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ABSTRACT

For n x n Vandermonde matrix V,, = (aé_l)lgi j<n with translated Cheby-

shev zero nodes, it is discovered that VI admits an explicit QR de-
composition with the R-factor consisting of the coefficients of the trans-
lated Chebyshev polynomials of degree less than n. This decomposition
then leads to an exact expression for the condition number of its subma-
trix Vi, = (aé_l)lgigkylgjgn (so-called rectangular Vandermonde matrix),
bounds on individual singular value, and more. It is explained that how these
results can be used to establish asymptotically optimal lower bounds on con-
dition numbers of real rectangular Vandermonde matrices and nearly opti-
mal conditioned real rectangular Vandermonde matrices on a given interval.
Extensions are also made for V;, with nodes being zeros of any (translated)
orthogonal polynomials other than Chebyshev ones.

It is also discovered that for V;, 1 with translated Chebyshev extreme nodes,
anji’l admits an explicit QR-like decomposition as well. This QR-like de-
composition also yields similar conclusions to those for V,, with translated

Chebyshev zero nodes.

Applications to the study of sharpness in existing error bounds for the con-
jugate gradient method and the minimal residual method for linear systems
and the symmetric Lanczos method for eigenvalue problems are also dis-
cussed.
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Abstract

For n x n Vandermonde matrix V,, = (ai-fl)lgi j<n with translated Chebyshev zero

J
nodes, it is discovered that V. admits an explicit QR decomposition with the R-factor
consisting of the coefficients of the translated Chebyshev polynomials of degree less than
n. This decomposition then leads to an exact expression for the condition number of
its submatrix V3, = (Oé;_l)lgigk71§j§n (so-called rectangular Vandermonde matrix),
bounds on individual singular value, and more. It is explained that how these results
can be used to establish asymptotically optimal lower bounds on condition numbers of
real rectangular Vandermonde matrices and nearly optimal conditioned real rectangular
Vandermonde matrices on a given interval. Extensions are also made for V,, with nodes
being zeros of any (translated) orthogonal polynomials other than Chebyshev ones.

It is also discovered that for V,,;; with translated Chebyshev extreme nodes, VnTH

admits an explicit QR-like decomposition as well. This QR-like decomposition also yields
similar conclusions to those for V,, with translated Chebyshev zero nodes.

Applications to the study of sharpness in existing error bounds for the conjugate
gradient method and the minimal residual method for linear systems and the symmetric
Lanczos method for eigenvalue problems are also discussed.

1 Introduction

Given n numbers a1, a2, - - -, ay, called nodes, the associated Vandermonde Matriz is defined
as

1 1 e 1

al a2 PEEY an

def
Vo = i ) ] . . (1.1)
n—1 n—1 n—1
al a2 DR an

In [11], we established various asymptotically optimal lower bounds on condition numbers of
real V},. The key idea was to use the coefficients of Chebyshev polynomials of the first kind to
arrive at lower bounds on the norms of V,! and the explicit computation of the £,-operator
norm of V,~! with (translated) Chebyshev zero nodes with the help of Gautschi’s formula [6].
Two similar bounds were also obtained by Beckermann [2].

*Department of Mathematics, University of Kentucky, Lexington, KY 40506 (rcli@ms.uky.edu.) Sup-
ported in part by the National Science Foundation CAREER award under Grant No. CCR-9875201.



This paper is devoted to the study of V,, with (translated) Chebyshev zero and extreme
nodes. Various inequalities involving its singular values are obtained, as well as results that
have applications to the convergence rate of the Conjugate Gradient method for positive
definite linear systems, the minimal residual method, and the symmetric Lanczos algorithm
for eigenvalue problems.

By default, we denote and order the singular values of an n-by-m matrix X as

01(X) < 02(X) <+ < Ominfmn} (X)- (1.2)

Matrix condition numbers are usually defined for square matrices, but they can be extended
without difficulty to non-square matrices. We define X’s Frobenius condition number by

min{m,n} min{m,n} 1

def
0= D R Y e

J=1 Jj=1

The first factor in the right-hand side is just X’s Frobenius norm ||X||p. If the rank of X
is less than min{m, n}, then opiy(m 1 (X) = 0 and thus p(X) = co. Later in Section 3,
¢,-condition number x,(X) will be defined, too, for 1 < p < co.

The rest of this paper is organized as follows. Section 2 briefly reviews relevant ma-
terial related to Chebyshev polynomials of the first kind. In Section 3, a lower bound on
the /)-condition number of V;,’s submatrix V;,,, = (aj_1)1§i§k71§j§n (so-called rectangular
Vandermonde matriz) with all a; € [a, (] (a given interval) is established. This bound, com-
bined with later results on Vj, with translated Chebyshev nodes, leads to asymptotically
optimal lower bounds for the case either —a = 3 or a8 > 0. Section 4 is devoted to Vj
with translated Chebyshev zero nodes, while Section 5 to V} , with translated Chebyshev
extreme nodes. Possible extensions to V}, ,, with translated zeros of an orthogonal polynomial
are outlined in Section 6. Finally we give some conclusions in Section 7.

