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Abstract

This article is concerned with simulation issues arising in the PDE-based
image restoration such as the total variation minimization (TVM) and its gen-
eralizations. In particular, we study the issues of staircasing and excessive dis-
sipation of TVM-like smoothing operators. A strategy of scaling the algebraic
system and a non-convex minimization are considered respectively for anti-
staircasing and anti-diffusion. Furthermore, we introduce a variable constraint
parameter to better preserve image edges. The resulting algorithm has been
numerically verified to be efficient and reliable in denoising. Various numerical
results are shown to confirm the claim.
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1. Introduction

Mathematical frameworks employing recent powerful tools of partial differential
equations (PDEs) and functional analysis have emerged in image restoration such as
denoising and enhancement [1, 5, 7, 12, 13, 16, 18, 20, 22, 27|, color image processing
3, 4,9, 14, 15, 23, 24, 25], and inpainting [8, 10, 17]. These PDE-based techniques
have been extensively studied to answer fundamental questions in image processing.
They turn out to allow researchers not only to introduce innovative mathematical
models but also to analyze and improve traditional algorithms. Good references to
work on them are e.g. Aubert-Kornprobst [2] and Osher-Fedkiw [19].

Image restoration is often necessary as a pre-processing for segmentation and com-
pression; good denoising methods have strong demands. However, those PDE-based
methods can show some drawbacks unless the governing equations are incorporating
appropriate parameters and discretized by suitable numerical schemes. The selected
model parameters and numerical schemes should be able to capture characteristics
of the image. The development of appropriate numerical techniques for the PDE
models is another important component of PDE-based approaches. The main goal of
this article and the companion one [11] is to develop efficient and reliable numerical
methods for image restoration via the simulation of PDE models such as the total
variation minimization (TVM) and the motion by mean curvature (MMC).

When the standard TVM [21, 22] is applied for image smoothing, the image
can be locally flattened due to huge diffusion near critical points where the gradient
magnitude of the image is zero, i.e., |[Vu| = 0. Such a phenomenon is called staircasing
in the literature. Even though the gradient magnitude is regularized as

Veul = (ul +ul + eHY2 . for some £ > 0,

the staircasing can happen unless the regularization parameter ¢ is sufficiently large.
But it is not a good idea to set ¢ large; one can easily observe a larger amount of
blur in the restored image as the regularization parameter grows. These conflicting
requirements must be dealt with effectively, which is the main goal of the current
article. To focus on the main theme, we assume that the noise is Gaussian. In the
companion paper [11], we will consider a strategy for the removal of combinations
of impulse and Gaussian noises via a MMC-TVM hybridization, efficient numerical
schemes for image derivatives, and color image processing in the angle domain with
the brightness-chromaticity decomposition.

An outline of the paper is as follows. In Section 2, we review TVM, along with
a brief explanation of staircasing. Section 3 introduces a new method for anti-
staircasing; the basic idea is to scale the algebraic system for its elements not to
exceed to a prescribed number. Such a strategy turns out to preserve a certain de-
gree of convexity and concavity of the image and therefore it is little dissipative.
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In Section 4, we consider two anti-diffusion strategies, the non-convex minimization
(p = 1—w < 1) and the variable constraint parameter (3(x,t), for the purpose of
edge enhancement and edge-preservation. These three anti-staircasing/anti-diffusion
techniques (algebraic scaling, non-convex minimization, and variable constraint pa-
rameter) are carefully combined to optimize the performance of TVM for the removal
of Gaussian noise. In Section 5, we present numerical results for the new strategies
we have introduced in this article. It has been numerically verified for various images
that the new techniques can remove the noise efficiently, preserving the edges quite
satisfactorily. The last section concludes our experiments.

2. Preliminaries

Let ug be the observed image of the form
up = K xu+e, (2.1)

where K is a blurring operator and e denotes the noise. In this article, our main
concern is to remove Gaussian noise. Thus we assume that K = I, the identity
operator, and that e denotes a certain Gaussian noise.

A common denoising technique is to minimize a functional of gradient, as
min Fp(u), Fy(u) = / |Vul? dx + \jug — ul|?, (2.2)
v Q

where A > 0. When p = 1, the first term in F;(u) is called the total variation (TV).

