1.

Math 641
Homework 5
Solutions

(a) We recall the formula for expansion by minors:
det(A) =) ax;(—1)F My,
j=1

where M;; is the determinant of the (n —1) x (n — 1) matrix obtained
from A by deleting the ith row and jth column. Note that, in the
notation of the problem, a;; = (a;);. To find 0 (det A) /daij, let

A(t) =A + teij

where e;; is the matrix with a;; = 1 and all other entries zero. It is
easy to see that

det(A)(t) = det A+ t(—1)"" M,

S0
(det A) = (1) M.
5‘aij J
Now let x = (x1,- -+ ,x,) be a tangent vector in T4 (R™ X --- x R™)
and set (z;); = x;;. Then

an

as claimed.

(b) It suffices to show that d (det) has full rank (i.e., rank one) for each
A € SL,(R), and to do this it suffices to exhibit z = (21, - ,zy)



with d(det A)(z) # 0. For A = (a1,...,a,) let z = (a1,...,a,) and
compute

€1

d(det) 4 (a1,...,an) = Zdet a;
i=1 .

€n
=ndet A

=n.

It now follows from the Implicit Function Theorem that SL,(R) is a
smooth submanifold of codimension one, hence of dimension n? — 1.

2. .Let R : R"™! — R""! by R(z) = —x. Then R is an isometry of R"*!

. 1
since for any u,v € T,R" ™1,

(dRy(u), dRy(v)) g gnr = (U —V)g_ pnir
= <U’U>T,T]R"+1
= <U,U>T1Rn+1 :

The antipodal map on S™ is a restriction of R to S™ and so is also an
isometry. To see this, note that the identification map 4 : S® — R ! ig
an isometry (by definition of the induced metric!) and the restriction of
R to S™ is given by Ry = i~! o Roi. The induced metric is given, for

p e S, by
(u,v),, = ((di)(u), (di)(v));(p) -
If pe 8" and u,v € T,S™ then

(dRo (), dRo (v)) gy = ( (i)™ 0 Rodi) (w), ((di) ™ o Rodi) (”)>R0(p)

(
= (di(u),di(v)) )
(

= (u,v),

which shows that Ry is an isometry of S™.

Now suppose that p € P(R™) and let w : S — P(R™) be the canonical
projection. The map 7 is a local diffeomorphism so that if ¢ € 7= 1(p)
then dm, is an isomorphism of vector spaces. We wish to define, for u,v €

(u,v), = (dr~!(u),dn~" (v))

and we need to show that the definition is independent of the choice of
q. Suppose that 771(p) = {q1,¢2} and define mappings 71 : U; — P(R")

q



and 7y : Uy — P(R™) where U; is a neighborhood of ¢; in S™, U, is a
neighborhood of g5 in S™, and the neighborhoods are so chosen that 7
and 7o are local diffeomorphisms. Then 71'1_1 omg = Ry on 772_1(U2 N7 (Uy))
and 7, ! 0 Ta(gq2) = Ro(q) = ¢1. We compute, for u and v in T, P(R"),

<d7rf1(u),d7rf1(v)>q1 = {(d (m; " om) odry (u),d (77" o) odmy ! (v))
= (dRy o dmy "(u),dRg o dwgl(v»ql
= (dry ' (u),dmy ' (v))

so that the definition is indeed independent of the choice of representative
iy o —1
in 7 (p).
Finally we show that the projection map 7 is a local isometry. We com-
pute, for ¢ € S and v and v in T,S5™,

{dr(u), d7m(v)) 5 (g = (dn~ " (dr(w)), dn " (dm(v)))

= <ua v>q

q1

q2

q

(the first equality follows from the defintion of the metric on P(R™)). This
shows that 7 is a local isometry.