Notation. Throughout this paper, C**™ is the set of all n x m complex matrices,
C" = C™!, and C = C!'. Similarly define R™™ R" and R except replacing the word
complex by real. I, (or simply I if its dimension is clear from the context) is the n x n
identity matrix, and e; is its jth column. The superscript “*” takes conjugate transpose
while “T” takes transpose only. We shall also adopt MATLAB-like convention to access
the entries of vectors and matrices. ¢ : j is the set of integers from ¢ to j inclusive and
i i = {i}. For vector u and matrix X, u(; is u’s jth entry, X; ;) is X’s (4,j)th entry,
diag(u) is the diagonal matrix with (diag(u))(; ;) = u(j); X's submatrices Xz .5), Xe,:)s
and X, ;.;) consist of intersections of row k to row £ and column ¢ to column j, row k to row
¢, and column ¢ to column j, respectively. || is the largest integer that is no bigger than &;
while [£] is the smallest integer that is no less than &.

Some of the estimates for condition numbers in this paper are not intended to be best
possible but rather to correctly show their asymptotical speeds as k and n goes to co. For
this purpose, we shall use

a, ~ b, to mean that there are constants c1, c2, di, and do
such that c;n® < a,, /b, < con®, and a, ~ by, if a, /b, — 1 as
n — oo.




2 Chebyshev polynomials

The nth Chebyshev polynomial of the 1st kind is
T.(t) = cos(narccost) for |t| <1, (2.1)

1 no 1 n
- §<t+\/t2—1> +§(t— t2—1) for |t > 1. (2.2)
It frequently shows up in numerical analysis and computations because of its numerous nice
properties, for example |T),(¢t)| < 1 for |[¢| < 1 and |T,(t)| grows extremely fast for |¢| > 1. It
is known (see, e.g., [12])

1+t
T, (—— )| =

1 1
T, (ﬁ)‘:Q[A?jLAt”] for 1 #t>0, (2.3)

where
def VE+1

-

IVt -1
Given two (real or complex) numbers w # 0 and 7, the nth Translated Chebyshev Polynomial
in x of degree n is defined by

for 1 #£¢> 0. (2.4)

To(ziw,7) % Th(x/w+ 1), (2.5)
= A" F an_1nz” o+ AT + agn, (2.6)

where aj, = ajn(w, T) are functions of w and 7 in (2.18). Their explicit dependence on w and
T is often suppressed for convenience. Define

25 — 1
2n
translated Chebyshev zero nodes: 15, = w(tjn —7), 1 < j < n. (2.8)

Chebyshev zero nodes: tin = cosOjp, Ojn = m, 1 <j<n, (2.7)

It can be seen that tj, (1 < j < n) are the zeros of T,(t), while t;% (1 < j <n) are the zeros
of T, (x;w, 7). Define

Chebyshev extreme nodes: Tjn = €08 Vjp, Vjn = lTr, 0<j<n, (2.9)
n

translated Chebyshev extreme nodes: Tjt; =w(Tjn —7),0<j < n. (2.10)

Tjin (0 < j < n) are the extreme points of T),(¢) in [—1,1]. For integer m > 1, define upper
triangular R, € C"™*™ a matrix-valued function in w and 7, as

app a1 a2 ' Aom-—1
air a2 v Glm-1
def -
Ry = Rpp(w,7) < az? a2m—1 , (2.11)
Gm—1m—1

i.e., the jth column consists of the coefficients of Tj_1(x;w, 7). In [11], Sy, p(w, T) is defined
by
1/p

n
Snp(w,T) = Z ’ajn|p for 1 < p < oo.
7=0



Also explicit formulas were found! for p = 1 and 7 = 0:

—_

Sml(w, 0)

[\

N | =

and for all real 7 with || > 1:

~

(4 ) (3
(&

1 n
1 -
" !wP) ]

(2.12)

(2.13)

: (2.14)

(2.15)

1 1 2
s+ )+ —+r]) -1
2 | \|w| jwl
No explicit formula or tight bounds are known for other 7, however. For p # 1, S, ,(w, )

relates to Sy, 1(w, T) by inequalities

(n+1)"Y8, 1 (w,7)
[(n+1)/2] Y7 S 1(w,0) <

(2.16)
(2.17)

where 1/p+1/p’ = 1.
In the rest of this paper, by default, w # 0 and 7 are two prescribed (real or complex)
numbers, but when there is an interval [a, ] in the context, they are given by

08—« a+p
pr— —_— - . 2.1
w 5 >0, 7 3—a (2.18)
The linear transformation
T 2 a4+
_* _ _ 2.1
Ho) == +7 ﬁ_a<x 5 > (2.19)

maps = € [a, f] one-to-one and onto ¢ € [—1,1]. The inverse transformation is z(t) = w(t—7).

3 A general lower bound for V},

This section concerns V;, with all a; € [, 5] but otherwise general. The results will be used
in the later sections.

