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Abstract

We generalize the concept of pattern occurrence in permutations,
words or matrices to pattern occurrence in n-dimensional objects, which
are basically sets of (n+1)-tuples. In the case n = 3, we give a possible
interpretation of such patterns in terms of bipartite graphs. For zero-
box patterns we study wvanishing borders related to bipartite Ramsey
problems in the case of two dimensions. Also, we study the maximal
number of 1’s in binary objects avoiding (in two different senses) a
zero-box pattern.

KEYWORDS: (segmented-)occurrence of a pattern, zero-box pattern,
vanishing border, maximal number of 1’s in binary objects

1 Introduction

In this paper we generalize the concept of pattern occurrence in permuta-
tions, words or matrices [4, 5] to pattern occurrence in n-dimensional objects,
which are essentially sets of (n + 1)-tuples.

It is well-known (e.g., see [4] and references therein) that the consid-
eration of (1-dimensional) patterns has proven to be a useful language in
a variety of seemingly unrelated problems, from the theory of Kazhdan-
Lusztig polynomials, to singularities of Schubert varieties, to Chebyshev
polynomials, to rock polynomials for a rectangular board, to various sorting
algorithms including sorting stacks and sortable permutations. Increasing
the number of dimensions by one, and considering avoidance of certain (2-
dimensional) numbered polyomino patterns [5] also led to some interesting



connections to other combinatorial problems involving hypercubes, spanning
trees, the placing of non-attacking kings on certain boards [3], and Ramsey
numbers for bipartite graphs [5].

A natural question arises: What happens if we further increase the num-
ber of dimensions?

In Section 2, we define the notion of an n-dimensional pattern, which
agrees with the cases n = 1,2. In Section 3, we define a coloring problem
for bipartite graphs which provides some motivation for studying pattern
avoidance in 3-dimensional objects. In Section 4, we examine vanishing
borders of zero-box patterns; this is an extension of the 2-dimensional results
in [5] to the n-dimensional case. Finally, in Section 5, we study the maximal
number of 1’s in binary objects avoiding a zero-box pattern. We find an
explicit formula for the maximal number of 1’s in the case of segmented-
occurrences of a zero-box pattern, and we obtain a tight recursive lower
bound for usual (non-segmented) pattern occurrence.

2 Preliminaries

Note that throughout this paper we use [m] to represent {1,2,...,,m}.
Let n € N and aq,aa,...,a, € N U{oco}. Then the n-dimensional box
bounded by oy, o, ..., a, is the subset of N defined by

Xotasyan = {(x1,22,...,2n) | 1 <z < 0y,1 <@ <n}.

(Note that by 1 < x; < oo we mean that z; € N that is, z; will never
assume the value 00.)

Let A be an ordered alphabet on k letters, say A ={0,1,...,k—1}, and
[ a function from X, a,,....a, into A. By an n-dimensional object we mean
a set of (n + 1)-tuples of the form

{($17$27 s 7$n7f($17$27 s 7$n)) | (17172727 s ,IEn) € Xa1,062,---,06n}'

Notice that 1-dimensional objects are words, whereas 2-dimensional objects
are matrices. We denote an n-dimensional object on the box Xq, a,,...a, by
Qag, a9,...,ap).

An n-dimensional pattern is basically an n-dimensional object with two
exceptions: we include the symbol “#” in our alphabet to allow for the
possibility of “holes” in our patterns and we require that each letter from
the alphabet B = {0,1,2,...,¢ — 1} occurs at least once in the pattern for



some £. More formally, an n-dimensional pattern on the box Xg, 5, . 3.,
denoted p = p(B1, B2, ..., 0n), is a set of (n + 1)-tuples of the form

{(xlaan v axnag(xlaan v axn)) | (xlaxZa v axn) € Xﬂl,ﬂg,...,ﬂn}a

where ¢ is a function from Xpg, g, 3 onto B or BU {#}, depending on
whether or not there are holes in the pattern. For instance, the right angled
pattern {§* considered in [5] is the set {(1,1,0),(1,2,1),(2,1,0),(2,2,#)} in
our terminology. When B = {0} and p does not contain holes, we call p the
B1 X P2 X ... X By zero-box. In keeping with the notation of [5], we denote
the 81 X B2 X ... X 8, zero-box by Og, s,.. 5,

