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Abstract

We consider the mixed problem,

Au=20 in Q
%:f]v on N
u= fp on D

in a class of Lipschitz graph domains in two dimensions with Lipschitz constant
at most 1. We suppose the Dirichlet data, fp has one derivative in LP(D) of
the boundary and the Neumann data is in LP(NN). We find a pg > 1 so that
for p in an interval (1, pg), we may find a unique solution to the mixed problem
and the gradient of the solution lies in LP.

1 Introduction

The goal of this paper is to study the mixed problem (or Zaremba’s problem) for
Laplace’s equation in certain two-dimensional domains when the Neumann data
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comes from LP and the Dirichlet problem has one derivative in LP. We will con-
sider both L? with respect to arc-length, do and also LP(w do’) where the weight w is
of the form w(zx) = |z|°. By the mized problem for LP(w do), we mean the following
boundary value problem

Au=0 in Q
u= fp on D
% = fN on N (11)

(Vu)* € LP(wdo)

Here, (Vu)* is the non-tangential maximal function of the gradient (see the definition
in (2.1)). The domain €2 will be a Lipschitz graph domain. Thus, Q = {(x1,z2) :
xg > ¢(x1)} where ¢ : R — R is a Lipschitz function with ¢(0) = 0. We will call
such domains standard graph domains. The sets D and N satisfy D U N = 0f) and
DNN = (). Also, we want D to be open, so that it supports Sobolev spaces. Here, we
will generally assume that fp is a function with one derivative in LP(D, w do) and that
fn isin LP(N,wdo). Our goal is to find conditions on the data, the exponent p and
the weight w so that the problem (1.1) has a unique solution. This paper continues
the work of Sykes and Brown [4, 28, 29] to provide a partial answer to problem 3.2.15
from Kenig’s CBMS lecture notes [20]. Our goal is to obtain LP-results in a class of
domains that is not included in the domains studied by Sykes [28].

We recall a few works which study the regularity of the mixed problem. In [1],
Azzam and Kreyszig established that the mixed problem has a solution in C*** in
bounded two-dimensional domains provided that N and D meet at a sufficiently small
angle. Lieberman [22] also gives conditions which imply that the solution is Holder
continuous. In addition, much effort has been devoted to problems in polygonal
domains, see the monograph of Grisvard [16]. Savaré [24] finds solutions in the Besov
space Bg’/fo in smooth domains. This positive result fits quite nicely with the example
below which shows that there is a solution whose gradient just misses having non-
tangential maximal function in L?*(do). It is known that solutions for which the
non-tangential maximal function of the gradient is in L?(do) also belong to the Besov
space B;/QQ (see the article of Fabes [12]).

If we recall the standard tools for studying boundary value problems in Lipschitz
domains, we see that the mixed problem presents an interesting technical challenge.
On the one hand, the starting point for many results on boundary value problems
in Lipschitz domains is the Rellich identity (see Jerison and Kenig [18], for exam-
ple). This remarkable identity provides estimates at the boundary for derivatives
of a harmonic function in L?. On the other hand, simple and well-known examples
show that the mixed problem is not solvable in L?*(do) for smooth domains. Let
us recall an example in the upper half-space, R = {(z1,22) : 2 > 0}. We let
N = {(x1,0), 1 > 0}, D = {(21,0), z; < 0}, and we consider the harmonic function

u(z) = Re (vz — vz +1), z =z + iTs.
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It is easy to see that we have

gz < C(1+1z))™** on N,

d

dg‘ < C(1+]z)** on D,
but

|Vu| > for |z] <1/2.

C
YE
Hence, we do not have (Vu)* € L} (R,do). On the other hand we have (Vu)* €
LV (R,do) forall 1 <p < 2.

We detour around this problem by establishing weighted estimates in L? using
the Rellich identity. This relies on an observation of Luis Escauriaza [11] that a Rel-
lich identity holds when the components of the vector field are, respectively, the real
and imaginary part of a holomorphic function. Then, we imitate the arguments of
Dahlberg and Kenig [10] to establish Hardy-space estimates (with a different weight).
The weights are chosen so that interpolation will give us unweighted L” as an in-
termediate space. The weights we consider will be of the form |z|¢ restricted to the
boundary of a Lipschitz graph domain. Earlier work of Shen [25] gives a different ap-
proach to the study of weighted estimates for the Neumann and regularity problems
when the weight is a power.

In the result below and throughout this paper, we assume that 2 is a standard
Lipschitz graph domain and that

D = {(z1,¢(x1)) : 1 < 0}, N ={(z1,¢(x1)) : 1 > 0}. (1.2)

We will call €2 with N and D as defined above, a standard Lipschitz graph domain
for the mized problem. The Lipschitz constant of the domain is defined to be the
quantity:

M = [|¢'|| L= (w) (1.3)

Our main result is the following.

Theorem 1.1 Let €2 be a standard Lipschitz graph domain for the mixed problem,
with Lipschitz constant M less than 1. There exists pg = po(M) so that for 1 < p < po,
if fv € LP(N,do) and dfp/do € LP(D,do), then the mized problem for LP(do) has a
unique solution. The solution satisfies

(V) || Lo(aoy < Clp, M) (”fNHLP(N,da) + Hdé)

) (1.4)
L?(D,do)



2 Preliminaries

In this section, we prove uniqueness for the weighted LP-Neumann and regularity
problems in a Lipschitz graph domain, see (2.4) and (2.5). The proofs are based on
Rellich-type estimates (Proposition 2.5). Here and in the sequel, we let v denote the
outer unit normal to 92. We recall that a bounded Lipschitz domain is a bounded
domain whose boundary is parameterized by (finitely many) Lipschitz graphs. We
begin our development with an observation that we learned from Luis Escauriaza [11].

Lemma 2.1 (L. Escauriaza) Suppose () is a bounded Lipschitz domain and u and
a = (aq, ) are smooth in a neighborhood of Q with Au = 0 and oy +iag holomorphic.
Then, we have

Ou Ou
VulPa-v—2_-—_——do=0.
/69 Vula-v 9o o 17
Proof. A calculation shows that div(|]Vu|?a — (2« - Vu)Vu) = 0. Thus, the lemma
is an immediate consequence of the divergence theorem. 1

Next, we recall Carleson measures and the fundamental property of these mea-
sures. The applications we have in mind are simple, but the use of Carleson measures
will allow us to appeal to a well-known geometrical argument rather than invent our
own.

Let o be a measure on the boundary of 2. A measure p on €2 is said to be a
Carleson measure with respect to o if there is a constant A so that for each = € 0f)
and each r > 0, we have

u(B,(x) N Q) < Ao(A, ().

Here, we are using B,(x) to denote the ball (or disc) in R? with center x and radius
r and we also use A,.(z) = B.(z) N 0N to denote a ball on the boundary of .
Before we can state the next result, we need a few definitions. For 6, > 0, we

define T'(0) = {re? : r > 0, |0 — m/2| < 6y} to be the sector at 0 with vertical axis
and opening 26y. Then, we put I'(z) = x + T'(0), x € 9Q. If Q is a Lipschitz graph
domain with constant M, then we have that I'(x) defines a non-tangential approach
region provided 6y < 7/2 — tan~(M). We fix such a 6y and if v is a function defined
on (), we define the non-tangential maximal function of v, v* on OS2 by

v*(z) = sup |v(y)|, =€ IN. (2.1)

yel(z)

We also use these sectors to define restrictions to the boundary in the sense of non-
tangential limits. For a function v in €2, we define the restriction of v to the boundary
by

v(x)= lim o(y), x€dN (2.2)

I'(z)dy—z
provided the limit exists. Finally, we recall that a measure o is a doubling measure
if there is a constant C' so that for all » > 0 we have 0(Aq,.(z)) < Co(A,(x)).
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Proposition 2.2 If 7 is a doubling measure on 0 and p is a Carleson measure with
respect to T with constant A, then there exists a constant C' > 0 so that

’/ Ud,u’ < CA/ v drT.
Q a0

This result is well-known. The proof in Stein [26, pp. 58-60] easily generalizes
from Lebesgue measure to doubling measures.

