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ABSTRACT
The Conjugate Gradient (CG) method is widely used to solve a positive
definite linear system Ax = b of order N. In 1963, Meinardus (Numer.
Math., 5 (1963), pp. 14-23.) proved that the relative residual of the kth
approximate solution by CG (with the initial approximation xg = 0) is
bounded above by

—1
2 [A’;+A;’“} with A, = Uihs 1,
N

where k = k(A) = |Al]2]]A7Y|2 is A’s spectral condition number. In the
same paper he also gave an example to achieve this bound for k = N — 1
but without saying anything about all other 1 < k < N — 1. It is possible
to construct examples to attain Meinardus’ bound for any given k, with the
help of his example, but such examples depend on k and, furthermore, it
will be shown that if the kth residual achieve Meinardus’ bound, then the
(k+1)th residual must be exactly zero. Therefore it’d be interesting to know
if there is any example on which the CG relative residuals are comparable to
the bound for all 1 < k < N — 1. There are two contributions in this paper.

1. A closed formula for the CG residuals for all 1 < k < N —1 on Meinar-
dus’ example is obtained, and in particular it implies that Meinardus’
bound is always within a factor of v/2 of the actual residuals;

2. A complete characterization of extreme positive linear systems for
which the kth CG residual achieves Meinardus’ bound is also pre-
sented. As a consequence, there is no positive linear system whose
kth CG residual achieves Meinardus’ bound for all 1 < k£ < N, unless
N =2.

!This report is available on the web at http://www.ms.uky.edu/~math/MAreport/.
2Department of Mathematics, University of Kentucky, Lexington, KY 40506 (rcli@ms.uky.edu.) This work
was supported in part by the National Science Foundation CAREER, award under Grant No. CCR~9875201.
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Abstract

The Conjugate Gradient (CG) method is widely used to solve a positive definite linear
system Ax = b of order N. In 1963, Meinardus (Numer. Math., 5 (1963), pp. 14-23.)
proved that the relative residual of the kth approximate solution by CG (with the initial
approximation xg = 0) is bounded above by
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where k = r(A) = ||A]|2]|A71||2 is A’s spectral condition number. In the same paper he
also gave an example to achieve this bound for £k = N — 1 but without saying anything
about all other 1 < k < N — 1. It is possible to construct examples to attain Meinardus’
bound for any given k, with the help of his example, but such examples depend on k and,
furthermore, it will be shown that if the kth residual achieve Meinardus’ bound, then the
(k + 1)th residual must be exactly zero. Therefore it’d be interesting to know if there
is any example on which the CG relative residuals are comparable to the bound for all
1 <k < N — 1. There are two contributions in this paper.

1. A closed formula for the CG residuals for all 1 < k < N — 1 on Meinardus’ example
is obtained, and in particular it implies that Meinardus’ bound is always within a
factor of v/2 of the actual residuals;

2. A complete characterization of extreme positive linear systems for which the kth
CG residual achieves Meinardus’ bound is also presented. As a consequence, there
is no positive linear system whose kth CG residual achieves Meinardus’ bound for
all 1 <k < N, unless N = 2.

1 Introduction

The Conjugate Gradient (CG) method is widely used to solve a positive definite linear system
Az = b (often with certain preconditioning). The basic idea is to seek approximate solutions
from the so-called Krylov subspaces. While different implementation may render different
numerical behavior, mathematically! the kth approximate solution z; by CG is the optimal

*Department of Mathematics, University of Kentucky, Lexington, KY 40506 (rcli@ms.uky.edu.) Sup-
ported in part by the National Science Foundation CAREER award under Grant No. CCR-9875201.

Without loss of generality, we assume that A is already pre-conditioned and the initial approximation
o = 0.



one in the sense that [2]
Irell s = min 16— Aal| 4, (11)
e

where 1, = b — Axy, K = Ki(A,b) is the kth Krylov subspace of A on b defined as

Kr, = Ki(A,b) < span{b, Ab, ..., A¥ b}, (1.2)
and A~ !-vector norm ||z|| 41 L /2* A1z, Here the superscript “*” takes conjugate trans-
pose. In practice, zy, is computed recursively from zj_; via short term recurrences [2, 3, 5, 12].
But exactly how it is computed, though extremely crucial in practice, is not important to
our analysis here in this paper.

