check MinBAD's ability to handle heavier impulse noises.

The Elaine image is perturbed by random-valued impulse noise of 50% probability

and restored by three iterations of MinBAD. Although the algorithm leaves the noise

in an observable amount, it seems preserving the edges well. The result is better than
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(a) (b) (c)
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Figure 5: Images in 100� 100 cells: (a) the original image, (b) a noisy image having

random-valued impulse noise of 10% probability, and (c) the image restored by one

iteration of MinBAD.

Table 1: The error comparison between median �lters and MinBAD.

Lena (I.N.=10%) Lena (I.N.=20%)

Filters MAE MSE MAE MSE

Tukey 0.020 0.041 0.022 0.044

CWM 0.009 0.033 0.015 0.051

PCWM 0.018 0.038 0.021 0.045

MinBAD 0.009 0.025 0.012 0.029

those obtained from median �lters.

We summarize the experiments presented in this section as follows:

� For piecewise constant images,MinBAD has shown superior properties for noise

removal and edge preservation, in both e�ectiveness and eÆciency.

� For general images, it preserves edges quite well, better than median �lters.

� But, MinBAD still leaves some noise for highly noisy images.

4. The Hybrid Algorithm

Recall that MinBAD preserves edges well, leaving small noise, and the PCWM

�lter is good for removing small impulse noise. Hence it seems natural to combine
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Figure 6: Lena images, restored by two iterations of MinBAD from the ones contam-

inated by random-valued impulse noise of 10% (left) and 20% (right) probabilities.

Figure 7: Elaine images in 285�283 cells: (left) perturbed by random-valued impulse

noise of 50% probability and (right) restored by three iterations of MinBAD.
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MinBAD and PCWM as follows:

fxg Input

+

MinBAD Main processing

+

PCWM Post processing

+

fyg Output

(4.1)

The above hybrid algorithm incorporates PCWM as a post-processor forMinBAD.

There is no physical/practical advantage to apply them in the other way, i.e., PCWM

�rst and followed by MinBAD.

5. Numerical Experiments

For the hybrid algorithm (4.1), all the computations are carried out on a 400MHz

Laptop having a Linux operating system. The computation times to be presented in

this section are measured in second for the user time.

Figure 8 shows Elaine images: (a) the noisy image perturbed by a random-valued

Gaussian noise of �2 = 122, followed by a random-valued impulse noise of 33% proba-

bility; and restored images by (b)MinBAD, (c) PCWM, and (d) the hybrid algorithm.

The right half of the restored images is replaced by the residual, the absolute distance

between the original image and the restored one. PCWM incorporates 5� 5 window

with the weight given in (2.1). As one can see from the �gure, neither MinBAD

nor PCWM can eliminate the noise clearly. MinBAD leaves the noise (spots), while

PCWM has turned the noisy image jagged, during the noise removal. On the other

hand, the hybrid algorithm (MinBAD+PCWM) has e�ectively restored the image,

with an ignorable residual. The residual of the hybrid algorithm turns out to be

smaller than than those of MinBAD and PCWM.

We have tested the hybrid algorithm (4.1) for various images having di�erent

levels of noise. The hybrid algorithm results in superior recovery properties for most

cases. For relatively smaller noise levels, the post-processor (PCWM) can be carried

out with a smaller window size, e.g., 3� 3 with the center weight

Wc =

(
5; if 3 � Rc(xij) � 7;

1; otherwise;

In the case, the cost of PCWM is comparable with that of one iteration of MinBAD.

Thus one can enjoy a similar eÆciency for the hybrid algorithm as MinBAD itself.

In Figure 9, we present the result of the hybrid algorithm (two MinBAD iterations

followed by PCWM having the 3 � 3 window) applied for the Boat image. For
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(a) (b)

(c) (d)

Figure 8: Elaine images: (a) the noisy image perturbed by a random-valued Gaussian

noise of �2 = 122, followed by a random-valued impulse noise of 33% probability; and

restored images by (b) MinBAD, (c) PCWM, and (d) the hybrid algorithm. In (b),

(c), and (d), the right half is adjusted to show the residual.
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Figure 9: The Boat images in 256 � 256 cells, with (left) a random-valued impulse

noise of 20% possibility and (right) restored by the hybrid algorithm. For the right

�gure, the right half is adjusted to show the absolute distance between the original

image and the restored one.

a random-valued impulse noise of 20% possibility, the algorithm can eliminate the

noise eÆciently. But it also has destroyed parts of thin textures, as one can see it

from the residual shown in the right half of the right �gure. However, the quality

of the restored image is still good and better than the result obtained from the sole

application of MinBAD or PCWM.

6. Conclusions

We have numerically investigated median �lters, a newly-designed PDE-based

approach (MinBAD), and their hybrid algorithm for an eÆcient noise removal. We

have found that the median �lters are good for the removal of small amount of impulse

noises, but they tend to either remove details from the image or leave much of noise.

(They are blind on the spatial ordering.) MinBAD has been introduced (a) to remove

the noise eÆciently, (b) to minimize di�usion on piecewise smooth portions of images,

and (c) to preserve edges by incorporating the tangential derivatives for the solution

of the motion by mean-curvature. It turns out to eliminate the noise eÆciently (in 2{3

iterations) and preserve edges quite well (perfectly, for piecewise constant images).

But it has proved to leave noise when the noise level is high. (MinBAD is rank-blind.)

To overcome the drawback observed in MinBAD, we have adopted the permutation

center-weighted median (PCWM) �lter as a post-processor of MinBAD. This hybrid

algorithm has shown desirable properties in both noise removal and edge preservation,

superior to the sole application of MinBAD or PCWM.
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