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ABSTRACT

An iterative domain decomposition method is considered for solving the
Helmholtz wave equation by high-order quadrilateral finite element methods.
The iteration is performed in a block Jacobi manner with a minimum over-
lap. For the interface operator, a Robin boundary condition is employed in a
modified form which fits possible discontinuities of the normal components of
the discrete flux on the subdomain interfaces. The algorithm is analyzed using
energy estimates. Numerical results are given to show the effectiveness of the
algorithm for the simulation of high-frequency waves in heterogeneous media
in the two-dimensional space.
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1. INTRODUCTION

Wave propagation in real media such as the earth materials is affected by attenua-
tion and dispersion. Therefore, a realistic simulation of wave propagation phenomena
should be able to reproduce these two effects. Wave equations are often imposed by
a suitable radiation condition at infinity. Such problems can be solved numerically
by truncating the given unbounded domain, imposing a suitable absorbing boundary
condition (ABC) on the boundary of the truncated bounded domain, approximating
the resulting problem using discretization methods (e.g., finite differences and finite
element methods), and applying computational algorithms to the resulting algebraic
system.

In this paper, we will consider a domain decomposition (DD) method for solving
the Helmholtz problem by finite element (FE) methods. Let Q@ C RY d = 2 or 3,
be a logically rectangular/cubic domain with its boundary I' = 0€2. Consider the
following Helmholtz problem

(a) —Au—K®x)?u = S(x), x€Q,

ou (1.1)
(b) a—y+za(x)u = 0, xel,

where 7 is the imaginary unit, v is the unit outward normal to ', and the coefficients
K (x) and a(x) satisfy

K(x)? =p(x)? —ig(x)%, 0<po<p(x)<p<oo, 0<q<g(x)<q <o,
a=qo —io, op >0, o >0,

and are sufficiently regular so that (1.1) admits a unique solution lying in H*(Q) for
reasonable source S. The coefficient o is assumed to be properly chosen such that
(1.1b) represents a first-order ABC that allows normally incident waves to pass out
of 2 transparently [8]. The problem (1.1) models the propagation of time-harmonic
waves such as electromagnetic waves, seismic waves, underwater acoustics, discretiza-
tion of the time-dependent Schrodinger equation by implicit difference schemes, and
inverse scattering problems.

The Helmholtz problem (1.1) is difficult to solve numerically, in particular, when
0 < ¢ < p. In addition to having a complex-valued solution, it is neither Hermitian
symmetric nor coercive; as a consequence, most standard iterative methods either fail
to converge or converge so slowly. In many applications (e.g., the geophysical wave
simulation and seismic velocity inversion), it is often required to reproduce waves up
to 20-50 wavelengths. It is known that second-order discretization methods need to
select at least 6-8 points per wavelength (27 /p) for stability reasons [23, 31]. However,
for high-frequency applications, one should choose at least 10-12 and 20-25 grid points
per wavelength respectively for stability and accuracy reasons [10, 23, 31]. Thus the
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algebraic system for the numerical solution of the Helmholtz problem becomes very
huge for realistic applications, besides being poorly-conditioned. It is hard to solve
the problem (1.1) either by a direct method due to its problem size or by an iterative
algorithm because of its large condition number and difficulties on preconditioning.
In this context, DD methods are attractive for such a poorly-conditioned large prob-
lem; DD methods can combine iterative methods at the interface level and direct
algorithms at the subdomain level.

Concerning iterative numerical solvers for (1.1), we refer to Bayliss el al. [1],
Elman and Ernst [15], and Freund [17] for the Krylov subspace algorithms, and
Douglas et al. [10] for the ADI method, for constant coefficient problems. Després
[9] analyzed a DD algorithm for (1.1) in a differential, ratter than discrete, level; his
analysis was indebted in Lions [28]. Kim [19, 20, 21, 22, 24| studied nonoverlapping
DD methods for solving the Helmholtz problem by finite difference and linear FE
methods, along with acceleration techniques for an improved convergence; see also
[23]. DD methods incorporating overlapping subdomains and GMRES accelerations
have been studied by Widlund and Keyes and their colleagues [4, 29]. The so-called
ray-cycle MG method has been studied by Lee et al. [27].

For the simulation of high-frequency waves in heterogeneous media, Kim et al. [25]
suggested the so-called high-frequency asymptotic decomposition method, in which
the wavefield was decomposed into two parts (the phase and the cumulative ampli-
tude) and the solution could be simulated by solving two easier-to-solve equations.

The main objective of this article is to construct and analyze a finite element DD
iterative procedure that is computationally efficient. We will consider a minimum
overlapping DD method which is equivalent to a nonoverlapping algorithm incorpo-
rating a Robin interface boundary condition (RIBC). Note that RIBCs impose the
continuity of both the discrete solution u” and the normal components of its flux on
the subdomain interfaces, while most conforming FE methods admit discontinuities
in the normal flux on the element interfaces; the RIBC should be modified appro-

priately. For DD methods different from one presented in this paper, see the review
articles by Dryja and Widlund [13] and Le Tallec [26].

An outline of the paper is as follows. In the next section we review briefly the
existence and uniqueness of the solution of the Helmholtz problem, properties of the
numerical solution and difficulties in its simulation, and the shape (basis) functions of
FE methods. In Section 3, an iterative DD algorithm is introduced on the minimum
overlapped partition of the domain. The algorithm seeks exactly the same numerical
solution as the background FE method; the iteration is performed in block Jacobi
manner with a modified RIBC. Section 4 presents a convergence analysis for the al-
gorithm, utilizing energy estimates, when the attenuation coefficient is positive, i.e.,
q(x) > go > 0. The analysis is partially indebted in Douglas et al. [11], where a
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nonoverlapping DD method incorporating an RIBC was proposed for solving sym-
metric positive definite problems by mixed methods. Since most mixed methods allow
the discrete solution 4" to be discontinuous on the element interfaces, the RIBC will
produce error unless it is modified appropriately. As a modification, they introduced
Lagrange multipliers on the subdomain interfaces to overcome the “flux conservation
error”’. However, the situation is quite different for conforming FE methods: the in-
troduction of Lagrange multipliers on the subdomain interfaces does hardly make the
resulting DD problem equivalent to the original discrete problem. Thus, we employ
the technique of minimum overlap in order for the decomposed problem to solve the
original discrete one always. In Section 5, the artificial damping iteration (ArtDI) of
[21, 24] is applied for the cases: ¢ = 0 or ¢ is small. Section 6 gives numerical results
to show the effectiveness of the DD algorithm accelerated by the ArtDI. The algo-
rithm is tested for various choices in the frequency, the velocity, and the order of FE
methods. It has been numerically verified that (1) the ArtDI makes the algorithm
converge and faster, (2) the FE error converges in one-order higher for the shape
functions of orders > 2 (superconvergence), and (3) the FE method of second-order
shape functions introduces one-order higher destruction in the numerical accuracy as
the frequency increases. The last section includes conclusions and applications.

