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Abstract. We prove an apriori estimate in Morrey spaces for both intrinsic and extrinsic
btharmonic maps into spheres. As applications, we prove an energy quantization theorem
for biharmonic maps from 4-manifolds into spheres and a partial reqularity for stationary

intrinsic biharmonic maps into spheres.

§1. Introduction

Let 2 C R™ be a bounded domain and S*~! C RF be the standard unit sphere.
W22(Q, S*=1) is defined by

W22(Q, 81 = {v € W22(Q, R*) : v(z) € S¥7! for a.e. z € Q}

There are two important second-order energy functionals on W22(2, S¥~1) namely, the
hessian energy functional and the tension field energy functional. More precisely,

H(u):/ﬂ|Au|2daz, T(u):/Q|(Au)T|2da:

where (Au)T is the component of Au which is tangent to S¥~1 at u. Note that (Au)T
is also called the tension field of w in the literature (cf. [EL]). Motivated by the analogy
of harmonic maps and potential applications to higher dimensional conformal geometry,
Chang-Wang-Yang, in [CWY], began an analytic study of the regularity properties of ex-
trinsic biharmonic maps (i.e. critical points of H(-)) in dimension great than or equal to
four, and established a regularity theorem in dimension four and a partial regularity theo-
rem for stationary extrinsic biharmonic maps in dimensions greater than four. Later, Ku,
in [K], proved regularity for intrinsic biharmonic maps (i.e. critical points of T'(+)) in di-
mension four. The readers may compare [CWY] with the corresponding theorem by Evans
[E] (cf. also [CWY1]) on stationary harmonic maps into spheres. This naturally leads us
to investigate regularity issues of biharmonic maps into general Riemannian manifolds IV,
because of their similarities to the theorems by Hélein [H| and Bethuel [B] on stationary
harmonic maps. In two forthcoming articles [W1] [W2], the author shows, in [W1], that
any extrinsic (or intrinsic, respectively) biharmonic map v € W?22(Q2, N) is smooth in
dimension 4, provided that «*TN is trivial. For m > 5, we also prove, in [W2], a partial
regularity theorem for stationary biharmonic maps, which asserts that if v € W?22(Q, N)
is a stationary extrinsic (or intrinsic, respectively) biharmonic maps u such that u*T'N is
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trivial then u is smooth away from a closed set of (m — 4)-dimensional Hausdorff measure
zero. Although we need the Coulomb gauge construction techniques (due to Uhlenbeck
[U1] [U1] for m = 4 and Meyer-Rivieré [MR], Tao-Tian [TT] for m > 5) in [W1] [W2], the
another key ingredient is the decay Lemma in Morrey spaces under the smallness of the
hessian energy, that we demonstrate here in detail for N = S¥~1.

In order to state the apriori estimate for biharmonic maps, we first recall the definition
of Morrey spaces (cf. [A]).

Definition 1. For an open set £ C R™, 1 < p < 0o, and 0 < A < m, the Morrey space
MPA(E) is defined by

MIAE) = (F € IP(E) W gy = s (2 [ 1570 dy) < o0)

It is clear that MP™(E) = LP(E).

Definition 2. (a) A map u € W>2(Q, S¥71) is called an extrinsic biharmonic map if u
is a critical point of the hessian energy H(-); (b) A map u € W22(Q, S¥71) is called an
intrinsic biharmonic map if « is a critical point of the tension field energy T'(-).

Now we state our main theorem.

Theorem A. There exist €g > 0, 0y € (0,3) such that if u € W2(Q, S*~1) is an extrinsic

(or intrinsic, respectively) biharmonic map and satisfies, for B,.(x) C €,
IVullaras s, @y + 1Vl s, @) < € (1.1)

then

1
IVullarsa(z, @) < 5I1Vullaras, @) (1.2)
In particular, u € C* (B (), Sk=1),
Note that (1.2), combined with iterations and the Morrey Lemma, yields that u €
C*(Bj(x),S¥~1), for some a € (0,1). This, combined with the higher order regularity
theorem 5.1 of [CWY], yields that u € C*°(Bx (x), S*1).

