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Introduction

I study algebraic and geometric combinatorics and combinatorial commutative algebra, a field of math-

ematics focused on the study of algebraic structures emerging from combinatorial and discrete geometric

objects. More specifically, I am interested in algebraic and Ehrhart Theoretic questions arising from convex

rational polytopes and pointed rational cones. This research statement is organized as follows. First, we pro-

vide a review of the necessary background and definitions. We then outline three research projects including

a review of previous and ongoing work, as well as conjectures and open questions. Many of the questions

contained within these projects are suitable research problems for students at both the undergraduate and

graduate levels. Greater specificity of mentoring and student research plans may be found in Section 3 of

my teaching statement. The three projects are:

1. Algebra and geometry of lecture hall polytopes. This project is to determine as many algebraic and

geometric properties of lecture hall polytopes as possible. Specifically, the focus will be on classification

of the Fano, Gorenstein, pseudo-Gorenstein, level, and reflexive properties. Additionally, I wish to study

reflexive dimension questions for specific families of lecture hall polytopes.

2. Coinvariant algebras for Hibi rings. In the particular case of the Hibi ring for the antichain An,

or alternatively the unit cube semigroup algebra, certain coinvariant algebra constructions realize Euler-

Mahonian type distributions via Hilbert series computations. The goal of this project is to generalize

these results to other families of posets and extend the results to Hibi rings for double posets.

3. Combinatorial commutative algebra for lecture hall cones. For certain families of s-sequences,

lecture hall cones and their associated semigroup algebras admit combinatorially interesting Hilbert bases

and Gröbner bases for their toric ideals. The aim of this project is to extend previous Hilbert basis and

Gröbner investigations, as well as study free resolutions and coinvariant algebra constructions of these

cones.

Background

Let k be an algebraically closed field of characteristic zero. Let R =
⊕

i∈ZRi be a finitely generated Z-

graded k-algebra of Krull dimension d. Suppose that R is local and Cohen-Macaulay. The canonical module

of R, ωR, is the unique module (up to isomorphism) such that ExtdR(k, ωR) = k and ExtiR(k, ωR) = 0 when

i 6= d. We say that R is Gorenstein if ωR ∼= R or equivalently is ωR is generated by a single element. There

are two generalizations of Gorenstein which are of interest, namely level and pseudo-Gorenstein. We say

that R is level if ωR is generated by elements of the same degree, that is ωR has minimal generating set

{σ1, . . . , σj} such that deg(σ1) = deg(σ2) = · · · = deg(σj). We say that R is pseudo-Gorenstein if ωR has a

unique generator of least degree, that is if ωR has minimal generating set {σ1, . . . , σj} and γ = min{deg(σi)}
and deg(σs) = γ then deg(σi) > γ for all i 6= s. For additional details and expositions on Gorenstein algebras

and generalizations, [12, 35] are suitable references.

Let C = spanR≥0
{wi : i = 1, 2, . . . , `} with wi ∈ Qn be a pointed, rational polyhedral cone. The lattice

points C ∩ Zn form a semigroup and the minimal generating set of this semigroup is called the Hilbert

basis of C. Let k[C] ⊂ k[x±11 , x±12 , . . . , x±1n ] be the graded, affine, normal semigroup algebra generated by

{xp : p ∈ C∩Zn}. It is well know that this is isomorphic to k[y1, . . . , yN ]/I, where N is the cardinality of the
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Hilbert basis and I is a toric ideal. For further background and reference on rational cones and semigroups,

consult [26]. One particular family of rational cones are the s-lecture hall cones,

L(s)
n :=

{
λ ∈ Rn : 0 ≤ λ1

s1
≤ λ2
s2
≤ · · · ≤ λn

sn

}
where s = (s1, s2, . . . , sn) with si ∈ Z>0, motivated by the study of s-lecture hall partitions (c.f . [8, 9, 31]).

