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Abstract. We prove an apriori estimate in Morrey spaces for both intrinsic and extrinsic

biharmonic maps into spheres. As applications, we prove an energy quantization theorem

for biharmonic maps from 4-manifolds into spheres and a partial regularity for stationary

intrinsic biharmonic maps into spheres.

x1. Introduction

Let 
 � Rm be a bounded domain and Sk�1 � Rk be the standard unit sphere.

W 2;2(
; Sk�1) is de�ned by

W 2;2(
; Sk�1) = fv 2W 2;2(
; Rk) : v(x) 2 Sk�1 for a.e. x 2 
g

There are two important second-order energy functionals on W 2;2(
; Sk�1), namely, the

hessian energy functional and the tension �eld energy functional. More precisely,

H(u) =

Z



j�uj2 dx; T (u) =

Z



j(�u)T j2 dx

where (�u)T is the component of �u which is tangent to Sk�1 at u. Note that (�u)T

is also called the tension �eld of u in the literature (cf. [EL]). Motivated by the analogy

of harmonic maps and potential applications to higher dimensional conformal geometry,

Chang-Wang-Yang, in [CWY], began an analytic study of the regularity properties of ex-

trinsic biharmonic maps (i.e. critical points of H(�)) in dimension great than or equal to

four, and established a regularity theorem in dimension four and a partial regularity theo-

rem for stationary extrinsic biharmonic maps in dimensions greater than four. Later, Ku,

in [K], proved regularity for intrinsic biharmonic maps (i.e. critical points of T (�)) in di-

mension four. The readers may compare [CWY] with the corresponding theorem by Evans

[E] (cf. also [CWY1]) on stationary harmonic maps into spheres. This naturally leads us

to investigate regularity issues of biharmonic maps into general Riemannian manifolds N ,

because of their similarities to the theorems by H�elein [H] and Bethuel [B] on stationary

harmonic maps. In two forthcoming articles [W1] [W2], the author shows, in [W1], that

any extrinsic (or intrinsic, respectively) biharmonic map u 2 W 2;2(
; N) is smooth in

dimension 4, provided that u�TN is trivial. For m � 5, we also prove, in [W2], a partial

regularity theorem for stationary biharmonic maps, which asserts that if u 2 W 2;2(
; N)

is a stationary extrinsic (or intrinsic, respectively) biharmonic maps u such that u�TN is
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trivial then u is smooth away from a closed set of (m� 4)-dimensional Hausdor� measure

zero. Although we need the Coulomb gauge construction techniques (due to Uhlenbeck

[U1] [U1] for m = 4 and Meyer-Rivier�e [MR], Tao-Tian [TT] for m � 5) in [W1] [W2], the

another key ingredient is the decay Lemma in Morrey spaces under the smallness of the

hessian energy, that we demonstrate here in detail for N = Sk�1.

In order to state the apriori estimate for biharmonic maps, we �rst recall the de�nition

of Morrey spaces (cf. [A]).

De�nition 1. For an open set E � Rm, 1 � p < 1, and 0 < � � m, the Morrey space

Mp;�(E) is de�ned by

Mp;�(E) = ff 2 Lp(E) : kfk
p

Mp;�(E)
� sup

Br�E

fr��m
Z
Br

jf jp(y) dyg <1g

It is clear that Mp;m(E) = Lp(E).

De�nition 2. (a) A map u 2 W 2;2(
; Sk�1) is called an extrinsic biharmonic map if u

is a critical point of the hessian energy H(�); (b) A map u 2 W 2;2(
; Sk�1) is called an

intrinsic biharmonic map if u is a critical point of the tension �eld energy T (�).

Now we state our main theorem.

Theorem A. There exist �0 > 0, �0 2 (0; 1
2
) such that if u 2W 2;2(
; Sk�1) is an extrinsic

(or intrinsic, respectively) biharmonic map and satis�es, for Br(x) � 
,

kruk4
M4;4(Br(x))

+ kr2uk2
M2;4(Br(x))

� �20 (1:1)

then

krukM4;4(B�0r
(x)) �

1

2
krukM4;4(Br(x)) (1:2)

In particular, u 2 C1(B r

2
(x); Sk�1).

Note that (1.2), combined with iterations and the Morrey Lemma, yields that u 2

C�(B r

2
(x); Sk�1), for some � 2 (0; 1). This, combined with the higher order regularity

theorem 5.1 of [CWY], yields that u 2 C1(B r

2
(x); Sk�1).

Observe that, for m = 4,

kruk4
M4;4(Br(x))

+ kr2uk2
M2;4(Br(x))

=

Z
Br(x)

jruj4 + jr2uj2

this, combined with the absolute continuity of
R
jruj4+ jr2uj2, implies that the condition

(1.1) is automatically true for suÆciently small r0 = r0(u; �0) > 0. Therefore, theorem A

gives an alternative proof for the smoothness of both extrinsic and intrinsic biharmonic

2



maps from four dimensional domains into spheres, which was originally proved by Chang-

Wang-Yang [CWY] and Ku [K] through a di�erent method. As a new application of

theorem A, we consider the quantization issue for weakly convergent sequences of bihar-

monic maps from four dimensional manifolds into spheres. We are able to prove an energy

quantization theorem, similar to that of harmonic maps from surfaces (see Jost [J], Parker

[P], Qing [Q], Ding-Tian [DT], Lin-Wang [LW], Wang [W], etc).