Throughout the paper, we use standard notation for the function spaces and their
norms and inner products; e.g., L*(D) is the space of all functions f on some domain

D such that
/ |f2dx < oo,
D

and (-,-)p and || - ||o,p are the corresponding inner product and norm, respectively.
Analogously, H™(D) is the usual m-th order Sobolev spaces on D with the norm
| - [|m,p for a natural number m.

2. PRELIMINARIES

This section begins with a brief review for the existence and uniqueness of the
weak solution of (1.1). Then, we present convergence properties for the FE solution
of the Helmholtz problem, followed by difficulties arising in solving the corresponding
algebraic system. We will also address shape (basis) functions for quadrilateral FE
methods.

2.1. Existence and uniqueness of the solution

The weak formulation of (1.1) is given by seeking u € V = H'(Q) such that
(Vu, Vo)g — ( K*u,v)q + (icu,v)r = (S,v)q, Yv €V, (2.1)

where

(fag)Q:/Qfnga <f:g>1":/rf§d0'
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For a simpler presentation, we define the following bilinear form
L(u,v; D) = (Vu, Vv)p — ( K*u,v)p + {iou,v)spar, D C .

We cite the following lemma.

Lemma 2.1. [12] The weak formulation (2.1) of the Helmholtz problem admits
a unique solution v € H'(Q) for S € L*(Q).

2.2. The discrete solution

Given a subspace V* C V N QF, where Q" is the space of the r-th order splines
corresponding to the set of finite elements 7, the FE approximation of the solution
u of (2.1) is the function u" € V" such that,

L v;Q) = (S,v)q, YveV (2.2)

Let the approximation error e® = u — u”, where u is the solution of (2.1) and u” is

the solution of (2.2). It is known [2] that (2.2) has a unique solution u* € V" for p?h
sufficiently small and that

"o, = O™ 2R, [le"[l,0 = O™ A7), (2.3)

for certain classes of data f, e.g., || fllr—1,0 < Cr||ullo,0, where C, is independent of p.

The algebraic system for (2.2) can be written as
Au" = b. (2.4)

Here we will employ a mass-lumping quadrature rule in which the quadrature points
coincide with the degrees of freedom, i.e., we will consider quadrature-based shape
functions; see §2.3 for details.

The matrix A in (2.4) can be written as
A == Al + iAQ,

where A; and A, are symmetric and real-valued. Since we have employed quadrature-
based shape functions for V", the mass matrix A, should be diagonal. Furthermore,
the diagonal elements of A, are positive if and only if ¢(x) > gy > 0.

It is extremely difficult to solve (2.4) for non-attenuate or slightly-attenuate waves.
The attenuation coefficient ¢ is negligible for certain cases, e.g. ocean acoustics and
optical waves in a vacuum. For the case that 0 < ¢ < p, it has been verified
that relaxation methods such as Jacobi and SOR iterations does not converge and
that nonsymmetric conjugate gradient (CG)-type algorithms (GCR [14], GMRES
[30], etc.) either converge very slowly or have possible breakdowns [1, 16, 18]. The
existence of a convergent nonsymmetric CG-type algorithm for (2.4) is equivalent to
the positive definiteness of A, [17, 18].



DDMs for the Helmholtz problem 6

2.3. The shape functions

We close the section by considering the shape functions associated with quadri-
lateral finite elements in the two-dimensional (2D) space. Let Ly; be the Legendre
polynomial of degree (k + 1) that satisfies the three-term recurrence relation

Lk+1(x) = E+1 , T E [_1a 1]a

where Lo(z) = 1 and Li(xz) = x. Then, the quadrature-based shape functions of
degree r on the reference interval [—1,1] read

i(z) = H (‘”_5}) i=0,1,-,r, (2.5)

P T; — 7y

C#i
where {Z;} are the Legendre-Gauss-Lobatto points of degree r: 7o = —1, Z, = 1,
and Z; are the zeros of L], i=1,2,--- ,r — 1; see [5] for details. Associated with the

Legendre-Gauss-Lobatto points, the weights for the numerical quadrature are

D (1) = 2 = cee g
w;(x) = o+ DGR 0,1,---,r, (2.6)

with which the integration is exact for f € Py,_1 (Pg,_ is the set of polynomials of
degree < (2r —1).), i.e.,

1 T
/ fl@ydx =) f(@)@i;, VfeEPy_i
-1 i=0

On the reference rectangle [—1,1]%, the shape functions of degree r, @;;, and
associated weights @;; are the tensor products defined as

Wi = w;wyj,
Then, for a quadrilateral finite element E, the corresponding shape functions {¢;;}
are affine images of {$;;} mapping from [—1,1]* to E. See [7] for properties of such
quadrature-based shape functions applied for FE methods.

3. THE DOMAIN DECOMPOSITION METHOD

In this section we introduce an iterative DD method, whose convergence will be
analyzed in §4 under the assumption that ¢ > ¢o > 0. In §5, we will address a
remedy for the convergence for the general case: ¢ > 0. For simplicity, consider 2D
problems and choose a rectangular reference finite element with the shape functions
being tensor products of 1D quadrature-based shape functions, as presented in §2.3.
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Figure 1: The subdomain expansion ﬁj (shaded).