Let P ⊂ Rn denote a n-dimensional convex lattice polytope. Let k[P] ⊂ k[t, x±11 , x±12 , . . . , x±1n ] denote

the graded, affine, normal semigroup algebra generated by the set {trxq : q ∈ CP ∩Zn} where CP is the cone

defined by CP := spanR≥0
{(1, vi) : i = 1, 2, . . . , `} where the vi are the vertices of P. This is the semigroup

algebra of a pointed, rational polyhedral cone and hence is isomorphic to the quotient k[y1, · · · , yN ]/I, where

N is the cardinality of the Hilbert basis and I is a toric ideal. Given m ∈ Z>0, let mP := {mα : α ∈ P}.
We say that P is Fano if its unique interior point is the origin, that is if (P \ ∂P) ∩ Zn = 0. We say that P
is reflexive if it is Fano and its polar dual

P∨ := {y ∈ Rn : 〈x, y〉 ≤ 1 for all x ∈ P}

is a lattice polytope. We say that P is Gorenstein if k[P] is Gorenstein or equivalently there exists some

c ∈ Z≥1 such that cP is reflexive [15]. We say that P ⊂ Rn has the integer decomposition property (IDP)

if for all x ∈ mP there exists v1,v2, . . . ,vm ∈ P so that v1 + · · · + vm = x for any m ∈ Z≥1. The lattice

point enumerator of P is i(P,m) := |mP ∩ Zn|. Provided that P is lattice, this is a polynomial of degree

n in the variable m [16]. Subsequently, we call i(P,m) the Ehrhart polynomial of P. The Ehrhart series

of P is the generating function EhrP(z) = 1 +
∑∞
m=1 i(P,m)zm, being a rational function with numerator

h∗(P, z) =
∑n
i=0 h

∗
i z
i where h∗i ∈ Z≥0. The Hilbert series of k[P] coincides with the Ehrhart series of P.

More detail and exposition on Ehrhart Theory may be found in [7, 36]. The polynomial h∗(P, z) encodes

both algbraic and geometric properties of P, such as the Gorenstein [34], Fano, and reflexive [20] properties.

Two specific families of interesting polytopes are: order polytopes of a finite poset P = {p1, . . . , pn}, O(P ) :=

conv{xj : j ∈J (P )} ⊂ Rn where J (P ) is the distributive lattice of lower order ideals of P ; and s-lecture

hall polytopes,

P(s)
n : =

{
λ ∈ Rn : 0 ≤ λ1

s1
≤ λ2
s2
≤ · · · ≤ λn

sn
≤ 1

}
= conv {(0, . . . , 0), (0, . . . , 0, si, si+1, . . . , sn) : 1 ≤ i ≤ n} .

These polytopes are defined similarly to s-lecture hall cones, but these are distinctly different geometric

and algebraic objects [5, 21, 31].

For a finite poset P , let O(P ) denote its order polytope and let Aut(P ) be the group of poset automor-

phisms. The Hibi ring of P , denoted k[O(P )], is the graded semigroup ring generated by the integer points

in the cone over O(P ). It is well known that k[O(P )] can be represented as a quotient of a polynomial ring

by a toric ideal with a quadratic squarefree Gröbner basis obtained from the distributive lattice of lower

order ideals of P [18, 19].

Given a finitely-generated Z-graded algebra R =
⊕

i∈ZRi with a group action by some group G, the

G-coinvariant algebra of R is the quotient R/IG where IG is the homogeneous ideal of invariants of the

G-action. Hibi rings are equipped with an induced group action by Aut(P ), and hence it is a natural,

though largely unstudied question to consider Aut(P )-coinvariant algebras of k[O(P )]. If C is a rational

cone endowed with a G-action, there is an inherited G-action on k[C]. Another uninvestigated problem is

the algebraic structure of G-coinvariant algebras of k[C].

