NONLINEAR POTENTIAL ANALYSIS ON
MORREY SPACES AND THEIR CAPACITIES

D.R. Abams AND J. XIAO

Dedicated to the memory of Thomas H. Wolff

ABsTRACT. To study the existence and regularity, even just partial regularity (smoothness ex-
cept for a closed exceptional set of some measure or capacity zero) for higher order (nonlinear)
elliptic equations (systems), we intend to develop a nonlinear potential analysis on Morrey
spaces, fractional Riesz potentials, fractional maximal functions, and Morrey capacities of two
different types.

1. Introduction

As early as 1938, C.B. Morrey had introduced an LP-growth condition on the gradient
of solutions of certain partial differential equations (PDE’s) in two space dimension that
insured their continuity in their domain of existence. This condition, which now bares
his name, has become a well known and highly useful tool for studying existence and
regularity, even just partial regularity (smoothness except for a closed exceptional set of
some measure or capacity zero) for single higher order elliptic equations (e.g. biharmonic
equation) or second order nonlinear elliptic systems.

Since such solutions can usually be represented as a potential — perhaps as a Riesz
or modified Riesz potential of their derivatives — it is clear that a systematic study of
potentials of functions that satisfy Morrey’s condition would be of interest in PDE research,
the purpose of this note (motivated by the success of the study of potentials of functions
that belong to LP, the so called nonlinear or LP potential theory) is to begin such an
investigation. Some of the elements are already in the literature, especially beginning with
the early systematic work of G. Stampacchia [S] and S. Campanato [C] in the mid 1960’s;
see also [P]. A lemma that has also been of some use (Lemma 4.3 below, taken from [A1])
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is a version of the classical Sobolev Embedding Theorem for Morrey class potentials rather
than the usual Lebesgue class potentials.

Here, we intend to develop some of the analogues of the LP-potential theory including:
(i) a study of the pre-dual space of a Morrey space; (ii) a study of the equivalence of
the Riesz potential of a Borel measure versus the fractional maximal function of the same
measure, now in the Morrey norm; and (iii) to begin to develop a theory of capacities that
is naturally associated with the potentials of functions from a Morrey space or from its
pre-dual space.

There is prior work on pre-dual spaces for a fixed Morrey space LP*, due to C.T. Zorko
[Z], the Z%* space, and E.A. Kalita [K], the space K%*. In this note, we produce a third
space, H2* pre-dual to LP* and then we demonstrate that all three predual spaces coincide
(with equivalent norms); Theorem 3.3. Furthermore, it is this versatility of pre-dual spaces
that really facilitates all the calculations involving the capacities of Sections 5, 6 and 7.

The equivalence of the Morrey norms of the Riesz potential of a Borel measure and
the fractional maximal function of the same measure is an extension of an earlier result of
Muckenhoupt-Wheeden [MuW]; see Theorem 4.2 below. The 1974 M-W result corresponds
to A = n in our result. It is the equivalence for A < n that allows us to estimate the
capacity Cy(-; H?*) on a ball B(x,r) from below as the radius r tends to zero; Theorem
6.4. Here we find an analogue of the Wolff potential from the standard LP-theory; see also
[AH, p. 110].

The theory of capacities for potentials of functions of either the Morrey space LP* or its
pre-dual H%*, ¢ =p/(p—1), p > 1, is developed in Sections 5 and 6 below; see definitions
for Cy(; LP*) in Section 5 and Cy(-; H9*) in Section 6. We note here that one is based
on a dual space, LP*, and the other on a space, H%*, not necessarily a dual space. If we
represent the first by a general symbol C'(-; X*) and the second by C(-; X'), we now propose
to classify capacities like C'(-; X') as type I capacities, and C(-; X*) as type II capacities.
Note that if the space X is reflexive, then C(-; X) will be both of type I and type IL.
Moreover, a standard capacity in classical potential theory can be considered as type I, with
X = L! ¢ M; where L'=the set of all Radon measures on R" with finite total variation,
and M = the set of all Radon measures (locally finite regular signed Borel measures) on R™.
The corresponding type II capacity is rather uninteresting (based loosely on X* = L°).
Further, we show below (Theorem 5.1 and Corollary 6.2) that C'(-; X*) ~ Cap(+; X), and
C(-; X) =~ Cap(-; X*), =~ denoting “having the same null sets”. Here Cap represents the
usual “dual capacity” — it is usually based on the potentials of measures in M.

Finally, we investigate capacity strong-type inequalities (CSI) for our capacities
Co(; HTA) and Cy(-; LP). We get a very strong version for the type I case (Theorem
7.4) but no CSI for the type II case (Example 5.4). Note that the CSI for C,(-; L?),
the standard LP-Riesz capacity (see [AH]), is intermediate between these two extreme
situations. Putting everything into Choquet-Lorentz notation (Remark 5.6), the first case
is I, H?* C L@Y(Cy(-; HI)), whenever 0 < a < A < n and A/a < ¢ < oo; the second is
I LP € L@ (Cy (5 LPA)) for A, € (0,m), 1 < p < A/a, and any 0 < y < oo,

We would like to thank S.M. Elery and R. Hurri-Syrjanen for their typing assistance.
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2. Morrey Spaces

2.1. Definition. Let 1 <p<oo, 0 <A <mn, and f € LI (R™). Then we shall say that f
belongs to the Morrey space LP* provided

1/p
£l = swp (P [ 1pp) T <o,
r>0,xeR™ B(z,r)

where B(xz,r) C R™ stands for the ball centered at x and with radius .

Unless a special remark is made, the differential element dx is omitted when the integrals
under consideration are the Lebesgue integrals. Clearly, || - ||zr.x is @ norm. When A = n,
then LP* = LP, the classical LP-space on R".

In the case of p =1, f is allowed to be a measure on R and the Morrey space is linked
with Hausdorff capacity and its Choquet integral. More precisely, L}* consists of all Radon
measures (locally finite regular signed Borel measures) p on R™ satisfying

lpllpia = sup 27" |p|(B(x,r)) < oo,
r>0,xER™

where |p| is the total variation measure of p.
2.2 Proposition [A3, Proposition 1]. The predual space of L** is given by Ll(Aflof))\) which

consists of Aflof)xquasi continuous functions u on R™ for that

lell o agery = / [uldA; ) = / A\ (e € R : Ju()] > t)dt < oo,

In particular, the duality implies

[ ] < Wellg g s

Here and henceforth, A&oo), 0 < d < n, denotes the d-dimensional Hausdorff capacity,
that is,

A&OO) (E) = infz r;l,

where the infimum is taken over all countable coverings of £ C R"™ by open balls of radius
rj.
The following is a new characterization of the Morrey space:

2.3. Theorem. Let1 <p<oo and 0 < A <n. Then

Ilrr =sup ([ 17) ™" (2.1

where the supremum is taken over all nonnegative functions w on R™ with
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Proof. From Proposition 2.2, it follows that

1170 < Wollpagagon o < 1518
Rn n

for ||w||L1(A(oo)) < 1. Consequently, the right-hand side of (2.1) is not greater than the
n—A\

left-hand side of (2.1).
On the other hand, let 2o € R™ and r¢9 > 0 and

o A—n
wo = lB(mo,ro)To .

