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Abstract

Conjugate Gradient (CG) method is often used to solve a positive definite linear
system Ax = b. Existing bounds suggest that the residual of the kth approximate solution
by CG goes to zero like [(v/k —1)/(V/k + 1)]k, where £ = k(A) = ||A|2]|A7Y2 is A’s
spectral condition number. It is well-known that for a given positive definite linear system,
CG may converge (much) faster, known as superlinear convergence. The question is “do
the existing bounds tell the correct convergence rate in general?”. An affirmative answer
is given here by examples whose CG solutions have errors comparable to the error bounds
for all k.

A similar question for the convergence rate of Lanczos algorithm for symmetric eigen-
value problems is addressed and answered firmly, too. Conceivably examples devised here
may be good testing problems for linear system and eigensystem solvers.

1 Introduction

Krylov subspace projection methods are widely used for large scale matrix computations
because they typically require just matrix-vector products to extract enough information to
compute desired solutions. Two particular popular and efficient ones for Hermitian matrices
are Conjugate Gradient (CG) method for positive definite linear system Az = b and Lanczos
algorithm for symmetric eigenvalue problem Ax = Ax. Both have well-established conver-
gence theories to go with them in terms of error bounds indicating how fast the computed
solutions converge to the desired ones. These bounds usually underestimate the speed of con-
vergence, however. In practice, often the observed convergence is (much) faster than these
error bounds suggest. This paper investigates the attainability of these bounds in general.

Consider positive definite linear system Az = b, where A is n-by-n and Hermitian positive
definite and b is a vector of dimension n. In exact mathematics, the kth approximate solution
xy, by CG is the optimal one in the sense that [3]

7%l a1 = min [b — Az || 4-1, (1.1)
where ry, = b — Az, K = Ki(A,b) is the kth Krylov subspace of A on b defined as

Kr, = Ki(A, b) % span{b, Ab, ..., A¥1p}, (1.2)
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Figure 1.1: Conjugate Gradient Method for Az = b with A = diag(A1, Ag,...,An) and b the vector
of all ones — Ratios of (1.3) over the actual residuals for equidistant or random distributed \;’s

_ def _ . .
and A~ !-vector norm |[|z|| 4-1 = z*A~'z. Here the superscript “*” takes conjugate transpose.

In practice, zj, is computed recursively from zj_; via short term recurrences [3, 5, 6, 18].
CG always converges for positive definite A. In fact with o = 0 (and thus rog = b), we
have the following error bound due to Meinardus [14] (see also [3, 6, 18]):

_ b— A _ -1
Wrllacs gy 02 Al g [k az] ™ (1.3)
||T0||A*1 €K ||7'0HA*1
where k = k(A) = ||A|2||AY|2 is the spectral condition number, generic notation || - |2 is

for either the spectral norm (the largest singular value) of a matrix or the euclidian length
of a vector, and
def VI+1
CWVE-
that will be used frequently later for different ¢. The right-hand side of (1.3) is in fact
Tk (1 + 2k), where T}, is the kth Chebyshev polynomial of the first kind; more in Section 2.
But CG may converge much faster than this bound indicates for a given linear system, for
example, when A has only two different eigenvalues, r, = 0 for £ > 2. Then naturally one
may ask: how good is this bound in general? or, does (1.3) always overestimate the speed of
convergence substantially? or,

fort >0 (1.4)

is  sup max 2 [A’g + Aé_k] b lrllaz modestly bounded? (1.5)
w61 1<k<n—1 7ol a-1
Consider A = diag(Ai, A2,...,A,) and b the vector of all ones, where \; € [d,1] either ran-
domly or equidistantly distributed on the interval. Figure 1.1 plot the ratios of residual
bounds by (1.3) over the actual residuals. What it shows is that initially for small k, bounds
by (1.3) are good indications of actual residuals, but as k becomes larger and larger, this
bound overestimates the actual ones too much to be of any use. Is the phenomena in Fig-
ure 1.1 representative? Often this is what people observed [20], known as superlinear conver-
gence. In [14], Meinardus gave an incomplete answer to (1.3) by devising an n X n positive



definite linear system Az = b for which
[rn—1]l4—1 -1 (-]t
ol =22 A

but without saying anything about all other 1 < k < n — 1. Kaniel [9] later offered an
existence proof of this result. One of our main contributions of this paper is to show

There is a positive linear system Az = b with x(A) < §1
for which the residual of the kth CG approximations is com- (1.6)

1
parable to 2 [A’g + Agk} forall 1 <k <n.

Thus the existing bound (1.3) tells the correct rate of convergence for CG in general. Without
knowing any additional property for a given positive definite linear system it cannot be
substantially improved.

A theory of Kaniel [9] and Saad [17] established similar error bounds on the computed
eigenvectors and eigenvalues by Lanczos algorithm on Hermitian matrices, too. Their bounds
often suggest slower speed of convergence than the observed rate, also known as superlinear
convergence [7, 22]. A similar question to what we ask to CG arises, too, and will be answered
firmly by a conclusion like (1.6) to CG.

The rest of this paper is organized as follows. Section 2 derives a decomposition (essen-
tially a QR decomposition) of a Vandermonde matrix with translated Chebyshev zero nodes.
A minimization problem whose solution is the key to our main results here is proposed and
solved in Section 3. Section 4 presents a result that show the existing error bounds for CG
is sharp in general, modulo a modest factor. For similarity reason, the result is stated with
applicability to MINRES for positive definite systems, too. In Section 5, we comment on
why MINRES could be very slow. Section 6 investigates the sharpness of the existing error
bounds for symmetric Lanczos algorithm. Finally concluding remarks are given in Section 7.