1. Algebra and geometry of lecture hall polytopes

Since their introduction in the seminal papers of Bousquet-Mélou and Eriksson [8, 9], the algebraic,

geometric, and number theoretic structure of s-lecture hall partitions have been well studied for the better

part of two decades. In particular, the s-lecture hall polytopes have been studied both to determine their

own geometric structure, as well as to inform the number theoretical structure of the partitions, which



RESEARCH STATEMENT 3

has demonstrated that these objects have rich mathematical structure. Savage and Schuster [32] showed

that h∗(P
(s)
n , z) are determined by ascent statistics on s-inversion sequences which generalizes the Eulerian

polynomials with s = (1, 2, · · · , n) realizing the classical Eulerian polynomial. Savage and Visontai [33]

showed that these s-Eulerian polynomials are real-rooted and hence unimodal and log-concave. Lecture hall

polytopes are known to have IDP and the stronger property of having regular, unimodular triagulations for

all s due to combined results of Hibi, Tsuchiya, and myself [21] and forthcoming work of Brändén and Solus

[10]. Towards understanding additional properties of these polytopes, we have the following theorem:

Theorem 1 (Hibi–O.–Tsuchiya,[21]). There is a complete characterization for the Fano and reflexive prop-

erties for P
(s)
n provided that s = (s1, s2, . . . , sn) is of the form:

• s1 = s2 = · · · = si for some 1 ≤ i ≤ n and sj−1 < sj for all i+ 1 ≤ j ≤ n;

• si = si+1 = · · · = sn for some 1 ≤ i ≤ n and s1 > s2 > · · · > si;

• 0 ≤ si+1 − si ≤ 1 for all 1 ≤ i ≤ n− 1;

• 0 ≤ si − si+1 ≤ 1 for all 1 ≤ i ≤ n− 1

Additionally, we also have the following more specialized theorem.

Theorem 2 (Hibi–O.–Tsuchiya, [22]). If s = (2, 3, . . . , n + 1), P
(s)
n is unimodularly equivalent to Qn+1, a

self dual reflexive polytope with Vol(Qn+1) = (n+ 1)!.

The polytope Qn+1 is one of only 3 known examples of a self dual reflexive simplex (see also [27, 38]) and

has the smallest volume of these examples. I am interested in extending the results of these two theorems

in the following way:

Problem 3. Completely characterize the Fano, Gorenstein, and reflexive properties in P
(s)
n .

In recent work with Kohl [23], we have the following progress towards solving this problem.

Theorem 4 (Kohl–O., [23]). Let s = (s1, s2, . . . , sn) be a sequence such that there exists some 1 ≤ i < n

such that gcd(si, si+1) = 1. Denote ←−s = (sn, sn−1, . . . , s2, s1). Then P
(s)
n is Gorenstein if and only if there

exists c,d ∈ Zn satisfying

cjsj−1 = cj−1sj + gcd(sj , sj+1)

and

dj
←−−sj−1 = dj−1

←−sj + gcd(←−sj ,←−−sj+1)

for j > 1 with c1 = d1 = 1.

The existence of c, b ∈ Zn satisfying the above conditions are necessary conditions, based on known

Gorenstein results for lecture hall cones attributed to Beck et. al. [5] and Bousquet-Mélou and Eriksson

[9]. While this theorem encapsulates most Gorenstein lecture hall polytopes, the gcd(si, si+1) = 1 for some

1 ≤ i < n conditions does limit this from a full characterization. For example, P
(2,4,...,2n)
n is a Gorenstein

polytope given by Theorem 1, but gcd(si, si+1) = 2 for all i. Experimentally, it appears that Theorem 4

still holds without the greatest common divisor condition. However, this condition is still necessary in our

current proof.

We say that a lattice polytope P is level if k[P] is a level algebra. Another possible strategy for char-

acterizing the Gorenstein properties of P
(s)
n is to consider the more general algebraic property of levelness.