A simple example of a Carleson measure that will be useful to us is the following.
With R > 0 and € > —1, define do,. and dpu. by

c |yl
dO}(l’) = |I| dO'(ZL’), r € 00 ) d,ue(y) = WXBR(O)(y)dyJ y e Qu (23)

where we are using do for arc-length measure on 02 and dy for area measure in the
plane. It is not hard to see that o is a doubling measure on 02 (see Lemma 3.1) and
1 is a Carleson measure with respect to o.

Lemma 2.3 (Rellich Identity) Given ¢ > —1 and a € C, we define a(z) =
(Re(az9),Im(az)). Here, z = x1 + ixe. Let o be as in (2.3). If u is harmonic
in Q and (Vu)* € L*(0.), then we have

9,
/ |Vu|2a-y—2a-Vu—ud0:0.
o0 v

Remark. Here and in the sequel, we let Vu(z) denote the non-tangential limit of Vu
at x € 00, see (2.2). It is well known that, with the assumptions of Lemma 2.3, the
non-tangential limit of Vu exists a.e. = € 0€2, see Dahlberg [9] or Jerison and Kenig
[17].

Proof. We introduce a cut-off function nr where ng(y) = 1 if y € Br(0), nr(y) =0
if |y| > 2R, and |Vng| < C/R. For 7 > 0, we define a translate of u, u,, by
ur(y) = u(y + 7eq), where e = (0,1). Note that w, is smooth in a neighborhood of
Q. Since  is a graph domain and 0 € 99 it follows that az¢ is holomorphic in €.
Thus, we may apply Lemma 2.1 to u, and a. The divergence theorem now yields

ou,
/89 <|VUT|2a v —2a - VuTal/> nrdo = /QVUR . (\VUTPa - (2a - VUT)VUT) dy

= IR.

The hypothesis € > —1 is needed to justify integration by parts with the singular
vector field ov. Now, using the measures defined in (2.3), Proposition 2.2 and the
definition of a we have

IRl <C [ fnla)do,



where fg is given by
frlz) = sup  |[Vu.(y)*
y€el(z),ly|>R
Notice that for each z, limg .o, fr(z) = 0. Hence, our assumption that (Vu)* is in
L?(do.) and the Lebesgue dominated convergence theorem imply that limg .o Iz = 0.
We may now let 7 — 01 and use the dominated convergence theorem again to
obtain the lemma. 1

As a step towards studying the mixed problem in weighted spaces, we consider the
Neumann and regularity problems in two-dimensions. By the Neumann problem for
LP(wdo), we mean the problem of finding a function u which satisfies

Au =10 in Q
g—:j = I, on 0N2 (2.4)
(Vu)* € LP(wdo)

where, in general, we assume that fy is taken from LP(wdo). We also study the
reqularity problem for LP(w do) where we look for a function u which satisfies

Au=0 in
u= fp, on 0N2 (2.5)
(Vu)* € LP(wdo)

where, in general, we assume that dfp/do is in LP(w do).

We will obtain weighted estimates for these problems by applying the Rellich
identity (Lemma 2.3) with a vector field o which satisfies —a-v ~ || for appropriate
€. Here and in the sequel we will use the notation A &~ B to signify: c;A < B < 5 A
for fixed constants 0 < ¢; < ¢ < +00.

Lemma 2.4 Let ) be a Lipschitz graph domain with Lipschitz constant M and set
B = arctan(M) > 0. For |e| < (7 — 20)/(7m + 20) there exist By = [ole, M),
B < By < ©/2, and a compler number a = e such that the vector field a(z) =
(Re(az9),Im(az)) has the following property:

ol < alx) - v(z) < —|al sin(Bo - B),  x € 0.

Proof.  Since = arctan(M ), the outer unit normal v lies in {(cos ¢, sin ) : —7/2 —
B < ¢ < —7m/24 [}. Thus, in order to have a - v < 0 we need «/|a| = (cos,sin 1))
for some ¢ in (3,7 — (). To obtain a strictly negative upper bound for « - v, it
suffices to pick fy (to be determined later) so that § < fy < 7/2 and then require
a/lal = (cos ), sine)) for some ¥ in (G, ™ — [o).

For z = re” in Q, we have —3 < @ < m + 3. In order to construct the vector field
a, given € as in the hypothesis, we let 1)(0) be a linear function with slope € so that
maps the interval [—3, 7 + (] onto [y, m — (o). That is, we let ¥(0) = € + \, where
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le| = (m—206)/(m+203) (we may choose ¥ to have either positive or negative slope).
The latter defines (3.

We now let a(z) = ¢?z¢, or in polar coordinates, a(re?) = r<¢™®. Then the
angle between a and v will lie in the interval (7/2+ Gy — 3,37/2 — (8o — 3)) and we
have

A

—|z|* < a() -v(z) < —|z|"sin(|G| = |6]), =€ 9.

Proposition 2.5 (Weighted Rellich Estimates for (2.4) and (2.5)) LetQ be a
Lipschitz graph domain with Lipschitz constant M and let f = arctan(M). Suppose
that |e] < (m —28)/(7 +28). Then, if u is harmonic in Q and (Vu)* € L*(o.), we
have

dul” 9 O’
/ g d06§/|Vu\ daegC/ e
o0 | Ov a0 a0 | Ov
and ) )
d d
/ au daeg/ |Vu|2d06§0/ A o,
a0 |do o0 a0 |do

where C' = C(e, M).

Proof. We let a be the vector field from Lemma 2.4 and use the Rellich identity
from Lemma 2.3 to obtain

du

/ IVul*a-v —2—a-Vudo = 0.
G) ov

Because we have —a - v(z) =~ |z|¢, standard arguments as in Jerison and Kenig [18]
yield the proposition. 1

An important component in establishing uniqueness is the following local regular-
ity result for solutions with zero data.

Lemma 2.6 Suppose that Au = 0 in €, % =0oru=20 ondQ and (Vu)* €
L, .(0). Then, for every bounded set B C Q, we have Vu € L*(B).

Proof. We consider the case of Neumann boundary conditions. Dirichlet boundary
conditions may be handled by a similar argument.

We first observe that since (Vu)* is in L}, .(do), it follows that Vu is in L'(B) for
any bounded subset of 2, B.

Fix a point zg € 92 and let 1 be a smooth cutoff function which is one on By, ()
and zero outside of By, (). We let N(z,y) be the Neumann function for €2, thus N is
a fundamental solution which satisfies homogeneous Neumann boundary conditions.



Dahlberg and Kenig [10] construct the Neumann function on a graph domain by
reflection. At least formally, we have the representation formula,

W) = [ NGO V) Vi) d (29

on(t)
- A‘lr(xo)N(Z?t)u(t) v

do(t), z €.

We now show how to estimate each term on the right-hand side of this formula.
Since (Vu)*(z) is in L},.(99), it follows that u is bounded on Ay, (7). As we observed
above, we have Vu € L'(Q N By, (z0)), and the Poincaré inequality gives that u is in
LY (2N Bs,.(xg)). We also have that the Neumann function is locally bounded when
z # 1. Hence, the integrands in (2.6) are in L' and it is a routine matter to justify
this formula. Since the map y — N(z,y) is in the Sobolev space W12(B,(zy) N ),
uniformly for z € Bs.(z9) \ Bar(20), the estimates for v and Vu outlined above
together with (2.6) imply that Vu € L?(B,(zg) N Q). 1

Next, we recall a classical fact from harmonic function theory, a Phragmen-
Lindelof theorem. This result is well-known and the proof is omitted, see e.g. Protter
and Weinberger [23, Section 9, Theorem 18]. We will need this theorem to control
the behavior at infinity of solutions in our unbounded domains.

In the next result and below, we will let 2, denote the sector

Q, = {re? :r>0,10-7/2| <}, O0<p<m. (2.7)
With this normalization, €2, is a Lipschitz domain with constant M = |tan(m/2—¢)]|.

Theorem 2.7 (Phragmen-Lindel6f) Let ¢ € (0,7). Suppose v is sub-harmonic
in Qy, v =0 on I, and

v(z) = o(|2|7/*)) as |z — +oo, z€Q,.
Then v < 0.
We now prove uniqueness for the regularity problem for LP(wdo), (2.5).