Then
lwoll 1 xoor s = / AN = 1.
Ll(Anfx) B(mo,ro) 0 A

Therefore wy satisfies (2.2). In the meantime,

1/p
£l = sup ([ 1R "m0

ro>0,290€R™

» 1/p
= s ([ IflPwo)
r0>0,10€ER™ n

» 1/p
Ssup</ | f w)
w Rn

where the supremum is taken over any nonnegative w on R™ with (2.2). The proof is
complete.

More importantly, (2.1) leads to a consideration of new space describing the predual
space of a Morrey space. For ¢ = p/(p—1), p € (1,00) and 0 < A < n, we say that g is in
HTA if

1/q
ol = int ([ Jolat =)™ < o, (2.3

where the infimum is over all nonnegative functions w on R™ satisfying (2.2).

2.4 Theorem. Let 1 <p<oo, g=p/(p—1) and 0 < XA <n. Then the pre-dual space of
LPA s HN under the following pairing:

(fLroy= [ fg
Rn

/Rnfg

where the supremum is taken over all functions g € HT* with ||g||gar < 1.

Moreover

1f]lLrx = sup ., felP (2.4)
g

Proof. If f € LP* and g € H9*, then an application of Holder’s inequality yields

{01 < /Rn [fllglwt/ PP < (/Rn |f|pw)1/p(/n gl "
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since if g € H9*, then take w such that [;, [g|%!'~9 < co. Then it follows that |g|lw=/P is
finite almost everywhere. This implies that ¢ must be zero a.e. w is zero. Thus,

[(F )| < N lposllgllzran-

In particular, every function f € LP* induces a bounded linear functional on H%*.

Conversely, suppose L is a bounded linear functional on H%* with the norm ||L|| < oco.
Fix a ball B(zg,r9) C R*. If g is supported in B(zg,ro) and f € L9(B(zg,70)) (the
g-Lebesgue integrable space on B(zg, 7)), then

1/q
e N
w B(mo,T‘o)

(z)r)~"™. Then

1/q
||g||Hq,xs<réA‘"’“‘Q’ / |g|q> .
B(mo,T‘o)

Hence L induces a bounded linear functional on LI(B(xg, o)), and acts with some function
fB € LP(B(zo,10)). By taking B; = B(0,j), j = 1,2,3,..., we have fBi = fBi+1 on B;, so
we get a single function f on R™ that is locally in L?, and such that L(g) = fR" fg when
g € H?* with support in some ball of R?. If g = 1]9(3507r0)|]“|pf_1 then

1/q
L(g)] = / P < ) [ rP-ma-o / fle-ve)
B(wo,To) B(m07r0)

This implies that f € LP* with

Now, let wo = 1B(x0,r0)

||f||Lp,>\ S ||L||

Clearly, (2.4) is a direct consequence of the previous argument.

3. Equivalent Predual Spaces

For p > 1 there are already two characterizations of the predual space of a Morrey space
in the literature. First, in 1986, C.T. Zorko essentially proved the following theorem.

3.1 Theorem [Z, Proposition 5|. Let p € (1,00), 1/p+1/qg =1 and X\ € (0,n). Then a
predual space of LP> is ZT* in the following sense: if g € LP* and f € ZT, then fR" fg
is an element of (ZT2)*. Moreover, for any L € (Z9)*, there exists g € LP* such that

L(f) = . fg. feZz%
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The space Z9* is defined by the set of all functions f on R* with the norm

1llzan = inf {I{ex}ln < £ =D evarf < oo,
k

where ay, is a (¢,n — A)-atom and |[{cx}|| = > |ex| < oo, and the infimum is taken over
all possible atomic decompositions of f. Additionally, we say that a function a on R" is an
(g, n — A)-atom provided that a is supported on a ball B C R™ and satisfies

1
lallg < W; l/p+1/qg=1

Second, in 1998, E.A. Kalita obtained another description of the predual space of a
Morrey space as follows.
3.2 Theorem [K, Theorem 1]. Let p € (1,00), 1/p+1/q =1 and X\ € (0,n). Then a
predual space of LP* is K4 in the following sense: if g € LP* and f € K9, then fR" fg
is an element of (K%*)*. Moreover, for any L € (K%*)*, there exists g € LP* such that

L(f) = . fg, feKN

The K%* consists of all functions f on R® with the quasi-norm

1/q
P R
g R»

where
_ (=M1, (r — | —
wa(x) - /H%i+1 r 1R+(T |'T y|)d0’(y, T)v

and where the infimum is taken over all o € M+(Rﬁ+1) (the class of all nonnegative Radon
measures on the upper half space Rt = {(z,7) : © € R*,r > 0}) with normalization
o(R}™') = 1. Here and afterwards, 1 is the characteristic function of the set E.

Note that throughout we will often use the notation A ~ B to denote comparability of
the quantities, i.e., there are two finite positive constants ¢; and ¢y (independent of A and
B) satisfying ¢c;B < A < ¢pB. Similarly, we say that A 2 B resp. A < B if only the first
inequality resp. the second inequality holds.

Therefore, a very natural question arises: What is the relationship between those three
predual spaces? Below is the answer.

3.3 Theorem. Let ¢ =p/(p—1), p € (1,00) and X € (0,n). Then Z%* = K9* = H2*
with
I Mlzas ~ 0 llax ~ [ llazan (3.1)
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Proof. In what follows, we always make the following convention: 1/p+1/¢ =1, p € (1, 00)
and A € (0,n).
We prove Theorem 3.3 by verifying

K% C H9* C 79 C K92,

Step 1. K9* C H*,
Note that if w( f|y ol<r ~("=Ndg(y,r) where o is as above, then by the Corollary
to Proposition 1 in [A3] it follows that

< —(n—=2X) _ (0) <
lollzo iy S . o |t (o =yl < A @) S 1

In other words, K9 is contained in H%* with

1Fllzar S Ifllgans € KD (3.2)

Step 2. H4* C Z9A,
Let f € H%*. Consider By = {x € R" : w(x) > 2*}, k € Z. Then

k (00)
||w||L1(A£L°f)) ZZ A

Since f € H?, there is an w such that

ai-0) " < o
|/ |*w < 2[[fll o,

and

||w||L1(A(°°> ) <L

Thanks to the definition of Aflo_o))\ and its dyadic equivalence (cf. [Ad3]), we can always
select a sequence of dyadic cubes {J; 1} (at the level k£ € Z) such that

Ek C Ujj’k and Zf(Jj,k)n_A 5 Ago_o))‘(Ek)

Here and hereforth, £(.J) denotes the edge length of a cube J of sides parallel to the axes
of R™.
Clearly,

ZE(JJ'JC)” Z Jik)"” A S27 k||w||L1(A(°°)) < 0.