This may yield a different, but equivalent, characterization which would be of interest. In addition, levelness

has played a major role in the study of Stanley-Reisner rings and the level property implies the existence of

certain inequalities for the coefficients of the h∗-polynomial which need not always occur (cf. [35]). Namely,

this gives rise to the following question:

Question 5. For which s-sequences is the P
(s)
n level?

Though the level property is not immediately detectable via the h∗-polynomial, proving levelness may

prove more approachable. Levelness can be detected in a number of different ways including comparing the
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number of generators of the canonical module ω
k[P

(s)
n ]

to the leading coefficient of h∗(P
(s)
n , z) and computing

the socle of the nontrivial local cohomology module.

For a given s, let I
(s)
n := {e ∈ Zn : 0 ≤ ei < si}, let Asc(e) := {i : ei

si
< ei+1

si+1
} ⊆ {0, 1, . . . , n − 1} with

the convention s0 = 1 and e0 = 0, let asc(e) = # Asc(e), and let I
(s)
n,k := {e ∈ I

(s)
n : asc(e) = k}. In ongoing

work with Kohl, we have the following unpublished theorem.

Theorem 6 (Kohl–O., [23]). Let s = (s1, s2, . . . , sn) and let r = max{asc(e) : e ∈ I
(s)
n }. Then P

(s)
n is level

if and only if for any e ∈ I
(s)
n,k with 1 ≤ k < r there exists some e′ ∈ I

(s)
n,1 such that (e + e′) ∈ I

(s)
n,k+1, where

addition is componentwise modulo si.

This theorem completely classifies the levelness problem in lecture hall polytopes in terms of s-inversion

sequences. Moreover, as a corollary, we can obtain a classification for the Gorenstein and reflexive properties

in terms of s-inversion sequences as well. However, this classification is effectively a new tool for deter-

mining levelness in the case of lecture hall polytopes, rather than an illuminating description of levelness.

Subsequently, one is motivated to find more tractable conditions for levelness in specific cases leading to the

following problem:

Problem 7. Use Theorem 6 to find necessary or sufficient conditions for levelness among specific families

of s-sequences.

For example, Theorem 6 can be used to show that P
(s)
2 is level for any choice of s. There are a number

of other suitable candidates for Problem 7 including monotone sequences, unimodal sequences, and other

sequences of interest in previous lecture hall partition work. We have the following specific conjecture for

levelness which we believe that Theorem 6 would be instrumental in showing:

Conjecture 8 (Kohl–O., [23]). Let s = (s1, . . . , sn) be a sequence of positive integers such that there exists

some c ∈ Zn satisfying

cjsj−1 = cj−1sj + gcd(sj , sj+1)

for j > 1, with c1. Then P
(s)
n is level.

One should note that the condition stated in Conjecture 8 is precisely the if and only if condition for

Gorenstein in lecture hall cones. Experimentally, it appears that in lecture hall polytopes this condition is

sufficient for the more general property of levelness.

A polytope P is said to be pseudo-Gorenstein if k[P] is a psuedo-Gorenstein algebra. We can also

consider similar questions about the pseudo-Gorenstein property in lecture hall polytopes. This motivates

the following problem:

Problem 9. Identify necessary or sufficient conditions for pseudo-Gorenstein P
(s)
n in general, or for re-

stricted families of s-sequences.

For a lattice polytope P, the reflexive dimension of P, denoted refldim(P), is the smallest d such that P
is lattice equivalent to a face of a reflexive d-polytope. Reflexive polytopes were introduced by Batyrev and

are closely connected to the mathematical theory of mirror symmetry [3]. By results of Lagarias and Ziegler

in [24], there are a finite number of reflexive lattice polytopes in a given dimension up to lattice equivalence.

However, by results of Haase and Melnikov in [17], every lattice polytope is lattice equivalent to the face of

some reflexive polytope and hence refldim(P) <∞. We ask the following question:

Question 10. For a given s, what is refldim(P
(s)
n )?