Lemma 2.8 Let € be a Lipschitz graph domain with Lipschitz constant M. Suppose
that, for p > 1, LY (wdo) C Li,.(do) and that that for all surface balls A, (z) with
r > 1, we have

p=1
(/A ( )w(t)’l/(p’l) dg(t)) < O™/ ifp > 1; (2.8)
' -1
< inf w(t)) < Opm/Em - ifp =1 (2.9)
teAr(x)

where = arctan M > 0. Under these conditions, if u is harmonic in Q, (Vu)* €
LP(wdo) and u =0 on 02, then uw =0 in Q.
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Proof. Since § = arctan M then we have 2 C Qg, with ¢ = 3 + 7/2. Define v by

ul, in
v(z) = { |0 | in Q°.

The function v is sub-harmonic in all of R?* and, moreover, v = 0 on 9€5. We verify
the growth condition in the Phragmen-Lindel6f Theorem 2.7. To do this, suppose
that z € Qg and set r = |z|. By Lemma 2.6 we have that Vu is in L? of each
bounded subset of 2, and the same is true for Vu. Then, by combining the mean-
value property for sub-harmonic functions with the Poincaré inequality, Proposition
2.2 (for the Carleson measure du(y) = xp,(») dy with respect to do, see (2.3)) and
Holder’s inequality, in the case p > 1, we obtain

1
0<wo(z) < 2 B)(Z)U(?J)dy
C
< = [Vu(y)| dy
T JBr(2)
< C Vu)*(t)do(t
< cf  (wrwde)

p—1

1/p >
< o( /A QT(x)(VU)*(t)pw(t)da(t)> ( /A w(@w—l/(p—l)(t)da(t)>

Here, x is the projection of z onto the boundary, i.e. if z = (x1,¢(z1) + t), then
x = (x1,¢(z1)). Thus, under our assumption (2.8) it follows that

0<uv(z) < Cree < 0]2\2%, z € g,

as 0 € 0€23. We may now apply Phragmen-Lindel6f Theorem 2.7 and conclude that
v = 0. The case p = 1 is treated in a similar fashion. 1

Remark. Using Holder’s inequality, we see that

[ las < ([ isopuan) 1“’ (1, o o-nan)

Thus, we have L} (wdo) C L}.(do) provided w=®=V is in L} (do). It is easy to

loc

see that this will hold for the weight w(t) = |¢t|“if e < p — 1.

p—1
p

Finally, we give uniqueness for the weighted Neumann problem for LP(w do), (2.4).

Lemma 2.9 Let Q) be a Lipschitz graph domain with Lipschitz constant M. Suppose
w satisfies the hypotheses of Lemma 2.8. If u is a solution of the Neumann problem
with (Vu)* € LP(wdo), p > 1, and 2% =0 a.e. 9, then u is constant.

Proof. We consider v, the conjugate harmonic function to uw. Since w has normal
derivative zero at the boundary, by the Cauchy-Riemann equations we have that v
is constant on the boundary, and we may assume this constant is 0. Now, (Vov)* €
LP(w do) (since this is the case for u) so that v satisfies the hypotheses of Lemma 2.8
and hence it is zero. But this implies that u is constant. 1
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3 The L>-Neumann and regularity problems with
power weights

In this section we prove existence of solutions for the Neumann problem and the
regularity problem for L?(w do) when the weight is a power of |z|. A different proof
of this result was given by Shen [25] for bounded domains in dimension three and
higher; it is likely that Shen’s argument can be adapted to graph domains in two
dimensions. Here we give a proof based on the Rellich estimates (Proposition 2.5).

Before continuing, we record a few basic facts about the power weights |z|¢ and
their relation to the Muckenhoupt class A,(do). A weight (that is a non-negative
measurable and locally integrable function) w is a member of the class A,(do) if and
only if for all surface balls A C 0f2, we have

—1 p_l
/ wdo ( wr1 da) < C.
A A

The best constant C' in this inequality is called the A,-constant for w. The following
simple lemma tells us that |z|° is in A,(do) if and only if —1 < € < p — 1, see [26,
p. 218].

Lemma 3.1 For e > —1, the boundary measure o. (see (2.3)) satisfies
(A (x)) =~ rmax(|z|,r), = € 9.
The proof is omitted. Next, we establish existence of solutions in sectors, see (2.7).

Proposition 3.2 Let € satisfy 1 — 5 < e <1, and let o be as in (2.3). Then, we
may solve the Neumann problem (2.4) and the regularity problem (2.5) for L?*(do.)

in the sector €y, and we have

[(Vu)* 200,400 < Cllfnllczo0,d00  (for (2.4)),

I(Vu) 200,400 < Cllfollrzoe,de) — (for (2.5)).
Proof. The proof goes along the same lines as the proof of Proposition 4.3, which
deals with the mixed problem in sectors, with the role of Theorem 4.2 being played

by the classical results on the regularity and Neumann problems for the upper half
plane. We omit the argument here in order to save space. 1
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The main result of this section is the following theorem.

Theorem 3.3 Let Q be a Lipschitz graph domain with ||¢'||« =tans, 0 < 8 < 7/2.
Then, for € satisfying |e| < (m —206)/(m + 20) and for o. as in (2.3), we have that
the Neumann problem (2.4) and the regularity problem (2.5) for L*(do.) are uniquely
solvable.

Proof. We apply the method of layer potentials as in Verchota [30]. Note that for
e € (—=1,1), |z|° is an Ay(do) weight (see Lemma 3.1) so that singular integrals
are bounded on L*(02,do.). Applying Lemma 2.4 and Proposition 2.5 leads to the
d
—| do, =~ Y

estimates
/asz ov o |do

which hold for u harmonic in Q with (Vu)* € L?*(o.) and for |¢| < (7 — 20)/(7m +
23). By Proposition 3.2, we can solve the Neumann and regularity problems for
L*(99,, do.), where € is as in the hypothesis and 0 < ¢ < (3 + 7/2)/2 (for which we
have 1 —7/2p < (268 —m)/(m+203) < €). Estimate (3.1) and the method of continuity
(see Brown [4, Lemma 1.16] and Gilbarg and Trudinger [15, Theorem 5.2]) now lead
to the existence of a solution in general graph domains.

Uniqueness follows from Lemma 2.9 (or Lemma 2.8). It is easy to check that
w(x) = |x|¢ for € as in the hypothesis (indeed, € > (26 — 7)/(w + 203)), satisfies the
growth condition needed in these Lemmata. 1

2 2

Ou do. , (3.1)

4 The mixed problem with power weights.

The main result of this section is Theorem 4.6 where we prove existence and unique-
ness for the solutions of the weighted mixed problem in L? on a Lipschitz graph
domain. There will be a restriction on the size of the Lipschitz constant. We first
discuss the unweighted case.

Lemma 4.1 (Rellich Estimates for the unweighted mixed problem) Let() =
{z3 > ¢(x1)}, N, D be a standard domain for the mized problem, see (1.2). Suppose
that ¢, > 6 >0 on N and ¢, < —0 <0 on D.

Then, if u is harmonic in Q and (Vu)* € L*(0S2,do), we have

du\’ ou\’ du\’ o\’
) do+ [ (S2) don [ (55) do [ (50) do 11
/D <do> ot N <8y> ? N (da) ot D <8y> ? (4.1)
Proof. The proof follows from the Rellich identity with vector field o = ey, see Brown
[5, Lemma 1.7]. 1
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Theorem 4.2 Let § > 0 and 2, N, D be a standard Lipschitz graph domain for the
mized problem, see (1.2). Suppose that ¢, > 06 >0 on N and ¢,, < —6 <0 on D.
Then, if gv € L*(N,do) and dgp/do € L*(D,do), there exists a unique solution of
the mized problem (1.1) for L*(do) in Q. Moreover, v satisfies

) dgp
1700 iz < € (122 + Lol (12)

Remark. In particular, we have that the unweighted mixed problem is uniquely
solvable (with estimates for (Vv)*) in all convex sectors €y, 0 < ¢ < 7/2, see (2.7).

Proof. 'This is an extension of the results of Brown [4] to two dimensions and to
Lipschitz graph domains. The first step is to observe that the equivalence (4.1)
quickly leads to uniqueness. For if u is a solution of (1.1) with v = 0 on D and % =0
on N, then (4.1) implies v = 0 on 0f). Lemma 2.8 now yields u = 0 in €.