Observe that, for m = 4,

||VU||§1V14,4(BT($)) + ||V2U||?\/12,4(Br(m)) - /B (

r

(Vu|* + |V2ul|?
)

this, combined with the absolute continuity of [ |Vu|*+|V?2u|?, implies that the condition
(1.1) is automatically true for sufficiently small ro = ro(u, eg) > 0. Therefore, theorem A
gives an alternative proof for the smoothness of both extrinsic and intrinsic biharmonic
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maps from four dimensional domains into spheres, which was originally proved by Chang-
Wang-Yang [CWY] and Ku [K] through a different method. As a new application of
theorem A, we consider the quantization issue for weakly convergent sequences of bihar-
monic maps from four dimensional manifolds into spheres. We are able to prove an energy
quantization theorem, similar to that of harmonic maps from surfaces (see Jost [J], Parker
[P], Qing [Q], Ding-Tian [DT], Lin-Wang [LW], Wang [W], etc).

In order to state the theorem, we first need

Definition 3. A nonconstant map w € C*°(S* S¥=1) is called an (i) extrinsic quasi-
biharmonic S* if it is a critical point of

H(v) = / (|Agsv|? + 2|V gav|?) dH*
S4
(ii) intrinsic quasi-biharmonic S* if it is a critical point of
T(0) = [ ((Bsi0)" P +2Tsi0l?) dit*
S4

over W2:2(54, §k=1),

Let IT: S* — R* denote the stereographic projection from the north pole (0’,1). Tt is
well-known (see, e.g. Chang-Yang [CY]) that, for any v € W22(R*, Sk—1),

/ |Av|2(x)dx:/ (|A5417|2+2|VS417|2)dH4
R4 g4

where v = v o Il. Therefore, with the help of Lemma 3.4 below, we have that w €
C> (8%, S¥=1) is an extrinsic (or intrinsic, respectively) quasi-biharmonic S* if and only if
w=woll™t € C*NW?22(R*, S*1) is a nonconstant extrinsic (or intrinsic, respectively)
biharmonic map.

Theorem B. Let (M, g) be a closed Riemannian manifold of dimension four. Suppose
that {u,} C C°°(M, S*~1) is a sequence of extrinsic (or intrinsic, respectively) biharmonic
maps converging to u € W22(M, S*=1) weakly in W22, Then u € C>®°(M,S*~1) is an
extrinsic (or intrinsic, respectively) biharmonic map, and there are a set ¥ C M of finite
points, an integer 0 < d < Cy < oo, and extrinsic (or intrinsic, respectively) quasi-
biharmonic S*, {w;}&_,, such that, after taking possible subsequences, u, — u in W;O’Z N

C?OC(M \ 3, S¥=1). Moreover,

d
lim/ V2|2 du :/ V202 dv, + / V22, (1.3)
n— 00 M 9 9 M 9 g z:zl R4
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and
d
li Vg, |* dv, = Vul*d / Vo, |t 1.4
g [ 1Vl = [ vl 32 [ v (1.9

where w; = w; o7, 1 <4 <d.

When m > 5, it is easy to find biharmonic maps having singularities. For example,
one can show that & : B™ — S™=1 has the properties: (i) the tension energy T(ﬁ) =0
since (77 is a harmonic map; (ii) the hessian energy H(ﬁ) = [gm |V%|4 and 27 is
a minimizing extrinsic biharmonic map, since ﬁ is a minimizing 4-harmonic map (see,
e.g. [CG]). Moreover, motivated by the partial regularity theory for harmonic maps (see,
e.g. [SUJ, [H], [E], [B] [CWY1]), we need to restrict to the class of so-called stationary
biharmonic maps. The notation of stationary extrinsic biharmonic maps was introduced
by [CWY]. Now we recall it and also define the concept of stationary intrinsic biharmonic

maps.
Definition 4. (a) A W?2:2(Q, S¥~1)-extrinsic biharmonic map u is called stationary if, in
addition, w is a critical point of H(-) with respect to the domain variations, i.e. for any

X e, R™)
d
%|t:0 /Q |Aut|2 dr = 0, (15)

(b) A W22(Q, S¥=1)-intrinsic biharmonic map u is called stationary if, in addition, u is a
critical point of T'(-) with respect to the domain variations, i.e. for any X € Cg(£2, R™)

d
Sl [ (8™ dr =0, (16)

where ui(z) = u(z + tX (z)) for z € Q.