Answering this question in general is a daunting task. However, restricting to particular families of s-

sequences will likely prove more fruitful and will help develop an approach for the general case. Thus, we

have the following problem:

Problem 11. For restricted families of s-sequences, determine refldim(P
(s)
n ) or find nontrivial bounds for

refldim(P
(s)
n ).
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Natural candidates to consider first are the well-studied sequences (e.g. s = (1, 2, . . . , n)), strictly mono-

tone sequences in general, or sequences with bounded entries. We have the following conjecture:

Conjecture 12. Suppose that s = (s1, s2, . . . , sn) such that si ∈ {1, 2} for all i. Then refldim(P
(s)
n ) = n+1.

We can construct a n + 1 dimensional polytope, which we denote Ω(P
(s)
n ,P

(s)
n ), such that P

(s)
n is a

facet, where experimentally Ω(P
(s)
n ,P

(s)
n ) is a reflexive polytope provided si ∈ {1, 2}. Unfortunately the

construction does not appear to extend to other s-sequences. However, it may be possible to tweak the

construction to apply to more s-lecture hall polytopes.

2. Coinvariant algebras for Hibi rings

This project is motivated by generalizing recent joint work with Braun [11], where we considered quotients

of the unit cube semigroup algebra k[[0, 1]n] by an Zr oSn-invariant ideals, invar(r, n). These quotients have

bases with elements indexed by elements of Zr o Sn and encode various permutation statistics, called the

negative statistics introduced by Adin, Brenti, and Roichman for the hyperoctahedral group Bn ∼= Z2 o Sn
[1] and generalized for r ≥ 3 by Bagno [2]. The basis is given in the following theorem.

Theorem 13 (Braun–O.,[11]). There exists a basis of k[[0, 1]n]/invar(r, n) of the form {br(σ,X)+invar(r, n)}
with elements indexed by pairs (σ,X) that are in bijection with colored permutations (π, ε) ∈ Zr oSn. Further,

br(σ,X) encodes ndes(π, ε) and nmajor(π, ε). When r = 1, these statistics correspond to des(π) and maj(π)

respectively.

Moreover, these bases can be used to recover interesting combinatorial identities leading to new proofs

for the theorem which follows.

Theorem 14 (Carlitz, [13] ;Bagno, [2]). For all n ≥ 1 and any r ≥ 2,∑
k≥0

[k + 1]nq t
k =

∑
π∈Sn

tdes(π)qmaj(π)∏n
j=0(1− tqj)

and ∑
k≥0

[k + 1]nq t
k =

∑
(ρ,ε)∈ZroSn

tndes(ρ,ε)qnmajor(ρ,ε)

(1− t)
∏n
j=1(1− trqrj)

where [k + 1]q = 1 + q + q2 + · · ·+ qk.

Restricting to the r = 1 case yields a quotient by an Sn-invariant ideal. However, the unit cube semigroup

algebra is precisely k[O(An)], where An is the antichain on n elements, and Aut(An) = Sn. This leads to a

natural question.

Problem 15. Study G-invariant ideals of IG ⊂ k[(O(P ))] with a focus on combinatorial interpretations of

Gröbner bases, monomial bases of k[(O(P ))]/IG, and generating functions identities related to statistics on

the poset.

This problem is intentionally very broad and the prospect of attaining a complete answer is unlikely.

That being said, there are certain families of posets which may be reasonably considered and may provide

interesting generalizations of previous work. Let Vr be the poset with elements {v0, v1, · · · , vr} with relation

v0 < vi for all i. The Hasse diagram on this poset is given below.

v1 v2 v3 · · · vr

v0

We define Ar,n = Vr × An to be a generalized antichain. It is not hard to see that Aut(Ar,n) = Sr o Sn.