To prove existence, we find solutions in a sector. This is easy by symmetry and
can be done as in Brown [4, Lemma 1.16]. Then we may use the method of continuity
and again (4.1) to establish solutions in more general Lipschitz graph domains. 1

We now turn our attention to the weighted mixed problem in sectors that are not
necessarily convex. For the boundary of a sector Q, as in (2.7), we write: 9Q, =

D,UN,, with D and N as in (1.2).

Proposition 4.3 Let ¢ € (n/2,7) and suppose that 1 — 35 < €< 1. Let o be as
in (2.8). Then, if fx € L*(N,,do.) and dfp/do € L*(D,,do.), there exists a unique
solution u of the mized problem

Au=0 in Q,
u= fp on D,
_ fy on N, (4.3)

v
(Vu)* € L399, do).

Moreover, u satisfies

/BQJVU)*@)Q do. < C (/ |fn(z ? do. —|—/ 6) (4.4)

Proof. We use a conformal map to reduce the weighted Mixed problem (4.3) to an
unweighted Mixed problem on a convex sector, then we apply Theorem 4.2.
Let s =1 — € with € as in the hypothesis, so that we have

de

0<s<m/2p<1. (4.5)

Define ¢4(z) to be the conformal map
= ¢s(2) = i(=i2)".
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Thus, ¢s maps €2, to s, Dy to Dy, and N, to Ng,. Note that if we let ¢, denote
the complex derivative of ¢, that is

1 (0¢s 1 00
0 s — = - 46
%s(2) 2 (83:1 + 1 8302) (46)
we have
! do = }do (4.7)
06| s .
On account of (4.5) it follows that Theorem 4.2 applies to {2,.
Given fp and fy as in (4.3), we define gp and gy on 0%, as follows:
_ fN 1 . o -1

We verify that gy and gp satisfy the hypotheses of Theorem 4.2. Indeed, it is imme-
diate to see that

1
[ lowldo = [ | fnfdo.. (4.9)
Nscp S N¢
Similarly, we have
dgp | 1 |dfo [
/ &9 a:f/ 4ol . (4.10)
Ny, | do s JN, | do

By Theorem 4.2 the unweighted Mixed problem on {2, has a unique solution v
which satisfies (4.2). We now pull this solution back to €, by defining u = v o ¢,.
Then, u is harmonic in €2, and satisfies:

Ju
v
Moreover, on account of (4.2), (4.9) and (4.10) we have

u= fp on Dy; =fn onN,.

de

(Vo) 2000 < C [ i) dot [ 502 o (11)

Now we consider non-tangential maximal function estimates for Vu. We apply
the Cauchy integral formula to the complex derivative of u (which is analytic in )
and obtain:

2mi Joq, z —( 2mi z—(

It follows

(Va)'(x) = 200)" (@) < (Ko(06, - () 06)) (0), e wed0,, (413
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where K, denotes the Cauchy integral on €),. By the theorem of Coifman, McIntosh
and Meyer [7] on the boundedness of the Cauchy integral we have

[(Ko¥0)* || 200,400 < CllPlL2(50,.do0) - (4.14)

This uses that do. is in Ay(do). Combining these last two inequalities we obtain

1(Vu)*|| 22 00,.d00) < Cll0¢s - (OV) 0 ¢s) || L2050, .d00) = CllOV||120000,.d0),  (4.15)

where the last equality was obtained by performing the change of variables ¢s(¢) = 7,
see also (4.7). This, together with (4.11) yields (4.4).

The argument is reversible, so we may conclude uniqueness in €2, from uniqueness
in . |

Remark. It is well-known that non-tangential maximal function estimates for har-
monic functions behave nicely under conformal mapping, see Kenig [19] and Jerison
and Kenig [17]. The previous Lemma, however, considers the non-tangential maximal
function of the gradient. The estimates in this case appear to be more involved.

We now construct holomorphic vector fields which allow us to use the Rellich
identity of Lemma 2.3 to obtain Rellich estimates for the weighted mixed problem.

Lemma 4.4 Suppose Q = {xs > ¢(x1)}, N, D is a standard Lipschitz graph domain
for the mixed problem, with Lipschitz constant M. Let = arctan M > 0. Assume
g <m/4.

Then, for 26/(m —28) < e < 1 there exist By = Pole, M), B < fo < (m — 20)/2,
and a complex number a = e** such that the vector field a(z) = (Re(az®), Im(az®))
satisfies

—|z| < a(z) - v(z) < —|z|sin(By — F) , reN; (4.16)

|z|¢ > a(x) - v(z) > |z|sin(By — B), x € D. (4.17)

Proof. The proof goes along the same lines as Lemma 2.4. The outer unit normal v
lies in {(cosp,siny) : —7m/2 — < ¢ < —71/2+ [}. On account of (1.2) and (1.3)
we have that N is contained in the sector {z = re? : —3 < 6 < 3}, whereas D is
contained in {z = re? : 7 — 3 < 6 < 7+ B}. Thus, in order to have a- v < 0 on N
we need «/|a| = (cos, sine) for some ¢ € (=27 + 3, —7 — [3), whereas a-v > 0 on
D requires 1) € (—m + 3, —0). To obtain a strictly negative upper bound for a - v on
N and a strictly positive lower bound for a.- v on D, we pick 3y (to be selected later)
so that 8 < By < 7/2 and then, with the same notations as above, require that, for
x=re? € N, (0) lie in [By, ™ — 3] whereas, for z € D, we require that ¢(6) lie in
[+ Bo, 2 — [Bp]. To this end, given € as in the hypothesis, we let let ¢(0) be a linear
function with slope € and choose [y so that ¢y maps the point § to m — 3y and the
point m — 3 to 7 + By. Writing 1(0) = €f + A, we define a(z) = e*2¢, that is

a(re?) = reet®

14



where A\ = m — 76y/(m — 203) and € = 20,/(m — 2(3) (note that the latter defines
(o). This construction, however, grants that « - v has the desired sign only near the
endpoints § = 3 (for N) and § = 7 — 3 (for D). In order to make sure that «-v keeps
the desired sign all the way through the two other endpoints we need to restrict the
range for the selection of (3, to:

B<fo<s—B.

Then the angle between «(z) and v(z) will lie in the intervals (—37/2 + (G —

B),—7/2 — (6o — B)), for x € N, and in (—7/2+ (8o — B),7/2 — (Bo — B)), for
x € D, so that (4.16) and (4.17) hold. 1

Proposition 4.5 (Weighted Rellich estimates for the mixed problem) Let (),
N, D be a standard Lipschitz graph domain for the mized problem (1.1), with Lips-

chitz constant M < 1. Let 3 = arctan M. Then, for o. as in (2.3), for € in the range

28/(m —28) < e <1 and for u harmonic with (Vu)* € L*(o.), we have

ou\’ du\’

a. d € / o d €
/N <01/> et D <d0> ?
Proof. We use the identity of Lemma 2.3 with the vector field constructed in Lemma
4.4 and standard manipulations involving the boundary terms as in Brown [4, Lemma

1.7]. The key point is that since « - v changes sign as we pass from N to D, we can
estimate the full gradient of v on the boundary by the data for the mixed problem. n

/ |Vul?do. < C
o9

Theorem 4.6 Suppose 2, N and D 1is a standard Lipschitz graph domain for the
mized problem, with Lipschitz constant M < 1. Let = arctan(M). Given € which
satisfies

28/(m —20) <e<1,

there is a unique solution u to the L?(o.) mized problem (1.1). Moreover, u satisfies

[ (Vuy (@) do. < ( JRLL

2
d0€+/ |fN\2dae) :
o N
Proof. For € in the given range, Lemma 4.4 and Proposition 4.5 imply that

2 2
/ |Vul|? do. < C (/ do. —i—/ Ou dae) .
o0 D N

v
Combining Proposition 4.3 which gives existence in sectors with the method of con-
tinuity (Brown [4], Gilbarg and Trudinger [15]), we obtain the existence of a solution
to the mixed problem with data in L*(do,).

Next, we consider uniqueness. If u is a solution of the mixed problem with zero
data, then the Rellich estimates (4.1) imply that u is a solution of the regularity and
Neumann problems for L?(do.) with zero data. By the results in Section 2 it follows
that u is zero. 1

du

do
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5 The regularity and Neumann problems in H'(do,).