CG always converges for positive definite A. In fact, we have the following error bound
due to Meinardus [11] (see also [2, 5, 12]):

_ b— Az 4- -t
Irilas _ o b= Azfla Ak Azt (1.3)
[rolla-t =€k |lrolla—

where k = r(A) = ||A||2]|A71]|2 is the spectral condition number, generic notation || - ||z is

for either the spectral norm (the largest singular value) of a matrix or the euclidian length
of a vector, and
def VE+1
CVE-T
that will be used frequently later for different ¢{. But how sharp is this bound of Meinardus’?
In the same paper [11], Meinardus devised an N x N positive definite linear system Ax = b
for which it was proved that

fort >0 (1.4)

ran_ _ -1

but without saying anything about all other 1 < k < N — 1. This example of Meinardus’ (see
Remark 2.1 below), can be easily modified to give examples which achieve Meinardus’ bound
for any 1 <k < N — 1. This in a sense shows that Meinardus’ bound is sharp and cannot be
improved in general. But examples, i.e., A and b, constructed as such depend on the given
step-index k£ and CG on any of these examples for k£ other than the example was constructed
for behaves much differently. So this only proves that Meinardus’ bound is “locally’ sharp.
What about its “global’ sharpness? l.e.,

Is there any positive definite system Ax = b for which relative residuals

7kl a=1/||7olla=1 achieve Meinardus’ bound for all1 <k < N —17¢ (1.5)

This question turns out to be too strong and the answer is no (see Theorem 2.3); so instead
we ask

Is there any positive definite system Ax = b for which relative residuals
Ikl a=1/l|7olla-1 are comparable to Meinardus’ bound for all 1 < k < (1.6)
N-—-1?

This question has been recently answered positively in Li [7].
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Figure 1.1: Ratios of Meinardus’ bound over the exact CG residuals for Meinardus’ example.

In this paper, we shall compute the CG residuals on Meinardus’ example for all 1 < k£ <
N —1 and investigate extreme positive linear systems for which the kth CG residual achieves
Meinardus’ bound. Before we set out to do so, let us look at some numerical examples,
Figure 1.1 plots the ratios of Meinardus’ bound (1.3) over the actual CG relative residuals,
i.e., the right-hand side of (1.3) over its left-hand side, on Meinardus’ example, where the
exact CG residuals were carefully computed within MAPLE? with a sufficient high precision.
While it is no surprising at all to see that the ratios are no smaller than 1, they seem to be
no bigger than v/2 as well. This is in fact will be confirmed by one of our main results, which
will also furnish another example for the global sharpness question (1.6).

The rest of this paper is organized as follows. Section 2 explains Meinardus’ examples
and gives our main results — the closed formula for CG residuals for a Meinardus’ example
and a complete characterizations of extreme positive linear systems for which the kth CG
residual achieves Meinardus’ bound. Proofs for our main results are rather long and thus
given separately in Section 3 and Section 4. Concluding remarks are given in Section 5.

Notation. Throughout this paper, C"*™ is the set of all nxm complex matrices, C* = C"*1,
and C = C!. Similarly define R®*™ R", and R except replacing the word complex by real. I,
(or simply I if its dimension is clear from the context) is the n x n identity matrix, and e; is
its jth column. The superscript -7 takes transpose only. We shall also adopt MATLAB-like
convention to access the entries of vectors and matrices. ¢ : j is the set of integers from ¢
to j inclusive. For vector u and matrix X, u(;) is u’s jth entry, X; ;) is X'’s (i,7)th entry,
diag(u) is the diagonal matrix with (diag(u))(; ;) = u(;); X'’s submatrices X(x.04:5), X(k:0,:)s
and X (. ;.;) consist of intersections of row k to row £ and column ¢ to column j, row k to row
£, and column ¢ to column j, respectively.

’http://wuw.maplesoft.com/.



2 Meinardus’ Example and Main Results
The mth Chebyshev polynomial of the 1st kind is
Tn(t) = cos(marccost) for |t| <1, (2.1)

1 mo1 m
- §<t+\/t2—1> +§<t— t2—1) for |t > 1. (2.2)

It frequently shows up in numerical analysis and computations because of its numerous nice
properties, for example |T,,(t)] < 1 for |¢t| < 1 and |T,,(t)| grows extremely fast for [¢| > 1.
It is known (see, e.g., [7])

1+t\|_ e Y
‘Tm<1—t>‘:‘Tm<t—1>‘_2[At+At | for1#t>0. (2.3)

T, (t) has m + 1 extreme points in [—1, 1], so-called the mth Chebyshev extreme nodes:

Tim = €08 Vjm, Vjm = %71, 0<j<m, (2.4)

at which |7, (7jm)| = 1. Given a < 3, set

8-« a+ 0
pr— == — . 2.
w 5 > 0, 7 i a (2.5)
The linear transformation
z 2 a+
tz) w T 0 —« (z 2 ) (2:6)

maps z € [a, ] one-to-one and onto t € [—1,1]. With its inverse transformation z(t) =
w(t — 7), we define so-called the mth translated Chebyshev extreme nodes on [a, (]

Tim = W(Tjm —7), 0 < j <m. (2.7)
It can be verified that 7y, = 8 and 7, = a.