8 D.R. ADAMS AND J. XIAO

So U;J; 1 is bounded. Now, let Z be the family of all dyadic cubes I C R" with

I=J Ji

Jj kCI
Then there exists a sequence of (maximal) dyadic cubes {I,, x}3_; C Z (cf. [DX]) such

that
Il’lt(Im,k) N Int(Im:,k) = @, if m 7é m',

Uik = Imx-
7 m

Here Int(S) stands for the interior of a set S C R".
Noticing

and

W) < S T

ik Clm i

we find that if 0 < A < n then

U In)" A< > LT

and hence

St <30 ST ) =Y UL g) T S AL (B,
m J; . Cl,,

m m

Since R™ = {J,, Ey, it follows that R" = {Jj, ; k. Upon defining

Ajr =1k \ U Iy kg1,
!
we see R" = U; 1 A; 1, and with this, we obtain f = Zj,k ¢j k@4 K, Where

1/q
%xzﬁﬂmﬂ””m(/ |ﬂﬁ

Ajk

and
-1/q

i = FLa,u 0 ( [ ip10)
A],k

It is easy to check that each a; is a (¢,n — A)-atom. To prove that f € Z%*, it remains to
verify that {c; } is {*-summable. For this, noting the following two facts: ||w||L1(A(oo) y <1

n—A
and w(z) < 281 as z € A (in fact, © € A; implies © ¢ |J; I k+1, then © ¢ Ejyq and
hence w(x) < 28T1), we apply Holder’s inequality to get
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1/
||{Cg k| <Z€ (" A)/ng/p</ |f|qw1—q> q
A

g,k

N (ZZW( k)" A Z/ | flw'™ q

3,k

1/ /
S (X a0 ) (2 |f|w1—q)”
k j gk Bk
2kA(00) 1/p / 1—q 1/q
s (Czae) (2, et)
_\1/4q
S Il ([ 19177)

Sl man

Consequently,

1£llzar S llmar, e 2% (3.3)
Step 3. Z9* C K92,
Suppose that f € Z2*. So f =3, cja; with {¢;} € [ and each a; is a (g,n — A)-atom.
Assume that x; and r; are the center and radius of the support ball Bj of a;, respectively.
Define the following two functions:

Aj(r) = max{ry, |z — x|},

and

w(z) = ||{c]}||l112 v ‘ ”L T >0

It is clear that w can be written as that 1ntegra1 form required for the definition of K%
A further application of Holder’s inequality implies

715 (Sl ) (Lol el
J
Thus

_ — —e(g—1 n—A+e)(g—1
1 < e S eyl [ A
Rn _] Rn

_ —e(g—1 n—A+e -1
— eI S sl ™ [ AP+
j B;
— n—A)(qg—
< e M S e e / 0
j n

. n—A)(g—1) —(n—XA)(g¢g—1
S e i 12|Cj|7’§- )a )Tj( )(g—1)

j
S IHeiHin
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That is to say,
1 llgar SWfllzers  f ez, (3.4)

Clearly, (3.1) is a direct consequence of (3.2), (3.3) and (3.4).
3.4 Remark. Note that “f“Ll(Agfjb

a; is a (0o,n — A)-atom. Here a function a on R" is called (oo, n — A)-atom if the support
of @ is contained in a ball B C R” and ||a|| < |B|(»~N/7,

On the one hand, if f has such a decomposition, then the sublinearity of the Choquet
integral with respect to dyadic Hausdorff capacity (cf. [A3]) yields

< oo if and only if f =}, cja; where {c;} € [* and

1 a0,y < / D lejllag A=y < el / aj 1AL S el
j j !

But, one should observe that f is not necessarily in the space Ll(Aflof)A) since those

(00, n — A)-atoms may not be Aff_o))\—quasi—continuous, see also [A3, p. 123]. This lack of

quasi-continuity, however, does not hinder the applications of the atomic decomposition. If
we want to restore the quasi-continuity of atoms, we can modify the construction above,
and obtain the majorization |f| < 3. |cjlla;[, which for most purposes is a satisfactory
substitute.

Conversely, suppose || f]| ,, < 00. Using the argument for Theorem 3.3, we consider

(ML)
Cjp = L(I )" 2T,

and
ajk = flAj,ke(Ij,k)_("_A)2—(k+1).

Then f = >, ¢jkajk. 1t is obvious that aj is a (co,n — A)-atom, since |f(z)| < 2k +1

whenever z € A, and {c;x} belongs to I* since

Hejudlle S 300" 2 S Sl oo -
J.k
4. Riesz Potentials and Maximal Functions with Fractional Orders

Recall that I, * g and M,pu denote the fractional Riesz potential and the fractional
maximal function associated with a nonnegative measure on R, respectively. That is,

Lo+ ple) = / &~y dply), 0<a<n:

and

Myp(z) = supr® " u(B(z,r)), 0<a<n.
r>0
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It is evident that I, x u > M,u due to the estimate

r* " u(B(x,r)) < I+ p(x),

for x € R™ and r > 0. However, if du(y) = |y|~*dy and 2 = 0 then the reverse inequality is
false. In view of this, the Morrey norm equivalence of I, * p and M, is quite surprising.
To do so, let us use the Fefferman-Stein sharp function F# of a function F' € L} (R"):

F#( sup Q™ 1/ |F(y) — Foldy (4.1)

where the supremum is taken over all “coordinate” cubes () containing xz, and Fg denotes
the integral average of F' over Q.

4.1 Lemma. Let « € [0,n] and let p be a nonnegative measure with compact support on
R"™ and for which I x p € Li, (R™). Then:

(i) (Lo * ) # (x) ~ Mop(z) for z € R,

(ii) Given a cube Q C R™ and numbers ¢, e > 0,

Hr € Q: Iy xpu(x) >t} < {reQ: (In*p)¥(x) > 27 et}
+el{r € Q: Iy * p(x) > 27"}

Proof. (i) For this comparability, see also [A2, Theorem 2.2] or [Al, Propositions 3.3 and
3.4].

