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1 Introduction

Different notions of pattern can be encountered in several domains of combina-
torics.

In algebraic combinatorics, an occurrence of a pattern p in a permutation 7 is
a subsequence of 7 (of the same length as the length of p) whose elements are in
the same relative order as those in p. For example, the permutation 7 = 536241
contains an occurrence of the pattern p = 2431 : indeed the elements of the
subsequence 3641 of m are in the same relative order as those in p. Examples of
results concern permutations avoiding a pattern of length 3 in the symmetric
group Sy, (see [18, 27]).

Motivated by the study of Mahonian statistics, Babson and Steingrimsson
introduced a generalisation where two adjacent elements of the pattern must
also be adjacent in the permutation [4]. In Claeson, 2001 [11] this generalisation
provides interesting results related to set partitions, Dyck paths, Motzkin paths,
or involutions.

In combinatorics on words, an occurrence of a pattern p in a word u is a
factor of u having the same shape as p, i.e., for which there exists a nonerasing
morphism transforming p in this factor. For example the word u = abaabaaabab
contains an occurrence of the pattern p = aafBaaf : indeed the morphism
f(a) = a, f(B) = ba transforms the pattern p in aabaaaba which is a factor
of u. The main question is to determine whether or not a given pattern is
unavoidable, that is if it is possible to construct an infinite word containing no
occurrence of the pattern. The interested reader should refer to Chapter 3 of
Lothaire, 2002 [20].

In Burstein, 1998 [7], and Burstein and Mansour, 2002, 2003 [8, 9, 10] the
authors realised a “mixing” of these two notions. They consider ordered alpha-
bets. Here, an occurrence of a pattern in a word is a factor or a subsequence
having the same shape, and in which the relative order of the letters is the same
as in the pattern. For example, on the alphabet {a,b} with a < b, the word
u = abaaabab contains an occurrence of the pattern 2111 (the factor baaa) but
not of the pattern 1222 (abbb is not a factor of v). However, the word u contains
an occurrence of the pattern with gaps 1#2#2#2 because abbb is a subsequence
of u (here # means that the letters corresponding to 1 and 2 may be not consec-
utive). To avoid confusion with previous notions we call these patterns ordered
patterns (with gaps if there is at least one #, without gaps if there is no #).

In Kitaev, Mansour and Séébold, 2004 [17] we computed the number of oc-
currences of a lot of ordered patterns in the Peano words (words corresponding
to finite approximations of the Peano space filling curve). An interesting prop-
erty of these words is that they are generated by a tag-system, i.e., by applying
two morphisms. A motivation for this choice is the interest in studying classes
of words defined by iterative schemes, in particular with morphisms that are a
fundamental tool of formal languages [2, 20, 24].

In the present paper we start a general study of counting the number of
occurrences of ordered patterns in words generated by morphisms. After some
preliminaries (Section 2), we give in Section 3 some general results (recurrence



formulas) on counting elementary ordered patterns with gaps in words gener-
ated by morphisms, and applications to two well known binary words. Section
4 is dedicated to more precise results (exact formulas) in the case of a particular
family of morphisms, and in Section 5 we give many examples of morphisms be-
longing to this family. Further investigations regarding ordered patterns without
gaps are presented in section 6.

2 Preliminaries

2.1 Definitions and notations

The terminology and notations are mainly those of Lothaire, 2002 [20].

Let A be a finite set called alphabet and A* the free monoid generated by
A. The elements of A are called letters and those of A* are called words. The
empty word € is the neutral element of A* for the concatenation of words (the
concatenation of two words u and v is the word uv), and we denote by AT the
semigroup A* \ {e}.

The length of a word u, denoted by |u/|, is the number of occurrences of letters
in u. In particular |e| = 0. If n is a nonnegative integer, u™ is the word obtained
by concatenating n occurrences of the word u. Of course, |[u™| = n - |u|. The
cases n = 2, n = 3, and n = 4 deserve a particular attention in what follows. A
word u? (resp. u3, ut), with u # ¢, is called a square (resp. a cube, a 4-power).

A word w is called a factor (resp. a prefiz, resp. a suffiz) of w if there exist
words z,y such that u = zwy (resp. u = wy, resp. u = zw). The factor (resp.
the prefix, resp. the suffix) is proper if zy # & (resp. y # e, resp. = # €).
The number of distinct occurrences of w in u is denoted by |u|,. A word w is a
subsequence of the word v if there exist words uq, ..., Uy, v1,..., Uy, Ups1 such
that u = uy - - u, and v = ViuVUL -+ VRUR VP11

An infinite word (or sequence) over A is an application a : IN — A. It is
written a = agay---a;--- ,1 € IN,a; € A.

The notion of factor is extended to infinite words as follows: a (finite) word
u is a factor (resp. prefix) of an infinite word a over A if there exist n € IN
(resp. n =0) and m € IN (m = |u|) such that v = a,, - - - an+m—1 (by convention
Qp -+ Gp—1 = E).

In what follows, we will consider morphisms on A. Let B be an alphabet
(often, B = A).

A morphism on A (in short morphism) is an application f : A* — B* such
that f(uv) = f(u)f(v) for all u,v € A*. It is uniquely determined by its value
on the alphabet A. A morphism f on A is a literal morphism if |f(a)] = 1 for
all a € A.