In order to state the theorem, we �rst need

De�nition 3. A nonconstant map ! 2 C1(S4; Sk�1) is called an (i) extrinsic quasi-

biharmonic S4 if it is a critical point of

�H(v) =

Z
S4

(j�S4vj2 + 2jrS4vj2) dH4

(ii) intrinsic quasi-biharmonic S4 if it is a critical point of

�T (v) =

Z
S4

(j(�S4v)T j2 + 2jrS4vj2) dH4

over W 2;2(S4; Sk�1).

Let � : S4 ! R4 denote the stereographic projection from the north pole (00; 1). It is

well-known (see, e.g. Chang-Yang [CY]) that, for any v 2W 2;2(R4; Sk�1),

Z
R4

j�vj2(x) dx =

Z
S4

(j�S4�vj2 + 2jrS4�vj2) dH4

where �v = v Æ �. Therefore, with the help of Lemma 3.4 below, we have that ! 2

C1(S4; Sk�1) is an extrinsic (or intrinsic, respectively) quasi-biharmonic S4 if and only if

�! � ! Æ��1 2 C1 \W 2;2(R4; Sk�1) is a nonconstant extrinsic (or intrinsic, respectively)

biharmonic map.

Theorem B. Let (M; g) be a closed Riemannian manifold of dimension four. Suppose

that fung � C1(M;Sk�1) is a sequence of extrinsic (or intrinsic, respectively) biharmonic

maps converging to u 2 W 2;2(M;Sk�1) weakly in W 2;2. Then u 2 C1(M;Sk�1) is an

extrinsic (or intrinsic, respectively) biharmonic map, and there are a set � � M of �nite

points, an integer 0 � d � C0 < 1, and extrinsic (or intrinsic, respectively) quasi-

biharmonic S4, f!ig
d

i=1, such that, after taking possible subsequences, un ! u in W
2;2

loc
\

C4

loc
(M n �; Sk�1). Moreover,

lim
n!1

Z
M

jr2unj
2
g
dvg =

Z
M

jr2uj2
g
dvg +

dX
i=1

Z
R4

jr2�!ij
2; (1:3)
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and

lim
n!1

Z
M

jrunj
4
g
dvg =

Z
M

jruj4
g
dvg +

dX
i=1

Z
R4

jr�!ij
4 (1:4)

where �!i = !i Æ�
�1, 1 � i � d.

When m � 5, it is easy to �nd biharmonic maps having singularities. For example,

one can show that x

jxj
: Bm ! Sm�1 has the properties: (i) the tension energy T ( x

jxj
) = 0

since x

jxj
is a harmonic map; (ii) the hessian energy H( x

jxj
) =

R
Bm jr x

jxj
j4 and x

jxj
is

a minimizing extrinsic biharmonic map, since x

jxj
is a minimizing 4-harmonic map (see,

e.g. [CG]). Moreover, motivated by the partial regularity theory for harmonic maps (see,

e.g. [SU], [H], [E], [B] [CWY1]), we need to restrict to the class of so-called stationary

biharmonic maps. The notation of stationary extrinsic biharmonic maps was introduced

by [CWY]. Now we recall it and also de�ne the concept of stationary intrinsic biharmonic

maps.

De�nition 4. (a) A W 2;2(
; Sk�1)-extrinsic biharmonic map u is called stationary if, in

addition, u is a critical point of H(�) with respect to the domain variations, i.e. for any

X 2 C1
0 (
; R

m)
d

dt
jt=0

Z



j�utj
2 dx = 0; (1:5)

(b) A W 2;2(
; Sk�1)-intrinsic biharmonic map u is called stationary if, in addition, u is a

critical point of T (�) with respect to the domain variations, i.e. for any X 2 C1
0 (
; R

m)

d

dt
jt=0

Z



j(�ut)
T j2 dx = 0; (1:6)

where ut(x) = u(x+ tX(x)) for x 2 
.

The partial regularity for stationary extrinsic biharmonic maps into spheres was ob-

tained by [CWY]. Here we show that theorem A, combined with Lemma 4.3 below, also

implies that the same partial regularity theorem for stationary intrinsic biharmonic maps

into spheres. Roughly speaking, Lemma 4.3 plays the same role as Lemma 4.8 of [CWY] in

the process to control the boundary terms appearing in the monotonicity inequality (4.3)

for stationary intrinsic biharmonic maps so that for �0 and �0 > 0 suÆciently small, there

exists C0 > 0 such that if

r4�m
Z
Br(x)

jruj4 + jr2uj2 � �20 (1:7)

then

kruk4
M4;4(B�0r

(x)) + kr2uk2
M2;4(B�0r

(x)) � C0�
2
0 (1:8)
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Therefore, theorem A and the standard Vitali's covering argument give

Theorem C. A stationary intrinsic biharmonic map u 2 W 2;2(
; Sk�1) is smooth away

from a closed set of (m� 4)-dimensional Hausdor� measure zero.