Now we are ready to state Meinardus’ example. Assume 0 < a < 3. Let @) be any N x N
unitary matrix. A Meinardus’ example is a positive definite systems Az = b with

A=QAQ", b=QA?g, (2.8)
where n = N — 1, and
1/7tr . for j € {0,n}
def . r r r def n’ ) )
A= diag(ry, Tons T, 9ij+1) = J ‘ (2.9)
1/2/7';-7'1, for1<j<n-—1.

So an example of Meinardus’ is any one of them in the family parameterized by unitary Q.
Theorem 2.1 is the main result of this paper.



Theorem 2.1 Let 0 < o < 3 and let A and b be given by (2.8) and (2.9). ry is the kth CG
residual with initially ro = b. Then

_ -1
Irllaze _ o Ak + AZH] (2.10)
7ol a-1

for 1 <k <n, where k = k(A) = f/a and
1 1 2AT 1 AZk 4 AR
<1+t <pi=c 1+ — | <1 2.11
2<2<+A%”+1>_pk 2<+ A1 )= (2.11)
REMARK 2.1 1. As far as the equality is concerned, (2.10) is valid for £ = 0 as well, which

corresponds to the very beginning of CG.

2. The factor pg is symmetrical in k about n/2, i.e., pr = pp—g. This phenomenon certainly
showed up in Figure 1.1 which equivalently ploted p,zl.

3. pr <1 with equality if and only if £ = 0 or n.

4. pg is strictly decreasing for & < |n/2| (the largest integer that is no bigger than n/2)
and strictly increasing for k > [n/2] (the smallest integer that is no less than n/2), and

1
—= < min pg = pP|p/2] — —= asn — oo.

V2 0<k<n V2

Theorem 2.1 will be proved through a restatement. It can be verified that the kth CG
residual can be reformulated® as [7]

Ikl a1 = min |b— Az| 41 = min |[|diag(g) Visy wull2, (2.12)
€, ‘U(1)|:1 ’

where, with a1 = 7], for 0 < j <mn,

1 1 1
Vit1,n df Oil OiQ Od:N ; (2.13)
of af - d
a (k+ 1) x N rectangular Vandermonde matrix. Note also that ||rg||4-1 = ||g||2. Therefore

Theorem 2.1 can be equivalently stated as follows.

Theorem 2.2 Let 0 < o < f3, g as in (2.9), and Vi n as in (2.13) with aji1 = 755, for
0<j<n. Then

diag(g) Vi yu -1
min H g(g) k,N ”2 = pr_1 X 2 Aﬁ—l + A;(k'_l) . (214)
weyi=t gl

for1 <k < N=n+1, where k = /.

3 A similar reformulation holds for GMRES for normal matrices [6, 10].



pn = 1 has already been proved by Meinardus [11]. With it, one can easily construct a pos-
itive definite linear system Ax = b for which the kth CG residual achieves Meinardus’ bound.
For example, A and b are given by (2.8) and (2.9), where A = diag(7{}, 75}, - -, Toks - - -)» 1€,

k+ 1 of A’s eigenvalues are 78}, 735, . . ., Top, and g1y is /1/75 for j € {0,k} and  /2/77]

for 1 < j < k—1 and zero for all other j, then |[rg| a-1/[Irolla—1 = 2 [AF + A;k]_l. For this
example 7,11 = 0, i.e., convergence occurs at the (k + 1)th step! This is not a coincidence,
however. We have the following theorem that characterizes all extreme linear systems as
such.

Theorem 2.3 Let Ax = b # 0 be a positive definite linear system of order N, and1 < k < N.
If the kth CG residual vy (initially 7o = b) achieves Meinardus’ bound, i.e.,

_ -1

Irallazr [SEF S (2.15)
7ol a-1

where k = k(A) = ||A|l2||A7Y||2, then the following statements hold.

1. A = QAQ* and b = QAY2g for some unitary Q € CN*N | A = diag(A1, A2, ..., An)
with 0 < Ay < Xp < -+ < Ay, and g € RN with all g(; > 0.

2. ZA]':M g(Qj) > 0 and ZA]-:/\N g?j) > 0.

3. Let a = min; \j, and B = max; \;, and let 7']",; be the translated Chebyshev extreme
nodes on [a, B]. The distinct \;’s in {\; : g(jy > 0} consist of evactly T]t-,'C, 0<j<k,
i.€.,

{Tjt-]';, 0<5< k‘} C {)\j S 93) >0}, and \; € {T;];, 0<3< ]{3} ifg(l-) > 0.