We will be given an n-dimensional pattern p on the alphabet B =
{0,1,...,¢—1} and an n-dimensional object 2 on the alphabet A = {0,1, ...,
k —1}. We wish to know if there is an n-dimensional sub-object, ', of
which reduces to p. To be more precise, we can easily generalize the defini-
tion of pattern occurrence in matrices given in [5]. Let Q = Q(aq, oo, ..., ay)
be an object on the alphabet A and p = p(51,52,...,0m) a pattern on
the alphabet B. Further, let 7" be a subset of [a1] X [a2] X -+ X [ay].
We say that that the pattern p occurs on T in the object Q if there ex-
ists a bijection ¢ : Xpg, 3, .3, — T that satisfies the following condi-
tion: Given any two points z = (z1,2,...,2,) and y = (Y1,%2,.--,Yn)
in X3, 8,...3, with g(z),g(y) # # and their images (z},),...,z,) = ¢(z),
(Y1595, - -+ > Yn) = ¢(y) we have:

z <y = 3 <Y
and

g(iﬁl,(L'Q,...,iEn) <g(ylay25"'ayn) — f(xllaxéaax;,) < f(yllayéaayvlz)

If the pattern p does not occur in €2, we say that Q avoids p.

For a given n-dimensional pattern p and a non-negative integer ¢ we can
define aq, as,...,a,, to be the number of a; X az X -+ X a, n-dimensional
objects on the alphabet {0, 1,...,¢} which avoid p. We can then extend the
notion of vanishing borders defined in [5]. Specifically, the vanishing border
of p, denoted V (p), is defined to be the set of all (a1, aq,...,ay) such that
Qo ,00,yn — 0 but all of Gay—1,02,0y0n s Gag,an—1,..ap s+« * s and Gaq,09,..0n—1
are greater than zero. It was shown in [5] that (2 — 1,2(k — 1) (21;1) +1)is
in the vanishing border of the zero-box O; ; when the alphabet is {0,1}. In
Section 4 we will study vanishing borders in higher dimensions.



3 3-dimensional patterns and bipartite graphs

Let A be an m x n matrix (that is, a 2-dimensional object) Consider the
complete bipartite graph K, ,, with vertex classes corresponding to the row
and column labels of A. We can view A as an edge-coloring of K, , by
assigning the color a; ; to the edge corresponding to the it" row and the j*
column.

For the remainder of this discussion, we assume that the entries of our
objects and patterns are in the alphabet {0,1}. If A is an m X n matrix on
{0, 1}, it corresponds to a 2-edge-coloring of K, ,. Now let O, ,,» be the
m’ xn' zero-box. As discussed in [5], A avoids p if and only if the coloring of
K, corresponding to A does not contain a monochromatic copy of K,/ .

Let A', A% ..., A" be m x n matrices with entries in {0,1}. We can
create a 3-dimensional m X n X h object, 2, by layering these matrices. This
object corresponds to a 2"-edge-coloring of K,, ., that is, the color on edge
(i,7) is given by the binary number af]a?,] Lo az1

Now let Opy s ir be the m’ x n’ x h' zero-box pattern If ' = h and Q
contains Oy, v, then the corresponding edge-coloring of K, , contains a
monochromatic copy of K, ,/. Unlike the two-dimensional case, the con-
verse of the previous statement is false since a monochromatic coloring of
K, v by any of the 2" — 2 colors not consisting of all zeros or all ones does
not result in an occurrence of Oy, s .

If ' < h and € contains p, then the corresponding edge-coloring of K, ,,
contains a copy of K, ;s for which the Hamming distance between any two
colors assigned to K, is at most A~ — h'. On the other hand, suppose
that  avoids p. Consider a 2"-edge-coloring of Ky . For 1 <i <m' and
1<j<n,let ch] f] L. .czl,j denote the color assigned to edge (i,7). We
say that the coloring of K, is inconsistent in position r (1 < r < h) if
there exist 1 < 71,49 < m/ and 1 < jq1, 72 < n' such that i + Chy jpe 1
avoids p, then the corresponding edge-coloring of each K, , is inconsistent
in at least h — b’ 4+ 1 positions.