We point out that theorem A and Lemma 4.3 below can be made to give a di�erent

proof of theorem 4.1 of [CWY] as well.

The paper is organized as follows. In x2, we prove theorem A. In x3, we prove theorem

B. In x4, we derive a monotonicity inequality for stationary intrinsic biharmonic maps and

prove theorem C.

x2. Proof of theorem A

In this section, we give a proof of theorem A. The ideas are based on: (1) rewritings of

the Euler-Lagrange equation for biharmonic maps, which are di�erent from that of [CWY];

(2) applications of the estimates of Riesz potentials in Morrey spaces, due to Adams [A].

First, we recall

Lemma 2.1. (a) If u 2 W 2;2(
; Sk�1) is an extrinsic biharmonic map, then it satis�es,

in the sense of distributions,

�2u = �[j�uj2 +�(jruj2) + 2hru;r�ui]u (2:1)

(b)If u 2 W 2;2(
; Sk�1) is an intrinsic biharmonic map, then it satis�es, in the sense of

distributions,

�2u+ 2r � (jruj2ru) = ��u; (2:2)

where r� is the divergence on Rm and

� = [j�uj2 +�(jruj2) + 2hru;r�ui] + 2jruj4:

Proof. One can see Proposition 1.1 of [CWY] for (a) and x2.2 of [K] for (b). We omit the

detail here.

Now we derive an equivalent Euler-Lagrange equation for biharmonic maps as follows.

The readers can refer to Chen [C], Shatah [S] for harmonic maps into spheres. Let � denote

the cross product in Rk.

Lemma 2.2. (a) u 2W 2;2(
; Sk�1) is an extrinsic biharmonic map if and only if

�(r � (ru� u)) = 2r � (�u�ru) (2:3)

5



(b) u 2W 2;2(
; Sk�1) is an intrinsic biharmonic map if and only if

�(r � (ru� u)) = 2r � (�u�ru)� 2r � (jruj2ru� u) (2:4)

Proof. For simplicity, we only outline the proof of the eqn. (2.4) and leave (2.3) for the

reader. First, observe that the eqn. (2.2) is equivalent to the geometric version:

�2u+ 2r � (jruj2ru) ? TuS
k�1 (2:5)

Using the geometry of Sk�1, (2.5) is equivalent to

(�2u+ 2r � (jruj2ru))� u = 0 (2:6)

Observe that

r � (jruj2ru)� u =

mX
i=1

(jruj2ui)i � u

=

mX
i=1

(jruj2ui � u)i �

mX
i=1

jruj2ui � ui

=

mX
i=1

(jruj2ui � u)i

= r � (jruj2ru� u) (2:7)

Since

r � (ru� u) =

mX
i=1

(ui � u)i =

mX
i=1

(ui � ui + uii � u) = �u� u

we have

�2u� u = �(�u� u)��u��u� 2

mX
i=1

(�u)i � ui

= �(r � (ru� u))� 2

mX
i=1

(�u)i � ui

= �(r � (ru� u))� 2

mX
i=1

(�u� ui)i + 2�u��u

= �(r � (ru� u))� 2r � (�u�ru) (2:8)

Inserting (2.7) and (2.8) into (2.6), we obtain (2.4).
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Now we recall both proposition 3.1 and theorem 3.1 of Adams [A] on the estimate of

Riesz potentials in Morrey spaces. For this, denote I� as the Riesz potential operator , i.e.

the operator whose convolution kernel is jxj��m, x 2 Rm.

Proposition 2.3 ([A]). If � > 0, 0 < � � m, 1 < p < �

�
, and f 2 Mp;�(Rm) \ Lp(Rm),

then

kI�(f)kL~p(Rm) � Ckfk
�p

�

Mp;�(Rm)
kfk

1�
�p

�

Lp(Rm)
(2:9)

kI�(f)kM ~p;�(Rm) � CkfkMp;�(Rm) (2:10)

where ~p = �p

���p
.

We are ready to prove theorem A now.

Proof of theorem A. For simplicity again, we only sketch the proof for intrinsic bihar-

monic maps. By considering the intrinsic biharmonic map ux;r(y) = u(x+ ry); y 2 B1, we

may assume, without loss of generalities, that x = 0 and r = 1. Hence the condition (1.1)

becomes

krukM4;4(B1) + kr2ukM2;4(B1) � C�20 (2:11)

Let ~u be an extension of u to Rm such that

kr~ukL4(Rm) � CkrukL4(B1) (2:12)

and

kr~ukM4;4(Rm) + kr2~ukM2;4(Rm) � C(krukM4;4(B1) + kr2ukM2;4(B1))

� C�20 (2:13)

Let G be the fundamental solution of �2 on Rm, i.e.