In this section we assert the existence of solutions for the Neumann problem when the
data is in H'(do.), and for the regularity problem when the data has one derivative
in H'(do,). This follows the work of Dahlberg and Kenig [10]; thus, we shall be brief.
We first recall the definition of the Hardy spaces H'(do.) and H"!(do.).

Let € > —1. We say that a is an H'(do.)-atom for OS2 if a is supported on a
surface ball A,(z), [ado = 0 and ||a||e < 0(As(x))™'. We remark that for € < 0,
LY(do.) C L}, .(do). Thus we define the space H'(do,), for € < 0, to be the collection

loc
of functions that are represented as

ﬂ@—i&%@ (5.1)

where {a;}jen is a sequence of H'(do,)-atoms for 90 and the coefficients {\;} satisfy
3521 [Aj| < co. Note that the sum converges in L'(do.). The H'(do.)-norm is defined
by

£l dory = ELD A1} (5.2)

where the infimum is taken over all possible representations of f. Note that while
H'(do.)-atoms are defined for ¢ > —1, we consider (and need for our application in
Theorem 7.2) the space H'(do.) only for € < 0. This allows us to avoid having to
define spaces of distributions on Lipschitz graph domains. (See Coifman and Weiss
[8] or Stromberg and Torchinsky [27] for a discussion of these spaces.)

Let € < 0. We say that A is an H>!(do,)-atom for 052 if for some zy in 9

Alz) = / at)do(t), w€Q

zo
where @ is an H'(do.)-atom, and [; denotes integration along the portion of the
boundary 99 with endpoints zg and x. Given an H!(do.)-atom a, the integral above
defines A uniquely up to an additive constant. For ¢ < 0, we define the space H'!(do.)
to be sums of the form

F(a) = 3 24,0

where the coefficients satisfy 322, |A;| < co. The norm of F in H"! (oo ), | F|lg1(do.),
is defined to be the infimum of 3252, |\;| over all possible representations of F' as sums
of atoms. If we choose the base point xq for each atom to be zero, then we have that
the sum defining F' converges in the norm given by

sup [z~ | F(x)].
Furthermore, it is easy to see that we have

dF
1 ooy = Wl N cao)-
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By the Neumann problem for H'(do.) we mean the Neumann problem for L!(do,),
see (2.4), where the data fy is now taken from H'(do.). By the regularity problem
for H“!(do.) we mean the regularity problem for L'(do.), see (2.5), where the data
fp is taken from H'“(do.).

For future reference, we also define spaces on subsets of the boundary. A function
fis in HY(N,do.) if and only if f is the restriction to N of a function in H'(do,).
Such functions can be written as sums of atoms that are restrictions to N of H'(do.)-
atoms for 9S2. The space H"!'(D,do.) is defined in a similar fashion. See Chang,
Krantz and Stein [6], Sykes [28], and Sykes and Brown [29] for additional works that
study Hardy spaces on domains.

The main result of this section is the following theorem. We omit the proof since
it is quite similar to the argument for the mixed problem in the following section
(Theorem 7.2).

Theorem 5.1 Let ) be a standard Lipschitz graph domain with Lipschitz constant
M and let eg(M) < € <0 be small. Then the H'(do.)-Neumann and the H"'(do.)-
reqularity problems are uniquely solvable. The solutions satisfy, respectively,

X ou
Jull 1 (do +/ (Vu)*(z)dos < (;‘ gu
oo v H(do/)
ou .
a9, + (vu) (:C) dUG/ S CHuHHl,l(do.el)_
ov Hl(do,/) o0

Remark. We do not assert uniqueness when ¢ > 0. In the rest of this paper, we will
only use the existence of a solution for the H!(do.)-Neumann problem in the case
when ¢ < 0. (In order to fully treat the case € > 0, one needs to give a different
definition of the normal derivative at the boundary. For ¢ > 0 the H'(do.)-boundary
data may not be in L}, .(do) and hence fail to be a function. See Brown [5] and Fabes,
Mendez and Mitrea [13] for a treatment of the Neumann problem with data which is
not locally integrable).

6 The mixed problem with atomic data.

By the mized problem for H'(dos) we mean the mixed problem for L!'(do.), see
(1.1), where the Dirichlet data fp is taken from H“'(D,do.) and the Neumann
data fy is in H'(N,do.). In this section, we consider the mixed problem where the
Neumann data is an H'(N,do.) atom. and the Dirichlet data is zero. Since atoms
lie in L?(do,) for € > —1, by Theorem 4.6 we have existence and uniqueness of the
solution to the mixed problem for L?(do.) with these data. Our first goal is to show
that this solution also has non-tangential maximal function in L'(do.) for € near
zero.

17



Theorem 6.1 Suppose 2, N, D is a standard graph domain for the mized problem
with Lipschitz constant M < 1 and set 3 = tan™* M. Then, there is § = (M) with
1 >0 > 0 so that, for € satisfying ﬁfig) < € < § we may solve the mixed problem
(1.1) for H'(doo) with zero Dirichlet data and with Neumann data an H*(N,dou)-

atom, a. The solution u satisfies the estimate

/a (V) () dow < C(M, ). (6.1)
Q
In addition, we have
ou
HUHHl’l(dO'E/) —+ | 87 S C(M’ 6/). (62)
Va1 (do )

As a step towards the proof of Theorem 6.1, we construct a Green’s function
for the mixed problem using the method of reflections—an old idea that was used by
Dahlberg and Kenig [10] to obtain a similar result for the Neumann and regularity
problems. The estimates for the Green’s function are a consequence of the Holder
regularity of weak solutions of divergence-form equations with bounded measurable
coefficients.

We begin by constructing a bi-Lipschitz map, ® : R*> — R? with ®(Q) = Q
where @ is the first quadrant, @ = {(x1,22) : 1 > 0,29 > 0}. We also require that
O(N) = {(z1,22) : 1 > 0,29 = 0} and ®(D) = {(x1,22) : 1 = 0,29 > 0}. On Q
we now define the operator L = divAV where the coefficient matrix A has bounded
entries (these are first-order derivatives of @), so that u satisfies

Au =0, in Q
e = In, on N
u= fp, on D

if and only if the function v defined by v = u o ®~! satisfies

Lv =0, in Q
AVv-v = fyo® ! on ®(N)
v=fpo®! on ®(D)

Now, we extend the coefficients of L by reflection, so that Lv = 0 if and only if L(vo
R;) = 0 where R, and Rs are the reflections Ry (z1,22) = (—x1,22) and Ro(z1,22) =
(1, —x2). Next, letting G denote the Green’s function for L in @), we set

M(z,w) = G(z,w) — G(z, Ryw) + G(z, Row) — G(z, RiRyw), z,w € Q

and observe that M is a Green’s function for the mixed problem in (). Recall that
we may find a Green’s function for L in ) which satisfies

G(z,w)] < C(1+[loglz —wl]), zweQ,
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see Kenig and Ni [21]. We then observe that if |z — (| = 1 and |( — w| < 1/2, then
|G(2,¢) — G(z,w)| < C|¢ —wl|®, where 0 < § < 1, § = §(M). This is a standard esti-
mate of Holder continuity for solutions of divergence-form elliptic operators. Finally,
by rescaling, we obtain

5
—w ) 1
IQ%O—GQwMSC<£_J>, -l <S¢l (63)
The latter immediately implies the same estimate for M in @), namely
[SCAN - 1
(M(z,() = M(z,w)| < C Z—q if z,(,w € Q and [( —w| < §|Z— ¢l (6.4)

We will need an additional estimate for M(z, () when ¢ € @ is near (D). Since
we have M(z,z) = 0if z € Q and = € ®(D), it follows by continuity that M is
small near ®(D). More precisely, let ( € @ and suppose that Z is a point on ®(D)
for which |z — (] = dist({, ®(D)). For z € ), we have M(z,%) = 0 and (6.4) implies

¢I°
[z =P

(here we have used the fact that 0 € 0Q)). By using the change of variables @, it is
easy to translate back to the original domain €). Since ® is bi-Lipschitz we obtain
estimates (6.4) and (6.5) in 2.