! Although in [11] these formulas were established with an interval [a, 8] in the contex (see (2.18)), the
proofs there can be easily modified for w and 7 that have nothing to do with some interval [, §].



We start by defining ¢, vector and operator norm. Given 1 < p < oo, the £,-norm of
vector u and the /,-operator norm of matrix X are defined as

g " |xul
U
[ullp = lupl” | 5 IX|lp = max £
’ Z W P70l
It is proved that [10] || X||, = || X7 ||/, where 1/p+ 1/p' = 1.
Let, throughout this paper,
Vk,n = (Vn)(:,lzk)
be the submatrix of the first k& rows of V,,. We define?
def . ”Vanqul def HVk n”p
lub, (V; = min ———,  k,(V; = — 3.1
p( k,n) u£0 Hqu’ p( k:,n) |pr(Vk,n) ( )

Such definition is unlikely new, and is consistent with the case for p = 2 and the square
matrix case. In fact luba(Vy ) = 01(Vin), Vin's smallest singular value, and for k = n, it
can be shown that lub,(V;,) = |V, '[!, We claim

1/p’
lubp(Viep) < ——

7&:_17])/ @) (3.2)

Let v be the vector of the coefficients of Ty 1 (7;w, 7) = Ty 1 (v /w+7) such that v 1) = a1
for 0 <j <k—1. Then

Vo = (Thoi(on/w+ 1) Tioi(az/w +7) - Thoi(an/w+ 1))

which yields HV,ganp/ < nM? because |Tj_1(x/w +7)| < 1 for x € [a, 5]. We therefore have

VLl VI vl 1/p'
Ipr(Vkm,) = mll}c || ‘Tm” ||p ~ || ’]‘Cm” Hp >~ n 1/17”
eR Ul|p! Ullp k—1 /
h P P (Zj:o |aj7k—1\p>
as expected. We have proved the following theorem.

Theorem 3.1 For V,, with all nodes o € [, (],

Skfl,p’ (wa 7_)

o (Vi) 2 [Vl 22

9y (3-3)

where w and T are defined as in (2.18).
Specializing this theorem to the case —a = (8 or a8 > 0, we have

Theorem 3.2 Let V,, be with all nodes a; € [, 3], and suppose max; |a;| > nmax{|cl, |5}
for some n > 0.

*For matrix X € C"** and k < n, it should be defined as lub,(X) = min,o IXullp

llullp



1. If —a = (3, then

Sk—l,l (ﬁv 0)

k=1 gk—1
kp(Vin) > max{l,n" "3 }W

1
(k)21 Vet

max{(;ﬂ/Hﬁg)“,nm <ﬂ+ ﬁrﬂz)k‘l}_ (3.5)

(3.4)

2. If0 < a< 3, then

Sk—1,1(w, T)
kl/p /v

Sk-1,1(8/2,1)
kl/p nl/p/

1 2,1 k=l
mea}( B—{— —|— @_*—B s

! (2+ﬂ+2\/1+5)“}. (3.8)

kp(Vien) max{1, nk_lﬁk_l} (3.6)

AV

v

max {1,751 (3.7)

Proof: Since max; || > nmax{|a|,|5|}, we have

k-1 1/p'
"
Vinlly > m?XHVk:,Fn@j”p’ = max (E |Olj|7’p>
i—0

Y

max{l,mjax\aj\k_l}
Z maX{l,nk_lla‘k_l,nk_l‘ﬁ‘k_l}. (3.9)
Now if —av = 3, then w = § and 7 = 0, and by (2.13) and (2.17)
Sk-1p(8,0) = [k/2]7YPS411(5,0)
k—1
1/1 1
~ “UpZ (2 =
/217 <ﬂ+ 1+ﬁ2) .

This, together with Theorem 3.1 and (3.9), lead to (3.4) and (3.5).
If0<a<f thenw = (B—a)/2 < B/2and 7 < —1. Since Sj_1 (W, T) = Sk—1 7 (Jw], |T])
and it is increasing in |7| and decreasing in |w| [11], we have by (2.15) and (2.16)

Sp_1p(w, ) > kTYPS g4 (w,7)
> kYPS11(8/2,1)
k—1
1 /2 1 1
~ kTP <+1+2 +) :
2\p BB
This, together with Theorem 3.1 and (3.9), lead to (3.6) — (3.8). |



4 'V, with Chebyshev zero nodes

In this section, V;, has the translated Chebyshev zero nodes a; = t;% (1 < j < n), except
possibly those Vj,,, in Theorem 4.3. It can be proved that [12]

To(tin) Ti(tin) To(tin) -+ Th-1(tin)

VIR, = T,% TO(?”) Tl(:tQ”) TQ(?") Tnlz(tzn) , (4.1)
TO(tnn) Tl(tnn) T2<tnn> Tn—l(tnn)

TI'T, = (n/2)diag(2,1,1,...,1). (4.2)

Notice that T, is real while V;, and R,, may be complex if w or 7 is. Equations (4.1) and
(4.2) essentially give a QR decomposition for VI after normalizing T',’s columns to have
unit norm. Extracting the first & columns from the both sides of V,I' = T, R;;! yields the
following theorem [12].