The partial regularity for stationary extrinsic biharmonic maps into spheres was ob-
tained by [CWY]. Here we show that theorem A, combined with Lemma 4.3 below, also
implies that the same partial regularity theorem for stationary intrinsic biharmonic maps
into spheres. Roughly speaking, Lemma 4.3 plays the same role as Lemma 4.8 of [CWY] in
the process to control the boundary terms appearing in the monotonicity inequality (4.3)
for stationary intrinsic biharmonic maps so that for ey and pg > 0 sufficiently small, there
exists Cy > 0 such that if

r4_m/ Vul* + |VZul? < € (1.7)
B, (z)

then
||Vu||ill\44,4(Bp0,,(m)) + ||V2U’||%\42a4(Bpor(m)) < Coeg (1.8)
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Therefore, theorem A and the standard Vitali’s covering argument give
Theorem C. A stationary intrinsic biharmonic map u € WZ’Z(Q, Sk_l) 1s smooth away
from a closed set of (m — 4)-dimensional Hausdorff measure zero.

We point out that theorem A and Lemma 4.3 below can be made to give a different

proof of theorem 4.1 of [CWY] as well.

The paper is organized as follows. In §2, we prove theorem A. In §3, we prove theorem
B. In §4, we derive a monotonicity inequality for stationary intrinsic biharmonic maps and

prove theorem C.

§2. Proof of theorem A

In this section, we give a proof of theorem A. The ideas are based on: (1) rewritings of
the Euler-Lagrange equation for biharmonic maps, which are different from that of [CWY];
(2) applications of the estimates of Riesz potentials in Morrey spaces, due to Adams [A].
First, we recall

Lemma 2.1. (a) If u € W2%2(Q, S*~1) is an extrinsic biharmonic map, then it satisfies,
in the sense of distributions,

A?u = —[|Aul* + A(|Vul?) + 2(Vu, VAu)]u (2.1)

(b)If u € W22(Q, S*=1) is an intrinsic biharmonic map, then it satisfies, in the sense of
distributions,

A2y + 2V - (|Vul|?*Vu) = —Au, (2.2)

where V- is the divergence on R™ and

A= [|Au? + A(|Vul?) + 2(Vu, VAU)] + 2|Vul*.

Proof. One can see Proposition 1.1 of [CWY] for (a) and §2.2 of [K] for (b). We omit the
detail here. u

Now we derive an equivalent Euler-Lagrange equation for biharmonic maps as follows.
The readers can refer to Chen [C], Shatah [S] for harmonic maps into spheres. Let x denote
the cross product in RF.

Lemma 2.2. (a) u € W22(Q, S¥=1) is an extrinsic biharmonic map if and only if

A(V-(Vu xu)) =2V - (Au x Vu) (2.3)
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(b) u € W22(Q, Sk=1) is an intrinsic biharmonic map if and only if

A(V - (Vu x u)) =2V - (Au x Vu) — 2V - (|Vu|*Vu x u) (2.4)

Proof. For simplicity, we only outline the proof of the eqn. (2.4) and leave (2.3) for the
reader. First, observe that the eqn. (2.2) is equivalent to the geometric version:

A2y + 2V - (|[Vul|?*Vu) L T,S%! (2.5)
Using the geometry of S¥~1, (2.5) is equivalent to
(A%u + 2V - ([Vu|*Vu)) x u =0 (2.6)

Observe that

V- (|Vul|*Vu) x u = 2:(|Vu|2uz)Z X U
i=1

I
.MS

s
I
N

m
(|Vul?u; x u); — Z |Vul?u; x u;
i=1

(|Vu|2u,' X u);

I
.MS

=1
=V - (|Vul|*Vu x u) (2.7)
Since . .
V-(Vuxu):Z(uixu)i:Z(uixui+uiixu):Auxu
i=1 i=1
we have
Ay x u=A(Au x u) — Au x Au — 2Z(Au)i X U
i=1
=A(V-(Vuxu)—2) (Au); x u;
i=1
=A(V: (Vuxu)) - QZ(Au X u;)i + 2Au X Au
i=1
=A(V:(Vuxu))—2V-(Aux Vu) (2.8)
Inserting (2.7) and (2.8) into (2.6), we obtain (2.4). |
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Now we recall both proposition 3.1 and theorem 3.1 of Adams [A] on the estimate of
Riesz potentials in Morrey spaces. For this, denote I, as the Riesz potential operator , i.e.
the operator whose convolution kernel is |z|*~™, ©z € R™.

Proposition 2.3 ([A]). Ifa >0,0< A <m,1<p< %, and f € MP*(R™) N LP(R™),
then

ap 1—ap
() oy < CIERon o 1oy (2.9)
[ Lo (F) | arsx(rmy < Cllfllager mm) (2.10)
where p = Ai—’;p.