These estimates are a key ingredient in the study of the behavior of the solution
of the mixed problem with atomic Neumann data. More precisely, we have

M(z0)| < C if 2, € Q and dist(C, D) < ;\z —¢, (65)

Lemma 6.2 Assume € > —1. Let u be a solution of the mized problem (1.1) for
L'(do.), where the Neumann data is an H'(N,doo)-atom, a, and the Dirichlet data
1s zero. Then, for any integer k > 1, u satisfies

P o(Dy(a))

S P o (B )

2€Q, |z—x4 > 2.

Here, § > 0 is as in the estimate for the Green’s function for the mized problem (6.3)
and A,(z,) is the surface ball where a is supported.

Proof. 'We consider two cases: 1) A,(x,) C N and 2) A,(z,) N D # 0.
In case 1), we have

u(z) = /N./\/l(z,x)a(x) do(z) = /N(./\/l(z,x) — M(z,x,))a(z)do(z), z€

where the second identity uses the fact that the atom a has mean value zero. Next,
we use the continuity of M from (6.4) to obtain

pé

< ()—
u(z)| < O

/N la|do, for z € Q, |z — 24| > 2"p. (6.6)
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Finally, the normalization of a in the definition of an atom implies that

o(A,(2,))
fylaldr < 2T

This completes the proof in case 1.
In case 2), we do not have [y ado = 0. However, estimate (6.5) yields

4

p
<C—— d
|u(2)|_C|Z—ZL’a‘5/N‘a| g,

and then we use the normalization of a to conclude the proof. 1

Before proceeding, we need a few technical results. In this Lemma and below,
given a point z, € 9, we consider a ball B,(z,) and a boundary ball A,(z,), and
set: Ry = Bow+1,(24) \ Bok,(Ta), R = Bors2,(Ta) \ Bar-1,(24), Ap = Agr,(x,) and
Y = Ags1 \ Ag. With these definitions, we can now state

Lemma 6.3 Let A € R and set a(z) = (Re(e(2)¢), Im(e*(2)¢)). Then, we have
/ lal? dy < C2kp/ lafP do < C2Fpo,(21)
Ry, Sk
provided ep > —1.
Proof. The proof is a computation and we omit the details. 1
We now take a brief detour to discuss solutions of the mixed problem in the energy

sense. Let B be a ball with center in 2. We say that u is an energy solution of the
mixed problem in B,

Au=0 in BN
u=>0 on DNB
Gu—0 on NN B

if u lies in the Sobolev space W'?(B N ), u vanishes on D N B and for every v that
lies in W12(B N Q) and vanishes on (BN Q) \ N we have

Vu-Voudy = 0.
BNQ
Using a Carleson measure argument, see Proposition 2.2, it is not difficult to see that
if u is a solution of the mixed problem in L?(do.) then |Vu|? is integrable on bounded
subsets of €2, provided € < 1. This shows that a solution for the mixed problem in
L?(do,) is, in particular, an energy solution.
In the next lemma, we use 5, f dx to denote the average, 5 f(z) dx := |E|™! [ f(z) dz.
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Lemma 6.4 Let(), D, N be a standard Lipschitz graph domain for the mized problem
with Lipschitz constant M. There is an exponent qo = qo(M) > 2 so that on any ball
B with center in ), if u s an energy solution of

Au =0, in 2B N
u =0, m DN2B
Gu — 0, on NN2B

then, for all 1 < q < qo, we have

1/q
<][ |Vul? dm) < ¢
BNQ r

where r is the radius of B.

Proof. This follows from the Caccioppoli inequality and a reverse Holder inequality
as in Giaquinta [14]. 1

The next estimate gives the decay at infinity of a solution to the mixed problem
with atomic data.

Lemma 6.5 Let), D, N be a standard Lipschitz graph domain for the mized problem
(1.1). Let € > —1 and —1+42/qo < € < 1, where qq is as in Lemma 6.4. If u is a
solution of the mized problem for L*(do.) with zero Dirichlet data and with Neumann
data a oo-atom, a, which is supported in A,(x,), then we have

2
/ Vul? do, < C’Ue(zk) sup  |u|| for all k> 2.
Z (2tp)? Ulji<i R

Proof. With the same notations as in Lemma 6.3, we let 7, > 0 be a smooth cutoff
function which equals one on Ry, is zero outside Ry, and satisfies |Vn| < C/(2%p).
We let a denote a vector field of the form a(z) = (Re(e™z¢), Im(e*z¢)), for some
A € R and for € as in the hypothesis.

We apply the Rellich identity with vector field an; as in Lemma 2.3 to conclude
that for k > 2, we have

C
2do. < o [ VulPlaldy. 6.7
Jo, IVl doc< o [ 19uPlaldy (67)

(This uses the fact that the mixed data of u is zero on the support of n, when k > 2).
Applying Holder’s inequality we obtain

1/p , 1/p'
[ 1vullaldy < ([ (vupras) ([ el dy) (63)
Ry Ry Ry,
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where 1/p+1/p’ = 1 and p is lies in the interval 1/(1—le]) < p < qo/2 (if —142/q <
e <0)or,ife >0,1 <p < qy/2. (These conditions grant that Lemmata 6.4, 6.3
and 3.1 apply in what follows). We now cover R with a (fixed) number of balls By,
(each centered at a point in Q), n = 1,...,m, such that diamBy,,, ~ 2¥p and

R © UL B © Ujji<eRiyj = Ujjj<i Risj -

By Lemma 6.4, for p as above, we have

1p
(f [wuran) < ot 52 [y
k

ljl<1

Moreover, Lemma 6.3 and Lemma 3.1, also for p as above, imply

(/Rk laf” dy) 1/pf < C(2kp)1—%0'6(2k>‘ (6.9)

Combining (6.7) to (6.9), we obtain

[ 1VuPdo, < @it e Y [ ks
Yk R

2kp i<t/ Rets

IN

CUE(ZA:)(T“/J)_[ sup |U|]

€U j<1 Rkt

Lemma 6.6 Let ), N, D be a standard Lipschitz graph domain for the mized prob-
lem. Suppose u is the solution of the mixed problem for L*(do.), see (1.1), with zero
Dirichlet data and with Neumann data an H*(N, dou)-atom, a, supported in a surface
ball Ay(x,). Let € > —1 and —1+2/qy < € < 1 (with qo as in Lemma 6.4). Then,
for all integers k > 5 we have

Co.(Xg)
o (57007 <

where ¢ is as in (6.3).

Proof. By Lemmata 6.2 and 6.5, we have

/Ek Vul?do, < Lae(zk) <(22)5 OE(Ap(Ia))>>2

(2%p)?

. C o —2k§ 1Y 2
= @B (aamp(xa») | (6.10)
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In order to pass from the estimate above for Vu to an estimate for (Vu)* , we use
the Cauchy kernel to represent Ju, the complex derivative of u, see (4.6). To carry
out this argument, we consider a cutoff function 7 that is supported in Borta,(24) \
Bok-3,(7,), equals one on Bakts,(2,) \ Bar—2,(7,) and, furthermore, satisfies: |0 | <
C/2kp. On account of the analyticity of du, the Cauchy-Pompeiu formula, see e.g.
Bell [2], yields

Me(2)0u(z) = Kaq(mou)(z) + 1(z), =z €, (6.11)
where we have set
Kon(mou)(:) = 5 [ —miQoucdc, zee. (612

and d( is used to denote complex line integration. Also, we define

)=~ | —Onely)duly) dy (6.13)

T JRy_2URpi3 2 — Y

and in this expression, dy denotes area measure.

Next, for 2 € ¥ we decompose the sector I'(x) = I'"*(z) U T/ (z) where I'*(z) =
[(z) N Bygr,p(2a), T (2) = T'(2) \ Byar,(xa), and the constant s is chosen so that
I'™(x) C Ujjj<1 Ry for o € By If we let v} (x) denote the supremum of |v| on I',(z)
and similarly for v}, using (6.11) and the theorem of Coifman, McIntosh and Meyer
[7] we obtain

/E k(Vu);‘L(x)QdaE(x) - /E k(@u);(x)Qdae(a:) (6.14)
< Y[ lou@)do.()

lj|<3 " =k +

€Yy ZGU‘]-|S1R]C+J‘

+oc(Z) sup( sup II(Z)I) :

where we have used that supp n, C Ujjj<sRi+;.
We now estimate the term [(z): by the Cauchy-Schwartz inequality we have

C 3
[1(2)] < /)2’“_1</Rk CRus [Vul? dy) , Z2 € U< Reyy -
- +

On account of the vanishing boundary conditions on u and du/0v we may now apply
Caccioppoli inequality and conclude

1
I(z) < 57— sup  |u(y)| forall 2 € Uj<iRiy; andz €.
2P yeuyji<aRies

Using interior estimates, we also obtain

(Vu)i(z) < 50— sup  Ju(z)], =€%.
p ZEQ\B2k_1p

The conclusion now follows from (6.10), (6.14) and Lemma 6.2. 1
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We are ready to prove Theorem 6.1.