However, there is another nice action on Ar,n by Zr o Sn by first permuting the copies of Vr and applying a

cyclic rotation on each v1, . . . , vr set.
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b1 c1 b2 c2 b3 c3 bn cn

a1 a2 a3 · · · · · · an

Figure 1. Hasse diagram of A2,n

In the case of r = 2, we have that Aut(A2,n) = Z2 oSn ∼= Bn which is the hyperoctohedral group of signed

permutations. The following problem is of great interest

Problem 16. Completely characterize Bn-coinvariant algebras for k[O(A2,n)]. Specifically, study Gröbner

bases for the defining ideals.

A natural approach to this problem is to mimic the construction of ideals used in [11]. Computations

for small examples suggest that this method of constructing invariant homogeneous ideals will generalize for

O(A2,n). However, the Gröbner basis computation will intrinsically be more complicated and subsequently

more sophisticated machinery will likely be necessary. Over the past several decades the study of Gröbner

basis computation have flourished. Recent surveys of Noro [28] and Ohsugi [29] as well as the more classical

reference of Sturmfels [37] demonstrate this and suggest that the computation of Gröbner bases in this case

should be manageable, though technical.

The development of Bn-coinvariant algebras for A2,n will lead to the study of the algebraic structure of

this object. Subsequently, we aim to do the following:

Problem 17. Study the univariate and multivariate Hilbert series of k[O(A2,n)] by way of the Bn-coinvariant

algebra and produce new rational generating function identities.

Given that k[O(A2,n)] is Cohen-Macaulay, the Bn-coinvariant algebra provides a convenient approach to

studying the Hilbert series. In the univariate case, the Hilbert series coincides with the Ehrhart series and

these computations will provide a new perspective on Ehrhart theoretic results for O(A2,n). In the multi-

variate case, we hope to produce new rational generating function identities dependent on poset statistics

similar to those studied in [11]. It is unlikely that these computations will result in the same identities I

studied with Braun, but new identities, especially if they encode statistics on Bn, would be of great interest.

Contingent upon new success in Problem 16 and Problem 17, we will study the following:

Question 18. Can analogously defined Zr oSn-coinvariant algebras for k[O(Ar,n)] for r ≥ 3 be constructed?

If so, what structure is preserved in these more general quotients?

Introduced by Malvenuto and Reutenauer in [25], the double poset P = (P,�±) is the triple consisting

of a finite ground set P = {p1, . . . , pn} and two partial order relations �+ and �− partial orders on P . Let

P+ and P− be the posets with each respective order. Defined by Chappell, Friedl, and Sanyal in [14], the

double order polytope of (P,�±) is

TO(P,�±) := conv{(2O(P+)× {1}) ∪ (2O(P−)× {−1})}.
The Gröbner bases for the defining toric ideals of the double Hibi ring k[TO(P,�±)] are well understood [14].

Let (An,�±) denote the antichain double poset. Given that TO(An,�±) is a dilated cube, this structure

suggests that we may be able to produce similar results. It is of interest to pursue the following:

Problem 19. Extend the methods of [11] to develop Sn-coinvariant algebras for k[TO(An,�±)] and study

univariate and multivariate Hilbert series in this context.

3. Combinatorial commutative algebra of lecture hall cones

Let L
(s)
n be the s-lecture hall cone for a given sequence of positive integers s = (s1, s2, . . . , sn). Algebraic

and geometric properties of these cones have been studied by Beck et. al. [5] with Ehrhart theoretic implica-

tions. Restricting to the case of s = (1, 2, . . . , n), Beck et al [6] proved that Ln = L
(1,2,...,n)
n is unimodularly
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equivalent to the cone over a polytope Rn which admits a regular, flag, unimodular triangulation and they

demonstrated the existence of interesting Hilbert bases for k[Ln].

Theorem 20 (Beck et al [6]). For each A = {a1 < a2 < · · · < ak} ⊆ [n− 1], define the element vA to be

vA = (0, . . . , 0, a1, a2, . . . , al, ak + 1).

The Hilbert basis for Ln is

Hn := {vA : A ⊆ [n− 1]}.
As a corollary, the semigroup algebra k[Ln] is generated entirely by elements in degree 1 with respect to the

grading given by λ 7→ (λn − λn−1).