We are ready to prove theorem A now.

Proof of theorem A. For simplicity again, we only sketch the proof for intrinsic bihar-
monic maps. By considering the intrinsic biharmonic map u, ,(y) = u(z +ry),y € By, we
may assume, without loss of generalities, that z = 0 and r = 1. Hence the condition (1.1)
becomes

IVullaraas,) +IV2ull pzas,) < Ceg (2.11)

Let @ be an extension of u to R™ such that
||Vﬁ||L4(Rm) S C||VU||L4(31) (212)
and

IV araarmy + V2@l arzarmy < C([Vullaraa s,y + 1V ullarzis,))
< Cél (2.13)

Let G be the fundamental solution of A% on R™, i.e.

G(z) = cmlz[*™™, 0#£ 2 € R™, form >5
=cyln|z|, 0#zcR*

where ¢,;, # 0 is an universal constant. Now, we define an auxiliary functions F' €
Wl,Z( Rm) by

F(z) = - G(z —y)V - (Ad x Va — |Va|*Va x @) (y) dy

Then we have that, for 1 < i < m,

aF(m)——/ S P G- )i iy — [Vl x @) (y)d
33:1- N R™ =1 3'1'12'1']' 4 J J y)ay



Hence

VFI@) <C [ o yPm(aVal +Va) o) dy
Rm™

= C(L(|Aal|val)(z) + L(|Val*) ()

By the Holder inequality, (2.13) implies that |AG||Va|, |[Val® € M34(R™) and

AVl 5.1y < NG agzs oy [Vl e (2.14)
VPl .0 gy < IV (215)
Now, applying proposition 2.3 with p = %, a =2, and A\ = 4, we have |VF| € M**(R™)
and
IVFllagsacam) < CUIATITE oy + VI g aey)  (216)
Therefore we have
IVF|paa(rmy < CU1AU]| a2 (3, IVl areacs,) + IVEl3gaa ()
< CEOHVU“M‘lA(Bl) (2.17)

Now we consider the Hodge decomposition of the 1-form du x u = 2111 u; X udxr; €
L*R™,A(R™)). It is well-known (cf. [IM]) that there exist a ® € W14(R™) and a 2-form
U e WH4(R™, A2(R™)) such that

dii x @ = d® + d*U, d¥ =0, in R™ (2.18)

and
||V@||L4(Rm) + ||V\I/||L4(Rm) < C||Vﬁ||L4(Rm) (2.19)

Taking both sides of the eqn. (2.18) by d*, we have
A’® = A(V-(Va x @), in R™

so that
A2® =2V - (Au x Vu — |Vu|?Vu x u), in By (2.20)

On the other hand, it follows from the formula of F' that
A’F =V - (Auxa)—V-(|Va*Vi x @), in R™

Therefore, we have
A?(® —2F) =0, in By. (2.21)
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Hence, the standard estimate for biharmonic functions implies
V(2 = 2) g0 8, < COIT(@ = 2) |ags o) (2.22)
This, combined with (2.17), yields
V[ ara.4(By) < C(0+ €0)[|Vullaraa(m,) (2.23)
For W, by taking both sides of the eqn. (2.18) by d, we have
AV = dii x dii, in R™. (2.24)

Therefore, we have |VU|(z) < CI,(|Val|?)(z), for z € R™. Applying the proposition 2.3
again, we obtain

||V\If||M4,4(Rm) < OH |Vﬁ|2||M2,4(Rm)

< C|IVal| 31 gm)
< CEOHVUHM‘lA(Bl) (2.25)

Putting (2.23) and (2.25) together, we have
||Vu X u||M4’4(Bg) < C(Eo + Q)HVUHM‘l"‘(Bl) (2.26)

This, combined with the fact that |u| = 1 implies |Vu| = |Vu x ul, yields the inequality
(1.2) by choosing both 6y = 6 and ¢, sufficiently small. Therefore the proof of theorem A
is complete. [ |

§3. Proof of theorem B

This section is devoted to the proof of the energy quantization theorem B. The idea
is to control the L? norm of V2u, over the neck region by the interpolation between
the Lorentz space norms L»* and L*! of V?u,, similar to that of [LR] in the context of
harmonic maps and [R] in the context of Yang-Mills equations. Since one can easily extend
the proof of theorem A from an euclidean domain  to a Riemannian manifold (M, g), we
first have

Lemma 3.1. Under the same assumptions of theorem B. There exists an €9 > 0 such that

if, for B.(x) C M,
/B P (Vg < (3.1)

then, after taking another subsequences,

U — u in C*(Bz(z), S

w[3
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Proof. Let ¢y > 0 be the same constant as in (1.1). Then, it follows from theorem A and
the higher order regularity theorem 5.1 of [CWY] that we have, for some 0 < o < 1,

[un | c4.e0 (B (2)) < C(eo) (3.2)

(), S*71).