Notation. Throughout this paper, C™**™ is the set of all n x m complex matrices,
C" = €™, and C = C'. Similarly define R**™, R", and R except replacing the word
complex by real. I, (or simply I if its dimension is clear from the context) is the n x n
identity matrix, and e; is its jth column. The superscript “-*” takes conjugate transpose
while “T” takes transpose only. We shall also adopt MATLAB-like convention to access
the entries of vectors and matrices. ¢ : j is the set of integers from ¢ to j inclusive and
i i = {i}. For vector u and matrix X, u(; is u’s jth entry, X(; ;) is X’s (7, j)th entry,
diag(u) is the diagonal matrix with (diag(u))(;;) = u(j); X's submatrices Xz .5y, X,
and X ;.;) consists of intersections of row k to row £ and column ¢ to column j, row k to row
£, and column ¢ to column j, respectively. For ¢ > 0 and integer k > 1,

A1 1A
+ 2 + -2
A7 -1 1-A;

k—1
. N\ 2
E 2 (Al +A7) =2k -1)
j=1

(1.7)



2 Vandermonde matrix with translated Chebyshev zero nodes

Given n numbers oy, ag, - -+, ay, called nodes, the associated Vandermonde Matriz is defined
as
1 1 1
o1 a9 [ o
def n
Vo = : . . , (2.1)
n—1 n—1 —1
o fa%) an

and we also set V4, to be its submatrices consisting of its first k£ rows:

Vin = (Vo) (1:1,)- (2.2)

At their later occurrences, nodes a; will be explicitly specified. It is perhaps one of the
best known structural matrices, and notoriously ill-conditioned for real nodes «;. Recently
various asymptotically optimal lower bounds on its condition number were obtained [1, 13].
As by-products, it is shown that Vandermonde matrices whose nodes are zeros of (translated)
Chebyshev polynomials are nearly optimally conditioned among real Vandermonde matrices
with nodes on symmetric intervals or nonnegative intervals.

In most part of this paper, V,,’s nodes are the zeros of (translated) Chebyshev polynomials,
too. Let

T.(t) = cos(narccost) for |t| <1, (2.3)
1 no 1 n
= 3 <t+\/t2—1> +3 (t— t2—1) for [t| > 1 (2.4)
which is the nth Chebyshev polynomial of the 1st kind. It frequently shows up in numerical

analysis and computations because of its numerous nice properties, for example |T),(t)| < 1
for |t| <1 and |T,,(t)| grows extremely fast for || > 1. Later we will need

14t
T, (— )| =
(i)

The first equality holds because that 7,,(—t) = (—1)"T,(t). We shall prove the 2nd equality
for 0 <t < 1 only and a proof for ¢ > 1 is similar. For 0 < ¢t < 1, we have

t—1

t+1 1
Tn( - >‘=2[A?+At_”] for 1#1¢>0. (2.5)

1+ L+t)* 14ttt 14V
1—t 1—¢ T1-t o1& "

which proves (2.5) for 0 < ¢ < 1.
Given two real numbers a < 3, and therefore an interval [, 5]. Define

8 — « a+p

pr— == — . 2-
w 5~ 0, 7 o (2.6)
Then the linear transformation
€ 2 o+ ﬁ
t == = — 2.7
@=24r=52 (e 237 (27)



maps z € [a, f] one-to-one and onto ¢t € [—1, 1]. The inverse transformation is z(t) = w(t—7).
The nth Translated Chebyshev Polynomial in x of degree n is defined by

Th(z;w, 1) e To(x/w+T), (2.8)

= Q"+ Ay 102" 4 @z + aon, (2.9)
where a;j, = ajn(w, 7) are functions of w and 7 in (2.6). Their explicit dependence on w and
T is often suppressed for convenience. Define
25— 1

2n
translated Chebyshev zero nodes: 15, = w(tjn —7), 1 < j < n. (2.11)

Chebyshev zero nodes: tin = cosOjp, Ojp = m1<j<mn, (2.10)

It can be seen that ¢;, (1 < j < n) are the zeros of T, (t), while ¢¥, (1 < j < n) are the zeros
of T,(x;w, 7). Define upper triangular R,, € R"*"  a matrix-valued function in w and 7,

app ap1r ap2 - Qon-—1
ailp a2 -+ Alnp-1
def
Ry = Ry(w,7) = @22 v G221 |, (2.12)
an—1n—1

i.e., the jth column consists of the coefficients of T);_1(z;w, 7).
In the rest of this section, V,, will have the translated Chebyshev zero nodes a; = t;rn
(1 <j <n). It can be seen that

To(tin) Ti(tin) To(tin) -+ Th—i(tin)
VIR, =T, def To(jhn) Tl(f2n) T2(jf2n) e Tn—1:<t2n) ' (2.13)
TO (tnn) Tl (tnn) T2 (tnn) T Tn—l (tnn)

We claim that
TIT, = (n/2)diag(2,1,1,...,1). (2.14)
The orthogonality among the columns of T, is a well-know fact, as the result of Gaussian

quadrature formula. But we need the diagonal entries of TZTn as well. To this end, we

notice (T'y)(; j41) = Tj(tin) = cos jO; = cos j(22i7;1)7r, and therefore for 0 <i,57 <n—1

n

(TITo) a0 = O (T8 10 (T g+1)
k=1

= > T(tkn) Ty (ten)
k=1

n
= Z €08 10, cos 70k,
k=1
1 — 1 —
= 5 > " cos(i+ )0k + 3 > " cos(i = 5)0kn- (2.15)
k=1 k=1



We now compute >, _; cos {0y, where ¢ is an integer. We claim that

0, otherwise.

Zcos 00y, = { n, for£=0 (2.16)
k=1

The case £ = 0 is clear. Assume that ¢ # 0 for now. Denote ¢« = v/—1 and ¢ = ¢7/(2n). We
have

n

2 Z cos by, = 2 Z cos(2k —1)¢ = Z [6L<2k71>¢ 4 e—t(2k-1)¢
k=1 k=1

k=1
" k-1 n k—1
_ euj) Z |:e[,2¢:| + e—L(b Z |:e—L2¢:|
k=1 k=1
)

1—e2 € 1—e 120

_ 6L¢1 _ 6L2n¢> N - 1— €7L2n¢>
1 — et2¢ 1—e 120"
Now if £ is odd, then e**2"? = ¢ = _1 and thus
= 1 1
_ P —L$ —0-
QZCOSEHkn—e 1—6L2¢+6 1—e*L2¢_0’

k=1

if £ # 0 is even, then e™?" = =7 = 1 and thus Yo coslly, = 0, too. (2.14) is a
consequence of (2.15) and (2.16).