Thus the arguments to be presented are applicable to the 3D space with a minor
change. Let 7, be the set of finite elements in {2 which are affine images of the
rectangular reference element and of which the largest edge length is no greater than
h. Let V" be the space of continuous piecewise polynomials (corresponding to 7) of
order r for each coordinate variable.

3.1. Decomposition of the problem

Let {Q;, j=1,---, M} be a nonoverlapping partition of §2:
M
= @na=0, j#k
7j=1

Assume that 2; are also logically rectangular regions sharing their interfaces with the
finite elements in 7. Let

We expand each subdomain §2; into neighboring subregions by the element size h so
that (NZJ- C Q. See Figure 1, where the bold lines indicate the interfaces of the original
nonoverlapping subdomains. Let D" be the sets of nodal points on D, D C €, and
Tx = 8€; N Q. For function subspaces, let

h _ y/h h __ h . — T7h _ y/h
Vi=Vio, Vog={veViof, =0V}, V=V,

Ly
and 171'fj be the set of functions in %’L that are possibly nonzero only on UkF;-‘k among
all nodal points Q". Set

Uh _ 1/h Th

Vol = Vo, D Vi

For 'ﬁjh € \N/jh, we define (using subscripts in the same manner as in the definitions of
subspaces)

U? = 5;}“//1’ Ug,j = 6?|V0}fj’ %L’j - 5?“702’ 6?’]' - N§L|‘71}fj' (3.1)
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Figure 2: A 2D mesh; FE,, C Q,,, where m = j, k.

h h h
5> Uo,5> Uo,55

ﬂ’},j should be considered as restrictions of ﬂ? into the corresponding subspaces, if not

In the remainder of this section and the next section, the functions u ug -, and

specified. Also the same rule is employed for the test functions v; € %’fj.
Decompose (2.2) over {©;} as follows: find ul e ‘7]]1’ j=1,---, M, satisfying
() L@}, 7;9) = (5.7))5,, eV,

(b) ﬂ;‘ =7y, on ﬁ;‘ ﬂﬁz.

(3.2)

It can be easily verified that (3.2) has the same (unique) solution as (2.2) for ¢ >
qo > 0; each subproblem is well-posed for ¢ > gy > 0 when it incorporates a Robin-
type interface boundary condition, which we will impose to the resulting iterative
procedure in a modified form; see (3.8) below. Note that we may choose the test
function v in 170”1]- because of the essential boundary condition (3.2b).

3.2. Introduction of iterative procedure

We will first define a locally linear, continuous function o(x) on I'jz, which is
useful for the formulation of an iterative procedure for (3.2). See Figure 2. Let
E, C Qn, m = j,k, be two elements sharing a portion of the interface I';,. We
denote the edges of the elements touching I';; at a point by e, ;, m = j, k, and the
vertices by p;, ¢ = 1,2, as in Figure 2. Then, o;; is defined on I'j; such that it is
locally linear on each segment 0EF; N OEj and its values on the corners are

€5l :
Oik\Pi) = ’ , 1= 13 2a
i(pi) €] + €x.i]
where |e, ;| denote the lengths of the edge ey, ;, i = 1,2. (For example, o, = 1/2 for
a uniform mesh of a rectangular domain.) Then, for 7;; € V/,

~ ~ ~ 1
/ Ur,5 dx = / /UI,jdX + / V1,5 dx = / — U1 dX, (33)
E;UEy E; o E; Ojk

J

17293}

where “=” means the equality in the numerical integration. It is not difficult to
verify that the equality holds when the basis functions are tensor products of 1D
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quadrature-based shape functions and the corresponding mass-lumping quadrature
rule is employed for the numerical integration. (The adopted weights in the numerical
quadrature are affine images of the reference weights related to the tensor product
of Gauss-Lobatto points located on [—1,1]?. Thus they are scaled by the lengths of
element edges.)

In the following we will view (3.2) as its corresponding algebraic system, if neces-
sary. We now prove the following theorem.

Theorem 3.1. The numerical solution of (3.2a) satisfies

[,(’17?, i)vj; QJ) + (Vﬂ?, (Ujk - 1) V/'l\)/[’j)ﬂj + Z(Vﬂ?, ajkV%,j)Qk
k

_ (3.4)
= (S, ;l\]/j)Qj, 5j S ngj
Proof. Recall that v; = v ; + vy; for all v; € %’fj. It follows from (3.2a) that
(a) ‘C(a_};JUO,j; ﬁj) = ['(a?,’vo,j;Qj) = (S, ’Uo,j)n,-, (3.5)

(b) L(u},0r5) = (8,01,)g,
Equation (3.5b) in its algebraic system reads
j J

(Vﬂ?aajkvaI,j)ﬁ - (KQﬂ"l;aI,j)Qj + <iaﬂ?,51,j>rj = (S,vr5),, Ur;€ vf’fja (3.6)

where we have utilized the identity (at the algebraic level) presented in (3.3), i.e.,

(K}, )0, = (K°Uj, 05 01,4)5,,
<iaﬂ?, '171,]->Fj = <z’aﬂ?, Ojk 5I,j>fj 5
(S,01,5)e, = (5,056 V1),

Note that
(2) (V& 04V1,)a, = (Vi 00V 5)0; + (V05 V1,)a,,

’ P B (3.7)
(b) (Vﬂ?, VIU(]’]')QJ- = (Vﬂ?, V’{J/j)Qj — (Vﬂ?, Vﬁ[,j)gj, 5j € Vb’fj

(The reader should pay attention to the subscripts indicating the domain of integra-
tion.) Then, plug (3.7a) and (3.7b) respectively into (3.6) and (3.5a) and add the
resulting equations to have (3.4). This completes the proof. [

Now, we are ready to present the iterative DD algorithm for (3.2). For given
initial guess ﬂ?’o € \7jh, j=1,---,M, find ﬂ;’” € \7jh, n > 1, recursively by solving
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the following system:
(a) L(",0559) — (Vi ™, (1 — ox) Vir,)e, + (V" 0V ,)a,
_ k
= (5,9))e;, U €V,

(b) Z(V " Vr e Zﬁz< U]J> (3.8)
Z ~hn VU[]Qk zﬂz< h"1'171]>rk, UJEVOJ,

k

where (3 is the relaxation parameter with Re (8) > 0. Equation (3.8b) is a matching
condition on the overlapped region imposing the continuity of the discrete solution
u” on the subdomain interfaces. It can be considered as a generalized Robin interface
boundary condition for the subproblem (3.8a). It is easy to check that each subprob-
lem of algorithm (3.8) is well-posed for Re (8) > 0 and that the algorithm has the
same solution as the original discrete problem (2.2), provided that it converges. This
is an advantage of simplicity of overlapping DD methods.