There are two common generalizations of the sequence s = (1, 2, . . . , n), namely the the 1 mod k sequences

and the `-sequences. For k ∈ Z≥1, the 1 mod k sequence is the defined to be the sequence s = (1, k+1, 2k+

1, . . . , (n − 1)k + 1). Note that when k = 1, we recover s = (1, 2, . . . , n). For convenience, we define the

lecture hall cone for 1 mod k sequences as Lk,n := L
(s)
n . We can show the following generalization of the

Beck et. al. result:

Theorem 21 (O. [30]). For all k ≥ 1, the Hilbert basis Hk,n of Lk,n consists of the following elements:

• The element vA := (0, 0, . . . , 0, a1, a2, . . . , ak, ak + 1) for each A ⊆ [n− 2] where

A = {a1 < a2 < · · · < ak}.
• Element w ∈ Lk,n, where wn−1 = (n− 2)k + 1 and wn = (n− 1)k + 1.

Moreover, we have

|Hk,n| =
(k + 1)n−2 + (k − 1)

k
+ 2n−2.

Let ` ∈ Z such that ` ≥ 2. The `-sequence is the recursively defined sequence s = (s1, s2, . . . , sn) where

s1 = 1, s2 = `, and for all 1 ≤ i ≤ n − 1, si+1 = ` · si − si−1. Note that when ` = 2, we again recover

s = (1, 2, . . . , n). For convenience of notation, we denote the `-sequence cones as Ln` := L
(s)
n . We can show

the following additional generalization of the Beck et. al. result:

Theorem 22 (O. [30]). Let s = (s1, s2, . . . , sn) be an `-sequence for some ` ≥ 2. The Hilbert basis H`n of

L`n can be described as follows

H`n =

n⋃
i=0

{
λ ∈ L`n : λn−1 = si , λn = si+1

}
.

We can additionally give complete characterizations of the Hilbert bases for an entire specialized family of

lecture hall cones called u-generated Gorenstein lecture hall cones in small dimensions [30]. This motivates

the following problem:

Problem 23. Extend known classifications of Hilbert basis results for lecture hall cones.

Some suitable candidates to consider are the (k, `)-sequences, which further generalize the `-sequences.

Similarly, it would be of interest to extend the low dimensional classification for u-generated Gorenstein

cones.

An alternative direction to extending the Hilbert basis work would be to study free resolutions and toric

ideals. Understanding the Hilbert bases for L
(s)
n makes these questions more tractable. This leads to a

question:

Question 24. For L
(s)
n with understood Hilbert bases, can we construct minimal free resolutions of the

associated toric ideals? Do these toric ideals admit combinatorially interesting Gröbner bases?

Hence, we have the following problem:

Problem 25. Classify the toric ideals and multigraded Betti numbers for Lk,n and L`n.
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A natural starting place for this problem is to consider the case of Ln, as this is the simplest possible

case in both families. Experimentally, the Betti numbers appear to be related to multiplicities of irreducible

representations of SN for some N > n. Success in this case would likely inform handling the general case

for either Ln,k of L`n.

In the interst of studying coinvariant algebras, it is important to note that there are many similarities

between Ln and cone([0, 1]n) := spanR≥0
{(1, p) : p ∈ [0, 1]n ∩ Zn}. This indicates possible connections with

work of Beck and Braun [4], as well as with my work with Braun [11]. Thus, we have the following question:

Question 26. Can our methods for k[[0, 1]n] in [11] be adapted to study algebraic properties of k[Ln]? Specif-

ically, is there a similar coinvariant algebra construction for k[Ln] with analogous combinatorial properties?

Given that the methods of [11] largely depend on using the defining toric ideals, a natural approach would

be to mimic these methods for Ln. Ergo, I aim to accomplish the following goal:

Problem 27. Study the defining toric ideal of k[Ln] and identify quadratic, squarefree Gröbner bases for

these ideals.