G(x) = cmjxj
4�m; 0 6= x 2 Rm; for m � 5

= c4 ln jxj; 0 6= x 2 R4

where cm 6= 0 is an universal constant. Now, we de�ne an auxiliary functions F 2

W 1;2(Rm) by

F (x) =

Z
Rm

G(x� y)r � (�~u�r~u� jr~uj2r~u� ~u)(y) dy

Then we have that, for 1 � i � m,

@F

@xi
(x) = �

Z
Rm

mX
j=1

@2

@xixj
G(x� y)(�~u� ~uj � jr~uj2~uj � ~u)(y) dy
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Hence

jrF j(x) � C

Z
Rm

jx� yj2�m(j�~ujjr~uj+ jr~uj3)(y) dy

= C(I2(j�~ujjr~uj)(x) + I2(jr~uj3)(x))

By the H�older inequality, (2.13) implies that j�~ujjr~uj; jr~uj3 2M
4
3
;4(Rm) and

kj�~ujjr~ujk
M

4
3
;4
(Rm)

� k�~ukM2;4(Rm)kr~ukM4;4(Rm) (2:14)

kjr~uj3k
M

4
3
;4
(Rm)

� kr~uk3
M4;4(Rm) (2:15)

Now, applying proposition 2.3 with p = 4
3
, � = 2, and � = 4, we have jrF j 2 M4;4(Rm)

and

krFkM4;4(Rm) � C(kj�~ujjr~ujk
M

4
3
;4
(Rm)

+ kjr~uj3k
M

4
3
;4
(Rm)

) (2:16)

Therefore we have

krFkM4;4(Rm) � C(k�ukM2;4(B1)krukM4;4(B1) + kr~uk3
M4;4(Rm))

� C�0krukM4;4(B1) (2:17)

Now we consider the Hodge decomposition of the 1-form d~u � ~u =
P

m

i=1 ~ui � ~u dxi 2

L4(Rm;�(Rm)). It is well-known (cf. [IM]) that there exist a � 2W 1;4(Rm) and a 2-form

	 2W 1;4(Rm;�2(Rm)) such that

d~u� ~u = d�+ d�	; d	 = 0; in Rm (2:18)

and

kr�kL4(Rm) + kr	kL4(Rm) � Ckr~ukL4(Rm) (2:19)

Taking both sides of the eqn. (2.18) by d�, we have

�2� = �(r � (r~u� ~u)); in Rm

so that

�2� = 2r � (�u�ru� jruj2ru� u); in B1 (2:20)

On the other hand, it follows from the formula of F that

�2F = r � (�~u� ~u)�r � (jr~uj2r~u� ~u); in Rm

Therefore, we have

�2(�� 2F ) = 0; in B1: (2:21)
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Hence, the standard estimate for biharmonic functions implies

kr(�� 2F )kM4;4(B�) � C�kr(�� 2F )kM4;4(B1) (2:22)

This, combined with (2.17), yields

kr�kM4;4(B�) � C(� + �0)krukM4;4(B1) (2:23)

For 	, by taking both sides of the eqn. (2.18) by d, we have

�	 = d~u� d~u; in Rm: (2:24)

Therefore, we have jr	j(x) � CI1(jr~uj2)(x), for x 2 Rm. Applying the proposition 2.3

again, we obtain

kr	kM4;4(Rm) � Ckjr~uj2kM2;4(Rm)

� Ckr~uk2
M4;4(Rm)

� C�0krukM4;4(B1) (2:25)

Putting (2.23) and (2.25) together, we have

kru� ukM4;4(B�) � C(�0 + �)krukM4;4(B1) (2:26)

This, combined with the fact that juj = 1 implies jruj = jru � uj, yields the inequality

(1.2) by choosing both �0 = � and �0 suÆciently small. Therefore the proof of theorem A

is complete.

x3. Proof of theorem B

This section is devoted to the proof of the energy quantization theorem B. The idea

is to control the L2 norm of r2un over the neck region by the interpolation between

the Lorentz space norms L2;1 and L2;1 of r2un, similar to that of [LR] in the context of

harmonic maps and [R] in the context of Yang-Mills equations. Since one can easily extend

the proof of theorem A from an euclidean domain 
 to a Riemannian manifold (M; g), we

�rst have

Lemma 3.1. Under the same assumptions of theorem B. There exists an �0 > 0 such that

if, for Br(x) �M , Z
Br(x)

jr2unj
2
g
+ jrunj

4
g
dvg � �20 (3:1)

then, after taking another subsequences,

un ! u in C4(B r

2
(x); Sk�1)
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Proof. Let �0 > 0 be the same constant as in (1.1). Then, it follows from theorem A and

the higher order regularity theorem 5.1 of [CWY] that we have, for some 0 < �0 < 1,

kunkC4;�0 (B r

2
(x)) � C(�0) (3:2)

Hence, by taking possible subsequences, we may assume that un ! u in C4(B r

2
(x); Sk�1).

