
Math 641
Homework 5
Solutions

1. (a) We recall the formula for expansion by minors:

det(A) =
nX
j=1

akj(�1)k+jMkj

whereMij is the determinant of the (n�1)�(n�1) matrix obtained
from A by deleting the ith row and jth column. Note that, in the
notation of the problem, aij = (ai)j . To �nd @ (detA) =@aij , let

A(t) = A+ teij

where eij is the matrix with aij = 1 and all other entries zero. It is
easy to see that

det(A)(t) = detA+ t(�1)i+jMij

so
@

@aij
(detA) = (�1)i+jMij :

Now let x = (x1; � � � ; xn) be a tangent vector in TA (Rn � � � � � Rn)
and set (xi)j = xij . Then

d (detA) (x) =
nX

i;j=1

xij
@

@aij
(detA)

=
nX

i;j=1

(�1)i+j xijMij

=

nX
i=1

0@ nX
j=1

(�1)i+j(xi)jMij

1A

nX
i=1

det

26666664

a1
...
xi
...
an

37777775
as claimed.

(b) It su¢ ces to show that d (det) has full rank (i.e., rank one) for each
A 2 SLn(R), and to do this it su¢ ces to exhibit x = (x1; � � � ; xn)
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with d(detA)(x) 6= 0. For A = (a1; : : : ; an) let x = (a1; : : : ; an) and
compute

d (det)A (a1; : : : ; an) =
nX
i=1

det

26666664

e1
...
ai
...
en

37777775
= n detA

= n:

It now follows from the Implicit Function Theorem that SLn(R) is a
smooth submanifold of codimension one, hence of dimension n2 � 1.

2. :Let R : Rn+1 ! Rn+1 by R(x) = �x. Then R is an isometry of Rn+1
since for any u; v 2 TxRn+1,

hdRx(u); dRx(v)iT�xRn+1 = h�u;�viT�xRn+1
= hu; viT�xRn+1
= hu; viTxRn+1 .

The antipodal map on Sn is a restriction of R to Sn and so is also an
isometry. To see this, note that the identi�cation map i : Sn ! Rn+1 is
an isometry (by de�nition of the induced metric!) and the restriction of
R to Sn is given by R0 = i�1 � R � i. The induced metric is given, for
p 2 Sn, by

hu; vip = h(di)(u); (di)(v)ii(p) .

If p 2 Sn and u; v 2 TpSn then

hdR0(u); dR0(v)iR0(p)
=
D�
(di)

�1 �R � di
�
(u);

�
(di)

�1 �R � di
�
(v)
E
R0(p)

= h(R � di)(u); (R � di)(v)iR(p)
= hdi(u); di(v)ii(p)
= hu; vip

which shows that R0 is an isometry of Sn.
Now suppose that p 2 P (Rn) and let � : Sn ! P (Rn) be the canonical
projection. The map � is a local di¤eomorphism so that if q 2 ��1(p)
then d�q is an isomorphism of vector spaces. We wish to de�ne, for u; v 2
TpP (Rn),

hu; vip =


d��1(u); d��1(v)

�
q

and we need to show that the de�nition is independent of the choice of
q. Suppose that ��1(p) = fq1; q2g and de�ne mappings �1 : U1 ! P (Rn)
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and �2 : U2 ! P (Rn) where U1 is a neighborhood of q1 in Sn, U2 is a
neighborhood of q2 in Sn, and the neighborhoods are so chosen that �1
and �2 are local di¤eomorphisms. Then �

�1
1 ��2 = R0 on ��12 (U2\�(U1))

and ��11 � �2(q2) = R0(q) = q1. We compute, for u and v in TpP (Rn),

d��11 (u); d��11 (v)

�
q1
=


d
�
��11 � �2

�
� d��12 (u); d

�
��11 � �2

�
� d��12 (v)

�
q1

=


dR0 � d��12 (u); dR0 � d��12 (v)

�
q1

=


d��12 (u); d��12 (v)

�
q2

so that the de�nition is indeed independent of the choice of representative
in ��1(p).
Finally we show that the projection map � is a local isometry. We com-
pute, for q 2 Sn and u and v in TqSn,

hd�(u); d�(v)i�(q) =


d��1(d�(u)); d��1(d�(v))

�
q

= hu; viq
(the �rst equality follows from the de�ntion of the metric on P (Rn)). This
shows that � is a local isometry.

3. We�ll use the global coordinate map

x : (x; y)! gx;y

to parametrize g, where

gx;y = ft 7! yt+ xg .