Equation (2.13) yields V,I' = T,,R;;! which essentially gives a QR decomposition for VI
after normalizing T',,’s columns to have unit norm. Extracting the first k£ columns from the
both sides of V,I' = T, R;’! yields the following theorem.

Theorem 2.1 Let V;, have the translated Chebyshev zero nodes o; = t;rn (1 <j<mn)on
[, B], and let upper triangular Ry be defined as in (2.12) with n replaced by k and T, as in
(2.13). Then Vil = (T) (1) Ry,
3 A minimization problem
Any normal matrix A admits the following eigen-decomposition:

A:UAU*, U*U:In, A:diag()\l,)\Q,...,/\n). (31)

For CG, A is Hermitian positive definite and thus all A; > 0, and

in [|b— Az 4,1 = mi A 4-
min b= Azlla = min fiéx(A)b] 4
= min ANA~Y2U*p
min 19x(4) I2
= | mi|n1 Hdlag(g) ijjkl,nuH?v (32)
wl=



where ¢y, (t) is a polynomial of degree k, g = A~1/2U*b, u € CF*1, and a; =X (1 <j<n)for
Vi41,n- In general for normal A, including MINRES proposed in [15] for possibly indefinite
Hermitian A,
in|[b—A = i A)b
min o= Azl = min léx(4)]:
= min (AMU™b
i [6,()U°b]:
- min Hdlélg(g) ijjkl,nuH?a (33)
lu(y =1
where ¢ = U*b. Therefore the convergence analysis for both CG and MINRES ends up
essentially with bounding min, =1 ||diag(g) Vka_lynqu, where g € C*, u € CF1,
In the rest of this section, we shall study minimization problem
min ||diag(g) Vk:’:nqu. (3.4)
luenyl=1
Here for convenience, k+ 1 is relabelled as k, comparing to (3.2) and (3.3). Recall that nodes
of Vi.n are a;’s and they are A’s eigenvalues for CG and MINRES. We also need the concept
of pseudo-inverse. Let X € C™*™ have singular value decomposition (SVD) X = WXV*,
where W € C™™ and V' € C™*"™ are unitary, and ¥ = diag(o1, 09, ...). The Moore-Penrose

inverse Xt € C™ " is defined as XT & VEIW*, where ¥ = diag(a{,ag, ...) and JJT- is Jj_l

if o; # 0 and 0 otherwise. It is known that Px ' X X1 is the orthogonal projector onto
span(X) [21].

Theorem 3.1 For Z € C"*™,

min || Zuls =
luy =1

‘(I - PZ(:’Zm))Z(:?l) H2 always, (3.5)

—-1/2

= |leT 23" = [el (27 2)ed] if rank(Z) = m. (3.6)

T
The min is achieved at uopr = (1 —ZEr: 2:m)Z(:71)) and is (Z*Z) te1 /el (Z*Z)Ley ifrank(Z) =
m.

Proof: (3.5) is a result of re-interpreting miny, |1 [[Zul|2 as a linear least squares problem.

We now prove (3.6). Set v = Zu. Since Z has full column rank, Z' = (Z*Z)~'Z* and thus
w = ZTv. This gives a one-one and onto mapping between u € C™ and the column space
v € span(Z). Now

[ Zull2 [o]l2 [[0]l2

min ||Zullo = min = min > min AR 3.7
|u<1)\:1” ”2 u ‘U(l)‘ vE span(Z) |€{ZT’U| T ‘Q{ZTU‘ H 1 H2 ’ ( )

where the last min is achieved at
*

Vopt = <€1TZT) = 7(2*Z) e, € span(2)

which implies the “>” in (3.7) is actually an equality, and ueps = ZTvept /e ZTvopt. Finally
if rank(Z) = m, Z' = (Z2*Z)~'Z* and thus

leF 22 = \Jel Z1(Z1)rer = el (27 2)er.
This completes the proof. |




REMARK 3.1 It can be seen that for any nonsingular D € C™*™ whose 1st row is e{,

min [|[ZDul2 = min || Zuls. (3.8)
lueyl=1 lu(y|=1

In particular (3.8) holds for any diagonal D with D ;) = 1. Theorem 3.1 can be easily

modified for minimization subject to [u(;)| = 1 for any given 1 < j < m. Detail is omitted.

Theorem 3.2 In this theorem «;’s are not necessarily real. We have

min ||diag(g) Vilyulle = || (= Paisgto) 7,00 ) 928(9) Vi [, (39

luy =1

If, addition, g has no zero entries and all a;j # 0, then

min |diag(g) Vi'pull2 =

{ 0, if less than k distinct values among all o,
[y =1

e Zt|5t,  otherwise,
(3.10)
where Z = diag(g) Vi,

Proof: (3.9) is a direct consequence of (3.5). We now prove (3.10). Suppose there are ¢
distinct values a1, ap,..., o among all oj. When ¢ < k, let v € C* whose entries v(;) are
the coefficients of /! in the polynomial H§:1(t — ;). Then v(py = (—1)* H§:1 a; # 0 and
diag(g) V;L v = 0. Hence

i diag(o) Vil < diog(s) Vilyvlla/ vy | = 0

Consider now ¢ > k. Then Vj, has a submatrix that is a k¥ x k Vandermonde matrix
with distinct nodes and thus nonsingular; therefore V3, ,, has full column rank, so does Z =
diag(g) V;I since g has no zero entries. Apply Theorem 3.1 to complete the proof. |

Theorem 3.2, combined with (3.2) and (3.3), yield exact formulas of the residuals for
CG and MINRES approximations. But such formulas are not very practical and perhaps
only useful for theoretical understanding because in practice it is unlikely that the eigen-
decomposition (3.1) is known. Nevertheless often estimates to min; A; and max; A;, and
consequently to kK = max; A;/ min; \; are available for positive definite A. Therefore bounds
on minyy, ;=1 ||diag(g) VkTmqu in terms of k can be potentially useful. We shall do so now.

