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Abstract

Lower bounds on the condition number &, (V¢ ) of a real confluent Vandermonde matrix
V. are established in terms of the dimension n or n and the largest absolute value among
all nodes that define the confluent Vandermonde matrix or n and the interval that contains
the nodes. In particular, it is proved that for any modest kpyax (the largest number of
equal nodes), #,(V; ) behaves no smaller than O,,((1++/2)"), and than O, ((14++/2)?") if
all nodes are nonnegative. It is not clear whether those bounds are asymptotically sharp
for modest kpax-

1 Introduction

Given n numbers aq, a9, - - -, a, called nodes, the associated Vandermonde Matriz is defined
as
1 1 1
al a2 DY a
Vel e (1.1)
0/1171 Oégil az—l

It, for example, arises from polynomial interpolation and others [4]. V is invertible if all
nodes «; are distinct, i.e., a; # «a; for @ # j, but it becomes singular whenever o; = «; for
some ¢ # j. A generalization of V for nodes not all of which are distinct is the so-called
Confluent Vandermonde Matrices, e.g.,

1 0 0 1 1 0
(05} 1 0 a4 Q5 1
a2 201 2 of o 2a3
a3 302 6a; o ad 3a2 |’

af 4ad 1202 af af 4ad
o} baf 2003 of ol bai

where a; = a9 = ag and a5 = ag. The second, third, and sixth columns are obtained by
“differentiating” the previous column. Confluent Vandermonde matrices arises in Hermite
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interpolation [3], for example. Adopting the formulation in [8], we define confluent Vander-
monde matrixz V. as follows. First

{aj}j—; are ordered so that equal nodes are contiguous, i.e.,
. 1.2
Q; = o (Z<]) = Q= Q] = = Q. ( )
Define
Ve = (filar) folaz) - falom)), (1.3)
where vector function f;(t) is defined recursively by
(1t---t"‘1)T if j=1or aj #
fit) =93 a ’ R (1.4)
= fim(t), otherwise,

« T»

where is the transpose of a vector or matrix. As far as defining V. is concerned, a; can

be real or complex. But in this paper, we shall focus on real ;. In what follows, a; and V¢,

as well as a & max; |a;|, are reserved for their assignments here.

(Optimal) condition numbers for real Vandermonde matrices have been systematically
studied by Gautschi and his co-author (see [7] and references therein), and more recently by
Tyrtyshnikov [12], Beckermann [2], and Li [10]. In this paper, we shall establish several lower
bounds on the £,-condition number r,(Ve) = ||Ve ||p||Vo |, in terms of n or n and « or n
and the interval [a, b] that contains all nodes. In particular, we will show that for fixed Kpax
(the largest number of equal nodes), #,(V.) behaves no smaller than O, ((1 + v/2)"), where
notation a,, = O, (b,) means c;n® < a, /b, < can® for some constants ci, ¢z, di, and da. We
also obtain a qualitative plot in Figure 1.1 to show how our lower bounds on min,; (V. ) and
ming ;>0 #p(Ve ) behave qualitatively as functions of a. What Figure 1.1 says that initially
as « increases, our lower bound for miny, kp(Ve) and that for ming;>o kp(Ve) decrease until
at a = appt when global minimums of the bounds are reached, and then they start climbing
again. Notice aope may be different for the two cases, but agpy = O(1) in both cases. What
that is not clear, however, is how sharp our lower bounds are, in contrast to many of those
in [10] for Vandermonde matrices that were proved to be asymptotically optimal.

Optimally conditioned confluent Vandermonde matrices can be much worse ill-conditioned
than optimally conditioned Vandermonde matrices. One extreme example would be that all
nodes are equal a; = - -+ = «,, for which V. is lower triangular and thus

kp(Ve) > (n— 1)~ V27 n" /2 e

by Stirling’s asymptotic formula [1, Page 18], and it becomes an equality for o = --- =
a, = 0. While for optimally conditioned Vandermonde matrices, x,(V') goes to oo as fast as
(1++/2)™ modulo a factor n? for d < 1 [2, 10].

The rest of this paper is organized as follows. Section 2 reviews some preliminary results
from [10] in connection to the coefficients of translated Chebyshev polynomials. Two general
lower bounds on k,(V.) are established in Section 3, but they are not uniform. Uniform
bounds for p = oo are obtained in Section 4 for all real V. and in Section 5 for V. with
nonnegative nodes.
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Figure 1.1: Qualitative behaviors of our lower bounds on min,; (Ve ) and ming;>o £, (Ve )

(subject to fixed «) as « varies for any given kpyax.