Theorem 4.1 Let V,, have the translated Chebyshev zero nodes oj = t;'n (1 <j<n), andlet
upper triangular Ry, be defined as in (2.11) and T, as in (4.1). Then Vil = (T0)(:1:) R,;l.

4.1 Condition number xp(Vj,)

By Theorem 4.1, we have?

VenVin = Ry [(Tn)(:,1:k)]T(Tn)(:,m)R;;l
= R;*(TZTH>(1:I<:,1:I€) R*
= (n/2)R;*diag(2,1,1,...,1) R, (4.3)
(VemVi) ™' = (2/n) Rpdiag(27',1,1,...,1) Ry, (4.4)

where Vkm is its complex conjugate. Consequently,

Z[gj(vkm)f = gtrace (R;* diag(2,1,1>---71)RI;1)

_ gHdiag(21/2,1,1,...,1)R,;1Hi, (4.5)
L= 2Hdiag(2*1/2,1,1,...,I)RZ ’
Ve m v
2k—1/ )
— Ej_o [Sj2(w, )", (4.6)

30ne can also have
Vin Vil = (n/2) Ry " diag(2,1,1,...,1) Ry*, (Vi Viln) ™ = (2/n) Ry diag(27',1,1,...,1) R}.

Although they are very similar to (4.3) and (4.4) but can be quite different because w and/or 7 and thus Vi,
may possibly be complex. Whether these two identities have any use remain to be seen.



where Z; means the first term is halved. (4.5) involves R, ', making it a little hard to use

without inverting Ry first. We might be better off by using />, [o(Vi, D = [Vinlle-
Nevertheless it relates the singular values to the coefficients of Tj(z;w, 7) in a nontrivial way.

Theorem 4.2 Let Vy,,, have the translated Chebyshev zero nodes. Then

2k1

KF (Vi) = |VinllF *Z’ 2w, T)

n
Jj=0

Previously similar estimates (bounds) were done for a;; = t%, on [a, 3] for the following cases
(while Vi, in Theorem 4.2 may be complex).

e Gautschi [6]: k =n, —a = or aff > 0, and {-condition number;

e Li[11]: k=n, —a = or af > 0, and ¢,-condition number.

Lemma 4.1 Let oy = 1%, (1 <j <n) on [a,f]. Then max;|a;| = nmax{|al,|8]}, where

)= (1;6+ 25008%) 1— 271' 2+0(n™), ifaB >0,
(1%5—1-1'550052”) 1+5 2 (n™), ifaB <0

and § = min{|a|, | 5|}/ max{|al,|5|} < 1. Consequently for 1 <k <mn

1— E=DU=9 72 4L o((k — 1)2074), if aB >0,

nk_l -~ 16n2
1 - EDOR 22 L O((k — 1)2071), ifaf <0,
Proof: The expression for 7 is a consequence of t r=w(tj, —1) =5 cos Mﬂ' 4 Bta +O‘ . The
asymptotical expansion for 7%~ follows from expandlng (k—1)In and then exp((k 1) Inn).
|
With this lemma, we have
WVenle < vknmax{l, max |5, "1 ~ VEn [maX{L jal, 181}, (4.7)
IVinlle > max{1,max|t3, "1} ~ [max{1, |al, [5}]* (4.8)

Together they imply

> [0Vl = IViulle & [max{(1, |a, [51}]*". (4.9)

J

Let us now specialize Theorem 4.2 to the cases —a = # or o > 0. By (2.16), (4.9), and
Theorem 4.2, we have

k—1
ke (Vi) ~ [max{1, |af, [B}" 1 851w, 7). (4.10)
7=0

8



First the case —a = . Then w =  and 7 = 0. (4.10) and (2.12) yield

kp(Vin) ~ max{1,3" '}Sp_11(8,0)

max{<;+ m>k_l, (ﬁ+ \/@)“}. (4.11)

Thus the nearly optimal conditioned V} , are those with 3 ~ 1.
Next, consider the case a3 > 0. Without loss of generality, assume 0 < o < 3. (4.10)
and (2.14) yield

23

HF(Vk,n) o max{l, 6’“_1}516,171(% 7') (4.12)
Z ma'X{Lﬁk_l}Skfl,l(/B/?: 1)7

and if, addition, a = 0 < 3,

kr (Vi) < maxmax{1, Bkil}Sk,Ll (8/2,1)

n p T 1\ k-1
% max <6+1+2‘/ﬂ+6> ,<2+B+2\/1+ﬂ> . (4.13)

Thus the nearly optimal conditioned V} , with a = 0 < 3 are also those with 3 ~ 1.

Since kg ~ fip, all (4.11) — (4.13) for k = n can be deduced from results in [11]. They, in
fact, together with Theorems 3.1 and 3.2 for k = n were the foundation in [11]. Now we have
similar conclusions for Vj, ,, with nodes in [«, 5] for all k. This is summarized in the following
theorem.