Now, A = B. A morphism is nonerasing if f(a) # ¢ for all a € A. It is
prolongable on xqg, vg € AT, if there exists u € A" such that f(xzo) = zou. In
this case, for all n € IN the word f"(x) is a proper prefix of the word f"**(zg)
and this defines a unique infinite word

x = wouf(u) f2(u) - f"(u) -



which is the limit of the sequence (f™(xo))n>0. We write x = f“(zo) and say
that x is generated by f.

A (finite or infinite) word u over A is square-free (resp. cube-free, 4-power-
free) if none of its factors is a square (resp. a cube, a 4-power). A morphism f
on A is square-free if the word f(u) is square-free whenever u is a square-free
word. The morphism f is weakly square-free if f generates a square-free infinite
word.

A DOL-system is a triple G = (A, f,u) where A is an alphabet, f a morphism
on A and u € A*. An infinite word x is generated by G if x = (f*)*(u) for some
ke IN.

A tag-systemis a quintuple T' = (A, u, f, g, B) where A and B are alphabets,
u € A", f is a nonerasing morphism on A, prolongable on u, and g is a morphism
from A onto B. An infinite word y is generated by G if y = g((f*)“(u)) for
some k € IN.

Remark that what we call here a tag-system is sometimes called a HDOL-
system. The terminology of tag-system comes from the fundamental study of
Cobham [12]. Chapter 5 of [23] is dedicated to a deep study of DOL-systems.

2.2 Ordered patterns

Let A be a totally ordered alphabet and let R be the ordered alphabet whose
letters are the first n positive integers in the usual order (thus X = {1,2,...,n}).

An ordered pattern is any word! over R U {#} where # ¢ XN. If the pattern
contains at least one # it is an ordered pattern with gaps; otherwise it is an
ordered pattern without gaps?.

A word v over A contains an occurrence of the ordered pattern u (or, equiv-
alently the ordered pattern w occurs in v) if, for some integer n € IN, v =
urFFustt - Hupn (u; € N*)) v = WeVIWI VW2 -+ -+ Wy —1V, Wy, and there exists a
literal morphism f : N* — A* such that f(u;) =v;, 1 <i<mn, and if z,y € N,
x <y = f(z) < f(y). This means that the word v contains an occurrence of the
ordered pattern w if v contains a subsequence v’ which is equal to f(u’) where
u’ is obtained from wu by deleting all the occurrences of #, with the additional
condition that two adjacent letters in v must be adjacent in v. The number of
different occurrences of u as an ordered pattern in v is denoted by |v],.
Ezample. Let A = {a,b,c,d,e, f} witha<b<ec<d<e<f.

The word v = eafdbc contains one occurrence of the ordered pattern 2#31,
namely the subsequence efd (leafdbc|oxs1 = 1). In v, the ordered pattern

n algebraic combinatorics when defining a pattern it is claimed that each letter from the
interval [k] must occur at least once. This requirement is not useful here, what is important is
the relative value of each letter because this gives the order. However it will be often implicite
that these letters (which are only formal representations of the pattern) are taken in the order
from 1.

20ur choice here is to use terminology of combinatorics on words. For example our notion
of pattern without gaps is often refered to as pattern without internal dashes in the literature
about algebraic combinatorics (see, e.g., Kitaev, 2003 [16]). However this terminology does
not seem to be solid since Burstein and Mansour used subword pattern without hyphens [10],
and segmented pattern is also encountered



2#3#1 occurs in three occurrences: efd, ef b, and efc (leafdbc|agsgr = 3);
the ordered pattern 231 does not occur in v (leafdbc|ag1 = 0).

Of course, since # can correspond to anything, the ordered patterns u, #u,
u#, and #u# are equal. In particular, if z is a word over R, we will write (z#)°
or (#x)* to represent the ordered pattern x#a# - - - #x containing [ occurrences
of the word .

3 Ordered patterns with gaps and morphisms

Let k£ be an integer (k > 2) and A the k-letter ordered alphabet A = {a1 <
ag < --- < ak}.

Let f be any morphism on A: for 1 < i <k, f(a;) = a4y, ... ay
(pi = 0 if and only if f(a;) = ¢).

o with p; > 0
3.1 The incidence matrix of f"

Let n be a non-negative integer. The incidence matriz of f™ is the k x k matrix
M(f") = (mn,ij)i<ij<k

where my, ; ; is the number of occurrences of the letter a; in the word f™(a;),
i.e., mp;; =|f"(a;)|a,. For details on the incidence matrix of a morphism see,
e.g., [2], chapter 8, in which is given the following.

Property 1 For everyn € IN, M(f)" = M(f").

3.2 Rises, descents, and repetitions with gaps of f"

In what follows we are interested in some particular forms of ordered patterns.
The rises or descents with gaps (ordered patterns 1#2 or 2#1), the repetitions
with gaps of one letter (ordered patterns (1#)P, p > 1).

3.2.1 Rises and descents with gaps

Let n be a non-negative integer.
The vector of rises with gaps of f™ is the k vector whose i-th entry is the
number of occurrences of the ordered pattern 1#2 in the word f"(a;), i.e.,

RG(f") = (| f"(ai)hg2)1<i<k-

The vector of descents with gaps of f™ is the k vector whose i-th entry is the
number of occurrences of the ordered pattern 2#1 in the word f"(a;), i.e.,

DG(f") = (1" (ai)l2g1 )1<i<k-



Our goal is to obtain recurrence formulas giving the entries of RG(f"*1)
and DG(f"*1). Since f*"*1 = f? o f = f o f", we have two different ways to
compute RG(f"*1) and DG(f"+1).