Lemma 3.2. Under the same assumptions as theorem A. There exists a set � �M of �nite

many points such that un ! u in W
2;2

loc
\C4

loc
(M n�; Sk�1). Moreover, u 2 C1(M;Sk�1)

is an extrinsic (or intrinsic, respectively) biharmonic map.

Proof. De�ne

� = \r>0fx 2M : lim inf
n

Z
Br(x)

(jr2unj
2
g
+ jrunj

4
g
) dvg � �20g (3:3)

Then, by the Vitali's covering argument, we have

j�j �
1

�20
sup
n

Z
M

jr2unj
2
g
+ jrunj

4
g
= C(�0) <1

For any x0 2M n �, it follows from the de�nition of � that there is a r0 > 0 such that

Z
Br0

(x0)

jr2unj
2
g
+ jrunj

4
g
� �20

Therefore, Lemma 3.1 implies that un ! u in C4(B r0
2
(x0); S

k�1). In particular, un ! u in

C4

loc
\W

2;2

loc
(M n�; Sk�1). Moreover, u 2 C1(M n�; Sk�1)\W 2;2(M;Sk�1) is an extrinsic

(or intrinsic, respectively) biharmonic map, which can be extended to be in C1(M;Sk�1)

by theorem A.

Lemma 3.3. Under the same notations as above. For any x0 2 �, there exist xn ! x0,

rn ! 0, and an extrinsic (or intrinsic, respectively) quasi-biharmonic S4, !0, such that

�un(x) � un(xn + rnx)! �!0 � !0 Æ�
�1

in C4

loc
\W

2;2

loc
(R4; Sk�1)

Proof. Since x0 2 �, there exist xn ! x0 and rn # 0 such that

max
x2Br0

(x0)
f

Z
Brn

(x)

jr2unj
2
g
+ jrunj

4
g
g =

�20
2
=

Z
Brn

(xn)

jr2unj
2
g
+ jrunj

4
g

(3:4)
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De�ne �un(x) = un(xn + rnx) and gn(x) = g(xn + rnx), for x 2 B
r0r

�1
n

. Then, it is easy

to see that �un : (B
r0r

�1
n

; gn) ! Sk�1 are extrinsic (or intrinsic, respectively) biharmonic

maps satisfying

�20
2
=

Z
B1

jr2�unj
2
gn

+ jr�unj
4
gn

�

Z
B1(y)

jr2�unj
2
gn

+ jr�unj
4
gn
; 8y 2 B

r0r
�1
n

(3:5)

Note that gn ! g0 in C
4

loc
(R4), here g0 is the euclidean metric in R4. Therefore, applying

Lemma 3.1, we conclude

k�unkC4;�0 (B1(y)) � C0; 8y 2 R4

Hence we may assume that there exists an extrinsic (or intrinsic, respectively) biharmonic

map �! 2 C1(R4; Sk�1) such that

�un ! �!; in C4

loc \W
2;2

loc
(R4; Sk�1)

Moreover, we have
�20
2
�

Z
R4

jr2�!j2 + jr�!j4 <1

Hence ! = �! Æ� is an extrinsic (or intrinsic, respectively) quasi-biharmonic S4, provided

that we can prove that ! can be extended smoothly over (00; 1) For this, we need

Lemma 3.4. Let ! 2 C1 \W 2;2(R4; Sk�1) be a nontrivial extrinsic (or intrinsic, respec-

tively) biharmonic map. Then �! � ! Æ � 2 C1(S4; Sk�1) is an extrinsic (or intrinsic,

respectively) quasi-biharmonic S4.

Proof. For simplicity, we assume that ! is an extrinsic biharmonic map. Then �! 2

W 2;2(S4; Sk�1) \ C1(S4 n f(00; 1)g; Sk�1) satis�es

��S4(��S4 + 2)�! ? T�!S
k�1 (3:6)

Since, for any �0 > 0, there is a r0 > 0 such thatZ
Br0

(00;1)\S4

jr2
S4 �!j

2 + jrS4 �!j4 � �20

Modifying the proof of theorem A, we have that �! 2 C1(B r0
2
(00; 1) \ S4; Sk�1). This

completes the proof of Lemma 3.4.