Theorem 3.3 Assume all aj > 0, and let kK = max; a;j/ minj oj. Then
min[diag(g) Viull2 < 2lgllz [A + AL
M=
Proof: In view of Remark 3.1, we assume maxja; = 1 and minja; = § > 0 (and thus
k = 1/8). For w and 7 in (2.6) with [, 8] = [§,1], [Tk—1(ej/w + 7)| < 1. Let v € R* with
v(j) = @j—1k-1(w,T) as defined in (2.9). Then
min | |diag(9) Vipullz < ||diag(g) Viivllz/lva))

wI=

= Z‘g(j Th_ 1Oz]/w—|—7' ‘ /|Tk 1
j=1

< gll2/[Te—1(7)], (3.11)



as expected, upon noticing (2.5) and 7 = (6 +1)/(6 — 1). n

Theorem 3.3 is not new. In fact it is the well-known error bound (1.3) in disguise. We
re-prove it here for completeness and because the proof is short.

Theorem 3.4 Let 0 < o < 3, and let oj’s be the translated Chebyshev zero nodes t;; on
[, B], as defined in (2.11). Then

VI u 9
min Wentl _ = (3.12)
luy =1 Vn =6k

where § = a/f3, Z5 is defined as in (1.4) and (1.7). When the min is achieved,

5T0(7) 5T0(7)

4 Ti(7) 4 Ti(r)
Uopt = = L1k . ) V]Znuopt == (Tn)(:,lzk) .
=4,k : =4,k :

Ty (1) Ty (1)

For g € C™*, we have

nmin; | g, 9 dia VI o nmax; g, 2
Vnming [g;| 2 i [diag(g) Vi, ull - Vvnmax; |g;l 2 (3.13)
gll2 ok luql=1 lgll2 lgll2 Esk

Proof: Since Vk,Tm has full column rank, by Theorem 3.1,

. _ —1/2
min [Vi%ulls = [ef (Vi Vil "rer] 7.

luy 1=

(3.14)

By Theorem 2.1, we have
_ T _
VeaVin = By [(Tw)eam] (Tu)eimRy !
= RIZT(TZTH)(lzk,I:k) Rlzl

= (n/2) R, T diag(2,1,1,...,1) R, ",
(VinVin)™h = (2/n) Ry diag(2™',1,1,...,1) R,

1 o k-1

T T \—1 2 2

e (VenVin) €1 = ﬁaoo‘f‘ﬁE ap; s
=1

where ag; = agj(w, 7) as in (2.9) is the constant term of Tj(x/w + 7) and therefore, by (2.5),
lao;| = |Tj(7)| = 3 [Af; + A(;_j] . Hence

e
—

2+ (a)+ A_j)2 — o
f 0 8 2n

1

ef (Vien Vi) ler = -

.
Il

which, together with (3.14), complete the proof of (3.12). (3.13) follows from

min |g;| min ||VkT,nU”2§ min Hdiag(Q)VkT,nUHQSmaxfg(j)’ min HVkT,nUH2- (3.15)
J lueyl=1 lueyl=1 J luy =1



and (3.12). n

An immediate consequence of Theorem 3.3 for the V}, ,, in Theorem 3.4 is

| 2 Vi ull2 k —(k—1)] 7!
—~ — min —2 " <2[AMTLA ) 3.16
S5k luyl=1 Vn [ o b } ( )

Let us see how tight this upper bound is. We have

A2k _q 1/2
RHS of (3.16) _ /3 [3(/<> D)+ 14 Fo }
LHS of (3.16) — N
1/2
< 3 3(1%1)+1Jr A? /
RHS of (3.16) V2As 140
— as k — oo.

LHS of (3.16) \/7\[[

At the left of Figure 3.1, this ratio is plotted for 1 < k —1 < 49 for 6 = 10! and 1072,
respectively. Notice the ratio quickly converges to

1+v6 | 1.655068794066460..., for § =107, (3.17)
V2GS | 2.459674775249768..., for § = 1072 :
(k-1)] 7"

Also plotted at the right of Figure 3.1 are the ratios of upper bounds by 2 A'g_l + Ay

over the actual quantities miny, 1 [|diag(g) V,znqu/HgHg, where ¢ is randomly chosen and
the nodes for V}, ,, are the translated Chebyshev zero nodes on the indicated interval. It shows
that the existing upper bound is still pretty good for the case, too, as guaranteed by (3.13).

Corollary 3.1 Let 0 < 0 < 1, and As and =5, as defined as in (1.4) and (1.7). Then

2 VTnu -1
2 o up i et Akt a0 (3.18)
Esk T ajelsl] lunl=t VN

The next theorem will be used later to construct an indefinite system for which MINRES
converges extremely slow.

Theorem 3.5 Let o < 0 < 3, and let a;’s be the translated Chebyshev zero nodes t;% on
[, B], as defined in (2.11). Then

~1/2
Vi ull2 def — 2
min ———— =®p5 = |[1+2 cos j0s , 3.19
min 3. costs) (3.19)
where 05 < arccos hg, d = min{|al, 8}/ max{|«a|, 3}. For g € C", we have
nmin dia VI al|o nmax. | g 1
vimin ol (1 deglo) Vi _ vimeslopl (1 oo
lgll2 q)k:,& Jugyl=1 lgll2 lgll2 D5

10
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Figure 3.1: Ratios of 2 (AF~ 4+ A;%7V) " over minjy, =1 |[diag(g) VT, ull2/lgll2 for Vi with
translated Chebyshev zero nodes on [, 1]; Left: g is the vector of all ones; Right: unit random g.