Proof of Theorem 6.1. We fix € > 0 such that 28/(m — 2(3) < € < 1 so that, for ¢
as in the hypotheses we have: (¢ —1)/2 < €/. The proof is based on the following
elementary observations: given any ¢ > —1 and € > —1, if a is a oo-atom then a lies
in L?(N, do.); by Theorem 4.6 we may solve the mixed problem (1.1) for L?(do,) with
Neumann data a and zero Dirichlet data (provided § and € are as in the hypothesis).
We let u denote such a solution and show that u satisfies (6.1) and (6.2). We begin by
studying Vu near the support of a. By the Cauchy-Schwarz inequality, together with
the normalization of a and the estimate for the L?(do,)-mixed problem (see Theorem
4.6), we have

1/2
Vu)*(x)dos < / Vu)*(x 2d06> Taer— o (Agr0,(24))
AQIOP(x”)( ) ( ) - ( A21op(xa)( ) ( ) 2 ( 210!’( ))

1/2

IA

Cllallr2(oo 02— (Az10p(2a))
(D p(a)) o0 c(Dgio,(24)) "/
o (Ap(7a)) ’

provided 2¢’ — e > —1, that is ¢ > (¢ — 1)/2 (note that the latter is bounded below
by (48 —7)/2(m —23) > —1). Lemma 3.1 now grants

O'E(Ap(xa))1/2026/_6<A210p<xa))1/2
7o (B, () =C

Next, we consider Vu away from the support of a: we will show that there is n > 0
so that

< C

/E (Vu)*(z) dow < 27, (6.15)

Summing over k will give the estimate for (Vu)*.
We begin with the Cauchy-Schwarz inequality and then use the estimate of Lemma
6.6 (note that we have e > 23/(m —23) > 0 > —1 + 2/qp) to obtain

1/2
/. (VU (@) dov(a) < (/ k(Vu)*(:zc)Qdae(x)> Coer—(S)?
026’—6(Ek)1/206(2k)1/2
= T o (B (2a))2H0)

2—6k: max(|:z:a|, Qkp)E/
max (|24, p)¢

C

where the last inequality follows from Lemma 3.1. Note that we have

A
lral <7
ol 2* ’ ’
max(|za, 2°p) _ 24|/ p, 1< el <k (6.16)
max(\:ca|,p) Qk’ % > Qk‘
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In particular, we have
k
max([ral, 249) _ i

1<
max(|z,/, p)

Thus, letting n := § — max{€’,0} > 0, we obtain (6.15). Summing over k yields
estimate (6.1).

Now we indicate why du/dv lies in H*(99, do). A similar, but simpler, argument
shows that u lies in H"!(9€, do.). We first prove the vanishing moment condition:

/ 9 4 — 0. (6.17)

To this end, we observe that, since [, ado = 0, we may proceed as in the proof of
Lemma 6.5 and inequality (6.15) to obtain

/aQ(Vu)* do < 400. (6.18)

On account of (6.18) we may now apply the divergence theorem to obtain (6.17).
To continue, we follow the arguments of Coifman and Weiss [8]. We begin by writing

ou 0
Il

where by := xa, (5 — fa, 52do) and, for k > 1, b == x5, %% + Xa,_, Fa,_, gedo —
XA, fAkg—:ﬁda. The estimate of Lemma 6.6 and arguments used above imply that

1/2
[ ddoe < ([ b2 dod) o0 < 270
a0 Ap

where again 7 := 0 — max(¢’,0) > 0. The one tricky point in this argument is that
we must use (6.17) to obtain that [y 2%do = — Joora, % do. Thus we have that
27%p,. is normalized in L'(do.). In order to prove that by is in H!(do), one now
proceeds as in Stromberg and Torchinsky [27, Theorem 1, p. 111] to show that the
grand maximal function is in L'(do.) and then find an atomic decomposition. This
argument gives estimate (6.2) for Ou/0v in H'(do); the corresponding estimate for
u is obtained in a similar fashion. 1

7 Existence and uniqueness for 4! and L?

In this section, we give the final arguments to prove our main result, Theorem 1.1
existence and uniqueness for the mixed problem.

In Section 4 we obtained existence and uniqueness for the solution of the L?(do.)-
mixed problem for € in an interval which includes positive values of € and does not
include 0. In this section, we will study solutions which have atomic data and show
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that the non-tangential maximal function for such solutions will lie in L!(do.) for €
small.

Our results are restricted to domains with Lipschitz constant M that is less than 1.
This restriction is inherited from the previous sections (Lemma 4.4). We do not make
an effort to find the largest value of py (nor do we expect that the restriction M < 1is
essential). However, as the example discussed in the introduction indicates, we cannot
expect to always have py > 2, even in the case of smooth domains. Furthermore, in
Brown [4] the mixed problem is solved in L?(do) for certain Lipschitz domains with
arbitrarily large Lipschitz constant; thus, it is more than the Lipschitz constant that
governs the solvability of this problem.

We begin with our uniqueness result.

Lemma 7.1 Let § > 0 be as in Lemma 6.2. Suppose that € and p > 1 satisfy:
-5 <€ <0, 1/p—€/p <. Under these hypotheses, the solution of the mized
problem (1.1) for L*(do.) is unique.

Proof.  Suppose that u solves the mixed problem for L?(do.) with zero data, that is

Au=0 in 2
u=20 on D
%:0 on N (7.1)

(VU)* S Lp(dO'EI)

We will show that u solves the regularity problem (2.5) with zero data and then use
Lemma 2.8 to conclude that © = 0. To see that u vanishes on N C 012, we will show
that there is 7 > 0 such that for any H'(do,)-atom, a, we have

/Nuada:O. (7.2)

This means that is w is constant almost everywhere. In order to prove (7.2), we fix
1 > 0 so that

/

1
0<—/—6—<77<6
p p

(where 1/p + 1/p' = 1) and we let a be a o,-atom supported in a boundary ball
A, (z,). According to (the proof of) Theorem 6.1, the mixed problem in H'(do,)
with Neumann data a and with zero Dirichlet data has a solution v that satisfies

0()| < Clz = 2|, i |2 — 24| 2 2p; (7.3)
moreover, for € as in Theorem 4.6, we have
(Vu)* € L*(do.) N L*(do,). (7.4)

We will need a pointwise estimate for u; to this end, given z in €2, we consider the
path in  from 0 to z given by: 7.(t) = (tz1, ¢(tz1) + t(22 — #(z1))). Recall that ¢ is
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the function whose graph gives 0§2. We define the following Carleson measure with
respect to do:

dp=(y) = Xy, (y) dHal, , y€Q,

where H; denotes 1—dimensional Hausdorff measure. By the Fundamental Theorem
of Calculus, properties of Carleson measures (Proposition 2.2) and Hélder inequality,
we have

lu(z)] < / IVl |dv.|

C (Vu)*do

Ag)((0)

1_é .
2|7 7 [(Vu)™ || Lo (do,) - (7.5)

IA

IN

Note that by a similar argument we may show that u is locally bounded on 0f).

With these estimates collected, we now proceed to the main part of the argument.
Let R be large and let ¢ be a cutoff function which is equal to 1 on Bg(0), zero
outside Byr(0) and such that |Viyr| < C/R. We apply Green’s second identity to
the pointwise products vz and u g and obtain

9, 9,
/m V3 (U@Z - uaz> do = 2/§2¢R(UVU -Vip —uVv - Vibg) dy. (7.6)

Concerning the left-hand side of (7.6), on account of the boundary conditions satisfied
by u and v, we have

ou ov
9 [, Ou OV _ 2
/69 R<U8y uay> do /Nl/JRuada.