. We’ll use the global coordinate map
X (2,Y) = oy
to parametrize g, where
oy ={t—yt+a}.
First we compute the group law for G. Since

I(ay) © Yy =ty (Yt +a) +a
=t yy't+ (y2’ + )

the law of composition on G (viewed in the global coordinates) is
(z,y) o (2", 9) = (y2' + =, 99/).
The identity element is (0, 1) since
(z,9) 0 (0,1) = (z,y)
The inverse of an element (x,y) is then
(@.9) " = (~z/y.y7").
Note that

(z,9), (@, ') = (ya' + 2, yy")
(z,9) — (—=/y,y7")



define smooth maps. Thus left translation is given by
(x7 1oLy ox) (z,9) = (yz +2',y'y)

and the Jacobian matrix of the map (x’l o Lz yryo x) at (z,y) is given

b,
’ -1 y 0 u
d (X 0 Lizr 41y © x) (@) (u,v) = 0 v )

(a) In what follows we let 9/0z|, = dx(e1) and 9/0y|, ,, = dx(e2).

For
U =1y 4 +u 0
=Ul - 2 5
Ozl Wloy
V=" 4 =+ v 4
=v1 2
9zl Wl
let us set (u, v}e = u1v1 + uvy. We define a left-invariant metric by
setting
<ua /U>x(aj’y) = <de(m,y)*1 (’LL), de(z,y)*1 (U)>€ :
If now
0 0
U= U e + ug Ew (1)
Tl(a,y) Yl
1o} 1o}
V=1 + vy 0 (2)
T l(z,y) Y,y
we have

(U V) x(oy) = (Al (1), AL(z )1 (V)
so it suffices to compute

d (x_1 o Lx(x7y)—l o x) =d (x_l o Lx(_x/y,y—l) o x)

which is a linear mapping with matrix

y' 0
0 y_1

so that if u is given by (1) then

0
+ uso
(0,1)

1o}
dex -1 u) = -1 Uy — —_—
@yt (W) =Yy (1(%(0)1) By
o0
(0,1)

and similarly




so that
<’LL, U>x(:v,y) = y_2 ('Uz]_U]_ + UQUQ) .

Observe that this quadratic form is invariant under orthogonal trans-
formations (rotations) in the coordinates..

Suppose that h : R2 — R? is a smooth map that preserves the upper
half-plane. Then h induces a smooth map H from G to itself by

H=xohox !

and the matrix of dHy,,,) with respect to the coordinate basis is the
Jacobian matrix of the mapping h. If h is defined by a holomorphic
mapping f of the complex plane, i.e.,

e = (o))

with z = = + iy, and f(xz + iy) = u(x,y) + iv(x,y), the Jacobian
matrix of h is

< Us(2,y)  uy(z,y) > ( up(z,y)  uy(z,y) )

'Uw(mvy) Uy(.’ll‘,y) _uy(xay) uw<x’y)

5 5 [ cosf(x,y) sinf(z,y)
:\/uw(m,y) +uy(@,y) <—sin9(x,yy) cos@(x,Z)

= [f'(2)| Rq

where in the first step we used the Cauchy-Riemann equations, in
the second step we set

ug (2, y)
cosf(x,y) =
(9) Ve (2,9)? +uy (2, )2
sinf(z,y) = Uy (2,Y)

Vel y)? +uy(z,y)?

and in the last step Ry is the rotation matrix on the second line.
It follows that, for any such map f that preserves the upper half-
plane, any point p = x(z,y) in G, and any tangent vectors u and v
belonging to T,,G,

<dh(u)7 dh(v»h(x(z,y)) = <dh’(u)7 dh(v»x(H(w,y))

The matrix of dh with respect to the coordinate vector fields is the
Jacobian matrix of H (which is a rotation and a dilation by |f’(2)|
so that if w and v are given by (1) and (2) we have

(dh(u), dh(v))x(rr(2,)) = |f’(z)ihilu}2>4)—2uwg)

)



if z =+ dy.
Now consider the map

az+b

where a, b, ¢, d are real numbers with ad — bc = 1 and note that

3)

’ 2 1
P
1/ (2)] P
while I
Im f(2) = m(z) 5
lcz + d
It follows that if A is induced by (3) then
FEP
(Im f(z))°  Im(2)?
and hence

(dh(u),dh(v)), u1v1 + UzV2)

1
x(z,y)) — Im(z)Q(

= (U V)x(a)

which shows that h is an isometry.