Proof: It is very much like the proof of Theorem 3.4, except noticing |ag;| = |T;(7)| =
| cos jfs|. Hence

k—
eF{(Vk,ndT’n)_lel Z cos jbs)* | ,
as needed. [ |

4 Sharpness in rate of convergence for CG
Let 0 < § < 1. For positive definite A with x = k(A) < 1/0, we have

min 7Hb Azl <2
ey, [|bllp
where A is defined by (1.4), p= A~! for CG or 2 for MINRES. For CG, it is a consequence
of (1.3), and for MINRES, it follows from (3.3) and Theorem 3.3. Theorem 4.1 below answers
positively to (1.5), and a similar question for MINRES as well.

[A’g + Ag’f} - (4.1)

Theorem 4.1 Let positive definite A have eigen-decomposition (3.1) with eigenvalues \j =
t;rn on o, B] for j =1,2,...,n, where 0 < a. Then

145+ (1—68)cosE 1 1-6% 72 1
A) = n _ - _ —+ 0= 4.2
K(A) 1+04+(1—0)cosg- & 462 4n? (n4> (42)
1
<1 4.3
<L (43)
where 6 = /3. For b e C",
v/nmin; 190)] < min ||b—A:er < V/nmax; 19| , (4.4)
lgll2 Eskt1 ~ zeke [[bllp lgll2 Eb k1
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for 1 < k < n, where

p=A"1 and g = A"Y2U*b for CG, or
p=2 and g = U*b for MINRES.

(4.4) is an equality if g parallels to the vector of all ones.

Proof: Straightforward calculations yield (4.2) — (4.3). (4.4) is a consequence of (3.2) and
(3.13), or (3.3) and (3.13). ]

Positive definite linear as in the theorem above with g parallel to the vector of all ones
can be easily constructed for testing examples for any given b. We outline a procedure here
to make g parallel to the vector of all ones for CG. Pick a unitary U € C™*™ such that

T
U*b:n(/\}/2 /\é/Q )\,}1/2) ,

for some n # 0. Such U exists, and in fact it can be taken to be a Householder matrix
I, — 2ww* as follows: pick 7 such that

=1l /[ A, and Y2 AV2 AT s real,
j=1

and then set w = z/||z||2, where z = b — 17()\}/2 )\;/2 )\}L/Q)T. Finally set A = UAU*.
Theng=mn(11--- 1)T.

Corollary 4.1 Let 0 < 6 <1, and denote k = k(A). Subject to positive definite A,

-1 b— A 22
sup max 2 [A’g + Agk} min 1o = Azl <  max iﬂ, (4.5)
p<o—1 1<k<n—1 zekn | 1bllp I<k<n—1 Ak + AY
where p= A" or 2.
Proof: Tt is a consequence of (4.1) and (4.4) for g being the vector of all ones. n

5 Extremely slow convergence examples for MINRES

MINRES was originally proposed for indefinite symmetric (Hermitian) linear systems [15].
One may view GMRES [19] as its generalization to a generally non-symmetric linear systems.
Both are often used today in solving large and sparse linear systems in practice, but they
may be slow in convergence. In what follows, we shall construct two artificial examples for
which MINRES converges extremely slowly or does not converge at all. As our proofs above
suggest, it suffices for us to look for those nodes a; so that the associated

T
min HVkJrl,nuHQ
lugn =1 vn
either goes to zero extremely slowly as k increases or does not decrease at all. The construction
of the first example is based on Theorem 3.5. We need to make sure no a; # 0, or equivalently

no cosfj, = cosfs, and at the same time to make max; |a;|/ min; |a;| not too big. To meet
both objectives, we shall pick § as follows, and then make o < 0 < 3 to achieve that J.

(5.1)

12



e If n+1is even, then 6(,,41y/2,, = 7/2. Pick § so that 05 = 7/2 — 7/2n, i.e.,

1 — cos b T 1
d=—F—=1-—40|—
1+ cos s n <n2)7

and thus
min; | ol 1+0 0 cos 05 sin(m/2n)
= cosfs = =
max{|al|, 5} 2 T T4cosbs 1+sin(r/2n)’
max; || _ 1= 4] n 1+0 cosfy, = sin(7r/2n)‘ + cos(7r/2n)7
max{|«a|, 5} 2 2 1+ sin(7/2n)
max; | _ sin(w/2'n) + cos(m/2n) 14 2n T Lo <13> ;
min; || sin(m/2n) ™ 6n n

e If n+11is even, then 0, /9, = 7/2 — 7/(2n). Pick 6 = 1, i.e., § = 7/2, and

min |oy| 1+6 . = .
= sin — = sin —
max{|al, 5} 2 2n 2n’
man\oaj\ 1-6 1446
max{|a], 3} 5+ costin cos(m/2n),
max; lay|  cos(m/2n)  2n  w o 1
min; |a;|  sin(7/2n) 7 6n nd )’

In both cases, kK = O(n), but (5.1) barely moves as k increases, according to Theorem 3.5.

The second example is Ax = b with A being unitary. In practice this is not a problem at
all because x = A*b gives the solution right away. But nevertheless it is a linear system for
which MINRES (GMRES) makes no progress at all. As mentioned before, it is sufficient for
us to give o for which (5.1) is independent of k. The «;’s are

the nth roots of unit: aj = et2im/mn,
Then V., has orthogonal col d thus mi Viéintllz _ g &
en k:-i—l,n as ort Ogona CcO umns, and thus mln|u(1)‘:1 T = or a. .

The two examples are rather extreme, especially the second one, and thus they are unlikely
representatives of linear systems from applications. But conceivably the first example could
be an excellent test problem for solvers of indefinite linear systems.