4. Tk+1 = 0/

5. Let Jy ={j : \j = 7}, 9¢) > 0}. For some constant 1 > 0,

B V1/15, for £ € {0,k},
lgn,ll2 = N{ \/m7 for1<0<k-—1. (2.16)

As far as CG is concerned, roughly speaking this theorem implies that if the kth CG residual
r (initially 79 = b) achieves Meinardus’ bound, then Az = b is essentially equivalent to an
example of Meinardus’ (2.8) and (2.9) with N = k + 1. It also implies that unless N = 2,
there is no positive linear system whose kth CG residual achieves Meinardus’ bound for all
1<EkE<N.

3 Proof of Theorem 2.2

We will adopt in whole the notation introduced in Section 2 and assume 0 < a < 3. Recall,
in particular,n =N —1and Ais N x N.
Notice that T)(t(z)) = Tj(z/w + 7) is a polynomial of degree j in z; so we write

Tj(z/w+7) = aj;jz’ +aj_1;22"  + -+ a1z + agj,



where a;; = a;;j(w, T) are functions of w and 7 in (2.5). Their explicit dependence on w and 7
is often suppressed for convenience. For integer m > 1, define upper triangular R,,, € R™*™,
a matrix-valued function in w and 7, as

apo aopr ap2 - Aom-1
aip a2 -+ G1m-1
o def Ce
R = R (w,7) < 022 G2m-1 |, (3.1)
Am—1m-1

i.e., the jth column consists of the coefficients of T;_1(z/w + 7). Write Viy = Viy v for short
and set

To(ton) Ti(ton) To(t0n) -+ Tn(Ton)
To(min) Ti(min) Tolmin) -+ Th(Tin
g def 0(.1 ) 1(.1 ) 2(‘1 ) ('1 ) ‘ (32)
TO(Tnn) 11 (Tnn) TQ(Tnn> ce Tn(Tnn)
Then Vﬁ Ry = S. Since Ry is upper triangular, we have
VISN = (S)(:,m)R;l, (3.3)

a key decomposition of VkTN that will play a vital role later in our proofs. Set

Q=diag(27,1,1,...,1,27) e RN v ¥ gTqg (3.4)

Lemma 3.2 below says Y is diagonal. So essentially (3.3) gives a QR-like decomposition of
ViIy.

Lemma 3.1 Let ¥, = wk/n as in (2.4). Then

n N, if £ =2mn for some integer m,
Zcos&?kn =< 0, if¥is odd, (3.5)

1, if £ is even, but £ # 2mn for any integer m.

Proof: Since 9y, = (¢k/n)m, the case £ = 2mn is clear. Assume that ¢ # 2mn for any integer
m, and then cos ¢ # 1, where ¢ = ¢7/n. Denote . = y/—1. We have

Qicos Wy, = 2Zcos ko = Z [ the | e_‘kﬂ
k=0 k=0 k=0
- Sl

k=0 k=0
L[] 1 e
1—e 1—e o
| pnt)d | et 1)
[ —ed T i1_ew
1+ cosng — cos ¢ — cos(n + 1)¢
1 —cos¢

= 14+ (-1



upon noticing cosng = cos fr = (—1)* and cos(n + 1)¢ = cos(fm + ¢) = (—1)*cos ¢. (3.5) is
proved. |

Lemma 3.2 T = %Q_l.

Proof: We notice (S)(i41,j4+1) = Tj(Tin) = cos j¥in = cos %77, and therefore for 0 <i,j <n

n

(STQS) 141441 = D" (ST (i 1k+1) (S) (e 1,541)

k=0

Ti(7on) L5 (Ton) + Ti(Tnn) L5 (Thn -

= - (0 ) ]( 0 ) 9 ( ) J( )+ZT’z(Tkn)CT](Tkn)
k=0

14+ (-1t & , .

= —f—l-ZCOSZ’ﬂ]m cos j9n
k=0

1+ (1) 1 o 1 o

i e— + 3 kZ_:OCOS(Z + 5)%%n + 3 kz_ocos(z — 7)0%n, (3.6)

where Z;’ means the first and last terms are halved. In Lemma 3.1, let £ = i + j , where
0<i,7<n.Since 0 <i+j<2nand —n <i—j <n, for some integer m

t+7=2mn & 1=37=0, or i=j=mn;

t—j=2mn & t=].