By extracting all possible extrinsic (or intrinsic, respectively) quasi-biharmonic S4's,

f!ig
d

i=1, with d � C��20 , we have

lim
n

Z
M

jr2unj
2
g
dvg �

Z
M

jr2uj2 dvg +

dX
i=1

Z
R4

jr2�!ij
2 (3:7)
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where �!i = !i Æ�
�1 for 1 � i � d. By an induction argument similar to that of [DT] in the

context of harmonic maps from surfaces, it suÆces to prove that equality holds for (3.7) in

the case d = 1. Moreover, we may assume that M = B4 and un ! u in C4

loc
\W

2;2

loc
(B4 n

f0g; Sk�1) and there exist rn ! 0 such that un(rn�) ! �!1 in C4 \W
2;2

loc
(R4; Sk�1). We

need to prove

lim
n!1

Z
B
4
Æ
nB

4
Rrn

jrunj
4 + jr2unj

2 = o(Æ; R�1) (3:8)

where limÆ!0;R!1 o(Æ; R�1) = 0. It also follows from the assumption d = 1 that for any

� > 0, there exists R >> 1 such that

Z
B
4
2r
nB4

r

jr2unj
2 + jrunj

4 � �2; 8Rrn � r � Æ (3:9)

This and theorem A then yield

jxjjrunj(x) + jxj2jr2unj(x) � C�; 82Rrn � jxj �
Æ

2
(3:10)

Now we let ~un : R
4 ! Rk be an extension of un, with compact supports, such that

Z
R4

jr2~unj
2 + jr~unj

4 � C

Z
B
4
Æ

jr2unj
2 + jrunj

4 (3:11)

and

jxjjr~unj(x) + jx2jr2~unj(x) � C�; 8x 2 B4
Æ
nB4

Rrn
: (3:12)

By applying the basic facts on Lorentz spaces (cf. [Z]), we have that r2~un 2 L2;1(B4
Æ
n

B4
Rrn

) and

kr2~unkL2;1(B4
Æ
nB

4
Rrn

) � C� (3:13)

Now, we proceed to bound the L2;1-norm of r2un as follows. For simplicity, we consider

only the case that un are intrinsic biharmonic maps so that we have, in B4
Æ
,

�r � (run � un) = 2r � (�un �run � jrunj
2run � un) (3:14)

De�ne

Fn(x) = c4

Z
R4

ln jx� yjr � (�~un � ~un � jr~unj
2r~un � ~un)(y) dy

Then, by the Calderon-Zygmund estimate in Lorentz spaces (cf. [SW]), we have

kr3Fnjk
L

4
3
;1
(R4)

� Ckj�~unjjr~unj+ jr~unj
3k

L
4
3
;1
(R4)

(3:15)
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Using the Sobolev embedding theorem into Lorentz spaces (see, e.g. [T] or [Z]), we have

that r~un 2 L4;2(R4) and

kr~unkL4;2(R4) � kr2~unkL2;2(R4)

Hence, by the multiplication theorem between Lorentz spaces, we have

kj�~unjkr~unk
L

4
3
;1
(R4)

� k�~unkL2;2(R4)kr~unkL4;2(R4)

� kr2~unk
2
L2(R4)

and

kjr~unj
3k

L
4
3
;1
(R4)

� kjr~unj
2kL2;2(R4)kr~unkL4;2(R4)

� kr~unk
2
L4(R4)kr

2~unkL2(R4)

Putting these estimates together, we have

kr3Fnk
L
4
3
;1
(R4)

� Ckr2~unkL2(R4)(kr
2~unkL2(R4) + kr~unk

2
L4(R4)) (3:16)

Using the Sobolev embedding theorem in Lorentz spaces again, we conclude that r2Fn 2

L2;1(R4) and

kr2FnkL2;1(R4) � Ckr3Fnk
L

4
3
;1
(R4)

� C(kr2~unk
2
L2(R4) + kr2~unkL2(R4)kr~unk

2
L4(R4)) (3:17)

Now using the same Hodge decomposition as in the proof of theorem A, we have that there

are �n 2W 1;2(R4) and a two form 	n 2W 1;2(R4;�2(R4)) such that

d~un � ~un = d�n + d�	n; d	n = 0; in R4 (3:18)

Since

�2(�n � 2Fn) = 0; in B4
Æ

we have, by the standard estimate for biharmonic functions,

kr2(�n � 2Fn)kL2;1(B4
Æ

2

) � Ckr2(�n � 2Fn)kL2(B4
Æ
)

� Ckr2~unkL2(B4
Æ
)

For 	n, we have

�	n = d~un � d~un; in R4 (3:19)
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Hence

kr2	nkL2;1(R4) � Ckjr~unj
2kL2;1(R4) � Ckr~unk

2
L4;2(R4)

� Ckr2~unkL2(R4) � Ckr2unkL2(B4
Æ
)

Putting all these estimates together, we obtain

kr(run � un)kL2;1(B4
Æ

2

) � Ckr2unkL2(B4
Æ
) � C

On the other hand, since

jr2unj � jr(run � un)j+ jrunj
2

we have

kr2unkL2;1(B4
Æ
) � kr(run � un)kL2;1(B4

Æ
) + krunk

2
L4;2(B4

Æ
)

� C(kr2unkL2(B4
Æ
) + krunkL4(B4

Æ
)) � C

Therefore, by the duality between L2;1 and L2;1, we have

kr2unk
2
L2(B4

Æ

2

nB
4
Rrn

) � kr2unkL2;1(B4
Æ
)kr

2unkL2;1(B4
Æ
nB

4
Rrn

) � C� (3:20)

Now we apply the Nirenberg interpolation inequality to get

krunk
2
L4(B4

Æ
nB

4
Rrn

) � CkunkL1(B4
Æ

2

)(kjrunj+ jr2unjkL2(B4
Æ

2

nB
4
Rrn

))

� C�+ o(n�1)

Here we have used the fact that

krunkL2(B4
Æ

= krukL2(B4
Æ
) + o(n�1) = o(Æ; n�1)

Therefore, we �nish the proof of theorem B.

x4. Proof of theorem C

In this section, we �rst derive an inequality of monotonicity type for the class of

stationary intrinsic biharmonic maps, which includes smooth intrinsic biharmonic maps.

