Math/Physics 507
Practice Final Exam
Answers

1. (30 points) Short answer questions

(a) We get

(b) (10 points) Given that (2m)~*/2 [°7_ e~tkre=2?/2y — ¢=kK*/2 find
the Fourier transform of exp(—ax?). Setting az? = y*/2 (or y =
2a)
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2. (35 points) The full initial/boundary problem is:

Lot _ o
2 o2 02
(differential equation),
du Ju
Z2(0,8) = — (L, t) =
200 = St =0



(boundary conditions),

u(z,0) = f(z)
ou
E(w,()) 0

(initial conditions).

(a)

Separating variables we get

X"(2) + AX(z) =0
T"(t) + AXT(t) =0

If \ < 0 then X(z) = Acoshazy/—X + Bsinhzv/A which can-
not satisfy the boundary conditions. If A > 0 then X(z) =
Acoszv/ A+ Bsinzv t

To study the effect of the boundary conditions we compute
X'(z) = —AVAsin (x\/X) + BV Acos (x\/X) :
If X’(0) =0 then B =0, while if X’(L) = 0 we then get
AVsin (LVA) =0

SO

VA =0,nr/L.

forn =1,2,---. This gives eigenvalues and eigenfunctions
A=0, X(z)=1

\p = n?m?/L?, X(x) = cos(nmz/L)

and correspondingly

T(t) = A, cos(nmet/L) + B, sin(nwct/L)



(c) This gives a general solution

u(z,t) = Ag + Z [A,, cos(nmet/L) + By, sin(nwet/L)| cos(nmx /L)

n=1

Observe that

u(z,0) = Ag + Z A, cos(nmx/L)

8u = nme
8t ZTB cos(nmz/L)

n=1
so the initial conditions give B, = 0 and
flz) = Ao+ Z A, cos(nmz /L)
n=1

We can determine the constants by the usual method:

_fOLf(x)-ldx_l L
o= ledx _f/ fla)dz

fo ) cos(nmx/L) dm
fo cos2(mr:c/L) dx

Ay =

/f cos(nmz/L) dx

3. (30 points)
(a) I y(z,y) = X(2)Y (y), then
—X"(2)Y(y) = X(2)Y"(y) = EX(2)Y(y)

_X”((E) B Y”(y) B
X(z)  Y(y)

—X"(@)/X(z) =M, =Y"(y)/Y(y) =X
and F = A\ + \o.



(b) The differential equations above and the boundary conditions im-
ply that

X"(z) + M X(z) =0
X(0) = X(L) =0
Y (y) + XY (y) =0
Y(0)=Y(L)=0

These boundary value problems have the same solutions:

Mn=n’m?/L? X,(x)=sin(nrz/L)
Ao = m?m?/L? Y, (x) = sin (mmy/L)

(c) The allowed energy levels are

n?m?  m2n?

Enm = 75+ 73

for (n,m) a pair of positive integers..