6 Sharpness in rate of convergence for Lanczos algorithm

Lanczos algorithm for finding some eigenvalues and corresponding eigenvectors of a Hermitian
matrix A may be compactly described as follows. First apply Lanczos process [16] to get

AQy = QiTi + fret, Qu=(q1 @ - @), (6.1)

where @ has orthnormal columns, g1 = b/||b||2 and b is a pre-chosen vector, fi (a vector of
dimension n) satisfies @ fr = 0. Then the eigenvalue problem for T}, is solved. Let (u, z) be

13



Equi-dist nodes )\1=fl,)\l ..... )\’H:fé on [-1,-9], and )\"=0 Random nodes )‘1')‘1""')‘n—1 on [-1,-3], and )\n:O
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= =
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Figure 6.1: Lanczos Algorithm for Az = Az with A = diag(A1,Aa,...,\,) on b the vector of all
ones — Ratios of bounds (6.4) over the actual sin Z(e,, i) for A, = 0, and equidistant or random
distributed {); }?;11.

an eigenpair of Ty, i.e., Tyz = pz. An approximate eigenpair (u, Qxz), so-called Ritz pair, for
A is obtained. It can be seen that

span{QD q2, ... aqk‘} = Kk‘(Aﬂ b)

Assume that A admits eigen-decomposition (3.1). Then U. ;) is the eigenvector of A associ-
ated with eigenvalue \;. For the sake of presentation, assume

M <A< < A (6.2)

Naturally, we ask how good an eigenvalue of T} approximates A’s, and how far U. ;) is from
Kr(A,b). A well-developed theory for this is due to Kaniel [9] and Saad [17], and if more
detailed information on A’s eigenvalue distribution is available, better bounds can be derived,
too [16]. From the distribution point of view in the limiting sense as k and n both goes to
oo but with fixed ratio k/n, it was studied which eigenvalues are found and what are their
associated convergence speeds in [4, 10].

Consider again A = diag(A1, Ae, ..., Ay,) with either randomly or equidistantly distributed
{A ;‘:_11 on [—1,—4] and A\, = 0. If Lanczos algorithm is applied to A on vector b of all ones,
Figure 6.1 plots the ratios of bounds by (6.4) and the actual sines of Z(ey, Kx). It shows
the disproportions between the bounds and the actual sines. The main contribution of this
section is to show they are however sharp in general, despite Figure 6.1.

6.1 Eigenvector Convergence

Let us look at how close Uy. ;) is to Ky (A,b). This can be turned into the following minimiza-
tion problem

min ||U. ;) — dx-1(A)bll2 = min|le; — dp—1(A)U"D|2
Pr—_1 Pr_1
= in, I(e; diag(g)ViL,)ullz, (6.3)
U=

14



where ¢,_1 denote a polynomial of degree no bigger than k — 1, g = U*b, and a; = \; for
V- (6.3) does not exactly say if there is a Ritz vector approximates Uy. j) (well). For which
the reader is referred to [8], where it is proved that under suitable separation conditions if
U, is close to Ki(A,b), then there is a Ritz vector that approximates U. ;) well.

Theorem 6.1 Assume \; are ordered as in (6.2), and let Vi, be defined with oy = X\;j. Then

%’\9(1471)”2

min_|[|(e; diag(g)V,gn)qu <

2 | j |2 k—1—(n—7 —(k—1 n—i 27
Zﬁ”g(lzj—l)\\g + g(% {Aa (n=3) 4 A(;( )+(n—7)
(6.4)

Aj=Aj— n n
where § = ﬁ, v =1l (N = A1), and o =TT, (N = Ay)-

Proof: For w and 7 in (2.6) with [, 8] = [A1, Aj—1], [Th—1—(n—jy(Ni/w+T)| < Tfor 1 <d < j—1.
Let v € CF1 with V) = 1 and V() = 1 Ci—2 for 2 < i < k+ 1, where ¢; are coefficients of ¢’
in .
Pr-1(t) = H (t = Xi) X Ty —(n—jy (t/w + 7),
i=j+1
n € C to be determined such that 1 g;)( = —|ng¢;¢|, and ( = ¢x_1();). Then

min, l(e; diag(g)Vi, Jullz < |l(e; diag(g) Vi, )vll2
’LL(1=

1/2
< [PYllgag-nl3+ =gy

Now it is clear that |n| should be chosen to minimize the last quantity above, which gives

] = 19¢)¢]
Y2|lg(1:j-1)lI13 + l9¢)¢1?
e g5
. . YH9(1:5-1)1l2
min (e; diag(g)Vil,)ulla < L . (6.5)
® V72 l9:5-1) 13 + lag)cl2
Now by (2.6),
ﬁ+T: 2 _/\j_1—i-)\1:1—i-(57
w /\j—l — )\1 >\j—1 — )\1 1-96
and thus by (2.5), we have (6.4). |

REMARK 6.1 (6.4) is equivalent to an existing bound of Kaniel and Saad [16, p.270]. Let

1 k—1—(n—j —(k—=1)+(n—j t
Y= 2Z(U), Ke)s t = l9ag-vllz/lopl, M =5 [A5 (=9 pg D ])] €= a7
(6.4) can be rewritten as sinty) < €/v/1 + €2 which implies cos 1) > 1/v/1 + €2 and consequently
tant < ¢, a bound of Kaniel and Saad. On the other hand tant < e implies (sin))? <

€2[1 — (sin))?] to get sin < €/v/1 + €2 that is (6.4).
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Lemma 6.1 Let o < 3 < 0, and let Vi, have nodes o; = t;-rn_l for1 < j<n-—1and
an=0. Ifgyy=p for1 <j<n-—1, then

min ||(en diag(g)Van)quz 1+

lueyyl=1

—1/2
ol 1 _ 17
P2 20— 1) %

Proof: Notice that T',, in (2.13) depends on n only. In this proof, we need T',,_;. Let upper
triangular Ry be defined as in (2.12) with n replaced by k. Denote 1 = g(,), and set

: 0 pVe
Z = (en dlag(g)Vk:’Fn) = (1 Pnei%n1>
1

from which it can be seen that it has full column rank. By Theorem 3.1, we need to compute
[e{(Z*Z)*lel]_lﬂ. We have

1 _ 0 p (Tnfl)(:,lzk) _ 0 p(Tnfl)(:,lzk) 1
Z< Rk> - (1 nel Ry, » 4= 1 nel Ry, R,;l

27 = (" p) (e hen) ()
R.*) \n"Rjer |p|*D + [n|*Rieie] Ry, R;!