(i) For t > 0,let s = 27" " and M(t) = [{z € Q : I, * p(z) > t}|. Then an application
of the C-Z (Calder6n-Zygmund) decomposition theorem to @, t and I, * u gives Q = P*UQ*
and P! N Q! = () with the following three properties:

1) Q' = U, QL. where Q}, Q%, ... are cubes with Int(Q%) N Int(QL,) = 0 for k # £';
2) Iy x u(x) <t ae xe Pt
3)t < |QL7H fQZ I * p < 2™t for any Q% € {Q%}.
It is worth remarking that for ¢ and s we may choose two C-Z decompositions such that
every cube of the C-Z decomposition associated with ¢ is contained in a cube of the C-Z

decomposition associated with s.
Let F1 be the family of cubes Q] of the C-Z decomposition associated with s such that

Q2 C{w€Q: (I u)t(z) > 2 et} (4.2)

and F» the family of the remaining cubes of the C-Z decomposition associated with s.
Now, if Q' € F; then there is 2 € Q' such that (I, *u)# (z) < 27Let and by the definition
of (I, * u)*, one has

@1 [ aru Garmol <27 (1.3
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and
(Ia* ) = |Q'|” 1/ Iy xp <2"s =271t (4.4)

For the cubes Q% C Q' from the C-Z decomposition associated with ¢, we use the third
property of the C-Z decomposition, (4.3) and (4.4) to imply

tZIQkI<Z/I*u

QL CQ’ QLCQ’
<30 [ Maru=Ua o+ Gar e 3 16U
QL CQ’ QR CQ’
s/ L = (o o + Uk S QL)
QLCQ’
<27et|Q + 271 > QL.
QLCQ’
Consequently,
> QL < elQ'l.
QLCQ’
Thus,
y ( y |Q;g|) <e Y Q| < eM(s) = eM (27 ).
QEF  QLCQ Q'EF:

Meanwhile, it follows from (4.2) that
S (X @) = X 1@< e € (ax wF(x) > 27 et}
RQeFr QpCQ Q'EF:

So

(X + 2 )( X lew)
QEFL QEFR QLCQ
<eM@™ )+ o € Q: (Iy* p)¥(x) > 27 et} (4.5)
This (4.5) concludes the proof.

4.2 Theorem. Let 1 < p < oo and 0 < a, A < n. If u is a nonnegative measure on R"
then
[ o pll e ~ |Maples. (4.6)

Proof. From Lemma 4.1 (i) as well as the estimate I, % p > My u, we need only to prove

1Za * pllzon S (Lo * 1) # [l o (4.7)
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We first suppose that p has compact support. Then (4.7) is a consequence of Lemma
4.1 (ii). In fact, by Lemma 4.1 (ii) we have that for any cube @Q C R™,

/ (Ia*u)p:/ooneQ:Ia*u(x) > t}]de”
Q 0

< e/oo M (27"l dt? + /OO o€ Q: (In* p)#(x) > 2~ Let}|de?
0 0

— egp(n+D) /Oo M (t)dt? + (26—1)19/00 Ha € Q: (In* p)#(x) > t}]de”
0 0

= 2p(ntD) /Q (1o + p)" + (26_1)p/ ((Io * p)*)".

Q

If e = 27 17P(»+1) then

2—1/Q (I, * p)’ < 213(2“’("“))/(72 (Lo * p)#)". (4.8)

Given a ball B(z,r) centered at x € R™ and with radius r, we may find two cubes @
and Q2 which have the center z and the side lengths 2r//n and 2r respectively. This,
together with (4.8) and the definition of || - ||z».x, deduces that (4.7) is true for the measure
i with compact support on R”.

If 11 does not have compact support, we let p1; be the restriction of 4 to the ball B(0, j)
(with radius j about the origin 0) for j = 1,2,.... By (4.7) for p;, we have

o # gl o S I Mapsll Lo (4.9)
for all j, with the constant in (4.9) that does not depend on j. The inequality (4.7) for the

general 1 now follows from (4.9) and monotone convergence.
Of course, Lemma 4.1 and the argument for Theorem 4.2 may infer
[ o pllze ~ [[Mapl| Lo (4.10)
which is the theorem of B. Muckenhoupt and R. L. Wheeden. For a proof of (4.10) using
the so-called “good A inequality”, see also [AH, pp. 72-73].

4.3 Lemma [A2, Theorem 4.1 and Remark 4.1; A]. Let 0 < a« <n and 0 < XA < n.
(i) If 1 <p< A a and p= Ap/(A— ap), then

o * fllLox S| Fllpea-

(ii) If 1 < p= A/, then
[l * fllBrso S| flloea-

Here and henceforth, BMO is the John-Nirenberg class of all locally integrable functions
f on R™ with bounded mean oscillation: ||f||pymo = sup,epn [#(z) < 0.
An immediate corollary of Lemma 4.3 and Theorem 4.2 is



14 D.R. ADAMS AND J. XIAO

4.4 Corollary. Let 0 < a<n and 0 < X <n.
(i) [A2, Theorem 3.2] If 1 <p < A/m, m €N, p,, = Ap/(A —mp), and f is a C™ function
on R", then

[fllzoma S V™ fllzea,

where V™ f denotes the m-th order gradient of f; i.e.
A™/2f, =2,4,6,...
v ={ Gy

VAMm=D/2f  m;m=1,3,5,..

for which A is the Laplacian.
(ii)) If 1 <p < A a and p = Ap/(A — ap), then

Mo fllpoa S [ f][zex
(iii) [A1, Corollary (i)] If 1 < p = A/«, then

1Mo fllLe S [ fllzes

Note that in case o = 0 of Corollary 4.4 (ii) is well-known; see for example [CFr, Theorem
1].
5. Morrey Type II Capacities

To begin with, we define the Morrey type II capacity. For a set E C R”, a € [0,n],
A€ (0,n), and p € (1,00), let

ColE; LPY) =inf {||[f|,n: >0 & Iyxf>1g}
be the Morrey capacity of E. It is not hard to see that C,(+; LP*}) is a monotone, countably

subadditive set function on the class of all subsets of R™ which vanishes on the empty set.
Furthermore, it is an outer capacity in the sense that

Co(E; LPY) = inf Cyo(G; LP)

where the infimum is over all open sets G O E.
The dual to a Morrey Type II capacity is denoted Capy(-). Due to Theorem 3.3 we bring
K% (as the predual of LP*, ¢ = p/(p — 1), p > 1) into play to define the dual capacity.
For E C R" let

Cap, (B; HPY) =sup {u(E) :  pe MY(E) & |Ia*pllger <1},

where MT(E) denotes those Radon measures that are nonnegative and have their support
in E.

Meanwhile, we consider the corresponding weighted Riesz capacity: For £ C R"” and a
nonnegative function w on R", let

R o(E) =inf {[|fI70y: f20 & Iloxf>1g},
where

£y = [ 157
Rn

The following theorem reveals the relationship between these three capacities.
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5.1 Theorem. Let a € [0,n], A€ (0,n), 1 <p<ooc and q=p/(p—1). Then
Co(E; LP) = (Cap, (E; H*))" = sup R2o,(E), E CR", (5.1)

where the supremum is over all o € M*(RY™Y) with 0|1 = o(R}T) = 1.