It is often convenient to transform the minimization problem (2.2) into a differ-
ential equation, called the Fuler-Lagrange equation. Recall that for the minimization
problem in 2D of the form

min/ f(x,u, Vu)dx,
v Ja
the Euler-Lagrange equation [26, §3.3] reads

(d@ d 0 0

muﬁd—ya—%—@)fzo-

When the above is applied for (2.2), we have

Vu

PV <W> — 2 (1 — up) = 0. (2.3)

Parameterizing the descent direction by an artificial time ¢, the resulting evolutionary
Euler-Lagrange equation can be formulated as

u=V- (%) + Bluo — u), (2.4)
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where 3 (= 2\/p) is the constraint parameter. Note that the restored image becomes
closer to ug as (3 grows.

A very important and interesting case is when p = 1. Note that the minimization
process with Fj in (2.2) does not make the piecewise constant images blurry, because
a blurrier version of such images does not reduce the value of the functional. Thus

one may expect the same property for the corresponding Euler-Lagrange equation,
(2.4) with p = 1:
Vu
qu-(—)—i— Uy — U). 2.5
However, in practice, the above total variation minimization (TVM) introduces “blur”
and/or “staircasing” to the images unless the given image vy is globally linear.

Since the denominator |Vu| cannot be zero in the computation, the term is often
regularized as
Vu| ~ |Veu| = (u? +u§ + &%), (2.6)
for some € > 0 small. In this article, we will call £ the reqularization parameter. The
corresponding minimization problem for the regularization reads

min o (u),  Fo(u) = /|V5u\pdx—|—)\Hu0—uH2, @2.7)
u Q

and its Euler-Lagrange equation becomes

wy =V (NZL%) + Blug — w). (2.8)

When (2.8) is discretized, the diffusion contributed by the term 1/|V=u|*7? can
be large when p < 2 and |Vu| ~ 0. That is,
1 1

1
T — o uf, Y N for |Vu| = 0.

This implies that TVM (p = 1) can enforce a strong diffusion on relatively flat regions
and therefore the image can be transformed into locally constant there; staircasing
happens. The removal of such staircasing has been an interesting research topic
3, 4, 6]. A modified approach can be formulated as

2, if |Vu| < go,
: [cos <% 7r) + 3} , otherwise,

where gy and g; are prescribed constants (go < ¢1). See §5.1 for a reasonable choice
of go and ¢;.

The main goals of the article are
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e to understand the staircasing and blurring mechanisms on TVM and

e to suggest effective/efficient techniques for anti-staircasing and anti-diffusion.

We begin with an effective but simple anti-staircasing method, in the following section.

3. Anti-Staircasing and Algebraic Scaling

In the following we will introduce an effective strategy which prevents staircasing.
Recall first that the staircasing is based on the large quantities in the algebraic system
(corresponding to a large diffusion coefficient). Thus there is a good possibility to
achieve anti-staircasing by scaling down the corresponding elements of the algebraic
system. We suggest the following: scale the elements of the matrix A = (a;;) as

Select a value ayax > 0.
Gmax (3.1)

For each row a; of A = (a;;), if |a;i| > Gmax, a; — ;.

||
Or, one can implement a smooth revision, instead of the above abrupt adjustment.

With the above scaling of the algebraic system, there will be no staircasing, when
the maximum value a,., is set to be small enough. Also, it turns out to be less
dissipative than the variable p as in (2.9).

To verify the above claims, we consider 1D case for simplicity. Let x; = ¢h be the
grid points (or cell centers). Let the image have a strictly convex part at a location,
having a local minimum at i = 4. That is, introducing u,; = u.(z;),

s < Ugig—2 < Ugig—1 < Uz = 0 < Ugpjop1 < Ugigpa < -0 .

Then, for the grid point x;, the corresponding row a; of A for the curvature term in
(2.8) reads

a; = (0, -, 0, a1, aij, Qiiy1, 0, -+, 0), (3.2)
where , 1
Giji-1 = (“mel/z +e7)” 2,
Aii+1 = (Ui,iﬂ/z + 52)_1/27
Qi = —(aii—1+ Gii+1),

where u, ;41/2 is an average of u,; and wu, ;1. When ¢ is near ig and ¢ is small, then
|a; ;| must be large. Let us set amax = 2, for example. (Later, we will see it is the
most reasonable choice.) Then the scaled a; in (3.2) becomes

2
a, .= —a; = (0,---,0, a

T |a. ‘ _27 a;,i—i—la 07 ) O), (33)

ii—1>
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where

a =

1/2
ii—1 )

(U?c,iﬂ/z +¢%)