We can rewrite (3.8) in the following equivalent form: given initial guess u = V”

j=1,---, M, find u? e V]”, n > 1, recursively by solving
L@ 55 ) = (V" (1= o) Virg)a, +iB8_ (@™, oning)
ik

k
_ ~ ~h,n—1 ~ . ~h,n—1 ~ ~ 17h
= (S, ’l)j)Qj — E (V’U,k ,Ujkvvl,j)nk + Zﬁ E <’U;k ’O-ijI’j>1‘- , Ui € %,j'
k ik

k

(3.9)
It should be noticed that (3.9) can be implemented so that only the degrees of freedom
on the interfaces U, ;I';; are overlapped. The algorithm can be viewed as a generalized
Schwarz method [32], where the second-order finite difference scheme was considered
for solving symmetric positive definite problems.

4. CONVERGENCE ANALYSIS

In this section, we analyze algorithm (3.8) for ¢(x) > ¢y > 0. For simplicity,
assume that the mesh is uniform in a rectangular domain, having the grid size of h.
Then,

ojk=1/2, on T, Vi, k. (4.1)

Let us rewrite the terms (Va?, VUI])Q and (Vu}, Vi ;)q, in (3.8), introducing op-
erators I and I; from L2(Q; N Q) to L2(T'y) as follows:

< UIJ>Fk = (VU VUI,J)

v, € VENVE. 4.9
<Ik] (V ’U[ -7>F = (Vu VUIJ)Qk) L 1,5 1.k ( )
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(Here we do not have to find I;(Vu}) and I;;(Va}) explicitly.) The above operators
are well-defined; note that

ol _

j ~h ~ ~ 17h
o, aUI,j>6E — (AU}, vr5)E, Vr; € Vi,

(Vi Vins)e = (
for an element E' C €); touching the interface I'j;. Since the mass-lumping quadrature
rule is employed, the contribution from the nodal points not on 0E N I'j; vanishes in
the integration of the right-hand terms. So

ou”

B (Vi) = =5,
J

+ AU - hw,
) J F]-k
k

for some w = w(x), z € I'jy, which is a function of oj; and the weights of the
quadrature rule. It follows from a scaling argument that

ik (V) [or,, < Crh™H Vg (4.3)

OQHQ’

for some C; > 0 independent of h. It is not difficult to estimate C explicitly for
uniform FE methods in a rectangular domain; for example, we can see C; = 2 for the
bilinear FE method.

Using (3.4), (4.1), and (4.2), we rewrite (3.2) as

(a) L0, T +Z< I(VT) = 1 (V) 1)
—(Savj)ﬂj’ UJEVO,J'1 (4'4)

(b) @ =af, on 'NQ,

ij

and rewrite (3.8) as follows: for given initial guess u 0 ¢ Vh, j=1,---,M, find
N;”" € V;h, n > 1, recursively by solving

(a) L@ 7550 +Z< (Le(Va™) = Ly (V™)) 71 )
= (5,v5)a;, UJE%'
(b) IkJ(Vuh”) —Hﬁuh" = I;;(Vu, ™" ) +ifu """, on Ty

Tk

(4.5)

Now, let

sn _ ~h _~hn
e; = uj —uy

where {u} is the solution of (4.4) over the partition {ﬁj} and {ﬂ?"} are the iterates
of (4.5). For the restrictions of €} to the subspaces, we apply the same rule in (3.1).
For a simple presentation, we assume for now that 8 = 5, — i/3; is a complex

constant over €2, to be determined later, and define
J’n

rs,t

= I,,(Vel"), wherer, s, t,=j, ork, and r#s.
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Since the solution {u} satisfies (4.5), we have
(a) L(e " 055 8) + Z< (i — This) ’5I’j>rjk =0, o€V
(b) Ji,;+iBE" = J,;;,,j +ie" ", on Ty
Choose v; = ¢} in (4.6a) and recall e} := ’é‘;“ﬂj. Then
(Ve},Vel)a, — ((p 2 —ig®)e” ey, e ), +i{ae], ef)r,

+Z< Tieg = i) ’e?>rk =0, 47

so that both the real and imaginary parts of (4.7) should be zero:

(Ve},Vel)g, —(p? e;,ej)a; + (i€}, ef)r,

+Re(2k3 <% (i = Ts3) ’€?>ij) =0 (4.8)
(¢? e;,ef)a; + (ar€ef,el)r; + Im(;< (J]",” J,?j’j) ’€?>ij> = 0.