Proof. We start with working on the first equality in (5.1). Without loss of generality, we
may assume that ¥ C R™ is compact. From [K]| (or the proof of Theorem 2.3) it follows

that
HmmAsz/.m
g R~

where the supremum is over all g € H?* = K9 with ||g| g < 1.
If f>0and I, * f > 1 on E, an application of Holder’s inequality implies

ue) < [t stin= [ i< ([ o) (/n(fa*u)qwi‘Q>l/q-

So by (5.2) and the definition of || - ||ga.x,

. ferLr (5.2)

p(E) < N Fllper Mo pl o

And hence it follows that
Cap, (E; H') < (Co(B; L) M7, (5.3)

The inequality (5.3) is the half of what we want; the other half is not as easy. Using the
Minimax Theorem in [AH, Theorem 2.4.1] we have

sup inf inf/ I, * (gw;l/p)d,u = infinf sup/ I, * (gw;l/p)dp,. (5.4)
g w o n 122 o g n

Here the supremum is over all g € LP(R™) with [|g||z» < 1, as well as the infimums are over
all o € M+(R'+‘+1) with [|o||y = J(R'f'l) =1 and over p € M1 (E) with ||u|l1 = n(F) =1,
respectively. Of course, w, must an admissible weight or else the integral involving w, L/p
will be undefined; i.e., we take w, > 0 on R™ for otherwise we can replace it by one that is
positive on R™ and make the integral smaller as a function of o.

Note that the integrand in (5.4) is jointly convex in the argument o X p (the eigenvalues
of the Hessian are nonnegative). If (o, p) € M+ (R} ) x M*(E) is equipped with the norm
max{||o||1, ||x]|1}, then the set

{lopw) s llolli =1, Jull =1}

is vaguely compact.
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Now it turns out from the definition of || - || ga,x that the right-hand-side of (5.4) is equal
to

inf inf [|Zo % gl o, —arvy = if | Ta  pll gcain = Capg, (B KTM~L, (5.5)
w o o o

Also noting that if p is taken as the Dirac measure concentrated at x € E then

/ I, * (gwa_l/p)d,u <1, * (gw;l/p)(x), rekE.
we apply lower semi-continuity to obtain an xg € E such that

I, * (gwgl/p)(x) > I, * (gwgl/p)(a:E), z e F.

Thus Y
Ia*< gwil/: )(x)21, x € E.
Io * (gws ") (2B)
Consequently
Co(E; LPH) < lgws 117

(L * (g ) am) )

where the supremum is taken over all A with ||h||gqex < 1. But the right-hand-side above
does not exceed

This, together with (5.5) and (5.2), infers

Y

inf inf/ I, x (gwt;l/p)d,u - Co(E; Lp,A)l/P < sup
too Jrn )

P P

Since we are considering h with the condition
. o\ M
Illan = (inf [ |ptwg=e) 7 <1,
o Jrn

we can take any such o so that ||hw;1/p||Lq < 1+ € for any € > 0. Hence
Sup lgllzollhw; Pllze < llgllze (L +€).

Thus
<infinf/ I, (gwgl/p)dp) Co(B; LPMYP < ||gllze (1 + €).

n o
The inequality
-1
(Capa(E;Hq’A)> Co(E; LPMYP < 1 (5.6)
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follows right away upon using (5.4), taking supremum over g with ||g||z» < 1 and noticing
that € > 0 is arbitrary. Also observe that the order of the two infimums over (o, p1) is not
an issue because the integrand is jointly convex in these two arguments. Clearly, (5.6) is
just the other half of what we desire.

For the second equality in (5.1), we again use the Minimax Theorem (quoted before),
but this time write

supinf/ Iafd,u:infsup/ I, fdpu, (5.7)
f H n ©w f n

where now the supremum ranges over all f € LP(w,) with

iy = [ 11700 <1,

while the infimum is over all y € MT(E) with ||u|; = 1.
Taking the infimum over both sides of (5.7) with respect to all o € M*(R!) satisfying
lo|]s = 1, we again see that the right-hand-side of (5.7) then becomes

-1
nfinf || Lo + il o, army = 06 [T # ol o = (Capg (B5 HOY))
p oo Wo w

where again we have taken advantage of the convexity of ||, * pl| La(ws /7 with respect to
(0, 1) to interchange the two infimums. Meanwhile, the left-hand-side of (5.7) becomes

. w —1/p w —1/p
1Ef (Ra,p(E)) = (sgp Ra,p(E)> .
This follows from the standard Meyers format; see page 274 in [Me]. Therefore, the proof

of (5.1) is complete.

The above theorem enables us to estimate the Morrey capacity of a ball in R”. First we
need:
5.2. Remark. Recall that 1g stands for the characteristic function of a set E. Then
1B(xo,ro) Of the ball B(x,r9) C R" is given by

1 ( >_{1, if =z € B(zo,ro)
Pl =0, i« ¢ Blao,ro).

Thus there exists a constant ¢ independent of B(z,ro) such that

1B [Tor = sUD 127" [B(2,7) N B(xo,70)]
r>0,zeR™
r, if < 2r
~ Sup Aerm .
r>0 r To if r> 27’0.
A
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5.3 Theorem. Let o € [0,n], A € (0,n).
(i) If 1 <p < A, then

Co(B(x,1); LP*) ~ r2=P  B(z,r) C R".

(ii)) If 1 <p = A a, then

1 —
Ca(B(x,r);Lp’A)N<log;) p, B(z,r) CR"*, r—0.

Proof. (i) It is clear that for any y € B(z,r),
Lo 1p(r(y) 2 r*.
Thus, by Remark 5.2 we have
Ca(B(2,7); L) S @™o ~ 7,
In order to obtain the lower bound, note that for any y € B(z,r),
Io * f(y) > 1p@n(y).

Hence, it follows from Remark 5.2 and Lemma 4.3 (i) that for p = Ap/(A — ap),

p/p -
(CalB@, s L") 2 1pm [ ~ 1™

Consequently
Co(B(z,r); LP?) > p2 0P,

(ii) Fix p € R® and r € (0, 1), and consider the test function

0, z € R* \ B(x,1);
1@ =13 (5Z)" @€ Blao, )\ Blao,r);
1, x € B(xo,T).

Then for z € B(xg,r) we get

Lﬂﬂ@:/ +/ +/ ()

B(wo,T) B(Eo,l)\B(wo,T) R"\B(wo,l)

,r,a/ ly — z|* "y — zo|¥dy
B(zo,1)\B(zo,r)

zra/ ly — wo|~"dy
B(zo,1)\B(zo,r)

1
2 r%log —.
T

v

(5.8)

(5.9)
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That is to say,
1
Lo * [ 2 1B, log -

On the other hand, using Remark 5.2 and making some elementry estimates, we obtain

r ap
150 5 s 2 (186,00 Bl )+ [ ()
ZER™ >0 B(w,t)ﬂ(B(wo,l)\B(wo,T)) ly — wo

<t
P —p
1
5 <1Og _> ’
r
namely, the desired upper bound is achieved.