Theorem 4.3 If —a = 3 or a8 > 0, then subject to (max; |o;|)" 1 < [max{|al, |8},
min wp(Vip) ~ [max{L, |al, |51} Sp-11(w, 7),

and thus Vi, , with a; = t;;l (1 <j<n)on|a,p] is a nearly optimally conditioned one on

the interval. In particular

RHS of (4.11), for —a = p3,

min g (Vin) ~ { RHS of (4.13), for0=a < f.

But questions such as what asymptotically optimal lower bounds and/or nearly optimally
conditioned Vandermonde matrices are for interval with —a # 3, a < 0, and 8 > 0 were not
answered in [11]. With Theorem 4.2 here, we are one step closer as we shall explain. Answers
to both questions would be firm if we could show that the right-hand sides of (3.3) and (4.10)
were equivalent in the sense of ~. We suspect this would be very much true because it would
be reasonable to expect Sj1(w,7) to be (almost) nondecreasing as j increases, but we have
no proof for now. So we formulate a conjecture as follows, which has been known true for
—a = [ or aff > 0, by examining (2.12) and (2.14).

Conjecture 4.1 For a < (3, w and 7 defined as in (2.18),

N

1
Si1(w,T) ~ Sk—11(w,T).

<
I
o



4.2 Extreme examples for CG and Lanczos

A key component in [12] for devising examples to achieve the sharpness of the existing error
bounds for the Conjugate Gradient method (CG) [13], and the symmetric Lanczos method
[9, 14] is the computation of minj, - HVanqu for V,, of this section. The convergence
analysis of the minimal residual method (MINRES) (for Ax = b with normal A) ends up
with the same computation, too, except possibly complex ;. It is proved in [12] that

—1/2
Vi ull2 =
n —2n C = 2§’T~72 4.14
lu(ryl=1 Vn = |T5(7)] ( )

for o = t;rn on [a, 3], as a consequence of (4.4). Equation (4.14), however, is valid for
aj = t;rn for any w # 0 and 7 with or without the interval [a, (] in the context. A proof can
be gotten along the same line as in [12]; see also Subsection 5.2.

4.3 Bounds on individual singular values

We start with (4.4). Let the diagonal entries of its right-hand side be d; (1 < j < k). Then

9 k—1 9 k—1
dy ==Y agl?, dj=> 2 for2< i<k
1 71;2% lag:|*,  d; Tligéjl\ay 142 for2<j <

By Schur theorem (3, p.35], {d; }k | is majorized by the eigenvalues of (Vj ndT )~! which are
{[aj(Vk,n)] ] 1- Recall our default ordering (1.2) on singular values to get

(01 (V)] 2 > [02(Vin)] 2> -+ > [0 (View)] 2.

What the majorization means is if we let {djl _, be the non-increasing reordering of {d;}%
ie.,

Jj=Db

s gl l
dy >2dy > -+ > dp,
then

%

> [0 (Vi) 2>Zdl for 1<i<k (4.15)
j=1 j=1

which can also be equivalently stated as

k
[U] Vk M Z

Let us look at what we can draw from them. (4.16) implies

u<—

for 1 <i<k. (4.16)

.Mw

1

<.
Il

k
[0s(View)]™ Z for 1 <i<k,



or, equivalently
N ~1/2
0i(Vew) > | d! for 1 <i<k. (4.17)
j=i
Take ¢ =1 in (4.15), combining with (4.17), to get for the smallest singular value
~1/2

Zd} < 01(Viop) < [dﬂ o (4.18)

The lower bounds in (4.17) are guaranteed very sharp for i = 1 because of (4.18), but may
not be so for i # 1. Our numerical calculations for various interval [«, 3] shows that they
are pretty good for the first few smallest singular values, and then deteriorate as ¢ becomes
bigger. But for max{|a|, |3|} ~ 1, the lower bounds are sharp for both ends of singular values
(i.e., largest and smallest ones).

Exactly the same thing can be done with (4.3) upon extracting the diagonal entries of
R, *diag(2,1,1,...,1) R,;l. But these diagonal entries relate to the coefficients in a much
more complicated way. We shall not pursue this here.