Hence, by taking possible subsequences, we may assume that wu,, — v in C*(B
|

r
2

Lemma 3.2. Under the same assumptions as theorem A. There exists a set > C M of finite

many points such that u, — u in WZZO’ZF‘I C’?OC(M\E, Sk=1). Moreover, u € C*°(M, Sk=1)

is an extrinsic (or intrinsic, respectively) biharmonic map.

Proof. Define

Y =Nyso{z €M : liminf/ (IV?un]? + [Vunly) dvg > €5} (3.3)
n B, (z)

Then, by the Vitali’s covering argument, we have
1 212 4
Y| < 5 sup [ [Viuyl, + [Vuu|, = C(en) < o0
For any o € M \ X, it follows from the definition of ¥ that there is a 7o > 0 such that

[ Rul vl <4
BTO (wO)

Therefore, Lemma 3.1 implies that w,, — u in C’4(B%o (z9), S*1). In particular, u,, — u in
CfOCﬂWfO’i(M\E, Sk=1). Moreover, u € C®°(M\ %, S¥=1) nW22(M, S*~1) is an extrinsic
(or intrinsic, respectively) biharmonic map, which can be extended to be in C°° (M, S*~1)

by theorem A. [ |

Lemma 3.3. Under the same notations as above. For any xo € X, there exist r, — o,

T — 0, and an extrinsic (or intrinsic, respectively) quasi-biharmonic S*, wg, such that
U () = Un (Ty + 7px) = Wo = wo o I 1

in C* NW22(RY,Sk1)
loc loc

Proof. Since xy € ¥, there exist x,, — x¢ and r, | 0 such that
€2

max v2un 2 + vun ot = > :/ Vzu'n 2+ V’U/n 4 3.4
amx (f VBV = G = [ VYl G
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Define u,(z) = un(vn + rnx) and gn(z) = g(v, + rpz), for x € B, 1. Then, it is easy
to see that a, : (B, ,.-1,9n) — Sk=1 are extrinsic (or intrinsic, respectively) biharmonic
maps satisfying

62 _ _
Bo [ i v
B

z/‘|w%@+wwngﬁwl (3.5)
Bi(y) "

Note that g, — go in Cfoc(R4)’ here gq is the euclidean metric in R*. Therefore, applying
Lemma 3.1, we conclude
|| 1,00 (B, (y)) < Co, Vy € R

Hence we may assume that there exists an extrinsic (or intrinsic, respectively) biharmonic

map @ € C*°(R*, S¥~1) such that

_ . 2,2 —
Up — W, in Cfoc N Wloc(R4’ Sk=1)

Moreover, we have
2

€
ﬁg/|ww+ww<m
2 = Jpa

Hence w = @ oIl is an extrinsic (or intrinsic, respectively) quasi-biharmonic S*, provided

that we can prove that w can be extended smoothly over (0’,1) For this, we need

Lemma 3.4. Let w € C®° NW?22(R*, S*~1) be a nontrivial extrinsic (or intrinsic, respec-
tively) biharmonic map. Then w = w oIl € C(S*,S*~1) is an extrinsic (or intrinsic,

respectively) quasi-biharmonic S*.

Proof. For simplicity, we assume that w is an extrinsic biharmonic map. Then w €
W?22(5%, Sk=1)nCo°(s4\ {(0',1)}, S¥71) satisfies

—Agi(—Ags +2)w L TS (3.6)
Since, for any e¢g > 0, there is a rg > 0 such that

/B I~ V2,02 + |[Vsaw|* < €2
o (051N

Modifying the proof of theorem A, we have that @ € C*°(B (0',1) N 5S4, Sk=1). This
completes the proof of Lemma 3.4. [ |