Since a is compactly supported and w is locally bounded (see (7.5) and comment
thereafter) we may apply the Lebesgue dominated convergence theorem and conclude

0 0
lim 5 (vu — uv) do = —/ uado . (7.7)
N
Concerning the right-hand side of (7.6), we will show that

lim /Q YroVu- Vigdy = lim /Q bruVv - Vipdy = 0. (7.8)

R—o00

Indeed, if R is large, then from Lemma 6.2, for z in the support of Vi, we have
o(2)] < CR™ (7.9)
and it follows that

/Q YroVu - Vipdy < CR™ /Q V||V dy.
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By Holder inequality we have

[1venliVuldy < R5[ 9y [Vullyl7dy
Q Br(0)

) 1
< Ri_% / |Vu|pXB (0) |y|6 dy ’ .
- Q R

By Carleson Theorem, see (2.3) and Proposition 2.2, the last term in the inequalities
above is bounded by

1€ .
CRP/ PH(VU) ||Lp(do'€/).

We conclude
‘ /Q wR(Uvu.wR)dy‘ < CRV 7 (V) | ooy (7.10)

our hypotheses on 7, ¢ and p imply that the exponent of R is negative, so the first
integral in (7.8) vanishes as R — 0o0. To handle the second integral in (7.8) we apply
(7.5); using the fact the Vi is supported in the annulus R < |z| < 2R we obtain

1€ n
‘[}wRuv¢R'vvdy‘ = CR?i;‘|(vu>*|’LT’(BQ.da€/)R_n/R \Vv||§_1‘)dy.

<|y|<2R

By applying Proposition 2.2 on Carleson measures one more time, we see that the
latter is bounded by

1€
CRY ™5 ’7||(Vu)*||Lp(dge,)/E’Q(Vv)*dan.

It follows that the second integral in (7.8) also vanishes as R tends to infinity. This
completes the proof of (7.8) and of this Lemma. 1

Theorem 7.2 Suppose 2, N, D is a standard graph domain for the mixed problem,
with Lipschitz constant M < 1 and set § = arctan(M). There is 6 = §(M) satisfying
0 <0 <1 so that, for max{—9, ;éf:g)} < € <0 the mized problem (1.1) for L'(do.)
with Dirichlet data in H"'(D, dou) and with Neumann data in H'(N,doy) is uniquely

solvable. The solution u satisfies the following estimates

/BQ(VU)*(x) doos < C(M, e/) (“fNHHl(Nadael) -+ HfDHH1,1(D7dJé)) ; (7.11)
ou ,
lull o,y + |5 < C(M,€) (||fN||H1(N,do€/) + HfDHHl’l(D,dog)) : (7.12)
v Hl(do,)
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Proof. We first observe that we may use the solution of the regularity problem
from Theorem 5.1 to reduce to the case where the Dirichlet data is zero. More
precisely, we consider the (unique) solution v of the regularity problem (2.5) with
data fp € H"'(do.) (here fp denotes an extension of fp to d9). By Theorem 5.1 it
follows that dv/0v € H* (09, do.), and it is easy to see that u is the unique solution
of the mixed problem with data fp and fy if and only if u — v solves the mixed
problem with zero Dirichlet data and with Neumann data gy := fy — dv/0v.

To prove existence we consider any atomic decomposition for gy, namely

z) =Y Naj(z), D |A| < +oo, (7.13)
j=1 j=1
see (5.1) and (5.2). By Theorem 6.1 it follows that for each j the mixed problem:
Ah]’ =0 in
hj =0 on D
14
% = a; on N (7.14)
(Vh ) € LY(do)
has a solution h; that satisfies:
oh
||hj||H1’1(da€/) —+ H < C(M’ e/)‘ (715)
Hl(dUEI)
Thus, the function
h = Z >\jhj
j=1

is a solution of the mixed problem with zero Dirichlet data and with Neumann data

gn, and it satisfies:
H C(M,e’)Z|Aj|_

By Lemma 7.1, h is unique, (i.e. h is independent of the choice of the atomic decom-
position for gN) taking the infimum over all atomic decompositions of gy now yields
(7.11). This proves existence; uniqueness follows from Lemma 7.1. 1

H( do,r)

Next, we recall a few well known results concerning the the complex interpolation
spaces of weighted L? and Hardy spaces, see Bergh and Lofstrom [3, Theorem 5.5.3,
Corollary 5.5.4], Stromberg and Torchinsky [27, Theorem 3, pg. 179]. For weights wy
and wy, and exponents pg, p; we set

1 1-60 0 (-9pp  52g

= +—, wp=w, ° w”, 0<6<1 (7.16)

Do Po b1
We let [A, By denote the complex interpolation space of index 6 as defined in the
monograph of Bergh and Lofstrom [3, Chapt. 4].

29



Theorem 7.3 Suppose wg and wy are weights, then we have
[LY(wo do), L*(wy do)]g = LP? (wp do).
If in addition the weights w; are in Ax(do) for j = 0,1, then we have
[H'(wo do), L*(wy do))g = LP (we do).
Moreover, if a linear operator T is bounded:

T:HYwydo) — L'Y(wydo),
T: L*(wydo) — L*(wido)

with norms My and My respectively, then T is bounded:
LP?(wydo) — LP?(wy do)

with norm M satisfying
M < CM;~M}.

Remark. The constant C' in the estimate for the operator norm is 1 when we consider
Lebesgue spaces. It may not be one for Hardy spaces, see Stromberg and Torchinsky
[27].

We will focus on the case: wqgdo = do, with € < 0 as in Theorem 7.2, and
wy do = do., where € > 0 is as in Theorem 4.6. We are now ready to give the proof
of our main result, Theorem 1.1.

Proof of Theorem 1.1.  We first use a result of Dahlberg and Kenig [10, Theorem 3.8]
to reduce to the case where the Dirichlet data in the mixed problem is zero. (While
Dahlberg and Kenig only discuss n > 3 in their work, one can extend their results to
two dimensions.)

We will use interpolation to establish existence of solutions satisfying the estimate
(1.4). Because the complex method applies to linear operators, we employ a standard
technique to obtain the non-tangential maximal function as a supremum of linear
operators. Fix {y;}jen, a dense subset of the sector I'(0) and let £ = {E;} be
decomposition of Jf2 into disjoint measurable subsets, F;. We define a linear operator:

fv € H'(doo) + L*(do.) — Te(fn)(z ZXE Wu(z +y;), =z €0,

where u is the solution of the H!(do.)-mixed problem (resp. the L?(do,)-mixed prob-
lem) for data fy and fp = 0. Note that for a suitable sequence of decompositions
{&k}, we have

(Vu)*(z) = I}Lngo |Te, fn(z)| ae. z€ 0.
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Now complex interpolation, (see Theorem 7.3) implies that the operator Tg is
bounded on the intermediate spaces with a norm independent of £. Fatou’s lemma
then yields boundedness for the non-tangential maximal function. It is easy to see that

for the spaces L*(do.), (26)/(r—283) < € < 1 and H' (o), max(—d, (e—1)/2) < € <0,
the intermediate spaces include LP(do) for 1 < p < p;(M) where

2(m —20) m1n(5 — 4ﬂ ) + 20

(m —20) m1n(5 i 45 ) +23°

pl(M =

In addition, in Lemma 7.1, uniqueness was established for p in the range: 1 < p <
pa(M), po(M) = 1/(1 — §(M)). Thus, we have existence and uniqueness for p €
(1, po(M)) with po = min(p, (M), pa(M)). '

8 Final remarks

We close by listing a few open questions.

e Can we remove the restriction that the Lipschitz constant of the domain is at
most one?

e Can we obtain similar results in higher dimensions? The obvious problem here
is that our two-dimensional weighted estimates rely on a Rellich identity which
is based on complex function theory.

e Can we study domains where the boundary between D and N is more in-
teresting? For example in R3, let Q = {z : z3 > c(Jz1] + |z2|)} and let
D =00Qn{z : xyzs > 0} and then N = 9Q \ D. Can we solve the mixed
problem for some LP space in this domain?

e Can we extend the solution of the mixed problem to general domains, rather
than only graph domains?
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