Then, applying a slightly weaker estimate of the eqn. (2.4) and a variance of the iteration

scheme of x4 [CWY], we show that away from a closed set of (m�4)-dimensional Hausdor�

measure zero the condition (1.1) of theorem A is satis�ed so that the conclusion of theorem

C is true.
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Lemma 4.1. If u 2 W 2;2(
; Sk�1) is a stationary intrinsic biharmonic map. Then, for

any X 2 C1
0 (
; R

m), we have

Z



X(j�uj2) + (r �X)j�uj2 =

Z



4jruj2
mX

ij=1

uiujX
i

j
� jruj4r �X (4:1)

Proof. Denote ut(x) = u(x+ tX(x)). First, observe that

j(�ut)
T j2 = j�utj

2 � jrutj
4

Therefore, the stationarity of u implies

d

dt
jt=0

Z



j�utj
2 =

d

dt
jt=0

Z



jrutj
4 (4:2)

As in Lemma 3.1 of [CWY], we have

d

dt
jt=0

Z



j�utj
2 =

Z



X(j�uj2) + (r �X)j�uj2

For the right hand side of (4.2), we have

d

dt
jt=0

Z



jrutj
4 =

Z



4jruj2
X
ij

uiujX
i

j
� jruj4r �X

Putting these two identities together, we prove (4.1).

Lemma 4.2. Suppose that u 2 W 2;2(
; Sk�1) is a stationary intrinsic biharmonic map.

Then, for any x 2 
 and 0 < r < R < dist(x; @
), it holds

R4�m

Z
BR(x)

j�uj2 � r4�m
Z
Br(x)

j�uj2

� 2

Z
@BR(x)

(�
xiuluil

jxjm�2
+ 2

(xiui)
2

jxjm�1
� 2

jruj2

jxjm�3
)dHm�1

� 2

Z
@Br(x)

(�
xiuluil

jxjm�2
+ 2

(xiui)
2

jxjm�1
� 2

jruj2

jxjm�3
)dHm�1 (4:3)

Proof. For simplicity, we assume that x = 0 2 
. Let X =
P

m

i=1 xi
@

@xi
. First, observe

that by choosing suitable cut-o� functions, (4.1) implies that for a.e. r > 0,

Z
Br

X(j�uj2) +mj�uj2 � r

Z
@Br

j�uj2

=

Z
Br

(4�m)jruj4 + r

Z
@Br

jruj4 � 4r

Z
@Br

jruj2j
@u

@r
j2 (4:4)
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It follows from (4.4) that

rm�3
d

dr
(r4�m

Z
Br

j�uj2) = r

Z
@Br

j�uj2 + (4�m)

Z
Br

j�uj2

=

Z
Br

(X(j�uj2) + 4j�uj2) + (m� 4)

Z
Br

jruj4

� r

Z
@Br

jruj4 + 4r

Z
@Br

jruj2j
@u

@r
j2

Note that the eqn. (2.5) yields that

xiui�
2u = �2xiuir � (jruj2ru); x 2 


Therefore, we can proceed in the same way as that of proposition 3.2 of [CWY] to estimate

Z
Br

(X(j�uj2) + 4j�uj2)

=

Z
Br

(2xi(�u)i(�u) + 4j�uj2)

=

Z
@Br

2xixkuik�u� 2xixkui(�u)k

r

+

Z
Br

(2j�uj2 + 2(�u)kuk � 4xiuir � (jruj2ru))

=

Z
@Br

2xixkuik�u� 2xixkui(�u)k + 2xkuk�u

r

+ 4

Z
Br

(xiui)j jruj
2uj � 4r

Z
@Br

jruj2j
@u

@r
j2

=

Z
@Br

2xixkuik�u� 2xixkui(�u)k + 2xkuk�u

r

+ (4�m)

Z
Br

jruj4 + r

Z
@Br

jruj4 � 4r

Z
@Br

jruj2j
@u

@r
j2

Inserting this identity into the above identity, we obtain

rm�3
d

dr
(r4�m

Z
Br

j�uj2) =

Z
@Br

2xixkuik�u� 2xixkui(�u)k + 2xkuk�u

r

Now we can follow exactly the arguments (3.3){(3.8) of [CWY] to get (4.3).