2 Preliminaries

Let us start by briefly reviewing relevant notation and results from [10]. Let [a,b] be the
interval in which lie all o;. T,(t) = cos(narccost) is the nth Chebyshev polynomial of the

first kind. Define the nth translated Chebyshev polynomial T, (z; w, 7) & T (x/w+T), where

b—a 7___b+a
 b—a’

Let aj, = ajn(w, ) be the coefficient of 27 in T),(z;w,T), i.e.,
T (25w, 7) = Qnna” + an-102" " + -+ + @122 + aon,
Let 1 <p < o0. In [10], Sy, p(w, 7) is defined as

n 1/p
Snp(w,T) = Z |ajn|”
7=0

Also explicit formulas were found for p = 1 and —a = b (for which w = 0):

N | =

(2.1)

1 1) (1 1)
Spi(w,0) = (Icvl+ HW) +(-1) <M+ 1+\w|2> . (22)

N | =

n
Lyie
] w* )

(2.3)



and for a > 0 (for which 7 < —1):

L

= [5G
—|—% <’w1|+\7|>+\/<
% <|w1|+|7’>+\/<|i|+|7)21 n, 25)

For any other p, S, p(w, 7) relates to Sy, 1(w, ) by

(n+1)7Y"S, 1 (w,7) < Spp(w,7) < Spilw,7), (2.6)
[(n+1)/2]7Y78,1(w,0) < Sppw,0) < S,1(w,0), (2.7)

where 1/p+ 1/p' =1, and [£] is the smallest integer that is larger than &.
The £)-norm of vector u = (u1 p2 - fin) T is defined as

<
<

1/p

n
lully = { Y P
7j=1

and ||u|loc = limy—. [|ul|, = max; |p;]. The associated £p-operator norm of m x n matrix A

is defined as
[ Aullp

|All, = max . (2.8)
P ullp
It can be proved that [9] ||Al, = ||AT]|,/, and [10]
(V) < koo (Ve) < 0P (V) (2.9)

which is useful in deriving bounds on k,(V; ) from these for ko (V) as in Sections 4 and 5.

3 Lower bounds on x,(V,)

For the sake of presentation, we assume, in addition to (1.2),

There are ¢ distinct nodes «;, having multiplicities k1, ko, ..., ke,
respectively, where k1 + ko + -+ + ky = n. This implies that the

first k1 a’s are equal, the next k2 «;’s are equal, and so on. Define (3.1)
kmax = man k‘j.
Lemma 3.1 Assume (1.2) and (3.1). Then
Vellp > max {7 a1}, (3.2)
n 1/p
Vel = | D_al=07) (3.3)
j=1



Proof: Let e; be the jth column of the n x n identity matrix I,, (or simply I if n is clear
from the context). Use [[V.|l, > [Vl er|y and [Voll, > [V enlly to get (3.2), and use

[Vellp = mas; [Vl to get (3.3). .
Lemma 3.2 For 0 <k <n,

[n(n—1)---(n—k+1)]
k

%Tn(m;wﬁ) < for x € [a,b]. (3.4)

d
w

Proof: Tt follows from T, (x;w,7) = T),(z/w + 7) = T, (¢t) that

dk

Tl w,) = — T (1),
X

whk™m

where ¢ = t(x) = z/w + 7. It suffices to show that |T7(Lk) ®)] < [n(n—1)---(n—k+1))? for
t € [—1,1] since t(z) maps z € [a,b] to t € [—1,1]. By Markov’s Inequality [5, Page 233],

T(k:) < _ 1 2 T(k:_l)
Ay Tl == ke gy [0
< .
< [nn—=1)---(n—k+1)]* max |T,(t)|
te[—1,1]
= a(n—1)-(n—k+ 1)
as expected. o

Lemma 3.3 Assume (1.2) and (3.1). Then

(3.5)

(n— k)!] ? o1 Sn—1,p (W, 7')'
1<k<kmax

-1 .
Ve llp = _min [(nl)‘ Y

Proof: Let v be the vector of the coefficients of the translated Chebyshev polynomial
: T
Th-1(x;w,7), ie., v = (agp-1 @G1n-1 *** Gp—1n—1) . Then

_ T
VI = (Toi(an;w,m) Thy(an;w) - T8 D (answ) - - )

n n

which yields, by Lemma 3.2, for 1 < p’ < oo

/ ‘ / n—1)21" n—1(n—2)(n—k. 217
V2ol <§j@p+ﬂ(ﬁ>]+“+[K =2 @+m}>
j=1
(3.6)
¢ P "
< j;ij (@%@[(n_k)'} wkz—l)
n—1N11?% 1 P
= <1s113133fnax[én—k§!] wk1> (3.7)



which gives
(n—1)!