Let £ be an integer, 1 < ¢ < k. Either | f"*(ag)|142 (resp. | f" " (ar)|241) will
be obtained from the value of f(as) and the entries of RG(f™) (resp. DG(f™))
(see 1. below), or it will be computed from the values of RG(f) (resp. DG(f))
and f™(ay) (see 2. below).

1. From f"t! = f"o f.
Since f(a¢) = ag, - .. ar,,, the number of occurrences of the ordered pattern

1#2 in f** 1 (ap) = f*(f(ar)) = f(ae, - .. ar,,) is obtained by adding two
values:

e the number of occurrences of the ordered pattern 1#2 in each f™(ay,),
1 < i < py. Since the f-th column of the incidence matrix of f
indicates which letters appear in f(a¢) (and how many times), this
number is obtained by multiplying the vector RG(f™) by the ¢-th
column of M(f), i.e., it is equal to Zle [ (ae) 12 - mate ,

e the number of occurrences of the ordered pattern 1#2 in each of
the f"(agae;), 1 < i < j < pg, where the letter corresponding to
1 is in f"(ar,) and the letter corresponding to 2 is in f"(as,). In
what follows we will call such an occurrence of 142 in f"(ay,ar;) an
external occurrence of the ordered pattern 1#2 in f"(ayar,), and
denote it |f™(a,ar,)|{%s-
The value of | f™(ag,ar,)|{%; is obtained by adding, for all the integers
r, 1 <r <k —1, the product of the number of occurrences of the
letter a, in f™(ag,) (|f™(as,)|q,) by the number of occurrences of all
the letters of f"(ay;) greater than a, (|f™(a;)|a,, r+1 < s < k).

. . k—1 k
This gives Y =) (Mnrt; * D gy Minssit;)-
The number of external occurrences of 1#2 in all the f"(ayay;),
ext

1 < < j < pe is thus given by > o, o, [f"(arar,)|{%s =

k—1 k
Zl§i<j§pe ot (Mg, Dy Mings,gy)-

2. From f"*! = fo fm.

Let qo = [f™(ag)| : " (ae) = f(f"(ar)) = f(ap . ..ag;e). Here the num-
ber of occurrences of the ordered pattern 1#2 in f"*!(ay) is obtained by
adding

e the number of occurrences of the ordered pattern 142 in each f(as),
1 < i < g. Since the ¢-th column of the incidence matrix of f”
indicates which letters appear in f™(ay) (and how many times), this
number is obtained by multiplying the vector RG(f) by the ¢-th

column of M (f™), i.e., it is equal to Zle If(ae)lige - Mnte



e the number of external occurrences of the ordered pattern 1#2 in
each of the f(ag;ag;_), 1 < i < j < ge. This number is obtained by
adding, for all the integers r, 1 < r < k—1, the product of the number
of occurrences of the letter a, in f(ap) (|f(ar)|s,.) by the number
of occurrences of all the letters of f(ay;) greater than a, (|f(as;)

- k— k
r 4+ 1 <s < k). This gives Zr:i(ml,né@ Y emri1 mm,e;)'
The number of external occurrences of 1#2 in all the f(agar ), 1 <
. . . k—1
1 < j < qu, is thus given by Zngque |f(ae;aeg.)|fﬁ2 = Zlgi<j§ql(2r:1(mlﬂ’a£2'

k
Es:rJrl mlﬁl} ))

as>

The same reasoning applies for calculating the entries of DG(f"*1), replac-
ing 1#2 by 2#1 and “greater” by “smaller”.

Thus we have the following.

Proposition 1 For each letter ay € A, let p; and g be such that f(ap) =

ag, ...ag,, and f(ae) = ag .. -ag, . Then, for alln € IN,
k—1 k k
P a)hige = Y O e D M) + 1@ g - mae
1<i<j<pe r=1 s=r+1 t=1
(1)
k—1 k k
- Z (Z(ml,r,gg' Z mlﬁae}))_'—z|f(at)|l#2'mn,t,£, (2)
1<i<j<q r=1 s=r+1 t=1

k

r—1 k
M @))lopr = Y O MY mase))+ Y (@) agrmaies (3)
s=1 t=1

1<i<j<p, r=2

k

r—1 k
= Z (Z(ml,na -ZmLs,e;.)) + Z |f(ae)l2g1 - mnte . (4)
s=1 t=1

1<i<j<qe r=2

Of course, the analysis we have done above could be realized to compute more
complex ordered patterns with gaps, as 1#23, 1#2#3, --- The only difficulty
is to adapt the computation of external rises or descents.

3.2.2 Repetitions of one letter

Let n be a non-negative integer and p a positive integer. The wvector of p-
repetitions of one letter of f™ is the k vector whose i-th entry is the number of
occurrences of the ordered pattern (1#)? in the word f"(a;), i.e.,

Rp(f") = (|fn(ai)|(1#)19)1gigk-

The following is obvious.



Proposition 2 For each letter ay € A and for all n € IN,

|f™ (@)l e = i <mn’t’£)- (5)

t=1 p

3.3 Some examples in the binary case

Since equations (1) to (5) are recurrence formulas they are not always suitable
to produce exact formulas giving the entries of RG(f™), DG(f™), and R,(f").
However, in some particular cases we obtained such exact formulas. This is in
particualr the case for the following two classical morphisms on the two-letter
ordered alphabet {a; < as}.