5 V, with Chebyshev extreme nodes

Since there is n + 1 extreme points for T),(¢) on [—1,1], it is more convenient in terms of
formula writing for us to work with V1 than V,,, and this is what we will be doing in this
section. Throughout this section V;,41 will have nodes ;41 = T;;L for 0 < j <mn. Set

To(ton) T1(t0n) To(Ton) -+ Tn(70n)
St def TO(':—In) Tl(:T2n) T2(':7—2n) E Tn(ern) (5.1)
To (Tnn) Ty (Tnn) 15 (Tnn) R I (Tnn)

Then V+1Rn+1 = Sp+1. Sp+1 is always real, while V41 and R,4+; may not. We now

compute

ef
Yo € ST Qi1 S, (5.2)

where
Qny1 =diag(271,1,1,...,1,271) e RPFOUX(HD), (5.3)
To this end, we notice
ji

(Snt+1)(it1,4+1) = Tj(Tin) = cos jin = cos %7%

and therefore for 0 <14,7 <n

n

//
(Sn+1Qn+1Sn+l (i4+1,j41) Z n+1 )(i+1,k+1) (Sn+1) (ke 1,541)
k=0



Ti(TOH)Tj (Ton) + Tz(Tnn)TJ (Tnn)

= - 9 + ZTZ(Tkn)TJ(Tlm)
k=0
1 —1)itJ n
= 4_(2) + Z €08 10y, COS jVkn
k=0
L+ (-1 1 o 1 o
= ——5 + 3 ;Ocos(z + )0k + 3 kz_ocos(z — 7)%n, (5.4)

where Z;’ means the first and last terms are halved. We now compute »;_ cos {0, where
£ is an integer. We claim that

n n+ 1, if £ = 2mn for some integer m,
> cos ¥y, =4 0, if ¢ is odd, (5.5)
k=0 1, if £ is even, but £ # 2mn for any integer m.

Since (g, = (fk/n)m, the case £ = 2mn is clear. Assume that ¢ # 2mn for any integer m,
and then cos ¢ # 1, where ¢ = ¢w/n. Denote ¢« = /—1. We have

2 z": cos iy, = 2 z": coskop = zn: [euw n e‘“’“ﬂ
k=0 k=0

k=0
n n
= Z [e‘ﬂk + Z e_“i’r
k=0 k=0
1— [6L¢] n+1 1— [6_L¢] n+1
- 1 — e + 1—e

1 — etnt)e 1 _ o—ulntl)e
[ —ed T i_ew
1+ cosng — cos¢p — cos(n + 1)¢
1 —cos¢

= 14+ (-1

upon noticing cosng = cos fr = (—1)* and cos(n + 1)¢ = cos({m + ¢) = (—1)* cos ¢. (5.5) is
proved. Consider now £ =i+ j,and 0 <4, j<n. Since0<i+j<2nand —n<i—j<n,
for some integer m

t1+7=2mn & 1=353=0, or i=j=mn;
1—j=2mn & 1=]j.
It follows from (5.4) and (5.5) that
Y1 = gdiag(2, 1,1,...,1,2). (5.6)

Equation (5.1) yields VTSA = Sn+1R;_1H. Extracting the first k£ columns from the both
sides yields the following theorem.

Theorem 5.1 Let V41 have the translated Chebyshev extreme nodes o; = T;;L (1<j<n),
and let upper triangular Ry be defined as in (2.11) and Sp4+1 as in (5.1). Then VanH =

(Sns1)m By

12



5.1 Condition number xg(Vj 1)

A rough bound for T, ist
n
5 ntl < TnJrl < nInJrl (57)

which is probably good enough for most occasions. (5.7) implies immediately

n 1 1 2
§Ik < (Tns1) (i) < 1 1k gIk < [(CnsD)amamy] < EIIQ (5.8)
By Theorem 5.1, we have®
_ Ly T _
Vk7n+1Qn+1Van+1 Rk [ n+1 ] Qn—i—l(sn—‘rl)( lsk)Rk !
= R, (S n+1Qn+ISn+1)(1klk)R
= R;Z*( 1) (1, 1:k) R;; ; (5.9)
_ -1
(Vk,n—i—lQnJer]gn.i_l) = [( nJrl) 1:k,1: k)] Rka (510)

where Vkmﬂ is its complex conjugate. Since (1/2)I+1 < Qi1 < It and (5.8),

§Vk7n+1Vk,’n+l < Vk7n+1Qn+1Van+1 < Vk7n+1Vk’,n+1>
n . -1 _ -1 — —1
SBT R BT (Taa)amam By < BT Ry,

-1
= T —1 — — T -1
(Vk,nHVk,nH) < (Vk,nHQnHVIZnH) <2 (Vk,n+1Vk,n+1) ’

1 . ~1 2 *
ERk Ri < Ri [(Tns1)amin) R SﬁRkRk'

Consequently,
noy 12 112
3 1B s < Do (Ve <20 [R5 (5.11)
J
1 k-1 1 9 k-1
o D [Sja(w, ) < 5 <) [Sjalw, )] (5.12)
2n Jj=0 ’ [Uj(VkJH’l)]Q n j=0 ’

Theorem 5.2 Let Vi, 41 have the translated Chebyshev extreme nodes T t' Then

k—1 k—1
1 2
Vinsille 4| 5 — > [Sjaw, M) < ke (Vient1) < [Vinsalle - > [Sjalw, 7).
=0 =0

As what we did for Theorem 4.2, we may specialize this theorem onto interval [a, ] with the
cases —a = [ or o > 0 in an almost the same way to conclude that (4.10) — (4.13) remain
true with Vj,, there replaced by Vj 41 here. Detail is omitted.