2
: 1
Tyl < nt/P . .
IV wlly < n™ x| max (k)| o (3:8)

This is proved so far for 1 < p’ < oo, but it can be verified that (3.8) holds for p’ = oo, too.
We therefore have

. luly ol
Vol = max >
o W= SR VI, < VT,

2
min (n—k)! k=1 o Sn-1p (@, 7)
1<k<kmax | (n — 1)! nl/p’

A%

9

as was to be shown. [ |

Theorem 3.1 Assume (1.2) and (3.1). Then

(n—k)!
>
rp(Ve) 2 1<k [(n —1)!

2
} Wkt x max{fl/p/,anfl}sn_l’fiw. (3.9)
n /p

Let w =na. Then

kip(Ve) 2>

= 1<K [(n —1)!

(n — k:)!}2 k1, Sne11(0:7) (3.10)

nl/p'
Proof: Inequality (3.9) is a consequence of Lemmas 3.1 and 3.3. We now prove (3.10).

: . AP
Since ajn(w,7) = w™ aj,(1,7) [10], Spo1py = (Z?;& lw| 7P |ajn,1(1,7')\p) " Therefore it
follows from (3.3) and (3.5) that

2
1/p/ (n — 1)' 1
T <k [(n — k)| wk-t X fp(Ve)
n—1 Lp n—1 /v
> (Y o Y el a1 (L 7)
j=0 j=0
n—1 .
> Y Il ajna(1,7)]
=0
Sn-11(n,7),
by Hoélder inequality. This yields (3.10). |

For kmax = 1, 1e., { =n and k; = s = k, = 1 (and thus V; = V), (3.9) becomes one
of the lower bounds for k,(V') in [10]. In general, we may also use (3.6), instead of (3.7), in
estimating ||V, !||,. Doing so will lead to a more complicated lower bound on (V).

Corollary 3.1 Assume (1.2) and (3.1).

: (n—k)'% .1 Sn11(1,0)
kp(Ve) 2 | min [(n ~1) T X (3.11)
If, in addition, all aj > 0, then
. (n—k)!7?* rak—1  S,_11(1/2,1)
ooz gy [ZU] g D



Proof: Apply (3.10) to [a,b] = [—a,a] (and thus n = 1, 7 = 0, and w = «a) to get (3.11).
Apply (3.10) to [a,b] = [0, ] (and thus n = 1/2, 7 = —1, and w = a/2) to get (3.12). [

Neither bounds in (3.11) and (3.12) are uniform, because both depend on a. They do not
yield useful lower bounds on ming; (Ve ) or ming;>o0 #p(Ve ). In fact, the minimums of both
right-hand sides of (3.11) and (3.12) over either all a;; € R or all a;; > 0 are zero! In the next
two sections, we shall establish two uniform bounds using (3.9) for all real V, and for those
with nonnegative nodes.

REMARK 3.1 Lemma 3.3 is made possible by Lemma 3.2 which was proved with the help
of Markov’s Inequality. Another classical inequality for the same purpose is Bernstein’s
Inequality [5, Page 233], using which we can obtain the following: For 0 < k < n, if a <
Omin < Omax < b, then

nn—1)s(n —k+1)

[w \/1 — (max{b—amzwamin—a})zl

where amax = max; a; and amin = min; ;. This inequality improves (3.4) in the numerator
part, but has complications in the denominator, and also it requires the interval [a,b] be
(slightly) larger than the smallest interval containing all nodes, as follows.

a mv 2
\

a a -1 +1

<

.
dxk

To(x;w,T) for x € [a, ], (3.13)

k

This can be bad because larger [a,b] will weaken the effectiveness of S, ,y(w,7) in the later
bounds on k, (V. ), for example S,, ;v (w,7) is decreasing in w [10].