It follows from (3.6) that T = 2Q~1. n

Lemma 3.3 Let I' = diag(p + v cos Uon, ft + v cos Oy, ..., t + v cosUyy) and define Y, def

STQOTS, where p,v € C. We have

Ty, = gQ_l (2uQ + vH) Q1 (3.7)
where
0 1
10 1
H = 1 e RV
0 1
1 0

Proof: Notice that Y, , = uY19+vYo1 and T1p = STOS =71 = %Q_l previously defined
in (3.4). It is enough to calculate Yo ;. For 0 <14, j < n,

n

(STQFS)(iJrLjJrl) = Z //(ST)(iJrl,k) (,U, + vcos 19kn)(‘s)(k,]+1)
k=0

= Z "T(Thn) (0 + v €08 O ) T (Then)
k=0



n

= Z " cos ik (1 + v cos Vgy) cos jn
k=0

n n
= L Z " cos iy, cos jUOk, + v Z " cos 10k, cos U, cos j0kn, (3.8)
k=0 k=0
S0 (Y0,1)(i41,j41) = 2heo " €08 10y €08 Vpp €OS jUkn. Now

n
4 Z " cos iy €OS U OS j0%n
k=0

n
- Z” cos(i + J + 1)0gy, + Z” cos(i +j — 1)0ky

n

0 k=0
+Y "cos(i — 7+ )0k, + Z” cos(i — j — 1)0kp. (3.9)
k=0 k=0

Apply Lemma 3.1 to conclude To1 = 7% O~ 'HQ™! whose verification is straightforward, albeit
tedious. |

Lemma 3.4 Let m < n and £ € C such that (—=2§Q + H)(1.,1.m) 18 nonsingular. Then the
first entry of the solution to (=26Q + H)(1:m,1:m) Y = €1 18

Y=

yl - )
W= @1y 44

where v+ = & £ /€2 — 1.

Proof: Expand y to a Oth entry y(g) and a (m + 1)th entry y(,,41) satisfying
Yo) —&¥a) = =L Ymt1) = 0. (3.10)
Entry-wise, we have
Yi-1) — 28Y@) + Y+ =0, for 1 <i<m.

The general solution has form y;) = cyyi +c_~" , where 74 are the two roots of 1—2&y++2 =
0, i.e., v+ =&+ /&% — 1. We now determine ¢y and c_ by the edge conditions (3.10):

(I=&vp)er + (1-&r-)e- = -1,
Yitley + vl = 0.

Notice y+y- =1 and
(L= &y ™ = (A =&yt = (= = = (v =Y
= V& -1y +1)

to get
_,Ym—&—l _’_,ym—i—l
C+ = /¢2 - m my’ €= = /2 > m my\’
—V& =10 +1) —V& =107 +1)
Finally y1) = c4v4 +c-7—. |

In its present form, the next lemma was proved in [7]. But it was also implied by the
proof of [6, Theorem 2.1]. See also [9].



Lemma 3.5 If Z has full column rank. Then

. —-1/2
Jmin | Zu]; = [e7(2*2)er] 2. (3.11)
(1)
Proof of Theorem 2.2. By Lemma 3.5,
g1
|diag(g) VT yull: {elT (Vixldiaglo) Vi ) } (3.12)

min =
lugry|=1 gll2 lgll2

Let I' = diag(7{l,, 745, ..., 7,) = diag(p + v cos 9o, i + v cos Dot . . ., pb + v cos Uyp,), where
pu=—wr and v = w as in (2.5). Then

Vk,N[diag(g)]zvlgN = 2Vk,NF719Vk:,;N

€T 1
= - rvr
2 (Vk—LNP> r=a(e Vi)

- 2(6TP_1Q€ Wi ) (3.13)
Vi—1,n e Vk—l,NFQV]g;LN ’

where e = (1,1,...,1)”. Notice VkT_LN = (S)(:,lzkfl)R];_ll by (3.3) to get

VicinQe = Vi 1NQVkT1Nel
= Rk 1(T10)(1k 11k—1) T Ler
= RiZ (T10) g1 1k-1) €15 (3.14)
Ve nTQVE v = Ri*l [(S) 1k 1)] TQ(S) 11 By
= B (Thw) k1 1k 1)RI; 10 (3.15)

in the notation introduced in Lemma 3.3. Recall (see, e.g., [13, Page 23]),
~1 _ _ _
(BH B12> _ ( Clll —01113123221 >
By Bx —B33' ByiCry' Byy' + Byy ByuCr' Bia By

assuming all inversions exist, where C1; = By — B12B2_21B21. We have from (3.13)