Using (4.8), and with | - |o,r,, denoting the L?-norm on I'j;, one has
Z | T + B} 5 r,
k
= ;ﬂ‘]lgj,j g,rjk 2 ? 2, jk}
+20, Im( Z(Jl?j,j’ €?>rjk) + 20 Re ( Z< ki 6?>ij)
k

k (4.9)
= Z{‘J]?j,] g,l“jk ’lef 2, jk} + 4ﬁ7’{( ]’ j)Q + <a76]16J >F }
k
+4B8{(Ve}, Vel o, — (D€}, €, + (el €] )r, }
+25T1m(Z<J;,w, e, >+2ﬂiRe(Z(JJ”M, M, )
k k
Z| jk.j +Zﬁen|01" ik
k
= Z{‘Jfkﬂgr]k +1BI%1€} 6,0, (4.10)
k
+2ﬁ71m(z< jk,jo ]) )+2ﬂ'LRe<Z ]k]’ J )
k k

Set

E(e) = Z Z |ka7j + ’L'B€j|§,1~jk, (4.11)
k

J
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and let E™ = E(e™). Then, from (4.6b) and (4.9)-(4.10),

. 2 -1 . —12
2.2 Mg +ibelEr, = 32 Wik + e i,
J ik

k (4.12)
— Enfl _ Rnfl
where
R™ = R(e")
ZZIJm,y\orm ZZ‘JM, elors,
+46T Z{ ] ) ] <a'f€] ) €5 )F }
+4ﬂiZ{(Ve7,Ve;?) — (°¢}, ¢ )ay + (cue], ef)r }-
J
We will choose 8 = 3. — if; such that R", n > 0, are nonnegative. Recall (4.3):
h,n
ZZ ‘Jkﬁ, kl0,Tj, = < Cih” ZZ ||Ve ”09 N6,
and notice
i
(p 6]’ ])Qj < _2(q eja ])Qj-
do
Let Copet \
B> = and S, > f; p—; (4.13)
4 9
Then, for j=1,--- , M,
n 2 n n _
Zl biglor, < 4B Z( €1, VeN)g, o -

(b) 45z(p €5, J)Q < 4ﬁr(£] ej,€e})q;-

The inequalities in (4.14) imply that R™ > 0, n > 0, i.e., {E™} is a decreasing
sequence of nonnegative numbers. So, from (4.12), we have

[e's) k
no_ 1 n _ pntly k41 < 0
;R klggo;(E E™) = E°~ lim E E° < oo,

which implies lim,, _,,, R™ \, 0. Since R" has two negative terms, the choice of § in
(4.13) may not guarantee e” — 0, unless at least one of the inequalities in (4.13) is
strict; choose 8 = B, —i3; such that

Cih™!
4

q2
< Bi < Brg (4.15)
b1
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Then, for each n > 0, we have
Rn 2 4ﬂ1‘Z(q ]’ ]) 4ﬁZZ( J) ] Q > 452 J) ] (416)
J J
where
- ﬁrqg - ﬁzp% > 0.

Note that R — 0 as n — 0. So

e; =0 in L*(Q;), j=1,---,M, asn— oo.

We have proved the convergence of algorithm (3.8) as stated in the following theorem.

Theorem 4.1. Assume q(x) > qo > 0 and let § = B, — iB; be given as in (4.15).
Then the iterates {ﬂ?"} of algorithm (3.8) converge to the solution {u}} of (3.2) in
the following sense:

N’.L’”|

o in L*(Q;), j=1,---,M,

~h o hyx
= Ujlo; = u™g

where u* € VI is the original discrete solution of (2.2).

Now, let B be an affine mapping from V" to itself such that, for any § € V",
e := B(#) is the solution for the following equation:

L(ej,v5; +Z< Lin(Vej) +iBej) 5I’j>
—Z< (s (V00 +860) ) T € T3

ik

ij

(4.17)

Theorem 4.2. Assume q(x) > qo > 0. Let 8 = 3, —if; be given as in (4.15) and
p(B) be the spectral radius of B. Then

p(B) < 1. (4.18)

Proof. Let {v,e} be an eigenvalue-eigenvector pair of B; i.e., B(e) = ye. Our
objective is to show that |y| < 1. It follows from (4.11)-(4.12) that

E(B(e)) = |yI°E(e),
E(B(e)) = E(e)— R(e).

Combining the two equations above yields

V" = (E(e) — R(e)) / Ee), (4.19)
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which implies that |y| < 1. Equality holds if and only if R(e) = 0, so that from (4.16)
we have e = 0. This contradicts the fact that the eigenvectors are non-trivial, which

completes the proof. 0O

Now, we will check the asymptotic rate of convergence for (3.8). For convenience,

we choose = 3, —if3; as

Ciht
== b= m 5 €> 1.
Then
B < SB%,  where S—1+qo.
Pt
Let

Ei(e) = Y |Jijs+iBe;l3r,
k
Ri(e) = Y | Tkiglors — D 1 Tkinlir,
-i-k4ﬁ,.{(q26j, 6_7')ij+ (e, e5)r;}
+48:{(Vej, Vey)a; — (0%ej: €5)a; + (aiej, ej)r; },
Ri(e) = Y |Jujy
k

ﬁ,ij + 40, (Qer, ej)a;-

Lemma 4.3. Let 3 is chosen as in (4.20). Then

) & .
R;(e) < ijj(e), J=12,--- M.
Proof. Note that
2 2 p% 2 2
(5 - 1) qg (q ejaej)ﬂj < gq_g (C] ej7ej)ﬂj - (p €j7€j)ﬂj'

(4.20)

(4.21)

(4.22)

Multiplying both sides of the above inequality by 45;£/(§ — 1) and using (4.20), we

have

4ﬁr(q 63,6]) {451" q ejaej) 451(27 e]’ej) }

From (4.14a),

D kil < D ki
k k

_5

o = 2 [Tkl r,, + 48 (Vey, Ve o,
k

(4.23)

§
k k

Then, (4.22) follows from the above and (4.23). O
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There is a positive constant K7, independent of A, such that

Z |U’j|(2),I‘jk S th’_l || U ||?),Qj’ Vu] € V;'h” .7 = 1) 27 e aM' (424)
k

From the Schwarz inequality and (4.21)-(4.24), we have
Ei(e) < 2> |Jkjlor, +218° ) lejlor,
k k

< 2> | Jkglor,, + 287K b € 1[5 g,
k

;s (4.25)
< -1\ R
< @+mmz%9@@)
< g(&) Rj(e),
where ¢ ¢
_ S 2;-2 §
9(§) = £_1 (2 + SCiKipth 8q§>'
So, from (4.19) and (4.25),
1
2 <1 - —,
P < 9(¢)
and therefore !
N <1 4.26
g 29(¢) (4.26)
It is not difficult to check that g(§) can be minimized when
16h2g5 \1/2
=1 14+ — 4.27
¢ * ( * SCJQP%) ( )

After substituting (4.27) into (4.26), one can get the following result.