3.3.1 The Thue-Morse morphism

The Thue-Morse morphism p was introduced in 1912 by Thue [28], although it
was hinted at sixty years earlier by Prouhet [22]. It was discovered independently
in 1921 by Morse [21]. This morphism is defined by p(a1) = aras, p(az) = aza.
It generates the famous Thue-Morse sequence t = p“(aq) which has been widely
studied (see, e.g., Lothaire, 1983 [19], or Allouche and Shallit, 2003 [2], and
references therein).

For every positive integers n, the incidence matrix of u™ is

n 2n71 2n71
M(M ): |: 2n—1 2n—1 :|

Thus, from equations (1), (3), and (5) we obtain

" a) gz = "N a)lige = 22070 |t (an) g + [0 (a2) |1,
r an)logr = [t o)l = 22070 4t (an) agn + |17 (a2) o,
M (@)lamyr = "(@)lape = 2-(%,)

Since RG(p) = [ 1 0 ] and DG(u) = [ 0 1 ], we obtain from Proposi-

tion 1 the following well known result.

Corollary 1 For any integer n > 2,

RG(u") = DG(u™) = [ 2278 2273 | and R,(u") = [ 2. (7Y 2. }

p

3.3.2 The Fibonacci morphism

The Fibonacci morphism ¢ is defined by ¢(a1) = ajas, ¢(az) = a1. It generates
the well known Fibonacci sequence £ = ¢“(a1) which has numerous remarkable
properties and is the prototype of a Sturmian word (see, e.g., chapter 2 of
Lothaire, 2002 [20]).

Let (F,)n>—1 be the sequence of Fibonacci numbers: F_; = 0, Fy = 1,
F,=F, 1+ F, 5 for n > 1. The following property of Fibonacci numbers will
be useful below.



Property 2 For every positive integer n,

1 ifn is even,

2
Fo.Fy o =F; |+ { —1 ifn is odd.

An easy computation gives that, for every positive integer n, the incidence
matrix of " is
F F.4
M n — n n .
(@ ) [ P%—l Fh—2}

The vector of rises with gaps of ¢ is RG(¢) = [ 1 0 |. Moreover, from
equation (1), we obtain for n > 1

"a)lige = Mmai1mazo + 9" (a1)1g2 + 9" (a2)|142

= Fp.Foo+[¢"(a1)lige + 9" (a2)142
1 if nis even,
= Fla+le™a)hse + 0" @)lme +9 ] s odd (see Property 2).

1%

The vector of descents with gaps of ¢ is DG(p) = [ 0 0 |. Moreover, from
equation (3), we obtain for n > 1

Ha)legr = M2 mu12 40" (a1)]2g1 + [0 (a2) |21

E7 )+ [ (ar)|agr + @™ (a2)|241-

|l

Now, [ (az)142 = |¢"(a1)l1g2 and |@" " (az)|ag1 = @™ (a1)|241 because
vlaz) = as.

From this we obtain direct formulas to compute, for every n > 0, |¢" 2 (a1)|142
and "2 (a1)|241 from the sequence of Fibonacci numbers.

Corollary 2 For every integer n > 0,

"t a)lopr = 2o FoFrp,

1 ifn is odd,
lp" 2 (a1)ig2 = |2 (a1)lop + Fu + { ;

—1 if n is even.

Proof. Since Fy = 1 and ©?(a1) = ajazay, the result is obviously true if n = 0.

Also, since Fy =1, F; =1, and g03(a1) = ajasaiaias, the result is true for
n=1.

Now suppose the assertions are true for all m < n. We prove they are true
for n.

e We first compute |[¢""2(ay)|2x1.

FY 4 @™ (a1)ag1 + 90" (a1) 24
n—1 n—2
Fg + Zp:() FPF’r%—l—p + Zp:O FPF’r%—Q—p'

"2 (a1)] 241



But SUERFL, ., = YILR AR,

Zz;ll prlFs—l—p'

Thus |¢" 2 (a1)lopr = F2+ FoF2 + Y0 ) (Fp+ Fpo))F2,
= FI+Fi 43,0 P2 )
= F3+F3—1+ZZ:2FPF3—;)
= ZZ:O F,F?_, (because Fy = Fy = 1).

e For |p""2(ay)|142, we remark that if n is even then n — 2 is even, and
n—1,n+1 are odd. And if n is odd then n —2isodd, and n —1,n +1
are even. Consequently,

1 ifn+1iseven (n odd)
n+2 _ 2 n+1 n )
" an)hwe = Fy 1" (a1)lige + [@" (a2) g2 + { —1 ifn+1isodd (n even)
L 1 ) N9 5 1 ifnisc
= Bt o Byt P+ 143 g B o+ Foo _1+{ —1 ifnise

1 if nis odd,
—1 if niseven

1 ifnis odd
— n 2 ’
- ZP—OFpFn—P+F”+{ —1 ifniseven. W

= g0 Bl Faoi+ Foa +

Regarding repetitions of one letter, R,(yp) = [ (;) + (;)

n > 0, the vector R,(p""?) is obtained from equation (5).

(;) } and, for

Corollary 3 For any integer n > 0,

Bye?) = [ (") + () () + () ]

4 A particular family of morphisms

Let k be an integer (k > 2) and A the k-letter ordered alphabet A = {a1 < as <
-+ < ag}. In this section we are interested in morphisms f having the following
particularities:

1. there exists a positive integer m such that |f(a1)|e, =m, 1 <i <k,

2. there exists a positive integer d such that |f(az...ag)|e, =d, 1 <i <k,
3. for every 4,7, 1 <i,j <k, [f(aia;)|{%, = | f(aja:)|{%s-

In this case we are able to give direct formulas to compute |f"*1(a;)|142 and
others from m, d, and n.