_ 1
el (Vk,N[d'ag(g)]QVkT,N) €1
1

1 B
_ i[C_GTQVkT—LN (Vea NIV 3) 1Vk_1,NQe] , (3.16)

where ¢ = e’T~1Qe. But, from (3.14) and (3.15),
-1
eTQVkT—l,N (Vk—l,NFQVkT_LN) Vk—l,NQ€
-1

= e (Tlvo)(lzks—l,l:k—l) [(Tﬂv'/)(lzk—l,l:k—l) (leo)(1:k—1,1;k—1) €1

-1
= w2 (T i) e (3.17)

10



and for k < N, by Lemma 3.4 with m =k — 1 and £ = 7,
-1

_ ~1
el [(Tu,u)(l;k_lyl;k_l) er = nlel [2uQ+vH)qgo114-1)] €1
1 -1
= @61 [(—27Q+ H)1p—1,14-1)] @
1 A

= — = , 3.18

no V=1 4 k) 1)

where 71 = 7+ V72 — 1. The conditions of Lemma 3.4 are fulfilled because |7| > 1 and

—27Q + H is diagonally dominant and thus nonsingular. Since 2¢ = ||g||3, we have by (3.12)
and (3.16) — (3.18)

|disg(o)Vilyuls [, m gt k] 5.19)
n = — .
lu(ry|=1 lgll2 w1 ’Yﬁil +'7<k;1

We now compute w(v/72 — 1. Let f(z )delc [Tj—o(z — 7};,). Then

f(2) =n(z — 100)(z = 7pp) Un—1(2/w + 7)
for some constant 1, where U,,_1(t) is the (n—1)th Chebyshev polynomial of the second kind.

This is because the zeros of U,,—1(z/w + 7') are precisely 71, = w(7jn —7), j = 1,2,...,n— 1.
Then, upon noticing 7/, = 8 and 7%, =
n
2 11 #(0)
g debg A (o)
=0 T]n ]ZO ]n T7t1rn «Q ﬁ f(O)
___a+ﬂ_2%a+@ Un a(r) + a4 UL, (1)
af afUp_1(1)

a+pf 20U, 4(7)
af wUp—1(7)

Recall [1, Page 37]
(t+vVEe2—1)"—(t—Vt2-1)"

W, 1(t) = " , (3.20)
2" (1) s ﬁ) R al VA [(t A e 1)”]
ne —1 - 1)V -1 '
They yield
=9 / 7+ +9 (v —1")
Wy (1) = H—= 2 = - .
Un l(T) 7_2 — 17 Un—1<T) 1 (7_2 _ 1) 7_2 —1

Therefore, upon noticing w = («+ )/2 and 7 = —(ﬁ +a)/(8— a),
a+ ﬁ 2 n Y+ 2 T
w

2 = z
¢ wATZ 19" =% 72 -1
2 n ’)/_“‘fy_i_
- = : 3.21
w2 —1798 =% (3:21)
n n
WP —1 = p = (3.22)

e =Y

11



Equation (3.19) and (3.22) imply

ap SOl [, ottt o) " 529
Juy =1 llgll2 A e e
Because 7 = —(k+1)/(k — 1),
AL (CFTIARTL, 4T = (C1)eAZ D),
and therefore
[diag(g) Vi yull2 AL — A" AR - A, FY s
T el | At AT Ak A;(k_l)] (324

For k = N = n + 1, the right-hand side of (3.24) is 2 [A} —i—A;”]_l, as was shown by
Meinardus [11]. For any other k, we have

dia VI u -1
min Idiag(a) Vi vul2 = pr—1 X 2 [Aﬁ_l + A;(k_l)] . (3.25)
lu(ny =1 gl
where
@i RHS of (3.24)
Pk—1 = 1 1
2 [A‘;—l + A0 >]
i (k1)) 2 k1) a—20k-1)\ 2
(At a5 (an - agm (aXE - a2EY)
B 4 N 4(An+ AR
ket o A D (A1) L Al 72
(Al A (A A )
] AT+ A"
_ B . 1/2
p (AXY 1) (AR )
2 A2 41
which yields (2.11). n

4 Proof of Theorem 2.3

We first prove two general lemmas for Vandermonde matrix Vy = Viy n as defined in (2.13)
with arbitrary, possibly complex, nodes ;.

Lemma 4.1 Assume one or more of 1) there are less than n distinct o, 2) some o = 0,
and 3) some g(jy = 0 occur. Then

if all aj # 0;

otherwise.