/
Qi i+1

=2 |

(ui,ifl/Q + 52)1/27

with v given as
Y= (ui,zel/Q +eH)2 4 (u?c,i+1/2 +e?)l2,

Since a;; ; > 1 for i > iy and aj,; ., > 1 for i < iy (independently on € > 0), the
scaled row a; allows a strictly convex stationary solution of the image near z;,. When
i = 1ip, the scaling turns out to be the same as the (1, —2, 1)-difference scheme only
if uyio—1 = Uzio+1. For concave parts of the image, one can do a similar analysis.
The algebraic scaling keeps a certain degree of convexity and concavity for convex
and concave parts, respectively. This feature enforces for the algorithm to be less
dissipative than the (1, —2,1)-difference scheme obtained from the discretization of
Uze (p = 2).

From an analysis, one can see that the above scaling procedure can be written as
an approximation of the following model

Uy

_ . (Omax , o 2\1/2
= min (Z5 (€)', 1) (m

)+ 8 (w0 —w) (3.4)
Thus the parameter a,., must be chosen to be neither too small nor too large; a
reasonable choice is ayac = 2. In this case, (3.4) can be viewed as a thresholding
variant of Marquina and Osher [16]:

w, = [, (wa) + 8 [ue| (g — w). (3.5)

For high-dimensional problems, one can apply the above algebraic scaling to each of
the directions.

4. Anti-Diffusion

4.1. Non-convex minimization

To understand effects of p and the regularization parameter ¢ in (2.7) and there-
fore in (2.8), we will first measure the functional F. ,, with A\ = 0, for the cartoon
images as in Figure 1. Table 1 presents the values of F. ,. Consider the first case
Fo.2; the value is smaller for the blurry image in Figure 1(b), which implies that
the minimization with (g, p) = (0,2) invokes blur. Applying the same logic, one can
see that Fy 1 does not introduce blur during the minimization. But, when we set
(e,p) = (0.1,1) as to prevent the denominator become zero in the Euler-Lagrange
equation, the minimization algorithm will make the image blurry, because the blurry
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(a)
| | \ J» | I J»
o 1 0 | | 0

Ux|: © Ux|: © 1/2 1/2

Figure 1: A cartoon image in one-dimensional space (a) and its blurry version (b).
Gradient magnitudes are indicated in the bottom of each side.

Table 1: The values of the functional F. ,, with A = 0, for images in Figure 1.

Figure 1(a) Figure 1(b)

Fo2=04+0+14+0=1 Fo,2=0+025+025+0=0.5
Fo,i=0+0+14+0=1 Fo,i=0+054+05+0=1
Foi,1=01+0.1++v1.01+0.1~ 131 | Fy1,1 = 0.1+0.26 + v0.26 + 0.1 ~ 1.22
Fo09=0+0+1+0=1 Fo.00=0+0.5% +0.5 + 0~ 1.07

image reduces the value of the functional. Here an interesting case is when p = 1 —w,
w > 0. As one can see from the table that when w = 0.1 (p = 0.9), the functional has
a smaller value for the sharper image. Thus when p < 1, the functional F; , can be
utilized for edge enhancement, at least for the cartoon image in Figure 1.

We summarize what we have seen with F, ,, as follows:

e Heat equation (p = 2) makes images blurry.

o TVM itself (p = 1 and € = 0) does not introduce “blur”. But its regularization
(p=1and £ > 0) does.

e When p =1 —w < 1, the functional can make the image sharper. Even though
there is no mathematical guarantee for existence of the minimizer (because the
functional is not convex), the case motivates an effective denoising algorithm
that can preserve edges satisfactorily.

Yet, one has to choose € positive to avoid the denominator in the corresponding
Euler-Lagrange equation approach to zero, which has a trend to make the image
blurry. Consider the following minimization problem

min F. 1-.,(u), (4.1)
and its Euler-Lagrange equation
Vu
w = V- <W> + 3 (o — u). (4.2)
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An effective edge-preserving noise removal is expected when the parameters € and w
are chosen appropriately. As an example, when (g, w) = (0.1, 0.2) and A\ = 0, one

can easily see that
For,08 = 1.479,  Fo1,08 ~ 1.483,

respectively for Figure 1(a) and Figure 1(b). Thus this choice will not blur the sharper
image.

