Math/Physics 507 Homework 10
More Fun with Special Functions
Solutions

1. The Laplacian in spherical coordinates takes the form
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If we apply the Laplacian to a function of the form v(r, 8, ¢) = R(r) Yz, (0, ¢),

we get
Vv = {lﬁ (r 8R) Gy DR} Yo (0, 0),

T2 Or or 72

so such a function will solve V?v = 0 so long as R(r) solves the equation

19 (r 8R> (w+1,_,
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This equation can be written as an Euler-type equation
r?R"(r) 4+ 2rR'(r) —(({ +1)R =0

so trying R(r) = r® we get the indicial equation a(a—1)4+2a—(((+1) =
0, which has the roots & = ¢ and o = —(¢ + 1). Thus, the general
solution is

R(r) = Ar + Br=h), (1)

To solve Laplace’s equation V¢ = 0 in the interior of a sphere, we
require that R(r) be regular at the origin so B = 0. The general
solution is a superposition

p(r,0,6) =) (%Ym + ) [CinYin(0.0) + CL Yo (6, ¢>]> rt
/=0 m=1

(a) The boundary condition gives
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so taking dot products of the equation with Y, Yﬁn we get the for-
mulas (using the notation fo27r Jo () sin0dodp= [ [ (

Cop=a" //f &) Yo(0,9) d
Ch=at [ [ 10.0v5,00.0) a0
Cop=a* [ [ 160.0)Y,06.0) a0

(b) Outside the sphere we require that o(r,0,¢) — 0 as r — +o0.
This means we take A = 0, B =1 in (1) and obtain the general

solution
#lr0,0) =3 (%Yeo + D [CYe(0,9) + Cir Y 6 qs)]) p (),
£=0 m=1

To solve a boundary value problem

Vip=0
p(a,0,¢) = f(0,0)

on the exterior of the sphere, we compute the coefficients Cyy and
C; . by the formulas

Cop = //f ®)Yeo (0, @) dS
Cho=a [ [ 10.0v0.0) a0
Crro=a! [ [ 10.0)7,,,0.6) do

2. Recall the equation for spherical Bessel functions

2%y (x) + 2xy'(x) + [2° = £({+ )]y =0 (2)



(a) We compute

(b) When ¢ =0, (2) reads
oy () + 22y () + 2%y = 0. (3)

Setting y(z) = z(z)/x and using
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we get
z2"(x) +x2(x) =0
or

24+ 2=0

Since this equation has the independent solutions z;(z) = sinz
and z9(z) = cos(z), we conclude that (3) has the two independent

solutions ' ()
sin x cos(x
y(x) = T ya(x) = :

T

(¢) Considering (2) in generality, we now set y(x) = u(x)/\/x and use
the identities

y(z) = if}? - %Zgg/?
~u'(@)  W(z) | 3ulx)
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to get

o (u”(m) o () 3u(x))+2 » ( W(z)  Lu(x)
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or
2" (x) + v (z) + |:£L‘2 — {E(ﬁ +1) + EH u(r) =0
which reduces to

Pu 1du (0+1/2)°
A I k7L J
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We compute

T 1
2 1/242k
\ 22 12l Vo Z k'F (1/2 + k + 1)21/22"

_ 1 2k+1
- \/_Z i (1/2+ k + 1)22+1"

Note that

L(1/2+k+1)=(1/2+k)T(1/2+ k)
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so that

EIT(1/2 4 k4 1)22 = /7(2k + 1)!
It follows that
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3. First let’s establish the “handy formula.” This is really what we did in
the previous problem:

(o) () )

= (= 1)(en—3)- ()7
- 2in (2n — 1)z

Now to work. Using the formulas
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where in the third line we used the “handy formula.”