By extracting all possible extrinsic (or intrinsic, respectively) quasi-biharmonic S*’s,
{wi}d,, with d < Cey?, we have

d
lim/ |v2un|§dvgz/ |V2u|2dvg+2/ |V2w;)? (3.7)
"M M i—1 Y R*
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where w; = w;oII7! for 1 < i < d. By an induction argument similar to that of [DT] in the
context of harmonic maps from surfaces, it suffices to prove that equality holds for (3.7) in
the case d = 1. Moreover, we may assume that M = B* and u,, — u in 0140(: N VVIZ(;?:(B‘1 \

{0}, S¥=1) and there exist r, — 0 such that u,(rn-) — @y in C* N W22 (RY, S¥~1). We
loc
need to prove

lim (Vun|* + |V, > = o(5, R71) (3.8)

n— oo 4 4
Bﬁ \Ban

where lims_0 r—y00 0(0, R™1) = 0. It also follows from the assumption d = 1 that for any
€ > 0, there exists R >> 1 such that

/ V2002 + [Vun|* < €2, VRr,, <1 < 6 (3.9)
B;,\B}
This and theorem A then yield

2|V |(z) + 2% V2un|(z) < Ce, V2R, < |z| < (3.10)

(NSRS

Now we let @, : R* — RF be an extension of u,,, with compact supports, such that
/ V2, |2 + |V, |* < C/ V2, |? + |Vu,|* (3.11)
R4 B!

and
|||V, |(z) + |22 |V?i,|(z) < Ce, Vo € By \ B, (3.12)
By applying the basic facts on Lorentz spaces (cf. [Z]), we have that V2a,, € L?*°(B}\
Bg,. ) and
||v2@n||L2=°°(Bg\B§Tn) S Ce (313)

Now, we proceed to bound the L*!-norm of V2u,, as follows. For simplicity, we consider
only the case that u,, are intrinsic biharmonic maps so that we have, in Bgl,

AV - (Vuy, X uy,) = 2V - (Auy, X Vi, — |V |* Vi, X uy,) (3.14)

Define
Fy(z) = c4/ I |z — Y|V - (Al X il — |[Vin |2Vl X i) (1) dy
R4

Then, by the Calderon-Zygmund estimate in Lorentz spaces (cf. [SW]), we have

||V3Fn|||L%,1(R4) < Off| At |[Viin | + |Vﬂn|3||L%,1(R4) (3.15)
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Using the Sobolev embedding theorem into Lorentz spaces (see, e.g. [T] or [Z]), we have
that Vi, € LY2(R*) and

[V || La2(r) < [|[V?Un L202(Ro)
Hence, by the multiplication theorem between Lorentz spaces, we have

NGVl 8.1y < 18T 2 [V a2

(R
<[V 172 oy

and

IV n 1 41 ey < NIV Pl () Vil 2 s

(R
<NV o gay 1V n | L2 (r1)

Putting these estimates together, we have

I9Full 4.1 oy < CIVZanllza ey IVl sy + [ Vinl3ege))  (3:16)

Using the Sobolev embedding theorem in Lorentz spaces again, we conclude that V2F,, €
L?(R*Y) and

V2 Fy || p2a (ray < C||V3Fn||L%,1(R4)
< C(IV2inllZ2(rsy + IV @nll L2 (r) [ Viin | La 1)) (3.17)

Now using the same Hodge decomposition as in the proof of theorem A, we have that there
are @, € WH2(R*) and a two form ¥,, € W12(R* A%2(R?')) such that

dtiy, X Uy, = d®,, + d*¥,,, dU, =0, in R* (3.18)

Since
A?(®, —2F,) =0, in B}

we have, by the standard estimate for biharmonic functions,
IV* (@5 — 2F0) |21 ) < ClIV(@r — 2F3) |l 1282
< C||v2an||L2(B§)

For ¥,,, we have
AV, = diy, X di,, in R* (3.19)
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Hence

V2|21 (r1y < CllIVin|?|| 220 (r1) < ClIVin[[Za ey
< CIV2inl2 ey < ClIVunllL2 sy

Putting all these estimates together, we obtain
[V (Vun x un)“L?sl(B‘lé) < OHVzun“L?(Bg) <C
>
On the other hand, since
IV2Up| < |V(Vy X tn)| + [V, 2
we have

IV2unllpea sy < NV (Vun X un)llpza sy + [Vin o g
< C(||V2Un||L2(Bg) + [Vun||Les1y) < C

Therefore, by the duality between L?! and L?°°, we have
2, 12 2 2
1A un“L?(B% \B%,. ) <V Un||L2=1(B§)||V un“L?’OO(Bg\B;‘%n) < Ce
2
Now we apply the Nirenberg interpolation inequality to get

||Vun||2L4(B§\B4RT ) < C||Un||L°°(B‘g)(|||VUn| + |V2Un|||L2(B‘fs \B%_ ))

< Ce+o(n™t)
Here we have used the fact that
V|2t = [[Vullp2 sty +o(n™h) = o(8,n7)

Therefore, we finish the proof of theorem B.