(1 1 1 1 nel'R\ (1
B R.*) \n*Rler I |p|?D I R’

where D = [(Tnfl)(:,lzk)] (Tnfl)(:,lzk) = (Tg—lTnfl)(lzk;,l:k) = nT_ldiag(271717--'a1) by
(2.14). Therefore

. 1 —nelR;\ (1 1
EE) e = 61T< I >< Ip!‘ZD—1> (—n*RZel I> -

= 1+ nfef Re|p| D™ Riey

to get

k—1
nl> 2 2
j=1
11—
= 14— =
Tl 2(n—1) T
similarly to at the end of proof of Theorem 3.4. |

Theorem 6.2 Let a;’s be as given in Lemma 6.1. Suppose A is a Hermitian matriz whose
eigenvalues are \j = o and admits eigen-decomposition (3.1) and g = U*b. Apply Lanczos
algorithm on A with g1 = b as in (6.1). Then

- 1 -1/2
mllCn HU(,n) — xHQ < 1+ |g(n)|2 ’3 1 : Eé,k , (6.6)
€K e l9? 2(n — 1) |

- 1 -1/2

|g(n)|2 1
min HU(,n) — Z’HQ > 14+ - 5 E&k . (67)
z€Ky, 1§Ijn§1111171 l9¢)]? 2(n — 1) ]
Both are equalities if |91y = |9i2)| = -+ = |9n-1)|-
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Figure 6.2: Ratios of upper bounds by (6.4) for j = n over sin Z(Uy, ), Kx). Eigenvalues are \; =
t;r,kl for1<j<mn—1on[-1,—0] and A\, = 0. Left: g is the vector of all ones; Right: g is random.

Proof: They are consequences of Lemma 6.1 and

min |(en diag(s) Vi Jullz < min, |(en diag(o)VT,Julle < min (en diag(3)V{Jullz
Uy= Uy=

where ﬁ(j) = minlgign_l ]g(])] and @\(]) = mMaXj1<i<n—1 ’g(])‘ for 1 < 7 <n—-1, and g(n) =
9n) = 9(n)- n

In order to see how good the existing bound by Theorem 6.1 for j = n is, we plot in
Figure 6.2

1. the ratio of the upper bound over the lower bound (i.e., the right-hand side of (6.4) for
j = n over that of (6.7)) when g is the vector of all ones for which (6.7) is an equality;

2. the ratio of the upper bound (6.4) for j = n over mingei,, [|U. ) —|l2 = sin Z(U(. , Kr.)
when ¢ is a random vector and ||g||2 = 1.

In the first case when g is the vector of all ones, the ratio quickly approaches a constant
because for j =n

RHS of (64) V2 As 1+0

RHS of (6.7) \/7 V2 s

which, together with (3.17), explain the left plot in Figure 6.2. With random g, however, the
ratios behaves irregularly but still grow slowly proportionally to | 9(n) |71

Theorem 6.2 only shows that (6.4) for j = n is quite sharp in general. The situation for
j # n appears to be very complicated, and it is not clear how to best approach the situation.

as k — oo

6.2 Eigenvalue Convergence

A is Hermitian; so is T}, = Q;AQy. We expect the largest eigenvalue p, of T}, best approxi-
mates \,,. We have

2Tz Z*QrAQyz u (A= N u
Ur = max = max — S s =\, + max ———
z ¥z 2*QrQrz ueky, u*u
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= M\ + max [Dr—1(A — A D)b]*(A — N )[pg—1(A — N\, 1)b]
T k(A= MDb [ de1 (A= A D)D)

since K (A,b) = Ki(A — A1, b). Substitute A = UAU™ to get

diag((And — A)2g) VL ull3
[diag(g) VL, ul3 ’

0> pux — Ap = —min (6.8)
u

where g = U*b, and aj = A\; — A, for the nodes of V,. Theorem 6.3 below rephrases an
existing result of Kaniel and Saad [16].

Theorem 6.3 Assume \; are ordered as in (6.2), and let Vi, have nodes aj = Aj — A\, <0,
and Q = —diag(ay, a9, ...,an). Then

QY 2diag(g)V;L ull3 1 |2 2
min | . g(g)Tk,n2||2 §4()\n—>\1)w [A§_1+Ag(k71)} , (6.9)
u ||diag(g)Vy,,ull3 |9(n)]
where § = /\K;i’;\zl .

Proof: For w and 7 in (2.6) with [a, 5] = [a1, an-1], [Th—1(aj/w+ 1) <1for 1 <j<n-—1.
Let v € C* with v(j) = a;_1p—1(w,7) as defined in (2.9). Then

|2/ diag(g) Vigyulls - 119/ diag(g) Vil vl

min - < :
u|diag(g)Vyl,ull3 [diag(9) V", vll3
2
[9m)yv (1)
l9(1:n—1) I3 1
= (M — A2 . (6.10)
l9y 2 |Th—1(7)]?
Now by (2.6)
o a1+ a1 . 1+6
N a1 — Op—1 N 1—5’
and (2.5), we have (6.9). |

Lemma 6.2 Let o < 3 < 0, and let Vi, have nodes o; = t;rn_l for1 < j<n—-—1and
an=0. Ifgyy=p for1 <j<n-—1, then

min - 1+
u [diag(g) Vi, ull3

-1
|g(n)|2 1 —=
P2 2(n—1) =F|

where § = 3/ a.