4 Vanishing Borders of Zero-Box Patterns

Recall that the vanishing border of the pattern p, denoted V' (p), is defined
to be the set of all (a1, a2,...,qy,) such that aq, 4,0, = 0 but all of
Qo —1,a,0ms Gar,as—1,pans - - - » A0d Qo as,...a,—1 are greater than zero. In
this section we study vanishing borders for the zero-box pattern Og, 3, .. 3, .
The results in this section are a direct extension of Proposition 7 in [5].



Theorem 1. Consider the zero-box pattern Og, g, . 3,, and set
5131:2(61_1)4‘1

and

5 =2(8j — 1)jH1 <;:> +1

=1
for 2 <j <mn. Then (z1,%2,...,2,) € V(Og, gy....8,)-

Proof. The proof is by induction on n. The base case was established in
Proposition 7 of [5]. So we may suppose that (z1,z2,...,2p—1) is in the
vanishing border of V(Og, 3,...8, 1)

Now consider the n-dimensional object Q@ = Q(ay,a9,...,q,). We
can view Q as a sequence Uy, Wo,..., U, of a1 X ag X - X ap—1 (n —
1)-dimensional objects, which we call layers of . The zero-box pattern
Og, ,.,....6, occurs in Q if and only if there is a sub-sequence Uy, , Uy, ..., ¥,
and a subset T' of [o] X [ag] X -+ X [a,—1] such that Og, g, .3, , occurs
on T in U; for all ¢ € {i1,42,...,43, }. Therefore, if (y1,y2,...,yy,) is in the
vanishing border for Og, g, . 5,, then y; > z; for 1 <4 < n — 1 by the
induction hypothesis.

Suppose Q = Q(z1,z9,...,2,). By the induction hypothesis, the zero-
box pattern Og, g, . 3,_, occurs in each layer of €. In each layer, Og, g, .. 3,_,

box of zeros or a box of ones. It follows from the Dirichlet Principle that

. —1 . .. .
may occur in [[/_; (zl) different positions. Moreover, it may occur as a
- 12

Os, Bs,...,.8, OcCcurs in €2.

It remains to show that there is an object Q@ = Q(z1,z9,...,2, — 1)
which does not contain an occurrence of Og, 3, ..3,. We need the following
lemma.

Lemma 2. There exists an object Q = Q(x1,x9,...,xy,) that contains ex-
actly one occurrence of Og, g,... 8, -

Proof. Once again, the proof is by induction on n and the base case was es-
tablished in the proof of Proposition 7 in [5]. By the induction hypothesis,
we can construct an (n—1)-dimensional object ¥ = U(x1, 29, ..., T,—1) that
contains exactly one occurrence of Og, g, .3, ,. By permuting [z{], [z2],
..., and [z,,—1] we may position the occurrence of Op, g, 3,_, in any of the
k= Hf;ll (gz) possible positions. Place an order on these positions. Let
U, »; be the (n —1)-dimensional object that contains exactly one occurrence
of O, s,...5,.1 as a box of ¢’s (¢ € {0,1}) in position p;. We can ob-
tain the desired Q by layering each of Wq, , Wo oy, Wo 0 , W1 p s Wy sty



and Uy, exactly 3, — 1 times and adding an additional layer ¥ where ¥
is any (n — 1)-dimensional object that contains exactly one occurrence of

Oﬂlvﬁ?:'--yﬁnfl' D

Since the object Q = Q(x1,z2,..., 2, — 1) obtained by layering each of
Vo1 Yopss--- Yoprs Yips Yips,..., and ¥y, exactly 8, — 1 times does
not contain an occurrence of Og, 3, . 3,, the theorem follows. O

5 Maximal number of 1’s in binary objects avoid-
ing zero-box patterns

Let p be a pattern. We define f(a1, ag, ..., ax;p) to be the maximal number
of 1’s in a binary object of size a1 X g X - - - X o, not containing an occurrence
of p.

Studying f (a1, ag; p) is related to Turan’s theory in extremal graph the-
ory where we have the following question: Given a graph G, what is the
maximum number of edges in an m-vertex graph which does not contain
G as a subgraph? If we restrict our attention to the universe of bipartite
graphs, then we may view the bipartite graphs as matrices (2-dimensional
objects). As was mentioned in [2], the key difference between Turdn’s the-
ory and our question is order; that is, the vertices in our case (the rows and
columns) are ordered. However, in some special cases the restriction on the
order is insignificant.