In order to apply Lemma 4.2 to verify that the condition (1.1) holds for Hm�4 a.e.

x 2 
. We need an estimate, similar to Lemma 4.5 of [CWY], for the eqn. (2.4). More

precisely,
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Lemma 4.3. Let u 2 W 2;2(
; Sk�1) be an intrinsic biharmonic map. Then, for any

0 < � < 1 and Br � 
, we have, for p = 4m
3m�4

> 4
3
and q = 4m

m+4
< 4,

((�r)p�m
Z
B�r

jrujp)
1
p � C�1�

m

p [(r4�m
Z
Br

j�uj2)
1
2 + (r4�m

Z
Br

jruj4)
1
4 ]

� (rq�m
Z
Br

jrujq)
1
q + C�(rp�m

Z
Br

jrujp)
1
p (4:5)

Proof. Since each term of (4.5) is invariant under scalings, it suÆces to prove it for r = 1.

We use the same ideas as in the proof of theorem, but replacing the estimates for Riesz

potentials in Morrey spaces by that in Lp spaces. With the same notations as in theorem

A, we have

(�p�m
Z
B�

jrujp)
1
p � C(�p�m

Z
B�

jr(�� 2F )jp)
1
p

+ C�
1�m

p (

Z
Rm

jrF jp + jr	jp)
1
p

Since �� 2F is biharmonic function in B1, we have

(�p�m
Z
B�

jr(�� 2F )jp)
1
p � C�(

Z
B1

jr(�� 2F )jp)
1
p

� C�(

Z
B1

jrujp)
1
p

Since jrF j � C(I2(j�~ujjr~uj)+ I2(jr~uj3)), jr	j(x) � CI1(jr~uj2)(x), and 1
p
= 1

2
+ 1

q
� 2

m
,

we have

krFkLp(Rm) � C(k�~ukL2(Rm)kr~ukLq(Rm) + kr~uk2
L4(Rm)kr~ukLq(Rm))

� C(k�ukL2(B1)krukLq(B1) + kruk2
L4(B1)

krukLq(B1))

kr	kLp(Rm) � Ckr~ukL4(Rm)kr~ukL2(Rm)

� CkrukL4(B1)krukL2(B1) � CkrukL4(B1)krukLq(B1)

Putting these estimates together, we prove (4.5).

Now we are ready to control the local Morrey norms of ru and r2u near a point, as

in (1.1), where the normalized W 2;2-norm is small. More precisely,

Lemma 4.4. There exist �0 > 0 and �0 2 (0; 1) such that if u 2 W 2;2(
; Sk�1) is a

stationary intrinsic biharmonic map satisfying, for Br � 
,

r4�m
Z
Br

jr2uj2 + r2�m
Z
Br

jruj2 � �20 (4:6)
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then

krukM4;4(B�0r
) + kr2ukM2;4(B�0r

) � C�0 (4:7)

Proof. We �rst observe that, by an interpolation inequality of Nirenberg [N], we have, for

all 2 � q � 4,

(rq�m
Z
Br

jrujq)
1
q � (r4�m

Z
Br

jruj4)
1
4

� Ckuk
1
2

L1(Br)
(r4�m

Z
Br

jr2uj2 + r2�m
Z
Br

jruj2)
1
2

� C�0 (4:8)

Now we can follow exactly the proof of Lemma 4.8 in [CWY], with Lemma 4.5 of [CWY]

replaced by Lemma 4.3 above, to establish (4.7). We omit the detail here.

Proof of theorem C. De�ne

� = fx 2 
 : lim sup
r#0

r2�m(

Z
B(x)

r2jr2uj2 + jruj2) � �20g

where �0 > 0 is the same constant as in (4.6). We �rst observe that (4.8) implies ru 2

L4(
) so that, we have, by the H�older inequality, � � �1, where

�1 = fx 2 
 : lim sup
r#0

r4�m(

Z
B(x)

jr2uj2 + jruj4) � �20g

By Federer-Ziemer (cf. [Z]), we have Hm�4(�1) = 0 so that Hm�4(�) = 0 as well. Now,

for any x0 2 
 n �, there exists a r0 > 0 such that

r2�m0

Z
Br0

(x0)

r20jr
2uj2 + jruj2 < �20

this, combined with Lemma 4.4, implies that there exists a Æ0 2 (0; 1) such that, for any

y 2 B r0
4
(x0),

krukM4;4(BÆ0r0
(y)) + kr2ukM2;4(BÆ0r0

(y)) � C�0 (4:9)

Therefore, theorem A and its iterations imply that there exists a �0 2 (0; 1) such that, for

r1 = Æ0r0 and l � 1,

krukM4;4(B
�
l

0
r1
(y)) � 2�lkrukM4;4(Br1

(y)); 8y 2 B r0
4
(x0) (4:10)

This, combined with the Morrey Lemma, implies u 2 C�0(B r0
4
(x0); S

k�1) for some �0 2

(0; 1). Therefore, 
 n� is open and u 2 C�0(
 n�; Sk�1). Finally, we have, by the higher

order regularity theorem 5.1 of [CWY], u 2 C1(
 n �; Sk�1).
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