Theorem 4.4. Let the relaxation parameter = [, — if3; for algorithm (3.8) be
chosen as in (4.20) and (4.27). Then the spectral radius of the iteration matriz of
algorithm (3.8) is minimized and bounded as

4
M&gl—@%#, (4.28)
1

for some Cy > 0 independent of h, p, and q.

Now, let us consider a real-valued relaxation parameter. Let

B =6 > %h_3’ (4.29)
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for some C3 > 0. (For FE methods of uniform meshes, C3 = 4.) Then it is not

difficult to prove the convergence of (3.8). Furthermore, using the above arguments,

one can conclude an analogue of Theorem 4.4: Choose
C

f=br=6ah7 £=1+(1+

0

4q§h4) 1/2

4.
Cu (4.30)

Then, the spectral radius of the iteration matrix of (3.8) is minimized and bounded
as
p(B) < 1—Cigyh?, (4.31)

for some C, > 0 independent of h, p, and gq.

For general cases, i.e., ¢ > gy > 0, we do not know of any convergence analysis for
(3.8). As mentioned in Section 2, the positivity of gy is the same as the existence of
a convergent nonsymmetric CG-type algorithm [17, 18].

The right-hand side of (4.28) is most sensitive to the attenuation coefficient q.
When g increases (a little, though), the convergence would be significantly improved.
This is the motivation of the artificial damping technique introduced in the next
section.

5. ARTIFICIAL DAMPING ITERATION

For the propagation of waves in slightly- or non-attenuate media, it is well known
that most iterative algorithms either converge slowly or fail to converge, as mentioned
earlier. For these cases, we can apply so called the artificial damping iteration (ArtDI)
which was first proposed in [24] and refined in [21]. For a completeness of the paper
we will present the idea of ArtDI. We first consider the following lemma.

Lemma 5.1. [21] Let A be an eigenvalue of A. Then Im(X) > 0.

For the ArtDI, choose n > 0 and an initial guess u*® € V". Then we find
uMt € VP ¢ > 1, by recursively solving

L(uM,v; Q) 4+ (in* u™, v)q = (S,v)q + (i u™* 1 v)q, Yve VP (5.1)
Using notations in (2.4), we can rewrite (5.1) in a matrix form as
(A+iD)u™" = b+ iDu™"". (5.2)

Recall we use a mass-lumping quadrature rule; matrix D is diagonal with positive
entries. We may choose 7(x) such that D = diag{d}, for some constant d > 0. Let
u” be the solution vector of (2.4) and e’ = u* — u™*. Then, it follows from (2.4) and
(5.2) that

(A +idl) e’ =ide" !, (5.3)
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and therefore y
¢ t —1

< m . .

”e || - AEU%?&F) A+1id ||e ||

It follows from Lemma 5.1 that (5.1) converges for all d > 0 unless 0 € o(A).

It seems each step of (5.1) is the same (in problem size) as the original problem,
but it has the new wave number K given as

K’=K>—in>=p* —i(¢> + ) = K? —iK?.

Note that the right-hand side of (4.28) is very sensitive to K2 which is larger than
q*. Hence we can solve each step of algorithm (5.1), a damped problem, much more
efficiently by employing algorithm (3.8) as the inner loop. As usual, the inner loop
can be solved incompletely by either loosening the stopping criterion or choosing an
upper limit on the iteration count. The following was proposed in [21]: select n > 0,
n, > 0, and an initial guess E?’O = uh’°|§j, j=1,---,M, and find E?’e’", {>1,
1 < n < n, (for each fixed ¢), by solving

(a) LEPY", 05 9Q5) + (in°uy ™", 5)a, — (V™" (1 — ojx) Vir,)e,

+Z (Va0 Virg)a, = (S.9)a, + (i@, 5)a;, ¥ € Wy,

(b) Z(V hzn ,Vir,)a ZBZ< ~h,tn 5I’]>

. ~hfn—1 ~htln—1 ~ ~ T7h
E (V™" =, Vg j)a, — 252 < UIJ>F , U € Vo

ik
(© = { o, et
w0, At L#£ L

(5.4)
For n, sufficiently large, one can show the convergence of algorithm (5.4) even for
the non-attenuate wave propagation (¢ = 0). However, we are more interested in
the problem of choosing parameters, 7 and n,, in a computationally efficient manner.

Note that when (n,n,) = (0,1), the algorithm (5.4) turns out to be (3.8).

6. NUMERICAL RESULTS

In this section, we verify accuracy and efficiency of algorithms (3.8) and (5.4) for
solving the Helmholtz equation in 2D media by FE methods, for various choices of A,
r, 1, and n,. Set the domain Q = (0,1)?; we consider uniform quadrilateral elements
of the edge length h = 1/n,, for n, > 0, and the finite element methods incorporating
Legendre-Gauss-Lobatto splines of order r. The algorithm is implemented in C++
for the main function and FORTRAN for the others and carried out on a 16-node
cluster of 2.4 Ghz Pentium 4 processors, with 512MB RAM memory for each. The
wave number is selected as

p(x) = w/v(x),
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where w (:= 27 f) denotes the angular frequency. Here f is the frequency. The wave
speed v(x) is chosen as follows:

Ul(xay) = 11
vo(x,y) = 1.6+ |sin3nz cosdmy|,

(2, if (z,y) € [0.45,0.75] x [0.55,0.75),
vs(2,y) = { 1, otherwise.

Note that v, is continuous (but not smooth) and vs is piecewise constant. For the
ABC, we set a(x) = p(x).