A natural question is: How can we choose € > 0 and w > 0 that minimize “blur”
for the minimization problem (4.1) and equivalently for (4.2) ¢ Unfortunately, we do
not know or know of any analytical answer. Here is a guide line we have found from
various experiments:

e Set e =0.01~0.1and w=04~ 1.

e The choice of ¢ is not much sensitive due to effects of the algebraic scaling, but
it is recommended not to set too small. One may select € = 0.05.

e A good news is that w seems little depending on &; the choice w = 0.5 ~ 0.7
works satisfactorily for most cases.

See the numerical results in §5.2 below.

4.2. Variable constraint parameter ((x,t)

The basic mechanism of the TVM denoising is diffusion. Thus the parameter
cannot be too large; it must be small enough to introduce a sufficient amount of
diffusion. On the other hand, it should be large enough to keep the details in the
image. However, in the literature, it is very often the case that the parameter is
chosen constant: 3 = ;. With such a naive strategy, the smoothing operator either
smears out some important portions more excessively than desired, in particular near
edges, or leaves a certain amount of noise in the resulting image. Then, how can we
choose the parameter 37 As an answer for the question, we suggest the following:

The diffusion iteration begins with a constant parameter § = By and, as
the iteration goes on, let it grow wherever diffusion is observed excessively.

We call such a dynamic parameter 5 (= ((x, t)) the operator-driven optimal parameter
(ODOP).
To describe ODOP more systematically, we consider our PDE model formulated
as
Vu
R,

w = V- ( = Blug—w), B=Bx0) (43)
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and its incomplete Crank-Nicolson alternating direction implicit (CN-ADI) time-
stepping procedure

At At
(1 + 7A’;—l)m — (1 - S - AtAg—l)u”—l + At B,

At At (44)
<1 + 714;71)’&” = 'Ll,>i< + TAgilunil,

where At is the timestep size and
D, u" I}
aptr e D, (G2 Y P o
¢ U ¢ ’Viunfllerw + 2“ ’ ¢ ’

Here (D,,, D,,)T is the half-step central difference operator for the gradient V and
|V5u™"!| denotes the (standard) second-order central scheme approximating |[Veu™!|.
See the companion paper [11] for details.

Now, we are ready to describe ODOP in terms of the diffusion iteration:

e Begin the CN-ADI iteration (4.4) with 5 = [y, a constant.

e For each iteration (or each several iterations) n > 1,

BB+ 75m(Vs(u" —uo)]), (4.5)

where Vg is a smoothened approximation of the gradient such as the Sobel
operator, S, denotes a smoother like a few Jacobi iterations, and ~ is a scaling
factor.

Note that the above ODOP has been designed based on the following intuition.
Let us assume that the observed image u( involves only Gaussian white noise. Then,
far from the edges, the quantity |Vg(u" — ug)| must be small, because it is a locally
averaged gradient for the difference (random values) between the noisy image and its
smooth version. On the other hand, near edges, |Vg(u™ — ug)| would be relatively
large, because u" can easily involve an excessive blur (structured difference) near
edges. Thus, the parameter § grows, as the iteration goes on, wherever diffusion is
excessive, in particular, near edges. The outcome of such a dynamic parameter is to
minimize the blur near edges.

In practice, one may wish to limit the parameter in a prescribed interval, i.e.,
B(x,t) € [Bo, f1]. Also one may want to update the parameter a few times only
during the simulation. Note that the algorithm (4.4) converges fast (less than 10
iterations for most cases). Thus we can update 3 three times e.g. n =2, 4, and 6. In
the case, the scaling factor v can be selected such that

0.5, n=2,
v H%%X{SmﬂVS(UTL —ug))} = AP — Bo), A=< 03, n=4, (4.6)
’ 0.2, n=06.
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For convenience, let us introduce a new terminology: we will call the TV min-
imization (4.3)-(4.4) the enhanced TV minimization (ETVM) when it incorporates
the algebraic scaling (3.1), the non-convex minimization (w > 0), and the variable
constraint parameter (4.5).

Remark. Impulse noise can hardly be removed unless the constraint parameter
0 is sufficiently small. Furthermore, smoothing such a large perturbation is not a
reliable strategy in denoising. Thus, one has to remove impulse noise (if any) from
prior to the application of the TVM-like smoothing. For the removal of impulse noise,
one can adopt a numerical procedure for the motion by mean curvature, which can
be solved in a similar fashion as for TVM (4.3), applying (4.4). See [11] for details.