4 Uniform bounds for all real V.

We'll restrict ourselves to p = oo because the availability of formulas for S, 1 in Section 2 that
allow us to do analysis below. Equivalent relation (2.9) makes it possible to derive uniform
lower bounds on k, (V¢ ) for p # oo.

Let ® be the right-hand side of (3.9) with —a = b = « for p = oo (and thus p’ = 1):

: (n— k) k—1 1y Sn—1,1(,0)
¢ = YT n1y 2oL Y o max{®, &
1<h S [(n—l)! o xmax{l, o T max{®1, P2},
where
2
& — min | TR ey ESno1a(@00) 1)
! 1<k<kmax | (n — 1)! n ’ .
2 e
b0 —  min =R k1 @ Seo1a(a,0) (4.2)
? 1<k<kmax | (n —1)! n : .



® is @ for a < (Y1) and &, for a > (/=D P, is increasing in « for a > 0 because
a" 18, _11(,0) is increasing in « for a > 0 [10]. Lemma 4.1 shows that ®; is decreasing in
a for a < 1 for kyax approximately no bigger than 1+ (n—1)/v/2. Between 1 < a < ¢/ (n=1),
® =Py > Py and &1 = O, (P2) because for 1 < o < ¢/ (n=1)

_ 172 1/(n—1)
[(n( k“;"‘)] S”_Ll(n ’0) <P < M’
n—1)! n n
(n — kmax)! ? Sn-1,1(1,0) < o < nSn—Ll(nl/(n_l), 0)
(n—1)! n = 2= n ’

noting that ®, is increasing in « and that S,,—1 1(,0)

is decreasing in . These inequalities,
together with,

_ In(n —1)  2+In*(n—1)
1/(n—1) _
" S— o(n—12 7
Sy (/D) ) ~ (LEV2TT
’ 2 (n —1)1/vV2

imply ®; = O, (P2) for 1 < a < ¢Y/ (=1 Therefore we have the qualitative plot in Figure 1.1
for .

Lemma 4.1 Let k > 0. akSn_Ll(a, 0) is decreasing in « for o < 1 if

n—1 n—1
k< 1—(1+V2)72"12] ~ : 4.3
Proof: We claim that under (4.3) %aksn,l,l(a, 0) <0 for @ < 1. To this end, we notice
iakS 11(a 0):ka’“*15 11(04 0)+O¢k d S 11(a 0)
do n—1, s n—1, ) da " b yJ)-
Now for o < 1, by (2.2), we have
11 .
—2n42
Sn,171(oz,0) S 5 [a + 1+ ? |:]_ + € n } ,
d 1[1 ]
n—
—— Sy 0) > — /14— 1—g§2nt2
do™" 11(@,0) = 2 [a+ +oe2 [ }

1 1
X | =+ ————,
[042 a2\/1+a2]

where € = 1++/2 and 6 = 0 for even n—1,and e =0and § = 1++/2 for odd n— 1. Therefore
fora<1

%Oéksn—m(@,o) B k n Q%Sn—l,l(oé; 0)
(n—1ak18, 11(a,0)  n—1" (n—1)Su-11(c,0)

Lk « [ﬁ + 7{12@} 1 — §—2n+2

n—1 1 1 14 e2nt2
i1+

IN
|



k 1 1 — ¢ 2nt2

n—1 1+fa2l+e2n+2
k 1 1_572n+2

< e
~ n—-1 21+ 2nt2
Eooo1 ,
< - —= [1- @+ va)™]
< — ﬂ[ (1++2)
< 0
upon using (4.3). [

Theorem 4.1 If (4.3) with k = kymax — 1 holds, then

(n - kmax)! 2 Sn—l,l(L 0)
Fioo(Ve) [ (n—1)! n
(1 — kama)!]% [14 V2]
(n—1)! n '
Proof: It can be verified that ® > ®a|,_;. ]

5 Uniform bounds for V., with «; € [a,b] and 0 =a < b

Let ¥ be the right-hand side of (3.9) with 0 =a < b = « for p = 0o (and thus p/ = 1):

N L e wty Sac1a(@/2.1) _
YR [(n —1)! [2] x max{f, "} n = max{Wy, Us},
where
_ . (n_k>' 2 « k-1 ESn—l,l(Ol/Zl)
wo= g (G (5] e 6.1
. (n—k)! 2 k-1 a1 Sp_11(a)/2,1)
wo= (G (5] x e )