Proof: Notice Vi = (Vi1 e1) to get |[diag(g) Vi, ull3 = [pl* (Vi) (1m—1) 13 + 9y uny |,
and thus
I(diag(g) Vi, w) (11 13

_ - |1+
[diag(g) V!, ull3

~1
l9myu)l? ]

oI Vi yull3




Therefore by Theorem 3.4

_ -1
I(diag(9) Vil w) (i1 13 B 9 2 |*
min : T = |l+max ——F"—0

u [diag(g) V;. ,ull3 w p[* Vi —qull3

- -1
lpl? ming, = IV, yull3

= |1+

-1
|g(n)|2 1 —_

Esk
> 2(n—1)

as expected. [ |

Theorem 6.4 Let a;’s as given in Lemma 6.2. Suppose A is a Hermitian matriz whose
eigenvalues are \j = a; and admits eigen-decomposition (3.1) and g = U*b. Apply Lanczos
algorithm on A with g1 = b as in (6.1). Set py to be the kth Lanczos approrimation to \,.
Then

= -1
2
g r _
= 90) |
— 2 - _1
19(n)| I
N S =R (012
1<jen-1190) |

where 0 = 01,1 = ﬁ, 0=p/a, and

I'=|of

1+ cos@ 1—cosé 1—cos@ 1+ cosf
) = ) .
y 0T ] 7 ’O"[ y T ]

Proof: Let Q = A\, I — A. It can be verified that v < ||| <T'. Now

|9 2diag(g) Vi, ull - ll(diaglg) Vit w)an I3

- =z 7 -
[diag(g)Vy/, ull3 [diag(g) V", ull3
i |9yl B
(m) %)
| Il(diag(g) Vi, u) (1) \%]
- 1-1
2
S P |g(n)u2(1)| T .
i 1§5‘n§12—1 ’9(;’)’ HVk,n—1“H2_
- 4 -1
12/ 2diag(g)V;L,ull3 < rlhs l9myu)l?
Idiag(g) Vi ull3 e g PV yull? |
The rest of the proof for (6.12) is the same as that for Lemma 6.2 [

Theorem 6.4 shows that the existing result (6.9) tells the correct speed of convergence for
An on the matrix. Kaniel and Saad obtained similar bounds on approximating other A; by
Ritz values [16]. Their sharpness in general remains to be studied.
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REMARK 6.2 For Theorems 6.2 and 6.4, one implies the other with slightly weakened in-
equalities in the theorems. In fact we have

()‘n - >\1)2 2

Ay — Ao1)2€E2 < Ny — g < 222 2,
( 1)6 N uk_>\n_)\n71€

(6.13)

where € = sin Z(U(. ), Ki). To see this, let ||U. ,) — yll2 = mingex, [|U(.n) — ®[]2 = €. Then
U(.n) — ¥y and y are perpendicular and ||yll2 = V1 — €2. Write y = £U(. ) + U 1:p—1)C. It can
be seen that || = 1 — ¢? and ||c|2 = €V/1 — €2. Therefore

r d:ef Ay — Ay = (A — )\nI)U(:,lzn—l)c

and gives [|r|l2 < (A, — A1)ev'1 — €2, and thus [11]

(Irll2/llll2)* _ e = A1)?
)\n - )\nfl o )\n - )\nfl 7

)\n_ﬂkg

the second inequality in (6.13). Let u be the corresponding Ritz vector to ug. By [12,
Theorem 2.1],
)\n — Uk

e < sin Z(U(, p),u) < Ao — Ano1

which leads to the first inequality in (6.13).

7 Conclusions

It is often observed that the existing error bounds for solutions by CG (and MINRES) for
positive definite linear systems and symmetric Lanczos algorithm for symmetric eigenvalue
problems are very good in indicating the accuracy of the computed solutions for the first few
iterations but after that the bounds overestimates the actual errors too much to be of much
use. Is this always the case? Through studying minimization problem (3.4):

min_||diag(g) V%, ull
lugy|=1 ’
which also leads to solutions to related minimization problems (6.3) and (6.8), we have
devised examples for CG (and MINRES) and symmetric Lanczos algorithm by which the
computed solutions have errors that are comparable to the existing error bounds at all iter-
ation steps . This implies that the existing bounds can not be improved in general unless
further information upon the problems to be solved becomes available.

For symmetric Lanczos algorithm, we only have an example that shows the existing
bounds for the approximations to the largest (smallest) eigenvalue and its associated eigen-
vectors are sharp, modulo modest factors. The situation for approximations to any other
eigenvalues and associated vectors can be very complicated and we suspect that the existing
bounds would probably not sharp, even after modulo modest constant factors.

Concerning the sharpness of the error bound for CG, Meinardus [14] who established
the bound himself showed the error bound could actually be achieved but he only did so for

!This corresponds to k = n in (3.4).
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k =n—11in (1.3), leaving out what might happen for 1 < k£ < n—2 unanswered. Meinardus’s
example corresponds to V,, with nodes being the extreme points of a translated Chebyshev
polynomial Numerical tests show Meinardus’s example does not achieve the error bound for
k # n—1, but has approximation errors comparable to the bound for all other k, nonetheless.
We have a proof for this, but it is too complicated to fit in here and so we decide to publish
the proof along with other results elsewhere. In the meantime, our results are sufficient to
accomplish the gaol we set out to achieve at the beginning of this paper.

The foundation of this paper is built upon an explicit evaluation of minimization problem
(3.4) for translated Chebyshev zero nodes. This successful evaluation turns out not just for
translated Chebyshev zero nodes. It can be done for any V,, whose nodes are the zero of the
nth translated orthogonal polynomial from any orthogonal polynomial system because of the
existence of a QR-like decomposition like (2.13) as the result of Gaussian quadrature formula.
An immediate implication of this is that one can construct various examples for which CG
residuals and errors in approximations by Lanczos algorithm can be expressed explicitly in
terms of the constant terms of the associated translated orthogonal polynomials. Results as
such along with others will be reported elsewhere, too.
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