To get the lower bound, we assume f > 0, and use Lemma 4.3 (ii) as well as the well-
known John-Nirenberg lemma to obtain a constant 3y depending only on n such that

Thus
/

r%log %

sup (B [ exp (8|1 @) = (Lo + D)p]) de < 170

BCR™

for all 8 < By, where the suppremum is taken over all balls B in R®. Thus for any ball
B C R" we have

|B|—1/Bexp (BLa # £(@) ) dz S |1 o exp (Lo % /).

Without loss of generality, we may assume suppf C By for a large ball By C R™. Then
there is a constant ¢(rp) depending only on n and the radius ¢ of By such that

/B I # f(@)dz < c(ro)||f||zrs,

and hence

[ exo (BF5A Lo < £ ) )do S clro).
By
So if I, * f > 1 on B(z,r) C By with r being small enough, then

exp ([[flI75a) 1Bz, )] S e(ro),

1 -p
19102 (1057)

This gives the desired lower bound.

Clearly, the countable subadditivity of C,(-; LP**) yields that if 1 < p < A/« then

or

ColB; L7 S ASE) (B), ECR".

Moreover, using Theorem 5.3 we can obtain a local isoperimetric-type inequality attached
to the Morrey capacity.
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5.4 Theorem. Leta € [0,n], A € (0,n),r € (0,00) andp = Ap/(A—ap) with1 < p < /.
Then
|B|A—en)/A < pp(=N/P o (B LPY), B C B(w,r) C R, (5.10)

Proof. We fix the set E C B(z,r) in the definition of C,(E; LP*}). By Holder’s inequality
we have that if I, x f > 1 on E then

AN\ 1/P _
|E| g/ I, x f| < (/ |Ia*f|p) p|E|1_1/p_
E E

This, together with the boundedness of I, sending LP* to LP* (see also [Al, Theorem
3.1]), yields

|E|(A—ap)/ () < (/ 1, *f|ﬁ> e
E
N\ 1/p
<([ arsp
( B(z,r) )

_ N\ 1/P
— p(n=A)/P (M—n/ |1, * f|p) v
B(z,r)

<OV flpaa

SOVl o

We are done.

We close this section by showing that there exists no strong type inequality for the
potentials of Morrey functions:

5.5 Example. Let A\,a € (0,n),v € (0,00) and 1 < p < X\/a. There is a function f € LP*
such that

v/p dt
— =00

/00 (Co({z € R™ : I % f(z) > t}; LPM)tP) (5.11)

Proof. The example is simple: set

Fy) = ly|™P1p0,1)(y)

for those A and p assumed above. Then it is easy to see that ||f||z».» < co. Next notice
that

Io* f(x) = /( | |z — y|* "y MPdy = |2|*7MP(1+0(1)), |z — 0.
B(0,1

Thus there are constants rg, ¢c; and co such that

c1|@|¥MP < Iy w (1) < eolx|MPL x| < .
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But (5.11) holds because

Co({fz eR": x| <ro & || AP > th L2 ~ 7Pt — 0.

So if we use the Choquet-Lorentz notation, then we have a function f € LP* for which
Lo+ [ & LW (Co(5 1Y), Yy < .
Note that we trivially have
I, * f € L) (Cy (5 LP?)).
5.6 Remark. Here by the Choquet-Lorentz notation in relation to the capacity C, u €
L®(C) means
/00 (tPC({x e R" : |u(z)| > t})>7/p% <00, v < 00;
0

and

supt?C({z € R" : |u(z)| > t}) < 00, ~=o0.
t>0

It is worth remarking the following facts: First, when A = n, we have

1/p

ot Sl S ([ (Calle € R Lan f0) 2 0527) ) ) < i

where L(®PP) = [P and L® ) is a Lorentz space on R” with p* = np/(n — ap). Second, if
A€ (0,n), then

o * fllon S (0) S fllLens

where again p = Ap/(\ — ap). It appears that there is no Choquet space norm for I, * f
to insert in (e), i.e., no capacitary strongtype inequality (CSI) for the Riesz potentials of
functions in a Morrey space with respect to the Morrey type II capacity: Cg,(-, LP}).

6. Morrey Type I Capacities

This section is devoted to an investigation of the Morrey type I capacity associated with
the predual space of a Morrey space.

We start with a capacity type functional that is naturally attached to the space of M.
Riesz potentials of functions in H?*. The functional is:

Raga(@) =inf{|[fl|Zn: [f20, Iaxf>¢ on suppe}.

And, its dual functional is determined by
Sapr(®) = sup{ ¢dp: € M¥(suppg) & Lo * pllLon < 1}-
Rn

Here ¢ is a nonnegative bounded function with compact support (and its support is written
as supp¢). All such functions will be denoted by O.
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6.1 Theorem. Let o € [0,n], A € (0,n), p € (1,00) and ¢ = p/(p —1). Suppose ¢ € O
and its restriction to its support is continuous there and strictly positive. Then

Ra,q,A(qs)l/q ~ Sa,p,A(qs)' (61)

Proof. For our purpose, let

M,y = {1/ € M (supp(¢)) : pdv = 1}

R

and
F={feH": |fllzer <1},

and take an account of the following functionals:

—1
Raga1(¢) = (sup inf/ I, = fdy)

F M,

and

1
Sa,p,A,1(¢) = (%\}}f Sllp/ I, * fdl/> .

¢ F

Note that since ¢ is bounded below away from zero on supp¢, My is a compact subset
in the vague topology of M and that both My, and F are convex. These facts plus the
linearity and continuity of fRn I, * fdv insure that Fan’s Minimax Theorem (see again [AH,
Theorem 2.4.1]) applies and yields

Ra,q,)\,l(¢) Vi = Sa,p,)\,l (¢)

We conclude the proof by showing

Ra,q,A(¢) ~ Ra,q,)\,l(¢); Sa,p,)\(¢) ~ Sa,p,A,1(¢)'

Nevertheless, it is enough to verify the second comparability since the argument for the
first one is similar. To do this, first notice that Sy, x,1(¢) > 0 since 0 € F. Also, note that
Sapa1(@p) < oo, for if not then there would be a sequence of measures {v;} C My such
that

sup/ I, * fdv; — 0, 75— 00
fEF JRn
and hence, by the H?*-LP* duality,

1o * vj|lppr =0, j — o0.

Because M,pu < I, x p for any nonnegative measure p, we obtain

[Mavjllpen =0, j = oo,
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This implies that there is a subsequence {v;, } converging vaguely to a measure v € M.
This measure v satisfies [, ¢dv = 1. But the convergence in LP* yields v(B) = 0 for all
balls B C R* and then [, ¢dv = 0, violating [, ¢dv = 1.