5. Numerical Experiments

For numerical experiments, we choose gray-scale images in public domain. In the
application of (4.4), we first scale the cell values by multiplying v/3/255 such that the
possible maximum value of u in the program is v/3, i.e.,

Uij < Umax = V3. (5.1)

(Of course, we scale back the results for picturing.) For the noise, we consider random-
valued additive Gaussian noise, which is scaled to be mean-zero and have a certain
variance. The iterative algorithm (4.4) is stopped when

max [u]'; — uf'; | < 0.03. (5.2)
1,J ’

5.1. Anti-staircasing

In this subsection, we show numerical verification for the algebraic scaling dis-
cussed in §3 as an anti-staircasing strategy. We will test it, incorporated with (4.3)-
(4.4), for the removal of Gaussian noise. We set w = 0(p = 1) and g = 5y = 0.5, to
focus on the effects of the algebraic scaling; choose ¢ = 0.05. To understand character-
istics of the algebraic scaling, we will compare its results with those of the variable-p
approach (2.9). Note that the algebraic scaling works with the choice p = 1.

In Figure 2, we present the numerical results carried out utilizing the gray-scale
Lenna image in 256 x 256 cells. The original image, Figure 2(a), is perturbed by
Gaussian noise of variance 488, as shown in Figure 2(b). The noisy image is denoised
by the variable-p approach and the algebraic scaling and the results are depicted
in Figure 2(c) and Figure 2(d), respectively. For the variable-p approach (2.9), the
constants gg and ¢, are selected as

1 1
= ——~Umax; = —Umax,
90 16 g1 1



PDE-based Image Restoration, 1 11

Figure 2: Gray-scale Lenna images in 256 x 256 cells: (a) the original image, (b) the
noisy image perturbed by Gaussian noise of variance 488, (c) the restored image by
the variable-p (2.9), and (d) the restored image by the algebraic scaling. Set w = 0
and = 0.5.

where Upax is defined in (5.1). Given the stopping criterion (5.2), the CN-ADI al-
gorithm (4.4) converges in four and three iterations respectively for the variable-p
approach and the algebraic scaling. It is clear to see that none of them have in-
voked staircasing. However, as one can see from the figure, the variable-p approach
introduces a lot of dissipation. On the other hand, the algebraic scaling can remove
Gaussian noise with much less blur, as we have expected from the analysis in §3.

Such a superior performance of the algebraic scaling (in both anti-staircasing and
anti-diffusion) has been observed for all examples we have tested. Here the upshot
is that the algebraic scaling has an ability to keep a certain degree of convexity and
concavity appeared in the image content. To see robustness of the newly suggested
method, we apply it to the House image, with the same algorithm parameters chosen
for Figure 2; the results are depicted in Figure 3. The figure gives another exam-
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(a)

Figure 3: House images in 256 x 256 cells: (a) the original image, (b) the noisy image
perturbed by Gaussian noise of variance 488, (c) the restored image by the variable
p (2.9), and (d) the restored image by the algebraic scaling. Both take 4 iterations
each for the convergence. Set w =0 and g = 0.5.

ple (among many others) with which one can convince the superior behavior of the
algebraic scaling.

5.2. Anti-diffusion

In this subsection, we verify the anti-diffusion schemes introduced in §4 to mini-
mize nonnecessary diffusion of the denoising algorithm. For anti-staircasing, we utilize
the algebraic scaling for the rest of the article. We begin with an example in which w
varies, while the constraint parameter 3 is kept constant; the experiment is designed
to get insights for an appropriate choice of w.

Figure 4 contains restored images from a noisy Lenna image contaminated by a
Gaussian noise of variance 488 (as in Figure 2(b)), with the choices: (top) w = 0.5,
(mid) w = 1, and (bottom) w = 2. For this example, we set 3 = 0.5, a constant.
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Figure 4: Gray-scale Lenna images in 256 x 256 cells: The images are restored from
Figure 2(b) with (top) w = 0.5, (mid) w = 1, and (bottom) w = 2. Set 5 = 0.5 for
all cases.
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The algorithm (4.4) takes 4, 9, and 14 iterations respectively for w = 0.5, 1, and
2. One can see from the figure that when w > 0, the restored image involves less
dissipation than the one for the case w = 0 (see Figure 2(d)). However, when we
set w = 2, an overshooting is observed; the restored image has been transformed to
show locally linear portions. This result proves another kind of staircasing which is
observable when e.g. the Perona-Malik model [20] is applied for image enhancement.
For the choices w = 0.5 and w = 1, the restored images keep clear details with little
introduction of diffusion and no staircasing. We have found from various experiments
that the restored image shows the best quality when

w=0.5~1.2,

for various constant constraint parameters (.
In Figure 5, we present numerical results for variable § suggested in (4.5)-(4.6),
with the choice of
By =03, Bi=4.0.

