
Math 641
Final Problem Set

Connections and Curvature
Solutions

1. (a) From the relation


Ej; Ek

�
= �jk and the fact that the connection

r is compatible with the Riemannian metric, we have

Ei


Ej; Ek

�
=


rEi

Ej; Ek
�
+


Ej;rEi

Ek
�

= 0

so that, wrting rEr
Es =

Pn
m=1 �

m

rsEm, recalling that �
m

rs = �
m

sr

owing to the symmetry of the connection, and using orthonormal-
ity, we recover

�
k

ij + �
j

ik = 0:

(b) Let us write A(x) = exp(B(x)) where x 7! B(x) is a smooth map
taking values in the n�n antisymmetric matrices with B(0) = 0.
It follows from the discussion in class that x 7! A(x) is a smooth
map with values in SO(n) for x in a neighborhood of zero. If X
is any vector �eld de�ned in a neighborhood of 0 2 Rn, we have
X(0)A = X(0)B since A(0) = I. If �ji (x) is the ij component of
A, and �ji (x) is the ij component function of B, it follows that

X(0)�ji = X(0)�ji

so that by the antisymmetry of B,

X(0)�ji +X(0)�ji = 0

as claimed.

(c) Let x : U � Rn ! M be a coordinate system with x(0) = p. We
seek vector �elds

Ei(q) =
nX
j=1


ji (q)Ej(q)

de�ned for q in a neighborhood of p, where 
ji are the components
of a matrix in SO(n) with 
ji (p) = �ij. Let us set �

j
i (x) = 
ji (x(x)),
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and by a slight abuse of notation we�ll denote by Ej(0)f the num-
ber

��
Ej(p)f

�
� x
�
(0) if f is a smooth function de�ned near p.

We wish to choose �ji so that

rEiEj(p) = 0:

We compute

rEiEj(p) = rP
r�

r
iEr

 X
s

�sjEs

!
=
X
r;s

�ri (0)
��
Er(0)�

s
j

�
Es + �sj(0)(rEr

Es)(p)
�

=
X
s

Ei(0)�
s
jEs(p) +

�
rEi

Ej
�
(p)

Taking inner products with Ek(p) we get

Ei(0)�
k
j + �

k

ij(p) = 0

for 1 � i � n and each �kj . We can prescribe these conditions on
the derivatives of the �kj provided that they are consistent with
the antisymmetry condition �kj + �jk = 0. This follows from part
(a).

2. We recall the formulas

�kij =
1

2

X
m

gkm (gim;j + gmj;i � gij;m) (1)

and

Rijks =
X
m

gsmR
m
ijk (2)

Rmijk =
X
`

�
�`ik�

s
j` � �`jk�si`

�
+
@�sik
@xj

�
@�sjk
@xi

(a) If gij = e�2f�ij then in any dimension we have

gij;k :=
@gij
@xk

= �2fke�2f�ij
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where
fk = @f=@xk:

Using the formula (1), we have

�kij =
1

2
e2f
�
�2e�2f

�
(�ikfj + �jkfi � �ijfk)

= �ijfk � �ikfj � �jkfi

Using this formula in two dimensions we can compute

��111 = �122 = f1; �
1
12 = �

2
22 = �f2 (3)

and obtain the remaining connection coe¢ cients by symmetry.

(b) First of all, recalling the symmetry relations

Rijks = �Rjiks
Rijks = �Rijsk

it is clear that Rijks can be nonzero if and only if i 6= j and k 6= s.
From the same symmetry relations we have R1212 = �R2112 =
R2121 = �R1221 so the only nonzero component up to sign is R1212.
Using the formula (2) we have

R1212 = e�2f fT1 + T2g (4)

where

T1 =
�
�111�

2
21 � �121�211

�| {z }
`=1

+
�
�211�

2
22 � �221�212

�| {z }
`=2

T2 =
@

@x2
�211 �

@

@x1
�221

Combining these formulas with (3) we get

T1 = 0; T2 = �f

where �f = @2f=@x21 + @2f=@x22. It now follows from (4) that

R1212 = e�2f�f (5)

as claimed.
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(c) The metric on the upper half-plane H2 is given by

gij = x�22 �ij:

For future use we note the following general formula for metrics
of the form gij = e�2f�ij in n dimensions. If Xi = @=@xi for
i = 1; � � � ; n the vector �elds Yi = efXi are orthonormal. Thus
jYi ^ Yjj = 1 if i 6= j. The plane spanned by Yi and Yj then has
sectional curvature

Kijij =
R(Yi; Yj:Yi; Yj)

jYi ^ Yjj2

= R(efX1; e
fX2; e

fX1; e
fX2)

= e4fRijij:

It now follows from (5) that if n = 2 and gij = e�2f�ij, the formula

K1212 = e2f�f (6)

holds. In our case f = log x2, e2f = x22 and

�f =
@2f

@x22
= � 1

x22

so that
K1212 = �1

as claimed.

3. This problem concerns the other model space with nonzero curvature,
the sphere S2.

(a) To construct the conformal map note that the line through (0; 0;�1)
and (x1; x2; 0) has the parametric form

(y1; y2; y3) = (tx1; tx2;�1 + t)

and the image point (y1; y2; y3) on the unit sphere is determined
by the condition that jyj2 = 1 or

t2 jxj2 + (1� t)2 = 1:
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Solving this quadratic equation for t yields the roots t = 0 (cor-
responding to (0; 0;�1)) and t = 2=

�
1 + jxj2

�
. Picking the latter

root we get

 (x) =

 
2x1

1 + jxj2
;
2x2

1 + jxj2
;
1� jxj2

1 + jxj2

!
:

Note that  (0) = (0; 0; 1) and limjxj!1  (x) = (0; 0;�1) as ex-
pected.

(b) To compute the Jacobian matrix of  we denote by (y1; y2; y3) the
component functions of  and compute the partials

@y1
@x1

=
2

1 + jxj2
� 4x21�

1 + jxj2
�2

@y1
@x2

= � 4x1x2�
1 + jxj2

�2 = @y2
@x1

@y2
@x2

=
2

1 + jxj2
� 4x22�

1 + jxj2
�2

and

@y3
@x1

=
�4x1�
1 + jxj2

�2
@y3
@x2

=
�4x2�
1 + jxj2

�2
which give the claimed form for a and bT . It is not di¢ cult to
compute that

aTa =
4�

1 + jxj2
�4 � (1 + t)2 + 4s2 �4s

�4s (1� t)2 + 4s2

�
where t = x22 � x21 and s = x1x2, while

bbT =
16�

1 + jxj2
�4 � x21 x1x2

x1x2 x22

�
:

5



It now follows that

JTJ = aTa+ bbT

=
4�

1 + jxj2
�2 � 1 0

0 1

�
as claimed. To see that the matrices gij and JTJ coincide, note
that if fe1; e2g are the standard basis on R2, then

gij = hJei; JejiR3
= (Jei)

T (Jej)

= eTi J
TJej

=
�
JTJ

�
ij
:

(c) Thanks to formula (6) this is an easy computation. We have
e�2f = 4=(1 + jxj2) so

f =
1

2
log

 
1 + jxj2

4

!
and

�f = r � (rf)

= r �
�

2x

1 + jx2j

�
=

4

1 + jxj2
+ 2x � �2x�

1 + jxj2
�2

=
4�

1 + jxj2
�2 :

Hence

K1212 = e2f�f

=

 
1 + jxj2

2

!2 
4�

1 + jxj2
�2
!

= 1

as claimed.
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