Due to the Sturmfels correspondence [37] and a result of Beck et. al. [6] regarding triangulations of the

cone Ln, such a Gröbner basis must exist. Using the known Hilbert basis results along with an appropriately

chosen term order seems to be a promising approach.

To extend the notion of an Sn-coinvariant algebra to k[Ln], we must find a suitable candidate for an

Sn-invariant ideal. Hence, we have the following problem.

Problem 28. Find an algebraically independent system of parameters for k[Ln] analoguous to elementary

symmetric functions of k[x1, . . . , xn] and their analogue in k[[0, 1]n] developed in [11].

This could potentially be studied either in the semigroup algebra as described by the Hilbert basis found

in [6] or from the toric perspective via Gröbner bases from Problem 27. One possible choice in the former

perspective are the elementary lecture hall symmetric functions which are

e`j :=
∑

A⊆[n−1]
|A|=j

x̄v
A

where vA := (0, 0, . . . , 0, i1, i2, . . . , ij , ij + 1) for A ⊂ [n − 1]. This seems to be a good choice of parameters

due to a connection to the Hilbert basis [6], as well as a conjecture supported by computational evidence for

n ≤ 7 and suggests greater connection between k[Ln] and k[[0, 1]n].

Conjecture 29. For all n, dimk(k[Ln]/〈e`1, . . . , e`n〉) = (n− 1)!.

Let ILn
be the ideal generated by the appropriate system of parameters per Problem 28. The following

problem involves investigating the resulting coinvariant algebra.

Problem 30. Study multivariate Hilbert series for k[Ln]. In particular, use the quotient k[Ln]/ILn
to

identify basis elements, find interpretations of these based on statistics for Sn−1, and produce new rational

generating function identities or recover known identities.

Given the close connection between Ln and cone([0, 1]n), it seems that we might be able to produce new

identities based on permutation statistics.
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[17] Christian Haase and Ilarion V. Melnikov. The reflexive dimension of a lattice polytope. Ann. Comb., 10(2):211–217, 2006.

[18] Jürgen Herzog and Takayuki Hibi. Monomial ideals, volume 260 of Graduate Texts in Mathematics. Springer-Verlag

London, Ltd., London, 2011.

[19] Takayuki Hibi. Distributive lattices, affine semigroup rings and algebras with straightening laws. In Commutative algebra

and combinatorics (Kyoto, 1985), volume 11 of Adv. Stud. Pure Math., pages 93–109. North-Holland, Amsterdam, 1987.

[20] Takayuki Hibi. Dual polytopes of rational convex polytopes. Combinatorica, 12(2):237–240, 1992.

[21] Takayuki Hibi, McCabe Olsen, and Akiyoshi Tsuchiya. Gorenstein properties and integer decomposition properties of

lecture hall polytopes, 2016. arXiv:1608.03934.

[22] Takayuki Hibi, McCabe Olsen, and Akiyoshi Tsuchiya. Self dual reflexive simplices with Eulerian polynomials. Graphs

Combin., To Appear.

[23] Florian Kohl and McCabe Olsen. Level algebras and lecture hall polytopes. (in preparation).

[24] Jeffrey C. Lagarias and Günter M. Ziegler. Bounds for lattice polytopes containing a fixed number of interior points in a

sublattice. Canad. J. Math., 43(5):1022–1035, 1991.

[25] Claudia Malvenuto and Christophe Reutenauer. A self paired Hopf algebra on double posets and a Littlewood-Richardson

rule. J. Combin. Theory Ser. A, 118(4):1322–1333, 2011.

[26] Ezra Miller and Bernd Sturmfels. Combinatorial commutative algebra, volume 227 of Graduate Texts in Mathematics.

Springer-Verlag, New York, 2005.

[27] Benjamin Nill. Volume and lattice points of reflexive simplices. Discrete Comput. Geom., 37(2):301–320, 2007.
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