We utilize the same noisy image in Figure 2(b), which involves Gaussian noise of
variance 488. For a comparison purpose, we first collect images from previous exper-
iments:

e Figure 5(a): Figure 2(d) (p=1,w =0, and g = 0.5)
e Figure 5(b): Figure 4 (mid) (p=1,w =1, and 8 = 0.5)

Figure 5(c) is the restored image with p = 2 (w = —1) and the variable . Note that
the diffusion operator for this experiment is the heat equation. However, it is clear
to see that the result is either better than or comparable with the ones recovered by
the standard non-staircasing TVM (w = 0) and the edge-enhanced TVM (w = 1)
that incorporate constant constraint parameters . Corresponding to Figure 5(c),
the parameter (3 in the final is depicted in Figure 5(d), where larger values indicate
the regions that are actively smeared out by the heat diffusion when ( has not grown
enough.

The above example shows the main idea of ODOP: set § bigger wherever an
excessive dissipation occurs. Also one should notice that the ODOP can be applied
for relatively simpler diffusion operators such as the heat flow and yet it can possibly
result in a better recovery than TVM not incorporating ODOP. In the next example,
we verify the performance of the ETVM which combines non-convex minimization
(w > 0) and ODOP, along with the algebraic scaling (3.1), for an improved edge-
preserving noise removal.

In Figure 6, we present numerical results for the ETVM. For experiments, we
select the gray-scale Elaine image in 256 x 256 cells: the original image in Figure 6(a)
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Figure 5: Gray-scale Elaine images in 256 x 256 cells: (a) the image in Figure 2(d)
(p=1,w=0,and 8 = 0.5), (b) the image in Figure 4 (mid) (p = 1, w = 1, and
B = 0.5), (c) the restored image from the noisy Lenna (Gaussian noise of variance
488) in Figure 2(b), with p = 2(w = —1) and § = ((x,t) as in (4.5)-(4.6), (d) g in
the final. Set fy = 0.3 and (5, = 4.0.

is perturbed by Gaussian noise of variance 338, as depicted in Figure 6(b). Set w = 0.5
and Gy = 0.3 and 3; = 3.0. The CN-ADI iteration (4.4) converges in six iterations
resulting in the recovered image in Figure 6(c). The residual (at n = 6)

max [torig — 51,

the absolute difference between the original image and the restored image, is depicted
in Figure 6(d). As one can see from the figure, details are clearly preserved in the re-
stored image and the residual does not show any significant structural contents, as we
have wished and expected. For various examples, we have seen similarly satisfactory
performances of the ETVM.
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-
Figure 6: Gray-scale Elaine images in 256 x 256 cells: (a) the original image, (b) the
noisy image perturbed by Gaussian noise of variance 338, (c¢) the restored image by

the ETVM (w = 0.5, Gy = 0.3, and #; = 3.0), and (d) the residual, the absolute
difference between the original image and the restored image.
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6. Conclusions

The TV minimization (TVM) often involves staircasing and/or an excessive dis-
sipation during the noise removal. For anti-staircasing, we have introduced the alge-
braic scaling; it turns out not only to prevent staircasing effectively but also to pre-
serve a certain degree of convexity and concavity of the image contents. The algebraic
scaling has been numerically verified to outperform to the variable-p approach. To
prevent a nonnecessary diffusion of TVM, we have considered a non-convex minimiza-
tion and the operator-driven optimal parameter (ODOP). Although the non-convex
minimization does not guarantee the existence of the minimizer, it has performed
for anti-diffusion with a great satisfaction. The basic idea of ODOP is to let the
constraint parameter 3 grow wherever an excessive dissipation occurs. These three
newly-introduced methods (the algebraic scaling, a non-convex minimization, and
ODOP) have been combined to enhance the TVM; we call the resulting algorithm
the enhanced TV minimization (ETVM). The ETVM has been tested along with
various images to prove its effectiveness and robustness in the removal of Gaussian
noise. It has performed very satisfactorily for the edge-preserving noise removal.
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