4X <Y for two Hermitian matrices means that Y — X is positive semidefinite.
5 Again one can also have

Viern Qi1 Vi = (n/2) R, " (Yot 1)(1:k,1:0) Ry'y (VienQu1 Vi)™ = (2/n) Rk (Tri1) (1:k,1:0) ' RY,
similar to (5.9) and (5.10).

13



5.2 Extreme examples for CG and Lanczos

V41 here provides another example to achieve the sharpness of the existing error bounds
for CG, MINRES, and the symmetric Lanczos method. We shall just compute (or estimate)
miny, =1 ”9111/4-21 VkTﬂ1 41u|]2 and the rest would be straightforward minor modifications to what
in [12] and thus will be omitted.

Our inequalities (5.13) and (5.15) below are more general than what CG needs. They are
valid, regardless whether all nodes are positive or not. It follows from a theorem in [12] that

. 1/2 = _ —1/2
min 0LVl = [ (T O V)] 2.
u()l=
By (5.10), we have
_ . -1
&1 Venr11Viin) et = " [(Tot) mamy) ¥

where y € CF and Y(j+1) = aoj = T;(7). Immediately with (5.8), we get

1/2
i 1Vl 1 -
luqy|=1 vn V2T .
where
k1
NTy(r)?, for k < n,
Ty, < (5.14)

"|Ti(T)|?, for k=n+1.

1M1

Now for any given g € C"*!, we have diag(g) V,gnﬂu = diag(g)Q;Jlr/l2 Q:L/EIV,;F”HU and thus
Vnming g 1 © min Idiag(g) Vil qqull2 - Vvnmax; g |1 (5.15)
gl 2Tk ~ lul=1 lgll2 - lgll2 T

(5.13) and (5.15) are valid for a1 = 7}, for 0 < j < n for any w # 0 and 7 with or without
the interval [a, 3] in the context.
Meinardus [13] showed that if 0 < o < 8, and g € C"! with

,/1/7';72, for 5 € {0,n}, (516)

2/r . for1<j<mn-—1,

gn’

9G+1) =

then
|diag() VL,
Juy|=1 lgll2
where 6 = /3 and Ag is defined by (2.4). This is not exactly the way Meinardus [13] stated,
but an equivalent form. Note that Vj,11 = Vj 5,41 for k = n+1; so the left-hand side of (5.17)
is nothing but

=2[A2 + ;"7 (5.17)

i Hdiag(g)VkZ’FnHqu
lu)l=1 llgll2

for k=n+1 and g as in (5.16).
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Figure 5.1: Ratios of 2 [AZA + Ag(kil)} over miny, =1 W

[6,1]. Left: g;y =1 for 1 <j <n+1; Right: g defined by (5.16).

. — Ltr
, where aj 11 = 7, on

Numerical tests indicate that for 1 <k <n

[diag(9)V,, 1 1ull2
min
lucry|=1 lgll2

<Akt 0]

Our (5.15) can lead to a lower and a upper bound (for all k) that differ by at most a factor
of 24/2f/a because min; |g¢;)| > 1/+/B and max; |g(;)| > y/2/a. For comparison purpose,
let cite the following restatement of a result also due to Meinardus [13]: If all a; € [av, ]
(not necessarily the translated Chebyshev extreme nodes, of course) and 0 < «, then for any
gc (Cn+1’

-1

diag(g9)V;L, ,qu
I g@)km+1ﬂ2<2[A§1_FA6wU} (5.18)

min

Juyl=1 lgll2
for all 1 < k < n+ 1. Figure 5.1 plots the ratio of the right-hand side of (5.18) over its
left-hand side for aj11 = T]t; on [6, 1] with two different g. It is interesting to notice a sudden
drop at kK — 1 = n for g being the vector of all ones, and for g as in (5.16), the ratio is one

at k — 1 = n guaranteed by (5.17) and for all other k the ratios appear no bigger than V2.
This has recently been confirmed by the author in a report in preparation.

5.3 Bounds on individual singular values

Let the diagonal entries of Ry [(Tn+1)(1:k71:k)] ! R} be
T -1 5% .
85 =€ Ry, [(Tns1)(wany] Riej for 1 <j<k.
and let the nonincreasing re-ordering of ¢;’s be 5}-’5, ie.,

5 >85> > 40



Equation (5.10) implies, by Schur theorem [3, p.35],

i B 1 i '
D o (Vima)] 2 = 525}- for 1 <i <k, (5.19)
j=1 j=1

k k
S oj(Ven)) 2 < >4 for1<i<k. (5.20)
j=i j=i

Now (5.20) implies

(s (Vient1)] for 1 <<k,

IIMW

or, equivalently
-1/2

k
0i(Vins1) > |0} for 1 <i<k. (5.21)
j=i

Take i = 1 in (5.19), combining with (5.21), to get for the smallest singular value

—-1/2
—-1/2

k
S 6! < 01 (Vins1) < V2 M . (5.22)
j=1
Our comments at the end of Subsection 4.3 apply here, too.