Proposition 3 For every positive integer n,
— k d "~ _1lm(d "l ok
P an)lige = m(d+m)" Tt [f (a0 + R @E 5| f(aja,)[52,

+m?(d+m)* 2 Di<i<j<k |f(aiay)|5%, ,

10



n n— k d(d+m)" "1 —1]d(d+m)" " —k ex
f a2 ar)lge = d(d+m)" LS |f (@)1 + B SlddEm) > 1f(ajay) 5%,
+d*(d +m)*" 2 Di<i<i<k | f(aia;)|i%s -

Proof. Let n > 1. As in Proposition 1, let f"(a1) = ay, ...ay, . Equation (2)
gives

k—1 k k
[ a) sz = Xicicicg orm (M1 - 2oy M) + 20020 [f (@) lige - M
k
Zl§i<j§q1 |f(a12a19_)|f;2§2 + 2 i [f(ae)ige - [f"(a1)]a, -

Now, conditions 1. to 3. above imply that the incidence matrix of f" is

rather special. From 1. and 2., |f"(a1)|a, = m(d+m)"~! for each ¢, 1 <t < k.
This implies that 3%, |F(ar) 21 (@1)la, = mld+m)"1 S5, ()10
This also implies that ¢; = km/(d +m)" L.

But, from 3., the computation of 37, <, <pp(am)n—1 [f(a1;a17)[7%,, real-

ized from the word f™(a;) which contains m(d +m)™ ! occurrences of each let-

m(d+m)" ! (d+m)n~1 . (d+m)n~1

ter, can be equivalently realized from the word a; ay' -ay’

Then the first letter a; (i = 1) gives [m(d +m)"~t —1] - | flaran)|§%y +
iy m(d+m) T flara;) |5y
The second letter a; (i = 2) gives [m(d + m)"~ — 2] - |f(a1a1)|iﬁ2 +
iy mld +m) Y flaray)[5%,.

The last but one letter a; (i = m(d +m)"~t —1) gives 1 - |f(a1a1)|§féf2 +
k n— exr
Sy m(d + m) ) ()55

The last letter a; (i = m(d +m)" 1) gives 0- | f(a1a1)[5%y + 2?22 m(d+

m)" | fara;)|§%s-

The first letter az (i = m(d + m)" ! + 1) gives [m(d + m)"~t — 1] -
exr k n— ex

|f(aza2) (53, + 5 _s m(d + m)" 1| f (aza;) 5%,

And so on.
Consequently Zl§i<j§km(d+m)"—1 |f(a1(ia13_)|§ﬁ2

m(d+m)"~1-1 . k ex n— k—1 <k
= S S f(agay)[§5y A mld +m)n T Y md+
m)" " f(aiay)|55,

m(d+m)" ' —1lm(d+m)" k ex n— ex
= Il Amldtm)™ S fagag)§5ytm? (dm) 2 2 Y o 1 (i) [55.

11



n n— k m(d4+m)" ' —1]lm(d+m)" ! k ex
Thus | £ (a1) 12 = m(d+m)" =1 S0 |f(a;)]1ge+ midtml —dm{dtm) > i 1f(ajay)|5%s+
m?(d +m)?" 2 Zl§i<j§k |f(aiaj)|§;f2 .

Now, for [f""1(ay...ax)|142, equation (2) gives

[F anan)lige = o (Cicicjcq, [Flaean) 53 + X0y [ £an)lige - [ (ar)la,)

k k k
= Z€:2 Elgiq‘gqe |f(aE§aE;)|iﬁ2 + Etzl Zzzz |f(at)|1#2 [ f™(ae)la, -

Again from 1. and 2., 2522 lf™(ar)|a, = d(d+m)"~! for each t, 1 <t < k.

. k
In particular, >2y_y 31 i i<y, |f(ag;ag;_)|§;f2 = D 1<i<j<kd(dtm)n—1 |f(ag§a43)|§ﬁ2.

(d+m)"’1ad(d+m)"’1 B (d+m)n~1
9 .

As above, the computation can be realized from the word af . az
This gives 371 <;j<pa(armyn—1 [f(agae )55,
d(d+m)""1-1 . k - k=1 ¢k
= ST T S eyl + d(d +m)n T S S d(d
m)" 1 f(aia;)|i%s

d(d+m)" ' —1]d(d+m)" ! k ex n— ex
= Mo Ndlim)T S8 | fagap) |55, +d2 (d+m)? 2 S ey | (aiag) 55, m

Now the same reasoning can be applied for | f" ™! (a1)|2x1 and [ " (as . .. ak)|2g1,
because of the following obvious property.

Property 3 Let f be a morphism on A. For every non-negative integer n, and
for every integers i, j, 1 < irj < k, | f*(aia;)$%hy = |/ (a5a0)[55-

Thus, using equation (4), we have the following.

Proposition 4 For every positive integer n,

n—1

n=1_1]m m
[ (an)agr = m(d+m) USSR | f(ai)|age 4 lddmT Lm(dim)

+m*(d+m)* 30 o [ f(aiag) 155,

k
Zj:l |f(ajaj)|§;f1

n n— k m n—1__ m n—1 k ex
[f aap) g = d(d+m) U [ f(ai)|ag + SIS f(aa;)]55,
+d?*(d +m)* 2 Por<icj<k [ flaiag)5% -

The previous reasoning can of course be applied if conditions 1. and 2. are
verified for any partition of the alphabet (in Propositions 3 and 4 the partition
is in two sets A = {a1} U {az...ar}). Then we obtain the following general
result.