§4. Proof of theorem C

(3.20)

In this section, we first derive an inequality of monotonicity type for the class of

stationary intrinsic biharmonic maps, which includes smooth intrinsic biharmonic maps.

Then, applying a slightly weaker estimate of the eqn. (2.4) and a variance of the iteration

scheme of §4 [CWY], we show that away from a closed set of (m —4)-dimensional Hausdorff

measure zero the condition (1.1) of theorem A is satisfied so that the conclusion of theorem

C is true.

14



Lemma 4.1. If u € W22(Q, S¥71) is a stationary intrinsic biharmonic map. Then, for
any X € C}(Q2, R™), we have

/ X (|Au)?) + (V- X)|Au)? = / 4|Vu? Z uiu; Xi —|Vu[*'V - X (4.1)
ig=1
Proof. Denote u(x) = u(z + tX(x)). First, observe that
[(Aue) 1 = [Au? — [Vue|*

Therefore, the stationarity of u implies

d d
a|t:0/ﬂ|AUt|2 = E|t:0/ﬂ|vut|4 (4.2)

As in Lemma 3.1 of [CWY], we have
|t 0/ |Au|? = / X(JAu?) + (V- X)|Auf?

For the right hand side of (4.2), we have
|t 0/ V|t = / 4|Vu|? Zulqu’ |Vu|*'V - X
ij
Putting these two identities together, we prove (4.1). |

Lemma 4.2. Suppose that u € W22(Q2, S¥~1) is a stationary intrinsic biharmonic map.
Then, for any z € Q and 0 < r < R < dist(z, 02), it holds

R4—m/ |AU|2 - T4—m/ |Au|2
BR(:E) Br(w)

ol 2 2
> 2/ (_xlulu” N 2($lul) 9 |Vul )de—1
8BR($)

|.’17|m_2 |l'|m_1 |l'|m_3
. X a2 V 2
_ 2/ (- +2($’Z’_)1 o nlf'_g)de—l (4.3)
9B, (x) 7] || ||

Proof. For simplicity, we assume that x = 0 € 2. Let X = Z -1 T 86 . First, observe

that by choosing suitable cut-off functions, (4.1) implies that for a.e. r > 0,

/ X(|Au|2) + m|Au|2 — 1"/ |Au|2
B,

I

9
:/ (4—m)|Vu|4+r/ |Vu|4—4r/ | 242 (4.4)
B, 9B, OB, or

15



It follows from (4.4) that

Tm_gi(r4—m/ |Au|2) _ 7"/ |Au|2 + (4 — m)/ |Au|2
d’l“ B, 9B, By

= [ xauP)+ 80Py + om0 [ [l

B, B

—1"/ |Vu|4+41"/ |Vu|2|%|2
3B, 3B, or

Note that the eqn. (2.5) yields that
riu; APy = 22,4,V - (|[Vul*Vu),z € Q

Therefore, we can proceed in the same way as that of proposition 3.2 of [CWY] to estimate

(X(IAUI ) + 4] Aul?)

\

/ (22;(Au);(Au) + 4|Aul?)

B,
/ 2w xpuig Au — 2210 (Au)g

B, r

Q

_|_

/ (2|Au|? + 2(Au)puy, — 4z;u;V - (|Vu|>Vu))

I

s

/ 2z i Au — 22, u; (Au) g, + 2xpugAu

B, r

0
4/ (xiui)j|Vu|2uj —47"/ |Vu|2|—u|2
B, OB, or
/ 2z i Au — 22, (Au), + 2xpugAu
d

B, r

+(4—m)/ |Vu|4+r/ |Vu|4—41"/ w2 242
B 8B, dB, or

L

Q

_|_

Inserting this identity into the above identity, we obtain

r

m_3i(r4_m/B Auf?) = /63 2@ Ui Au — 2210 (Au) g + 2xugAu

dr T

I

Now we can follow exactly the arguments (3.3)—(3.8) of [CWY] to get (4.3). |

In order to apply Lemma 4.2 to verify that the condition (1.1) holds for H™~% a.e.
xz € 2. We need an estimate, similar to Lemma 4.5 of [CWY], for the eqn. (2.4). More
precisely,