Due to Sy pr.1(¢) < oo and the H#A-LP* duality, we see that for any € > 0 there is a
measure v € My, satisfying

—1
Sapai(P) < <sup/ I, * fd1/> +e S g * 1/||Z]}A + €.
feF Jrn

So if p = ||, * 1/||;A1/, we get

Supan(d) — ¢ S |[Ta s vl 7L, = /R Pt S Supa(®),

and thus
Sa,p,)\,l(¢) 5 Sa,p,)\(¢)-

To establish the reversed version of the last estimate, we may assume S, , A(¢) < o0,
without loss of generality. Then for any v € M* (supp¢) with ||I * v||ppx <1 and f € F

and g = ( [on (;de)_ly, we have

/nla*fdp,: Rnffa*ug(/Rnwy)_l.

by the H9*-LP-* duality once again. So

/n ¢dV 5 Sa,p,A,1(¢)'

This implies that
Sa)p7)‘(¢) 5 Sa7p)>‘71(¢)'

The above discussion produces

Sa,p,)x(¢) ~ Sa,p,)\,l (¢)

We are done.

For K C R™ compact, p € (1,00), g =p/(p—1), a € [0,n] and A € (0,n), define
Co(B; HY) =inf {||f||Z0r: f>0 & Io*f>1g}.
Also, let
Cap, (K LPY) =sup {u(K) : p e MT(K) & || Lo * pil|por < 1}

In an obvious manner, these two capacities are extended to the general set £ C R”.
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6.2 Corollary. Let a,A € (0,n), 1 <p<oo andq=p/(p—1). Then

Co(B; HIN) ~ (Capa(E;Lp’A))q, E CR". (6.2)

Proof. It follows from taking ¢ = 1x (for compact K C R™) in (6.1).

6.3 Remark. C,(E; H?") is never zero when p = A\/(n — ) > 1. This follows since by
duality

Lo # f(@) < o || 1o = 17" s

and the second factor on the right is finite for all x for our choice of p. Also if the Riesz
kernel is modified at infinity (say set equal to zero for large arguments or have exponential
decay at infinity) then the same result holds here for 1 < p < \/(n — «).

6.4 Theorem. Let a, A € (0,n). Then:
(i) For allp > 1,

Capg(B(x,r); LP) S P B(a,r) C R (6.3)
(ii) For all p > max{A/(n — a), (n — A)/a},

Cap,, (B(z,r); LP*) 2 =M B(x,r) C R". (6.4)

Proof. We begin by establishing the lower bound in (6.4). We do this by first getting an
analogue of the Wolff potential for the capacity Cap,(-; LP**). To accomplish this, we use
(4.6) and estimate the quantity on the right-hand-side of (4.6). Applying Fubini’s theorem
and the simple inequality:

v < ([ (rnma)) ) aem

t

we get

P - P\ dt
IMaplfon S sup /0 pla—n) (/B( )(N(B(a:,t))) dx) - (6.5)
Zo,T

roER™ >0

Since B(x,t) C B(y,2t) whenever |z — y| < t, we have the following estimate on the
inside integral of the right-hand-side of (6.4):

/B(J?Oa’") (N(B(.%t)))pdl. B /B(aco,r) (M(B(x7 t))>p_1 </B(:1:,t) dﬂ(y)) d'T

- //Ifc—m |<r|lz—y|<t (M(B(ﬁv’t)))p_ldﬁvd“(y)

< /R (,u(B(y, 2t)))p_1|B($0,7") N B(y,t)|du(y)
:= INT(zg,r,1).
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We put this back into (6.5) and get

T o0 dt
[Moplly,n S sup A" (/ +/ )tp<a—") (INT(mo,r, t)> =,
roER™ r>0 0 r t

Looking at the first integral, we find

" dt
sup TA_”/ (INT(mO,r,t))T
0

roER™ r>0

< %ESR‘?,’DOM_H /0 gl (/ (n(B. Zt)))p_ldu(y)> %
< [Trsemmpen ([ (u(Bwa) a) @
S /n </OOO p(a—n)+x (M(B(y,t)))p_l%> dp(y).

Meanwhile, looking at the second integral, we have

o dt
sup 7’)‘_"/ (INT(xo,r,t))7

roER™ r>0

< s oo [Teeene ([ (u(pw) )
S /000 rlam (/ (n(B(y, 2t)))p_1dp(y)> %
S /n </OOO (e (N(B(yﬂt)))p_l%) dp(y).

Therefore
Mapl?, < / W )du(y), (6.6)

where the homogeneous Wolff potential for the capacity Cap,,(-; LP?) is:

Wiyl = [ e (u(,20) (6.7

t

Now to get the lower bound in (6.4), we estimate (6.7) from above (and hence generate
an upper estimation of || I * p|| .1 ). To do so, we break up the integral in (6.7) as [ + [
(where we are estimating Cap,, (B(zo,r); L)), take du(z) = 1 (s, . de, and get

r r
/ {---} 5/ tp(a—n)“tn(p—l)% ~pOPEATL n ; A;
0

0
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and

/00{. . } 5 /OO tp(a—n)—i-)\rn(p—l)% ~ 7,ap—|—)\—n7 P> A .
r - t n—au

To get the lower bound in (6.4), we replace the measure pu above by v = cr—(@tA/p)
with an appropriate constant ¢ > 0. This, together with (6.6), (6.7) and (4.6), achieves
|1 * pt]|Lpr < 1 and then yields the lower estimate in (6.4).

Next we give the upper bound in (6.3). If f = lp(g,,.), then I * f(x) > cr® for a
constant ¢ > 0 when = € B(xo,r). Thus we need to calculate ||1p(z, ) (cr®) | zax. To
this end we make the following decomposition:

1B(m0,r)(07‘°‘)_1 = 1B(m0,r)|B(x0,T‘)|(>‘_p")/(p")|B(x0,r)|_(>‘_p”)/(p")(cra)_1.
Since 1p (g, B(zo, )| AP0/ is a (¢,n — A)-atom, one has

1 Bagr (@) gan S 7= AmP/P(ere) =L = pr—a=2/p,

And this in term gives
1/q
(Ca (B(xo,r);Hq’)‘)> < proApme

Therefore, the proof is complete.

7. Choquet Integrability via Morrey Type I Capacities

In this section, we study the spaces induced by the Choquet integrals with respect to
Morrey type I capacities. In particular, we prove that the Hardy-Littlewood maximal
operator M is bounded on these spaces under some natural assumptions, but also that the
functional R, 4 x may be bounded (from both below and above) by the space quasi-norms.

We denote by L (Cap,(-; LP*)) the class of all Radon measures (i.e., locally finite
regular signed Borel measures) p on R™ obeying

|1l (K)

Il o = 59 o (B Loy

< o0,

where the supremum is taken over all compact sets K C R”, and again |p] is the total vari-
ation measure of p. Also, let L!(Cap,,(-; LP*)) consist of all Cap, (+; LP**) quasi-continuous
functions f on R™ (cf. [A4]), for which

Ifllzy,., = [ IfldCapa (3 L)

_ /OOO Cap, ({z € R" : |f(2)| > t}; IP)dt < co. (7.1)

The intermediate term is called the Choquet integral with respect to Cap,, (-; LP’A).
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7.1 Theorem. Let o € [0,n], A € (0,n) and p € (1,00). The the pairing
(fomy= [ [fdp
Rn

realizes the dual of L*(Cap,,(-; LPN)) as equivalent to the space L*°(Cap, (-; LP})).