Theorem 1 Let k be an integer (k > 2), and A the k-letter ordered alphabet
A=Aa; <ag <...<ag}. Let f be a morphism on A fulfilling the following
conditions:

12



o there exist a positive integer p and a set of p positive integers {mq,...,my}
such that A can be partitioned into p subsets A1, ..., Ap with 3, 4, |f(a)]a, =
my, 1 S 1 S k;

o for everyi,j, 1 <i,j <k, |f(aia;)|{%, = |f(aja:)|{%s-

Let M =mq + ...+ my and let u = 1#2 or uw = 2#1. Then, for every positive
integer n and for each Ay, 1 < 0 <p,

n n— k meM™ 1 —1)m,M" "t k ex
ZaGAe |f + (a‘)|u = méM ! Zi:l |f(az)|’u + (me M 21) eM Zj:l |f(aja’]) u K

+m5M2n—2 Zl§i<j§k |fazaz)[g"

5 Examples

5.1 The Thue-Morse morphism

The Thue-Morse morphism (see Section 3.3) is the simplest example of a mor-
phism fulfilling conditions 1. to 3. above. Indeed m = d = 1, and |u(a1a2)|{%, =

larazasar |3, = 1 = |azararaz|73, = [p(azar)|i%y, [n(arar)|§%, = [p(azaz)|§%, =

L. Since |pu(a1)l142 = [pn(az)l2g1 = 1, and |p(ar)lag1 = |p(az)lig2 = 0, we ob-
tain from Propositions 3 and 4 that | (a1)]142 = [T (a1)|2g1 = " (a2) 142 =
| (a2)]241 = 22"~ (see Corollary 1 above).

5.2 The Istrail morphism

In Istrail, 1977 [14] is given the following well known example of a weakly square-
free morphism. The morphism A is defined on the three-letter ordered alphabet
A:{al <a2<a3} by

h(a1) = aiazas, h(az) = a1as, h(as) = as

(remark that h generates a square-free infinite word, h*(a1), but is not a square-
free morphism: h(ajasa;) = ajasazaiasaiazas contains the square azajasar).

The word h“(ay) is closely related to the Thue-Morse word t. Indeed, let B
be the two-letter alphabet B = {a1, a2}, and consider the morphism

0: A* — B*
aq = a
a9 = aias
as = a1a2a2

Then t = §(h¥(a1)).

Here again the morphism A fulfills conditions 1. to 3. with m = d = 1. More-
over |h(a1)]ig2 = [h(a1a1)[§%s = 3, |h(a2) 142 = [h(az2a2)|{%s = 1, |h(as) 142 =
|h(azas)|$%, = 0, and |h(a1az2)|§%s = 2, |h(a1as)|5%, = [h(aza3)|%, = 1. Then,
from Proposition 3, for every integer n > 1, [h" 1 (a1)|142 = |h" T (aza3)|142 =
3.920-1 4 on,

13



From Property 3, the values for 2#1 are the same as for 1#2, except for
|h(ai)|2#1, 1 S ) S 3. Here |h(a1)|2#1 = |h(a2)|2#1 = |h(a3)|2#1 = 0. Thus,
from Proposition 4, for every integer n > 1, [h" 1 (a1)|og1 = |[R" T (a2a3)|2p1 =
3-22n—1 _9on,

5.3 The Prouhet morphisms

In 1851, Prouhet ([22]) gave an algorithm to realize an arithmetic construction.
This algorithm produces intermediate infinite words that are a generalization
of the Thue-Morse word (see above). It was proved in Séébold, 2002 [25] that
these words can be generated by morphisms (see also allouche and Shallit, 2000

[1))-
Let k > 2, and let A be the k-letter ordered alphabet A = {a1 < --- < ax}.
The Prouhet morphism my, is defined on A by

Tk (a;) = a;@iv1 ... agay ... a;—1, 1<i<k.

Ezample. Let k = 6. The morphism 7g is given by

ap = 016203040506
az (20304050601
az +F az3a40a5a6a102
a4y +H Q40506010203
as +F  a50gQ102a304
ag +H> Q102030405

For every k the morphism 7 fulfills the conditions of Theorem 1. Since,
for every i, 1 <i < k, the word 7 (a;) contains exactly one occurrence of each
letter of A, there are a lot of possibilities to choose the partition of A. Here we
choose p =k and A = A1 U...U A, 4; = {a;}, 1 <i < k. This implies that
m; =1, 1 <1i <k and, of course, M = k.

Also, for every 4,7, 1 <i,j <k, |m(aia;)|{%, = |7k (aiay)|55, = k(kgl).

Now it is easy to verify that, due to the particular form of the images of
the letters by 7y, one has for every £, 1 < ¢ <k, |m(ag)|142 = w +
D) and [y (ag)|opr = (€ — D[k — (£ 1).

Thus we obtain the following corollary of Theorem 1.