¥ is ¥y for a < /(=1 and Uy for a > /(=) U, is increasing in « for o > 0 because
a™ 18, _11(a/2,1) is increasing in « for a > 0 [10]. Lemma 5.1 shows that ¥ is decreasing in
a for a < 1 for kpay approximately no bigger than 1+ (n—1)/v/2. Between 1 < a < /(1)
U =T > Uy and Uy = O,(V¥3) because for 1 < a < ¢/ (1)

_ 172 1/(n—1)
[(n( kni)')] - 1 : Sp_1.1(n /2,1) <0, < nSp_11(1/2, 1)’
n — . max n n
(n—kmax)!]® 1 Snp_11(1/2,1) nSp_11(n"/=1/2,1)
— < U, < : :
(n—1)! 2hkmax n n

noting that Wy is increasing in « and that Sy, 1(c/2, 1) is decreasing in . These inequalities,
together with

nl/(n—l) - 1+ ID(TL - 1) 2+ 1n2(n — 1) s
n—1 2(n—1)? '
(3+2v2)"!

Sni 1/(7’L—1) 2 1
1,1(” / ) ) 2(’/1—1)1/\/5’

9



imply Uy = O, (¥3) for 1 <a < ¢1/(n=1)  Therefore we have the qualitative plot in Figure 1.1
for V.

Lemma 5.1 Let k > 0. akSn_Ll(a/Q, 1) is decreasing in « for a < 1 if

n—1 -1 n-1
k< 1—(14v2) 0= o . 5.3
Proof: We claim that under (5.3) %akSn_l,l(a/Q, 1) <0 for a < 1. To this end, we notice
kg 11(e/2,1) = ka® 1S, 11 (/2 1)+a’fis 11(a/2,1)
do n—1, ’ n—1, ) dov n—1, y 1)
Now for v < 1, by (2.4), we have
n—1
112 2 ? —2n42
Snota(@/2,1) < 5| +14+y/(S+1) -1 [1+(3+2\/§) ,
3 n—2
d —-11]2 2
a2y > T 2y <a+1) 1
2 [ 2+a ]
x5 |14 S|
o 2v1+a«
Therefore for a <1
%akan,l(a/?, 1) o k + 04%57171,1(04/27 1)
(n—1)ak 1S, 11(a/2,1)  n—-1 " (n—1)Sp-11(a/2,1)
2 2+a
o o [1 + WTTJ 1
Conmlozg g 2o e B2v2) e
k 1 -1
- 1+(3+2v2 *2’”2}
n—1 vV1+«a [ ( )
k 1 5 -1
< — = [1+ B +2v2) ]
S [ +(3+2v2)
< 0
upon using (5.3). n

Theorem 5.1 If (5.3) with k = kymax — 1 holds and all a;; > 0, then

(n—Emax)!]® 1 Spo11(1/2,1)
fioo(Ve) { (n—1)! 2kmax—1 n
(n—kma)!]? 1 [14+v2)"7Y
(n—1)! 2kmax—1 n ’
Proof: It can be verified that ¥ > Wo|,_;. |

10



6 Conclusions

We have obtained several lower bounds on the condition number x,(V;) of a real confluent
Vandermonde matrix V.. Two of them are uniform in the sense that they depend on n, the
dimension of V, only, while the others are either functions of n and « or n and the interval
[a,b] that contains all o;. These bounds grow exponentially for any fixed kmax, much as
expected. Qualitative behaviors of our general lower bound (3.9) for —a = b = « and for
0 = a < b= « are plotted in Figure 1.1. While it is not clear in general if (any of) our bounds
are asymptotically optimal, in contrast to those for Vandermonde matrices by Beckermann
[2] and recently by the author [10], our bounds are unlikely to be asymptotically optimal if
kmax also grows, e.g., linearly in n. This is illustrated by the extreme example kya.x = n, as
we commented in Section 1.

We have focused on real confluent Vandermonde matrices here. It is conceivable that
there would be much better conditioned complex confluent Vandermonde matrices or con-
fluent Vandermonde-like matrices. This is partly an tuition one might get from that al-
though real Vandermonde matrices are very ill-conditioned [7, 2, 10, 12|, there exist very
well-conditioned complex Vandermonde matrices and Vandermonde-like matrices [6, 11]. We
plan to investigate this issue in future work.
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