
Math 641
Homework 4
Solutions

1. (4 points) Throughout this exercise we regard S1 as an embedded sub-
manifold of R2 given by the set of (x; y) with x2 + y2 = 1. First, let us
show that S1 is di¤eomorphic to R=Z. De�ne a mapping f : R=Z! S1

by
f ([x]) = (cos(2�x); sin(2�x))

where x is any representative of [x]. This map is well-de�ned by the pe-
riodicity of the cosine and sine functions, maps onto S1, and is injective
since

(cos(2�x); sin(2�x)) = (cos(2�x0); sin(2�x0))

if and only if [x] = [x0]. The projection � : x! [x] is a local di¤eomor-
phism while S1 admits coordinate charts (R;x1) and (R;x2) where

x�11 (x; y) =
x

1 + y

and
x�12 (x; y) =

x

1� y :

We compute

(x�11 � f � �)(x) = cos(2�x)

1 + sin(2�x)

(x�12 � f � �)(x) = cos(2�x)

1� sin(2�x)

which are smooth maps. It remains to show that f has a smooth
inverse. Recall that the principle branch of the arc cosine function has
range in [0; �]. For (x; y) 2 S1 de�ne

g(x; y) =
1

2�

�
arccos (x) y � 0
� + arccos(�x) y < 0

and let
f�1(x; y) = [g(x; y)]
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To see that f�1 is smooth it su¢ ces to consider the behavior near
(�1; 0) and (1; 0). First consider the coordinate map 
1 : (0; 2�)! S1

given by 
(t) = (cos(2�t); sin(2�t)) and compute

(g � 
) (t) = t

2�

which shows in particular that g is smooth at 
1(�) = (�1; 0). Next
consider 
2(t) : (��; �)! S1 of the same form and note that

(g � 
2) (t) =

8><>:
1

2�
(t+ 2�) �� < t < 0
1

2�
t 0 � t < �

:

Since
�
t
2�
+ 1
�
=
�
t
2�

�
it follows that (f�1 � 
2) (t) = [t=2�] so that f�1

is smooth at 
2(0) = (1; 0). Hence f�1 is smooth.
Now we turn to the proof that T n = Rn=Zn is di¤eomorphic to S1 �
� � ��S1 (n-fold Cartesian product). First, we observe that S1�� � ��Sn
is di¤eomorphic to (R=Z)� � � � � (R=Z) since the mapping

([x1] ; � � � ; [xn]) 7! ((cos(2�x1); sin(2�x1)); � � � ; ((cos(2�x1); sin(2�x1)))

de�nes a di¤eomorphism of these two product manifolds. It su¢ ces,
therefore, to show that T n is di¤eomorphic to (R=Z) � � � � � (R=Z)
(n-fold Cartesian product). Consider the mapping

' : ([x1] ; � � � ; [xn])! [x1; � � � ; xn] :

It is easy to see that this map is well-de�ned and onto. To check
smoothness we use the fact that the projections � : R! R=Z and �n :
Rn ! Rn=Zn give local di¤eomorphisms, and setting �n = � � � � � � �
we see that ��1n � ' � �n takes the form

(x1; � � � ; xn) 7! (x1 + k1; � � � ; xn + kn)

for integers k1; � � � ; kn, and hence is smooth.

2. (2 points) If M has an atlas of charts of the form x : U � Rn ! M ,
the tangent bundle has an atlas of charts of the form

z : U � Rn ! TM

(x; u)! (x(x); (dx)x (u)) :
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If z andw are charts for TM with z(U�Rn)\w(V �Rn) =W�Rn 6= ;,
and if Jx is the Jacobian matrix of (dx)x, the transition map

w�1 � z : z�1((W )! w�1(W )

has block-diagonal Jacobian matrix of the form

J =

�
Jx 0
� Jx

�
so that

det(J) = det (Jx)
2 > 0:

This shows that TM is orientable.

3. (4 points)

(a) (2 points) We wish to show that a smooth surface S in R3 is
orientable if and only if it admits a globally de�ned normal vector
�eld. We begin with some local considerations Suppose that x :
U � R2 ! S is a local parameterization (u; v) 7! x(u; v). The
vectors v1 = (@x=@u) (u; v) and v2 = (@x=@v) (u; v) form a basis
for the tangent space Tx(u;v)S and the vector n = v1 � v2 is a
normal there. If N is a globally de�ned normal then

N � n = N� (v1 � v2)

is positive if N and n are parallel, or negative if N and n are
anti-parallel. The right-hand side is the determinant1������

v11 v21 N1
v12 v22 N2
v13 v23 N3

������
(the columns are the components of the vectors N, v1, and v2
respectively). Suppose that y : V � R2 ! S is another coordinate
system and that x(u; v) = y(u0; v0). Then w1 = (@y=@u) (u0; v0)

1The vector triple product is usually de�ned as the determinant of the transpose of the
matrix given here, but of course det(A) = det(AT ) so this doesn�t matter.
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and w2 = (@y=@v) (u
0; v0) also give a basis for the tangent space.

From the identity

dx = dy � d
�
y�1 � x

�
we see that if d (y�1 � x) has Jacobian matrix�

� �

 �

�
then 24 v11 v21

v12 v22
v13 v23

35 =
24 w11 w21
w12 w22
w13 w23

35� � �

 �

�
so that24 v11 v21 N1

v12 v22 N2
v13 v23 N3

35 =
24 w11 w21 N1
w12 w22 N2
w13 w23 N3

3524 � � 0

 � 0
0 0 1

35
and therefore������

v11 v21 N1
v12 v22 N2
v13 v23 N3

������ =
������
w11 w21 N1
w12 w22 N2
w13 w23 N3

������
���� � �

 �

���� : (1)

Now suppose that S admits a globally de�ned normal �eld. Given
any chart we can always permute coordinates so thatN� (v1 � v2)
is positive. Taking an atlas for S and modifying the coordinate
maps as needed we can arrange that if x and y are any two co-
ordinate maps so that x(q) = y(s), we have that N� (v1 � v2)
and N� (w1 �w2) are both positive. It follows from (1) that the
Jacobian of the transition map y�1 � x at q is positive. Thus we
have constructed an atlas of charts for S with the property that
all transition maps have positive Jacobian.
Suppose on the other hand that S admits such an atlas. In each
coordinate patch we de�ne a unit normal vector �eld by

N =
v1 � v2
kv1 � v2k

:
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To see that the de�nition is globally consistent we consider the
unit normal �elds given by two overlapping patches. Since the
Jacobian determinant of the transition map is positive it follows
again from (1) that the unit normals generated by the respective
coordinate maps are parallel, and so coincide.

(b) (2 points) Consider the Möbius strip S viewed as an embedded
surface. Consider the chart

x : (0; 2�)� (�1; 1)! S

(u; v) 7!

26664
�
1 + v sin

�u
2

��
cosu�

1 + v sin
�u
2

��
sinu

v cos
�u
2

�
37775

It is not di¢ cult to compute (or to reason geometrically) that a
unit normal �eld is given by

Nx(u;v) =

24 cos
�
u
2

�
sinu

cos
�
u
2

�
cosu

sin
�
u
2

�
35 :

However,

lim
(u;v)!(0;0)

Nx(u;v) =

24 01
0

35
while

lim
(u;v)!(2�;0)

Nx(u;v) =

24 0
�1
0

35
so that N does not have a continuous extension to S. Since any
globally de�ned normal vector �eld must coincide with either N
or �N, this shows that S is not orientable.
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