Another example more closely related to our work is the problem of
determining the maximal number of 1’s in a matrix that avoids a specified
configuration [2]. A configuration, C' = (¢;;) (1 < i < u,1 < j < v),
is a partial matrix with 1’s and blanks (holes) as the entries (rather than
I’s, 0’s and holes as in our case). A binary matrix M = (m;;) has the
configuration C' if there exist u rows 71 < 4o < --- < %, and v columns
J1 < jo < +-- < jp in M such that the corresponding sub-matrix contains
C, i.e. m;,j, = 1 whenever ¢, 3 = 1. For a configuration C, one usually
considers the problem of determining the asymptotics of f(ni,n9;C). If
ny = nmy = n, then the asymptotic behavior of f(n;C) = f(n,n;C) for
several forbidden C’s is determined in [2]. In [7], a conjecture of Fiiredi
and Hajnal was proven which states that f(n,C) grows linearly if C is a
permutation matrix. Intriguingly, the proof of that result settled at once
the well-known conjecture of Stanley-Wilf on the asymptotics of the number
of permutations avoiding a given pattern (e.g., see [4, 6]).

For the sake of simplicity, we assume that the patterns and the objects



under our consideration have no holes. If a pattern p contains both 0’s and
1’s, then the a1 X a2 X -+ X ay object containing only 1’s obviously avoids
p, 80 f(ai,ag,...,ar;p) = a1 - ay - ... a. Thus, we restrict our attention
to zero-box patterns.

It is worth mentioning that determining the maximal number of 1’s in
a binary object which avoids a given zero-box pattern can be formulated as
a 0/1-integer linear programming problem (0/1-IP). Unfortunately, this IP
has a large number of constraints. Specifically, if we set

S={L x1Iy x---x1I, | I; Cloj], |1;| = B}

then f(a1, a0,...,00;08, 8,...8,) is equal to the objective function value of
the following 0/1-IP:

max z = E Lirin..in

(ilai2a~~~;in)EXa1,a2 ..... an

subject to

(i1,i250.yin )ES

Z Tigig.iy <P1- P2 Ppn—1 (2)

(i1,02,...,in)ES
$]1]2]n E {07 ]-} V(jl?jZ? st 7]71) E Xal,CMQ,...,an

Here (1) prohibits the occurrence of Og, g, . 3, as a box of zeros and (2)
prohibits its occurrence as a box of ones. Since this IP contains - asg-...-
ap, variables and 2 [, (gz) equations, we note that it is not practical to
solve even moderate instances of this problem with the integer programming
approach. Hence we seek combinatorial methods for solving this problem.
Let us first consider segmented-occurrence of patterns which is more
structured than the pattern occurrence we have considered thus far. We will
call S C [k] a consecutive subset of [k] if there exist 1 <14 < j < k such that
S={i,i+1,...,5} and T C Xy, qas,..a, & consecutive block of Xo, as....an

if there are consecutive subsets T, Ty, ..., and T}, of [a1], [as], ..., and [ay],
respectively, such that " = T7 X Ty X --- x T;,. We then say that the
object Q@ = Q(ay,a9,...,a,) has a segmented-occurrence of the pattern

p = p(B1,P2,...,0n) if there exists a consecutive block T of X4, as,..an
such that p occurs on T in €. For instance, in the case of matrices and
p = p(p1,B2), a segmented-occurrence of p corresponds to the intersection
of 1 consecutive rows and (o consecutive columns.



For a given pattern p, we define f*(ay,aq9,...,ay,;p) to be the maxi-
mal number of 1’s in a binary object of size a; X as X - -+ X a, avoiding a
segmented-occurrence of p. Observe, that if we formulate a 0-1 IP in the
case of segmented-occurrence of patterns, the number of constraints is sig-
nificantly reduced to 2[;", (; — 5 +1) for the general case of n dimensional
patterns and objects.