Proof. 1t is not hard to see that each pu € L°(Cap,(:; LP*})) induces a bounded linear
functional on L!(Cap,,(-; LP*)). In fact, for such a u, whenever f € L(Cap,(-; LP})), we
have

s < | T lul(e e B ¢ (£ (@)] > 1))de

< ”“”Lz%,afo Capg ({z € R" 1 |f(2)| = t}; L) de

=l e -

P\

For the converse, since Cy(R™) (the class of all continuous functions with compact
support on R"™) is contained in L!(Cap,(-; L?**)), every bounded linear functional L on
L'(Cap,(-; LP**)) with finite operator norm ||L|| is given by

fdp, f € Co(R™),

R

for some Radon measure p on R™. However for any g € Co(R™), we have

[ oanl| <swf{ [ ansvecnm) « i<l

<[l {lgley, b€ Co®) & (9] <|gl}
<zl - gz, .-

Now, given a compact set K C R™, we force g to approach 1k, and use the previous

estimate to get
|ul(K) S ||L||Capg (K; LP).

Therefore we complete the proof.

For the sake of simplicity, we employ L°(Cap,,(-; LP*))T to denote the set of all non-
negative measures p € L (Cap, (-; LP?*)).

7.2 Corollary. Let o € [0,n], A € (0,n) andp € (1,00). If f > 0 is lower semi-continuous
on R", then

1y, ~swp{ [ fdp: pe L®(Capy (L))" & ez, <1} (72)
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Proof. Theorem 7.1 implies that the canonical map of L*(Cap,(-; LP})) into the second
dual has the quasi-norm

/ |uldCap, (- LP*) ~ sup {
Rn

/ udu‘ : p€ L®(Cap, (5 LPN)) T & lplley, | < 1}

for any u € L'(Cap,(; LP})). For a nonnegative lower semi-continuous f, we approxi-
mate from below by a sequence {¢;} C Co(R™)™ (the class of all nonnegative functions in
Co(R™)), ¢; / f as j — oco. Then

P\

¢ijapa(-;Lp’A)=sup{/ ¢jdu:  p€ L®(Capy (5 LP)NT & lullpe Sl}
Rn Rn

< sup{ fdu: pe L*°(Cap,( LP)T & |ullpe. < 1}.

R™ P\

It is clear that
Cap, ({33 cR":¢; > t}; Lp’)‘) — Cap,, ({x eER": f> t};Lp’A),

as j — oo. Consequently, it follows that

Ifllz
< sup { [ Sdns e 17 Capg (5PN & s, < 1}

< sup { /OOO p({z €RY: fo) 2 1})dt s pe L®(Cap, (5 LPN) Y & lpllez, | < 1}
SIflle

The result now follows.

Next, we would like to give a comparable functional of R, 4, via the Choquet integral
with respect to Cap, (-; LP}).

7.3 Theorem. Let o € [0,n], A € (0,n), p € (1,00) and ¢ = p/(p — 1). Then for any
¢ € Co(R™)T,

Raqr(®) S I0ll% (73

Proof. For ¢ € Co(R™)™ and € > 0, set

¢(z) +e,  x € suppg,
0, otherwise.

bulo) = {
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Then Theorem 6.1 applies to ¢. and gives

Ra,q,A(¢)
S Ra,q,A(QSe)

~ Sup{ Gedpp: € MT(supppe) & Lo * pllen < 1}

Rn
~ SHP{/ p({z €R* : pe(x) > t})dt :  p € MT(supppe) & ||Lo* pl|por < 1}
0
< / Cap,, ({.T eER" : ¢pe(x) > t};Lp’A)dt
0
~ ¢6dcapa(.; Lp,A)

Rn

< ¢dCap,, (- Lp’A) + eCap,, (supp@; Ly, »).
Rn

So, the result follows.

However, in order to establish the reversed inequality of (7.3), we first derive an estimate
for the Hardy-Littlewood maximal operator My(f) of a function f with (7.1).

7.4 Theorem. Let 0 < a <A< n,1<p< A (A—a), and ¢ =p/(p—1). Then for any
fe HM,

Mo(Lo * f)dCapa (s L) S [l ran- (7.4)
R

In particular,
I,H C L@ (Cy (- HTN)). (7.5)

Proof. Without loss of generality, we can assume f > 0. Then My(I, * f) S Iy * f. So

Mo (o * f)dp S f el La * pll Lo
R

Hence due to Corollary 7.2, it suffices to prove that
/ (Lo + )P <>, Bla,r) C R (7.6)
B(z,r)

is valid for all measures p € L°(Capg(-; LP*))T. But by (6.3),

w(B(z,r)) < [l Capa(B(z,r); L)

S llullzg, 7o

P,
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The estimation (7.6) follows from [A1, Theorem 5.1] with du = dz = Lebesgue n-measure.
The result there is

Mo * pllpgo S llpllpre

under the conditions: 0 < a < 0 = a+A/pand = 0/(0 —«). Recall that || I, *p|| 56 < o0
if and only if I, * u belongs to the weak-Morrey space LY.

suptﬂ‘B(x,r) N{z e R" : Iy * p(z) > t}| S A,
t>0

Clearly, L?% C LP?9/8 when p < B. Thus 6 = o + A/p gives

o % pllpon S ellproere Sl |

since 50 = A and p < 3 becomes p < A/(A — a). We are done.

7.5 Theorem. Let 0 < a <A< n, 1 <p<A(A—a), and ¢ =p/(p—1). Then for any
¢€ CQ(R”)+,
M@, % Ragad) (77)

Proof. By choosing a f € H?* such that I, * f > ¢ on the support of ¢ € Co(R")T, we
have My(¢) < My(I, * f), and then

1Mo()llzr = - Mo(¢)dCap, (- LP?) < [|£]l 74, (7.8)

by (7.4) and Theorem 3.3. Thus (7.7) follows from (7.8) and the definition of Ry 4 x(¢).

Corollary 7.2, together (7.7) and (7.3), yields an interesting consequence as follows.

7.6 Corollary. Let 0 <a<A<n,1<p<A/(A—a), and gq=p/(p—1). Then:
(i) For any f € Cy(R™),

IMoflls .~ Raga (D) ~ I£lss , .
(ii) For any f € C§°(R™) and a+ A/p € N,
IMofllp . SIVHP 1.

This result corresponds nicely to Theorem A resp. Theorem B in [A3] on the Choquet
integrals with respect to Hausdorff capacity.
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