0,
min ||diag(g)Viull2 =
gy =1 ” ( ) N H2 Zajzo |g(j)|27
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Proof: If all aj # 0, only Case 1) and 3) are possible. Let ¢ be the number of distinct «;’s,
exclude those corresponding to g(;y = 0. Then ¢ < n. By permutating the rows of diag(g) Vi,
we may assume that oy, ao, ..., o are distinct and for a; (j > ) either it is equal to some
a; (i < £) or corresponding g(;) = 0. Set v € C"N whose v(4) is the coefficient of 2771 in the

polynomial ¢(z) = H§=1(Z — ). vy = H§:1(_0‘j) # 0. We have

\umi|111 Idiag(g)Vy ull2 < |[diag(9)Vy/ (v/vy)ll2 = 0,
wl=

as expected.

If some a; = 0. Since ||diag(g)Viull2 > ,/Zajzo l9j)|? always for any vector u with

lucy| = 1, it suffices to find a vector u to annihilate all other rows corresponding to a; # 0.
Such u can be constructed similarly to what we just did. |

Lemma 4.2 Let VN = Vy N be as defined in (2.13) with all nodes o (possibly complex)
distinct, and let f(z) = vazl(z — o).

1. If all g5y # 0, then

-1

. N 2 N
. |[diag(g) Vi ull2 ( £ (0)] >
min 128 vz L) 112 e - @
wyi=1 llgll2 2 [ [F/(ay)]) Y 2 9
2.
< -1
di v
max min H |ag(g) NUH2 _ Z |f(?)| ’ (42)
9 Jug)l=1 lgll2 = lajlf'(ay)l
where the maximum is achieved if and only if for some constant p > 0,
HOINRES :
|g'|:,u,[ for1<j<N. (4.3)
DE T a1 ()]

Proof: This lemma is essentially [10, Theorems 2.1 and 3.1], but stated differently. The proof
below has a slightly different flavor. In Lemma 3.5, take Z = diag(g)V;;. The assumptions
make this Z nonsingular. Therefore

-2

[mm dogo)Viuls| = eF(TnavE) e

[y =1

= el (VnoVi) e
= (Vy'le)'® ' (Vy'er),

where ® = [diag(g)]* diag(g) and Vi is the complex conjugate of Viy. Let y = Vﬁlel, the
first column of Vy ! which consists of the constant terms of the Lagrangian basis functions:

4 =][—" 1<i<n.
it
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since £j(c;) = 1 for i = j and 0 otherwise, which means the jth row of V! consists of the
coefficients of £;(z). Therefore

N 2
doovi e = 3 () ool
J

Jj=1
_ -1
. N 2 N
. |diag(g) Vi ull2 ( £ (0)] )
min ———F——- = | 1972 lgg|?
ul=t gl Z sl [F(apl) Z_: W
_ - —1
|£(0)]
< e | (4.4)
]; CHIECHI]
where it is an equality if and only if |g(;)| are given by (4.3). |

REMARK 4.1 This lemma closely relates to a result of Greenbaum [4, (2.2) and Theorem 1]
which in our notation essentially proved that if all nodes a; > 0, there exist k of a;’s:
Qs .., 0, such that

_ lldiag(g) Vi yull2 - ||diag(h) Vi ull2
max min = ,
9 lugyl=1 lgll2 R lugyl=1 [172]l2

where Vy, is the kx k Vandermonde matriz with nodes cj,. Notice the difference in conditions:
Lemma 4.3 only covers k = N, while this result of Greenbaum’s is for all 1 < k < N but
requires all a; > 0. Greenbaum [4, Theorem 1] also obtained an expression for the optimal
h but a bit of more complicated than we get from applying Lemma 4.3.1t is not clear how to
find out the most relevant nodes «;;,.

Lemma 4.3 Let w,7 € C (not necessarily associated with any interval [o, §] as previously
required), and letn = N—1 and T]t;b as in (2.7) with any given w and 7. Suppose Vandermonde
matriz Vy has nodes aj11 = ’7’;;1 for0<j <n.

1. If all g5y # 0, then

|diog(o) ViTulo  nw
luqy =1 llgll2 e U (1)
1 N-1 1 -1
sl |+ D sl |2 + 7|9(N)‘ Z 9?5 (4.5)
(27, r) =~ (T]L) (27t

where Uy,_1(t) is the (n — 1)th Chebyshev polynomial of the second kind as in (3.20).