Theorem 3. Let Og, g, .5, be a zero-box pattern and oy, ao,..., o, be
integers with a; > B; for all i € [n]. Then

n
fs(a17a27"' 7an;0,31,/62,---7/6n HO@ H \‘IB_J
i

Proof. Partition the object Q = Q(aq, as, . .., @) into the consecutive blocks
B(il,’iQ,... ,'Ln) = {(271,272,... ,In,f(lljl,:ljg,... ,In)) e N | 1 +BJ’LJ < Zj <
1+ B;(i; +1)} where i; € {0,1,..., Lg—jj} for all j € [n]. Clearly, the object
contains []7 ;| ﬁ%J consecutive blocks of size 81 X B2 X -+ X . In order
to avoid an occurrence of Og, 5, . 3,, each of these blocks must contain at

least one zero. Hence f*(au,a9,...,00;08, 8,..8,) < [lie; i — 172y [%J
On the other hand, suppose that for all (z1,z2,...,2,) € Xa; a0,....an

flx1,2a,. ..

0, if z; is a multiple of 5; V j € [n]
,(I,‘n) = .
1, otherwise

In the two-dimensional case we have the object in Figure 5. In this case,
any consecutive block of €2 of size 1 X B2 X --- X 8, contains a zero and,
thus, avoids Op, g,,..3,. Hence, f*(a1,a0,..., 00308, 5,...8,) > [1iq i —

T, %) O

Figure 1: Partition of a matrix into the blocks.



Let us now consider our usual (non-segmented) pattern occurrence. The
crucial difference between segmented- and non-segmented pattern occur-
rence is the existence of vanishing borders (see Section 4). For the zero-box
pattern O = Og, g, .. 5,, We restrict our attention to objects of dimensions
a1 X ag X -+ X ap where aq, a,,...a, > 0.

Theorem 4. Suppose O = Og, 3, .5, 5 a zero-box pattern, and for all
i € [n], oy a0,..,0; > 0. Then, f(ar1;0g,) = p1 — 1, and for n > 2,

fla,az,...,00;0) > ar-aa-. . cop—1-(Bn—1)+(an—Fn+1) f(or, 02, ..., 015 0"),
where OI = Oﬁhﬂ?:"',ﬂnfl'

Proof. The case n =1 is easy to see.

Now consider the case n > 2. As in the proof of Theorem 1, we view
our object (2 as a sequence containing «,, elements where each element is
an ap X ag X -+ X a,_1 layer. Construct an object €2 as follows: fill any
Bn — 1 of these layers with 1’s (this gives a1 - g - ... ap—1 - (B — 1) 1’s)
and fill the other layers in such way that each of them avoids the pattern
O'. The maximum number of ones we can include in these layers is given
by (an, — Bn + 1) f(a1,a9,...,a,1;O"). It is easy to see that the object €2
constructed in this way avoids O, and thus we obtained a lower bound for
the maximum number of 1’s. O

Bz—l GZ_BZ+1

1 ‘_ 1 g

1 AP 0 o putl

Figure 2: A matrix avoiding Og, g, with a large number of 1’s.

Remark 5. The lower bound in the statement of Theorem 4 is tight. For
example, it is not hard to see that we have equality if n = 2, a; = 1, and



oy = fs. So, in general we can not get a better lower bound. However,
for some particular cases, the lower bound can be improved. For instance,
suppose that n = 2, f1 > a1/2 and B2 > ay/2. The following statement
holds in this case: f(aq,ag; Q) is greater than or equal to

ay-ag — (ag — P+ 1)(a1 — f1+ 1) + a1 — B,
if o1 — 1 < ag — B2, and

ay-ay = (az — B+ 1) (g = 1 + 1) + az — fo,

otherwise.

To prove this, we may assume that a; — 51 < ay — B2 (the second case is
similar). Construct a matrix M as shown schematically in Figure 2, where
M(Br — 1,8, —1) =0, M(B1,02) =1, M(By + 1,82 +1) = 1, and so on up
to M(ay, B2+ a1 — B1) = 1; all other elements in the three blocks are 1s and
in the lower-right block are 0’s. It is easy to see that the lower-right block
indicated by a dashed line does not contain an occurrence of Oz as a box
of 1's, and thus M does not contain an occurrence of Og, 3, as a box of 1’s.

Moreover, since 31 > a1/2 and B2 > «a3/2, M does not contain an
occurrence of Op, 3, as a box of 0’s. Hence M avoids Og, g,, and the number
of 1’s in M is as stated.
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