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Math 641
Final Problem Set
Connections and Curvature
Solutions

From the relation <Ej, Ek> = 0;; and the fact that the connection
V is compatible with the Riemannian metric, we have

Ei(E; Ey) = (VgE;, Ey) + (E;, Vg Er)
=0

so that, wrting Vg E, = > .n_ T E,,, recalling that T, = T,
owing to the symmetry of the connection, and using orthonormal-
ity, we recover

Let us write A(z) = exp(B(x)) where x — B(x) is a smooth map
taking values in the n X n antisymmetric matrices with B(0) = 0.
It follows from the discussion in class that x — A(z) is a smooth
map with values in SO(n) for = in a neighborhood of zero. If X
is any vector field defined in a neighborhood of 0 € R", we have
X(0)A = X(0)B since A(0) = I. If o () is the ij component of
A, and ﬁf (x) is the ij component function of B, it follows that

X (0)a] = X(0)8
so that by the antisymmetry of B,
X(0)a! + X(0)a =0

as claimed.

Let x : U C R™ — M be a coordinate system with x(0) = p. We
seek vector fields

Ey(q) = Z v (q)E;(q)

defined for ¢ in a neighborhood of p, where 73 are the components
of a matrix in SO(n) with v/ (p) = 0;;. Let us set o] (z) = v/ (x(x)),
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and by a slight abuse of notation we’ll denote by E;(0)f the num-
ber [(E] (p)f) o x} (0) if f is a smooth function defined near p.

We wish to choose o so that

We compute

Vi Ej(p) = VS B, (Z OéjEs)
=" a}(0) ([E+(0)05] E. + 5(0)(V, B (p)

=S E(0)asE(p) + (V5E)) ()

Taking inner products with Ej(p) we get

= =k
Ei(0)ak + Ti(p) = 0

J

for 1 <7 < n and each af. We can prescribe these conditions on
the derivatives of the af provided that they are consistent with

the antisymmetry condition aé? + ozi = 0. This follows from part
(a).

2. We recall the formulas
1 m
F?j =5 E " (Gim,j + 9mji — Yijom) (1)

and
Rijks = Z gstZLk (2)
ory, Ol

= 30 (TR~ ) + =

(a) If g;; = e~2/5;; then in any dimension we have

Giik = 09
ij,k - 8xk

= —2fre 26,
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where
fr = 0f/0xy.

Using the formula (1), we have

1
§e2f (—=2™) (Ginfj + S fi — 6ij f)
= 0ij fr — Ourfj — O fi

Using this formula in two dimensions we can compute

_Pil - Fé2 = fl’ Fiz = F§2 = _f2 (3)

E _

and obtain the remaining connection coefficients by symmetry.
First of all, recalling the symmetry relations

Rijks = _Rjiks

Rijks = _Rijsk
it is clear that R;j;;s can be nonzero if and only if 7 # j and k # s.
From the same symmetry relations we have Ris10 = —Ra110 =

Rs191 = — R1291 so the only nonzero component up to sign is Ri21s.
Using the formula (2) we have

Rigp = e/ {Th + 1>} (4)
where

Ty = ([, I3, — 1) + (05,05, — 5,T,)

(. J/ (. J/

-~ -~

/=1 (=2

5, 0
2, — —TI3,

Ty=—
2 81‘2 1 6x1

Combining these formulas with (3) we get
T,=0, Ty=Af
where Af = 0%f/0x? + 0% f/0x3. Tt now follows from (4) that
Rigs = e 2Af (5)

as claimed.



(c) The metric on the upper half-plane H? is given by
9ij = 13 0y5.

For future use we note the following general formula for metrics
of the form g;; = e_2f5ij in n dimensions. If X; = 9/0z; for
i =1,---,n the vector fields Y; = ef X, are orthonormal. Thus
|Y; NY;| = 1if i # j. The plane spanned by Y; and Y; then has
sectional curvature
R(Y;,Y; Y, Y))

Y; A Y[
= R(e! X1, el Xy, 7 X1, e/ X))
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It now follows from (5) that if n = 2 and g;; = e~2/4,;, the formula
K12 = GQfAf (6)

holds. In our case f = log s, €%/ = 22 and

0*f 1
A = — = — —
/ dx3 x3
so that
Kigo = —1
as claimed.

3. This problem concerns the other model space with nonzero curvature,
the sphere S2.

(a) To construct the conformal map note that the line through (0,0, —1)
and (z1, z9,0) has the parametric form

(yh Y2, ys) = (m1, tre, —1 + t)

and the image point (yi, y2,y3) on the unit sphere is determined
by the condition that |y|* =1 or

2>+ (11’ =1.
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Solving this quadratic equation for ¢ yields the roots ¢ = 0 (cor-
responding to (0,0, —1)) and t =2/ (1 + ]x\2) Picking the latter

root we get
21y 2wy 1—|a)?
U(x) = 2 2 7 |-
T+ |z]” 14 |z|” 1+ |z

Note that 1(0) = (0,0,1) and limj;. ¢(x) = (0,0,—1) as ex-
pected.

To compute the Jacobian matrix of 1) we denote by (y1,y2, y3) the
component functions of ¢) and compute the partials

oy 2 422
On el (1 af?)’
oy _ 41129 _ Y
019 (1 N |$|2)2 0r,
Oy 2 422

dxy 1+ |z N (1+ |gc|2)2

and
8y3 . —41‘1
8:(:1 (1 + |x|2)2
Y3 —4xy

81'2 a (1 + |x|2)2

which give the claimed form for a and b7. It is not difficult to
compute that

T 4 (1+1)2 + 4s* —4s
“a= 214 4 1— )2+ 452
(1_|_|m|) —4s ( - ) +4s

where t = 22 — 22 and s = 7,25, while

bbT o 16 .CL'% T1T2
=—q 5 )
(1+[z)") \ 71?2 T3



It now follows that

J'T =ava + b

w1

as claimed. To see that the matrices g;; and JJ coincide, note
that if {e;, es} are the standard basis on R?, then
9ij = (Jei, J€j)pa
— (Jei) (Jey)
=e] J' Je;
= (J"J),..

v

Thanks to formula (6) this is an easy computation. We have
e 2 =4/(1 +|z[*) so

1 1+ |z
f—ilog( 1

Af=V-(Vf)

2x
‘V'(Hw\)
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and

Hence

as claimed.