16



Lemma 4.3. Let u € W22(Q,S*=1) be an intrinsic biharmonic map. Then, for any

0<6<1and B, C2, wehave,forngﬁb"l4>§ andq:nif—:'fél<4,

((fr)P—™ /Ber |Vu|p)% < 091_%[(r4—m/
'(Tq_m/ |VU|Q)% +C’9(rp_m/ |vu|p)% (4.5)

r BT

Auf?)E 1 (o /B Vult)h)

I

Proof. Since each term of (4.5) is invariant under scalings, it suffices to prove it for r = 1.
We use the same ideas as in the proof of theorem, but replacing the estimates for Riesz
potentials in Morrey spaces by that in LP spaces. With the same notations as in theorem
A, we have

o= [ vupyt <co [ -amp
By By
+ 091—%(/ IVF[P + |VU[P)7
Since ¢ — 2F' is biharmonic function in By, we have

(v /B V(@ — 2F)P)b < 08 /B V(@ - 2F) )

1

< co( / Vul?)s
B

Since [VF| < C(L(|Al|Val) + L(Vil), [V9]() < CL(VaP)(e), and L = §+1 - 2,
we have
IVE(| o (rmy < CUAU L2 (rm) IVl Larm) + V@l Za oy [V ]| o))
< C([|Aul L2y IVull sy + [Vullzam,) [Vl Las,))
||V\If||Lp(Rm) S C||Va||L4(Rm)||va||L2(Rm)
< C|Vullpa) IVullLz2 8,y < ClIVullpas,) | VullLa(s,)
Putting these estimates together, we prove (4.5). |

Now we are ready to control the local Morrey norms of Vu and V2u near a point, as
in (1.1), where the normalized W?2:2-norm is small. More precisely,

Lemma 4.4. There exist eg > 0 and 0y € (0,1) such that if u € W22(Q,S*1) is a

stationary intrinsic biharmonic map satisfying, for B, C €2,

ph=m / V20?4 r2-m / Vul? < &2 (4.6)
B

r B’I‘

17



then
||V’LL||M4,4(BQOT) + “VZ“”M“(B%T) S CEO (47)

Proof. We first observe that, by an interpolation inequality of Nirenberg [N], we have, for
all 2 < q <4,

(ra=m /B Vul7)d < (A / Vultyh

r r

SC“UHEOO(BT)(T‘l—m/B |V2u|2—|—7“2_m/ |vu|2)§

r

S CG() (48)

Now we can follow exactly the proof of Lemma 4.8 in [CWY], with Lemma 4.5 of [CWY]
replaced by Lemma 4.3 above, to establish (4.7). We omit the detail here. [ |

Proof of theorem C. Define

Y={zxeQ: limsuprz_m(/ r2|V2ul? + |Vul?) > €}
rl0 Bz

where €y > 0 is the same constant as in (4.6). We first observe that (4.8) implies Vu €
L*(Q) so that, we have, by the Holder inequality, ¥ C X1, where

¥ ={x € Q:limsup r4_m(/ IV2u)? + |Vul*) > €2}
"'KLO B(m)

By Federer-Ziemer (cf. [Z]), we have H™ *(3;) = 0 so that H™~*(X) = 0 as well. Now,
for any z¢ € Q\ X, there exists a ro > 0 such that

rg_m/ r§|V2u|2 + |Vu|2 < 6%
BT‘O ("EO

this, combined with Lemma 4.4, implies that there exists a dp € (0, 1) such that, for any
y € Bro (x0),

IVullarsa(ss, g ) + 1V ullar2 8y, 0 () < Ceo (4.9)
Therefore, theorem A and its iterations imply that there exists a 6y € (0, 1) such that, for
ry = d0prp and [ > 1,

||Vu||M4,4(B%T1 () < 2—l||Vu||M4,4(BT1 (y)),Vy € B% (.’170) (4.10)

This, combined with the Morrey Lemma, implies u € C'* (B%o (z9), S*~1) for some ag €
(0,1). Therefore, Q\ ¥ is open and u € C*(Q\ ¥, S*¥~1). Finally, we have, by the higher
order regularity theorem 5.1 of [CWY], u € C*®(Q2\ ¥, Sk¥~1). |
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