Since we are interested in the propagation of waves in slightly- or non-attenuate
media, the quality factor can be defined by

2 2

Q = % - U‘;’—QQ e (0, <], (6.1)
where () = oo for ¢ = 0. The quality factor is known to be between 50 and 300 in most
earth media. The higher it is, the less attenuate and therefore the harder to solve
(1.1). The quality factor has the following physical interpretation: after traveling
@ wavelengths, waves are reduced in magnitude by a factor of e, compared with
non-attenuate waves [3]. The wavelength is by definition v/ f (= 27v/w = 27 /p). In
this article the attenuation coefficient ¢(x) will be determined from values of @, w,
and v(x) and utilizing (6.1).

Let S;(x) be the source that corresponds to the following true solution

) = 2@ 90)

2 , (6.2)
where ¢(z) = (=1 e~ _ 2 and Sy, (x) = 6(x — Xo), for some x € Q.

One can decompose the domain in various ways. However, for simplicity, we
consider the element-wise decomposition; for parallelism, strips of subdomains are
equally divided and assigned to the processors. The wall-clock time is denoted by
CPU (in seconds) and the iteration is stopped when the iterates satisfy the following

stopping criterion

where tol is the tolerance, m is n or £ which is the iteration index respectively for (3.8)
or (5.4). The tolerance will be chosen as tol = 1077, v = 4, 8, or 12, depending on
the solution accuracy. Zero initial values are given: u"° = 0, for all examples dealt in
this article. The total number of DD iterations is denoted by N and therefore N = m
for (3.8) and N = m - n, for (5.4). For S = S;, the numerical error is measured by

the relative L? norm .
N _ ||U T U||0

o
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Table 1: Effectiveness of ArtDI. Set S = S}, v = v1, Q = 00, and tol =1.0e-04.

1/h=160,r=1, f =5 1/h=320,r=2, f =30
n|n.| N CPU ry n|n.| N CPU r
0180 19 191e02] 0 | 1 diverges
10|10 | 770 1.3  1.90e-02 || 30 | 25 diverges
10 | 20 | 520 0.8 1.90e-02 || 50 | 25| 925 23.5 3.02e-03
20120 | 800 1.5 1.90e-02 || 50 | 50 | 1100 26.8 3.20e-03

where u is the true solution in (6.2).

Regarding the choice of the relaxation parameter S on the subdomain interfaces,
we have employed the alternating direction optimal procedure (ADOP) [21] in a modi-
fied form. ADOP seeks 8 = f(x) in such a way that the spectral radii of the iteration
matrices of the one-dimensional reduction problems are all zero; see Kim [21] for de-
tails. It should be noticed that ADOP is automatic and computationally inexpensive.

In table 1, we first verify effectiveness of the ArtDI. We have tested the algorithm
for various choices of 7 and n,. As one can see from the table, the choice of (1, n,) is
important for the simulation of non-attenuate waves (@) = 0o). Note that the ArtDI
method (5.4) with the choice (n,n.) = (0,1) becomes the DD algorithm (3.8). As
shown in the convergence analysis, the DD algorithm (without ArtDI) fails to converge
for most of high-frequency solutions in non-attenuate media. The iteration count n,
must be set large enough to incorporate the ArtDI appropriately and effectively. It
has been numerically verified that n, can be selected solely depending on the grid
size h, while the selection of 7 is more complicated due to its dependence on A and
the wave number (w/v) as well. However, a good thing is that the quality factor @
and the degree of basis functions r have shown little effect on the selection of the
parameters n and 7n,.

For all examples in the remainder of the section, we will choose n, and 7 as follows:

e =ny/k, k=28~ 16,

6.3
772 = p2/Qa: Qa =10 ~ 20, ( )

where p denotes the L*-average of p = w/v over the domain and Q, is the artificial
quality factor. We set « larger as n, increases (i.e., n, grows with n, sublinearly) and
select (), smaller as p or h increases.

Table 2 shows convergence rates of numerical error (with respect to the grid size
h) for various spline orders r, carried out by utilizing the algorithm (5.4). We choose
f=55=5,v=wv,Q =00, and tol =1.0e-12. Note that the tolerance is chosen to
be small (1.0e-12) so as to incorporate higher accuracy of higher-order FE methods.
In view of (2.3), the convergence rate is as expected for » = 1 (the 2nd-order FE
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Table 2: Convergence rates of the error with respect to the grid size h, for various orders of
shape functions r. Set f =5, S =S¢, v = v1, Q = 00, and tol =1.0e-12. Superconvergence
occurs for r > 2.

r=1 r=2
1/h| N CPU Ty rate || 1/h| N CPU Ty rate
64 | 741 0.2 1.13e-01 64 | 703 0.5 2.31le-04

128 | 1540 2.4  2.81e-02 2.00 || 128 | 1340 5.6 1.43e-05 4.01
256 | 3696 16.8 7.00e-03 2.00 || 256 | 3674 63.7 8.94e-07 4.00

r=3 r=4
1/h| N CPU Ty rate || 1/h| N CPU Ty rate
64 | 684 2.6  1.10e-06 48 | 646 3.0  7.69e-08

128 | 1580 24.8 3.33e-08 5.04 | 96 | 1140 21.3 1.19e-09 6.01
256 | 4334 281.5 1.03e-09 5.01 || 192 | 3420 273.7 1.86e-11 6.00

Table 3: Destruction rates of FE solutions with respect to the frequency f, for various
orders of shape functions r. Set § = S;, v = v, and @ = 100.

r =1 (1/h = 640, to1=1.0c:08) || r =2 (1/h = 320, tol=1.06-08)
f| N CPU Ty rate | f | N CPU Ty rate
8 | 5720 164.8 4.82e-03 8 13666 92.2 3.96e-06

16 | 4000 114.6 3.87e-02 3.00 || 16 | 3042 76.9 1.27e-04 5.00
32 | 8440 239.7 3.09e-01 3.00 || 32 | 3224 81.1 4.14e-03 5.03
r =3 (1/h =320, tol=1.0e-12) | r=4 (1/h = 192, tol=1.0e-12)
f| N CPU e rate | f | N CPU e rate
5 | 5876 533.5 3.38e-10 5 | 3255 226.9 1.87e-11

10 | 2912 265.6 1.10e-08 5.02 || 10 | 1617 113.4 1.19e-09 5.99
20 | 2178 123.3 4.17e-07 5.24 | 20 | 1638 114.1 7.71e-08 6.02

method); however, the remaining cases (r > 2) in the table show that the actual
convergence rate is one order higher than expected. We do not know the reason for
such a superconvergence phenomenon. A detailed analysis is needed to clarify it.