Corollary 4 For every i, 1 <i <k, and for every positive integer n,

knfl k
[ (@hge = — <kn+2 )+ (e —=1)( ) ,
=1

kn—l k
I (@)l = = <kn+2 )= D (€ =1)( ) :
=1

14



Proof. From Theorem 1 and from what precedes,

n n— k k—(0—1)](k—¢ 0—1)(0— Er o)k <k k(k—
|7Tk+1(ai)|1#2 - k 1,E€:1 ([ ( ;)]( )_|_( 1)2( 2)) _|_( 21) Ej:l (2 1)
n— k(k—1
R Di<j<r<k %

n— 2
T [Zif_l([k(t’;)](ké’) n <e71>2<472>)+ (o) R g [k(k;l)] ]

_ et [E'Ll ([k—(@—;)](k—@) N <e—1>2<e—2>) S (kQUZ—l) n k2<k4—1>2ﬂ .

Since 25:1 ([k—(é—;)](k—é) 4 (2—1)2(15—2)) _ k2(lZ—1) _ %21521 (5—1)2(2—2)’ we

obtain

n e n— 207 207,132 k
mp @)l =kt [Rrt (ORI L LS (- 1) (- 2)]

= B = )+ L (- D - 2)]

The proof is the same for |7} (a;)|241, using Elgzl(é - Dk—-(-1)] -

2
Bl 1sk (o002 g

Ezample (continued).

[me(a1)1g2 = 15, ITe(a1)|ag1 = 0,
|m6(az)ix2 = 10, |Te(az)|ag1 = 5,
Im6(ag)|ige = 7, |T6(as)|ox1 = 8,
|m6(aa)|ig2 = 6, |T6(as)|241 = 9,
Im6(as)|ige = 7, |T6(as)|2x1 = 8,
|me(ae)142 = 10, Im6(a6)log1 = 5
For every i, 1 < i < k, and for every n > 1,
e @l = S (67254 0, (- 1)(0 - 2)

= 6" (45-6™ +10),
et (ai)|agr = 6771 (45-6" — 10).

5.4 The Arshon morphisms

In a paper written in 1937 [3], Arshon gives an algorithm to construct for each
integer n, n > 3, an infinite square-free word over an n-letter alphabet, and in
the case of two letters a cube-free word. It appears now that this construction
is closely connected to the use of Prouhet morphisms. In the case of two letters

15



the Arshon word is the Thue-Morse word and Arshon’s algorithm gives exactly
the Thue-Morse morphism which is a particular case of Prouhet morphism.
The Arshon words were proved to be, in the odd case, an exemple of infinite
words that can be generated by a tag-system but not by a morphism (Berstel,
1980 [5], Currie, 2002 [13], Kitaev, 2003 [15]). In Séébold, 2003 [26] is given
a family of morphisms which generates the even case Arshon words (see also
Currie, 2002 [13], Kitaev, 2003 [15]). These morphisms are the following.

Let k£ be any even positive integer. The morphism [y, is defined, for every r,
1<r<k/2, by

2r—1 =  A2p—1G2r ...Ak—-1Ak01042 . ..02r 30212,
a2y = A2r—1G027—2...02010Ak—1 - . . 274102

(Remark that, agai, though they generate square-free infinite words the mor-
phisms (j are not square-free morphisms.)
Ezample. Let k = 6. The morphism (g is given by

ap = 016203040506
az = (10605040302
az > a3040506010a2
a4 > 430201060504
as +F  a5001020304
ag +H a5a40302010¢

Of course, since it is obtained from 7 in an obvious manner, the morphism
O fulfills the conditions of Theorem 1 for every even k. Since, for every 1,
1 <4 < k, the word fi(a;) contains exactly one occurrence of each letter of A,
there are again a lot of possibilities to choose the partition of A. Here we choose
alsop =k and A = Ay U...U A, A; = {a;}, 1 < i < k. This implies that
m; =1, 1 <1i <k and, of course, M = k.

Also, for every i,j, 1 <i,j <k, |B(aia;)[§%, = |Br(aiay)|5 = 252

Now, again because (i is directly obtained from m, one has for every r,
1<r<i

|6k(a2r71)|1#2 _ [k7(2r72)]2[k7(2r71)] + (2r72)2(2r73)’
Brlazdlgz = (@r—1)[k— 2r 1),
|Br(azr—1)l2s1 = (2r —2)[k — (2r — 2)],
|ﬂk (a2r)|2#1 _ [k—(Qr—;)](k—Qr) + (2r—1)2(2r—2) )

Thus we obtain another corollary of Theorem 1.
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Corollary 5 Let k be any even positive integer. For every i, 1 < i < k, and
for every positive integer n,

n—1

" k
182+ @) g2 = =

(K742 (k= 1) + 2k]

n—1

" k
182 @) =

("2 (k—1) — 2k].

Proof. As for the proof of Corollary 4, we obtain from Theorem 1 and from
what precedes,

205 n+2 (.
1B (ai)iga = k"L {Z?:l |Gk (@) | 140 — EE=L (]Z 1)} + kT [k 4(k 1)} .

2(k—
But 5, [Br(ae)lig2 = Y0 1Bk (azr—1)|1a2 + |k (azr)142] = “ED 4 &,
and the result follows.

. n+1 . k k2 (k—1)
The proof is the same for |3, (a;)|21, using > ,_; |Br(ar)|op1 = —5— —
k
5. 1
2

Ezample (continued).

|Bs(a1)ig2 = 15, |Bs(ar)|2g1 = 0,
|Bs(a2)|iga = 5, |Bs(a2)|2x1 = 10,
|Bs(az)|iga = 7, |Bs(az)|axr = 8,
|Bs(aa)|iga = 9, |Bs(aa)|2x1 = 6,
1Be(as)igz = T, 1Bs(as)|ag1 = 8,
1Bs(ae)lig2 = 5, |Bs(ae)|2¢1 = 10.
For every i, 1 < i < k, and for every n > 1,
85 (@i)lige = T (6772-5+2-6)

= 6"1.(45-6" +3),
186 (@i)|apr = 6771 (45-6" —3).