6 V, with other orthogonal polynomial zero nodes

Part of the material in Section 4 can naturally be extended to V,, whose nodes are the zeros
of the nth translated orthogonal polynomial from any orthogonal polynomial system. We
shall outline the detail here. Let p;(t), j = 0,1,2,..., denote a sequence of normalized
orthogonal polynomial with respect to some weight function w(¢) on an interval which may
be open, half open, or closed. For a list of well-known orthogonal polynomials such as T,
we have been dealing with so far, Legendre polynomials, and etc, the reader is referred to [4,
p.57] or any books on orthogonal polynomials. Orthogonal polynomials have many beautiful
properties. Useful to us here are that p,(t) is guaranteed to have exact n distinct zeros® tin,
j=1,2,--- n, in the interval, and [7]

n
1, if r = s,
Z)\jnpr(tjn)ps(tjn) = { 0 otherwise for0<r,s<n-1 (6.1)
]:1 b )

as the result of the fact that the Gaussian quadrature formula

/¢>(t) w(t)dt = Ajno(tjn)
j=1

5Up to now, t;,, is reserved for the zeros of the nth Chebyshev polynomial of the first kind. It, along with
other previously reserved notation, will be reassigned in this section.
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is exact for all polynomials of degree no higher than 2n — 1 and [ p.(t)ps(t) w(t)dt = 0
for » # s and 1 for » = s, where the integral is taken over the support of w(t), \j, are
Christoffel numbers for p,. For numerical values of the nodes and Christoffel numbers for
various orthgonal polynomials, the reader is referred to [1].

Given w # 0 and 7, define translated orthogonal polynomials by

def
pn(m;w,r) = pn(w/w—i-T),

= annwn + an—ln‘rn_l + -+ a1nx + aop,
whose zeros are

t =wtjn—7), 1<j<n.
Let V,, be with o; = t;'n and set R, as in (2.11) but with a;; here. Set

po(tin) p1(tin) p2(tin) -+ DPn—1(tin)
of | Po(tan) pi(tan) p2(ton) -+ Pn-1(l2n
dof (_ ) (. ) (. ) .( ) 6.2)
Do (tnn) b1 (tnn) D2 (tnn) e pnfl(tnn)
Then V'R, = P, and
PTA, P, =1, (6.3)

where A, = (Ain, A2n, -+ Aun). Therefore VI' = P, R;!. Extracting the first k& columns
from both sides of VI = T, R’} yields Vkr‘fn = (Pn):1:0) R;l, similar to Theorem 4.1.
Let Agn = (An)(1:k,1:6)- We have
- . T _
VerMen Vit = Ry [(Po)iany]” Men(Pr)rm Ry
= R;*(PgAnPn)(lzk,lzk) Rlzl

= R.R.', (6.4)
(Vk,nAk,nd:,Fn)_l = RyRj. (6.5)
Upon noticing min; Ajp, I, < Ag, < max; Ajp Iy, we have
1 1112 2 1 —1112
1 Ve < sl < ol (0
1
(min A, ) & < ————— < (maxAjp) Pk. (6.7)
i Z [0 (Vi) ;Y
where ‘
def 9 A 9
P = || Rillp = Zzazj'
j=0 i=0

Now bounds on kg (V} ;) can be easily obtained in terms of a;;. For CG or MINRES residuals,
we have exactly

—1/2
k—1
min Idiag(g)Vilulla = | Y |pi(7)[? : (6.8)
Uy |= ]:0

where g = (VA 1n, VX2n, - -+, VAnn )T . We may also get bounds on individual singular value
0j(Vien), following the lines of previous sections. For similarity reason, detail is omitted.
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7 Conclusions

Vandermonde matrices with translated Chebyshev zero and extreme nodes are shown to have
various interesting properties, derived from simple QR or QR-like decompositions. These
decompositions allow us to obtain the behavior of their condition numbers, and bounds on
individual singular value.

This simple QR-like decompsotion for V,, with translated Chebyshev zero nodes is shared
by a much large class of V,,, i.e., those with nodes being translated zeros of any orthogonal
polynomials. Consequently we can get about the same things as we did for V,, with translated
Chebyshev zero nodes.

There are two immediate applications of studying Vandermonde matrices with translated
Chebyshev nodes. The first one is to establish asymptotically optimal lower bounds on
condition numbers of real rectangular Vandermonde matrices and nearly optimal conditioned
real rectangular Vandermonde matrices on a given interval. Previously similar results were
obtained for real square Vandermonde matrices in [2, 11]. The second application is its
implication to the convergence of the Conjugate Gradient method for positive definite linear
systems and the symmetric Lanczos algorithm for symmetric eigenvalue problems. It is
observed that superlinear convergence [8, 15, 16] often occur for the two methods; while
existing error bounds [9, 13, 14] only guaranteed linear convergence. But little study has
been done as to the sharpness of these error bounds. Results in this paper can be used
to construct examples as in [12] for which errors of approximations by both methods are
comparable to the existing error bounds at all iteration steps.
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