In Table 3, we present the destruction rates of FE solutions with respect to the
frequency, for various orders of shape functions r. We choose S = S, v = vy, and
@ = 100. As one can see from the table, the results match with the theoretical
expectation in (2.3) except for » = 2. When r = 2, the actual destruction rate of the
solution with respect to the frequency is one order higher than expected. Again the
reason for such a phenomenon is not clear for us at this moment; FE methods need
to be analyzed in detail to clarify it.

Table 4 shows the performance of the ArtDI (5.4) for various spline orders r. Set
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Table 4: Accuracy-efficiency test. Set S = Sy, Q = oo, and tol = 1.0e — 08.

f=10 V=1 v = Vg v =3

1/h|{r| N CPU e N CPU Ty N CPU e
384 | 1 |2842 28.8 2.59e-02 | 3219 32.6 2.88e-03 | 6815 69.3 2.44e-02
192 | 2| 1140 10.0 9.22e-05 | 15680 13.8 1.56e-05| 1320 11.6 8.65e-05
128 | 3| 840 11.7 1.19e-06 | 1060 14.7 1.06e-06 | 6180 85.2 1.18e-06
96 |4 | 720 12.2 7.76e-08 | 920 15.7 7.71e-08 | 9860 167.3 8.55e-08
f =30 v =1 V= Uy v =3

1/h|{r| N CPU Y N CPU r N CPU r
768 | 1| 6390 263.8 1.72e-01 | 4410 182.2 7.21e-03 | 9135 376.7 1.62e-01
384 | 2| 2117 77.9 1.39e-03 | 2088 77.2 7.71e-05 | 3393 125.4 1.31e-03
256 | 3| 1606 91.3 1.98e-05 | 1430 81.9 &.11e-06 | 11572 659.1 1.89¢-05
192 | 411380 97.3 9.31e-07 | 1280 90.1 8.70e-07 | 12240 860.6 9.30e-07

S =35, Q= o0, and tol =1.0e-08 for all the results. Note that r/h is set to be the
same as 384 for the first part (f = 10) and 768 for the second part (f = 30), which
implies that the number of grid points is the same in each part. As one can see from
the table, the case r = 2 gives the smallest CPU time, while higher-order ones (r > 3)
produce more accurate results. When the velocity is continuous (v = v; and v = v,),
the higher-order FE methods (r > 3) turn out to be slightly more expensive compu-
tationally, while they improve accuracy a lot. One can easily expect that higher-order
FE methods (r > 3) may result in a more efficient method for a fixed accuracy, when
the medium is smooth enough. On the other hand, for the discontinuous velocity
(v = v3), the higher-order methods cost much more for a relatively small accuracy
improvement over the case that » = 2. We recommend to employ the FE method of
quadratic splines for the simulation of waves in discontinuous media.

We will close the section showing a high-frequency numerical solution in v = vy
for a point source.

In Figure 3 , we depict the real part of a numerical solution which is obtained with
parameters: 1/h = 320, f = 50, v = v3, @ = o0, S = §(x — xg), xo = (0.25,0.20),
r = 2, and tol =1.0e-08. The ArtDI is set up with n = 100 and n, = 25. Lighter
parts indicate higher values in the picture; a gain function of the form 1+ |x —x¢| has
been multiplied for a better look of the numerical solution, in particular, in regions
far away from the source. The ArtDI converges in 1325 DD iterations (53 outer
iterations), taking 32.5s of wall-clock time for 16 nodes. It is clear to see from the
figure that the velocity discontinuity has introduced reflection and refraction (the
change in direction of wave rays upon passing into a medium with different velocity).
It should be noticed that no apparent phase lag has been observed; the expected
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Figure 3: The real part of a high-frequency numerical solution. Set 1/h = 320, f = 50,
v = w3, Q =00, S = Sx,, X0 = (0.25,0.20), r = 2, and tol =1.0e-08. Lighter parts
indicate higher values. Reflection and refraction have been observed through the velocity
discontinuity.

number of wavelengths is 50 on the vertical line passing the source, as counted there.
For this example, the number of grid points per wavelength (:= rv/(fh)) is 12.8 for
the region where v = 1.

7. CONCLUSIONS

A domain decomposition (DD) iterative procedure for solving the Helmholtz wave
problem by finite element (FE) methods has been considered. We have chosen
minimum-overlapping subdomains and employed a Robin interface boundary con-
dition in a modified form. Under certain assumptions on the mesh and the quadra-
ture rule, we could prove the convergence of the algorithm for attenuate waves. For
slightly- or non-attenuate waves, we have introduced the artificial damping iteration
(ArtDI) as an outer iteration of the DD method, the convergence of which can be
proved when the inner iteration is solved accurately enough. The resulting algorithm
combining the ArtDI and DD iterations has been tested for the numerical solution
of the Helmholtz problem in 2D media for various spline orders r and diverse fre-
quencies f. For high-order FE methods (r > 2), the numerical error (with respect
to the grid size) has converged one-order higher than expected from the theory of
numerical accuracy. As the frequency increases, the numerical accuracy has been
destructed as expected except for » = 2. A detailed analysis is required to figure out
why a destruction of one-order higher has occurred for the FE method of quadratic
splines. However, for the element-wise domain decomposition, the FE method of
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quadratic splines is recommended for the simulation of waves in discontinuous media;

higher-order methods introduce little improvement in the accuracy of the numerical

solution in discontinuous media. When the medium is smooth enough, higher-order
FE methods have proved more efficient for a fixed accuracy.

The algorithm presented in this paper can be applied to solving vector waves

such as electromagnetic waves and viscoelasticity in the frequency domain [6]. Tt is

expected to be similarly accurate and efficient as in the scalar waves, provided that
one can determine the parameters (3, 7, and n,) effectively.
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