5.5 Three other examples

To end this list of examples, we give three morphisms that fulfill the conditions
of Theorem 1, but are not linked with the Thue-Morse morphism. Moreover
they are interesting because the first one is an erasing morphism, the second
gives a non trivial partition of the alphabet when applying Theorem 1, and the
third is an example of a ternary square-free morphism fulfilling the conditions..
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1. Let A be the four-letter ordered alphabet A = {a; < a3 < a3 < a4}. Define
the morphism f by

f:A* — A¥
ap > a1a3G204
as +H— £
az F aiaq
a4 > a2as3

The morphism f fulfills the conditions of Theorem 1. Here we choose p = 3,
A=A1UAUA3 with A = {al}, Ay = {ag}, Az = {CL3,G4}, and my =mg =1,
mg = 0, thus M = 2.

One has [f(a1)lig2 = 5, |f(asz)hge = [flas)lig2 = 1, |f(ar)lopr = 1,
|f(as)lz1 = |f(aa)l2g1 = 0, |f(a1a1)[{%, = |f(ara1)I55; = 6, |f(asas)|i%s =
|f(azas)|53 = |f(aaaq)5%y = |f(araq)5y, = 1, |f(aras)|5%, = | f(aras)|5H, =
|f(a1aa)|§%, = f(arad)ls3; = 3, |f(asad)|§¥, = |f(asas)lsy; = 2. All the
values with as are of course 0.

Then we have the following corollary of Theorem 1.

Corollary 6 For every positive integer n,

|fﬂ+1@h)h#2 = |fn+1UB04”1#2 — 3.2n—1.(2n+1%_1%
|fn+1(a1)|2#1 = |fn+l(a3a4)|2#1 = 3. 2n—1 . (2n+1 _ 1)’
|fn+1 (a’2)|1#2 = |fn+1 (a2)|2#1 = 0.

2. Let A be the five-letter ordered alphabet A = {a; < a2 < a3 < a4 < as}.
Define the morphism g by

g:A* — A
a; +F a1a3a5a4a2
as +F> Q4Q203
az = asa
a4 > aias
as >  a20304

The morphism g fulfills the conditions of Theorem 1. Here we choose p = 3,
A=A UAyU Az with A1 = {al}, Ay = {CLQ,CL4}, Az = {ag,a5}, and m; =
me =mg = 1, thus M = 3.

One has [g(a1)lig2 = 6, [g(a2)lig2 = |g9(as)lige = 1, |g(as)lig2 = 0,
l9(as)|142 = 3,

lg(a1)|21 = 4, [g(az)l2g1 = 2, [g(as)|241 = 1, [g(as)l241 = |g(as)|241 =0,

ext ext

lg(ara1)|{%s = 10, |g(azaz2) 5%, = |9(asas)|§%a = 3, [9(azas)|5%, = [9(asaq)|§%, =

18



ext ext

lg(ara2)[5%, = |g(aras)|5%, = 6, |g(a1a3)[7%, = lg(a1a4) |55, = 4, [9(azas)|§%, =

l9(aza)|§%s = lg(azas)|i%s = lg(azas)|§%s = l9(asas)|§3s = 3, |g(asad)|fy, =
1.

To end we recall that, with the second condition of Theorem 1 and property
3, one has for every integers i,j, 1 < i,7 <k, |g(aia;)|{%, = lg(aia;)|5%,;.

Then we have the following corollary of Theorem 1.

Corollary 7 For every positive integer n,
9" (an)lig2 = 19" (aza4) 142 = 9" (azas) g2 = 3" 71 (5-3"F! + 2),
9" (@) 21 = |97 (a2a4) 21 = |9"F (azas)|ogr = 3" 71+ (53" —2).

3. Let A be the three-letter ordered alphabet A = {a < b < c¢}. Define the
morphism h by

h:A* — A*
a +— aba cabcac bab cba cbe
— aba cab cac beca beb abe
¢ +— aba cab cba cbe ach abe

This morphism was given to be square-free by Brandenburg in [6]. It fulfills
the conditions of Theorem 1 with p = 3, A = A; U A U A3 with A; = {a},
As = {b}, A3 = {c}, and m; = mo = m3 = 6, thus M = 18.

One has |h(a)|1#2 = 70, |h(b)|1#2 = |h(c)|1#2 = 66, |h(a)|2#1 = 38,
|h(D)241 = |h(c) |21 = 42.

Moreover, due to the particular form of the morphism A (it is uniform,
ie., |h(a)] = |h(b] = |h(c)|, and for every z,y € A, |h(z)|, = 6), one has
|h(zy)|§%s = |h(xy)|5Y, = 108 for every z,y € A.

Then we have the following corollary of Theorem 1.
Corollary 8 For every x € A and for every positive integer n,
[P (@) 140 = 6- 18" - (9 18" 4 40),

|hn+1 (x)|2#1 — 6 . 187171 . (9 . 18n+1 _ 40)

6 Further investigations

In this paper we studied in details the counting of rises and descents with gaps
in words generated by morphisms. The same study can be done for rises and
descents without gaps. However, if similar results to those of Proposition 1 can
be easily obtained in the case of nonerasing morphisms, the situation is rather
more difficult with erasing morphisms. We hope we will be able to realize soon
a complete study of this notion in a next paper.
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