-1
H T
|diag(g) Vil e o)

max min = Z
g = lgll2 T Una (7)) |2To'\ 7

|“(1)‘—1 On nn

’FL’I’L‘
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where the mazimum is achieved if and only if for some p > 0

i J UL for j e {0,m}, o
W

l9G+1)| =
SAR 2/|minls for1<j<n-—1

Proof: f(z) = H;V 1(z — ;) admits
f(2) =n(z = 195)(2 = 7 ) Un—1(2/w + 7),
where ! is the coefficient of 27! in U, _1(z/w + 7). We have
F0) = nro7n Una(7),
f'ron) = =0 (700 = 7o) Un—1(1)

=1 (Ton = Tain) ™

—n 2nw,

flmm) = = (7o = 700) Un-1(=1)
(=1)"n (T — 7o) 1

= —(=1)"n2nw,

and for 1 <j<n-1
Frn) = (g = 160) (T = ) Up—i1 (Tin) Jw
= n(th = 160) (T — e n/[w(l = 73,)]
= —nnuw.

Therefore by Lemma 4.2, we have (4.5) and (4.6). [

REMARK 4.2 As a corollary to (4.6) and Meinardus’ bound, we deduce that the right-hand
side of (4.6) is equal to |T,(7)| = 2[A" + A" 7!

Proof of Theorem 2.3. Item 1 is always true for any given positive definite system Az = b.
In fact let A = QAQ be its elgendecomp051t10n where Q is unitary, and A as in the theorem
since A is positive definite. Set § = A~1/2Q*b. Define g = (g9l 1g@)ls - - -5 1gv ]) € RY,
Then g = Dg for some diagonal D with |D¢; | = 1. Finally A = QAQ* and b = QA'/?g
with Q) = @D still unitary.

Next we notice that

(7.3)

1 = in ||b — A = i A
Irella- = min b= Azfla- = min [lpe(A)g]):
N
= mi 2262, 4.8
i ;\pk( DI (4.8)

where pi(z) denotes a polynomial of degree no more than k. If either inequality in Item
2 is violated, the effective condition number k" < k(A) as far as CG is concerned and the
Meinardus’ bound gives
-1 -1
Irullaz [A’“,JFA } <2 [A’;JFA;’“} :
[I7oll.a-+
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contradicting (2.15). This proves Item 2.

For Item 3, we first claim that A; for which g¢;y > 0 is in {T;]rg, 0 < j < k}. Otherwise if
there was a jo such that g(;,) > 0 and Aj, & {7j;, 0 < j < k}, then [T(\j,/w+7)| < 1, where
w and T are given by (2.5). Now take py(z) = qx(2) in (4.8), where gi(z) = Ti(z/w+7)/Ti(7),
to get

IN

(Egaiprest
J#Jo

< AT 98+ D_ 95
J#Jo

= [Tu(n)| "M rollat,

\/‘q’f iP5l + D 1ax ()P
Ti(

contradicting (2.15). This proves the claim. On the other hand, since r; # 0, there are at
least k+1 distinct values in {); : g(;) > 0} and therefore {); : g¢;) >0} D {rj;, 0 < j < k}.
Item 3 is proved.

Item 3 says effectively A has k + 1 distinct eigenvalues as far as CG is concerned and thus
rg+1 = 0. This is Item 4.

Define g € R**! by gioi1) = [lgz,[l2. (4.8) gives

Irella-y = min lek 29,0y = ‘ I(n)l|n1||dlag( 9Vislz,

where Vi41 = Vg1 441 is the (k+1) x (k+1) Vandermonde matrix as defined in (2.13) with
nodes a1 = 75 for 0 < j < k. The condition (2.15) and Meinardus’ bound (1.3) implies
that for ¢

min ||diag(g )VkHHg—max min ||d|ag(h)V,3;1||2.
luayl=1 b Jugl=1

Lemma 4.3 shows g4 1) = ||gy, |2 must take the form of (2.16). [

5 Concluding remarks

We have found a closed formula for the CG residuals for Meinardus’ examples. These resid-
uals may deviate from the well-known Meinardus’ bounds by a factor no bigger than 1/v/2,
indicating Meinardus’ bounds governing CG convergence rate is very tight in general. Three
key technical components that made our computations possible are

1. transforming CG residual computations as minimization problems involving rectangular
Vandermonde matrices,

2. the QR-like decomposition Vi = SR;VI, and
3. the solution to miny, =1 [ Zull2.

It turns out that QR-like decompositions exist for quite a few Vandermonde matrices, and
the combination of the three technical components have been used in [7, 8] for arriving at the
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asymptotically optimally conditioned real Vandermonde matrices, analyzing the sharpness of
existing error bounds for CG and the symmetric Lanczos method for eigenvalue problems.

We completely characterized the extreme positive linear systems for which the kth CG
residuals achieve Meinardus’ bound. Roughly speaking, as far as CG is concerned, these
extreme examples are nothing but a Meinardus’ example of order k + 1. As a consequence,
unless N = 2 there is no positive linear system whose kth CG residual achieves Meinardus’
bound for all 1 < k < N.
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