First we compute the group law for G. Since

g(x;y) � g(x0;y;) = t 7! y (y0t+ x0) + x

= t 7! yy0t+ (yx0 + x)

the law of composition on G (viewed in the global coordinates) is

(x; y) � (x0; y0) = (yx0 + x; yy0) :

The identity element is (0; 1) since

(x; y) � (0; 1) = (x; y)

The inverse of an element (x; y) is then

(x; y)
�1
=
�
�x=y; y�1

�
:

Note that

(x; y) ; (x0; y0) 7! (yx0 + x; yy0)

(x; y) 7!
�
�x=y; y�1

�
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de�ne smooth maps. Thus left translation is given by�
x�1 � L(x0;y0) � x

�
(x; y) = (y0x+ x0; y0y)

and the Jacobian matrix of the map
�
x�1 � L(x0;y0) � x

�
at (x; y) is given

by

d
�
x�1 � L(x0;y0) � x

�
(x0;y0)

(u; v) =

�
y0 0
0 y0

��
u
v

�
:

(a) In what follows we let @=@xj(x;y) = dx(e1) and @=@yj(x;y) = dx(e2).
For

u = u1
@

@x

����
(0;1)

+ u2
@

@y

����
(0;1)

v = v1
@

@x

����
(0;1)

+ v2
@

@y

����
(0;1)

let us set hu; vie = u1v1+ u2v2. We de�ne a left-invariant metric by
setting

hu; vix(x;y) =


dLx(x;y)�1(u); dLx(x;y)�1(v)

�
e
:

If now

u = u1
@

@x

����
(x;y)

+ u2
@

@y

����
(x;y)

(1)

v = v1
@

@x

����
(x;y)

+ v2
@

@y

����
(x;y)

(2)

we have

hu; vix(x;y) =


dLx(x;y)�1(u); dLx(x;y)�1(v)

�
e

so it su¢ ces to compute

d
�
x�1 � Lx(x;y)�1 � x

�
= d

�
x�1 � Lx(�x=y;y�1) � x

�
which is a linear mapping with matrix�

y�1 0
0 y�1

�
so that if u is given by (1) then

dLx(x;y)�1 (u) = y
�1

 
u1

@

@x

����
(0;1)

+ u2
@

@y

����
(0;1)

!
and similarly

dLx(x;y)�1 (v) = y
�1

 
v1

@

@x

����
(0;1)

+ v2
@

@y

����
(0;1)

!
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so that
hu; vix(x;y) = y

�2 (u1v1 + u2v2) :

Observe that this quadratic form is invariant under orthogonal trans-
formations (rotations) in the coordinates..

(b) Suppose that h : R2 ! R2 is a smooth map that preserves the upper
half-plane. Then h induces a smooth map H from G to itself by

H = x � h � x�1

and the matrix of dHx(x;y) with respect to the coordinate basis is the
Jacobian matrix of the mapping h. If h is de�ned by a holomorphic
mapping f of the complex plane, i.e.,

h(x; y) =

�
u(x; y)
v(x; y)

�
with z = x + iy, and f(x + iy) = u(x; y) + iv(x; y), the Jacobian
matrix of h is�
ux(x; y) uy(x; y)
vx(x; y) vy(x; y)

�
=

�
ux(x; y) uy(x; y)
�uy(x; y) ux(x; y)

�
=
q
ux(x; y)2 + uy(x; y)2

�
cos �(x; y) sin �(x; y)
� sin �(x; y) cos �(x; y)

�
= jf 0(z)jR�

where in the �rst step we used the Cauchy-Riemann equations, in
the second step we set

cos �(x; y) =
ux(x; y)p

ux(x; y)2 + uy(x; y)2

sin �(x; y) =
uy(x; y)p

ux(x; y)2 + uy(x; y)2

and in the last step R� is the rotation matrix on the second line.
It follows that, for any such map f that preserves the upper half-
plane, any point p = x(x; y) in G, and any tangent vectors u and v
belonging to TpG,

hdh(u); dh(v)ih(x(x;y)) = hdh(u); dh(v)ix(H(x;y))

The matrix of dh with respect to the coordinate vector �elds is the
Jacobian matrix of H (which is a rotation and a dilation by jf 0(z)j
so that if u and v are given by (1) and (2) we have

hdh(u); dh(v)ix(H(x;y)) =
jf 0(z)j2 (u1v1 + u2v2)

(Im f(z))
2
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if z = x+ iy.
Now consider the map

f(z) =
az + b

cz + d
(3)

where a; b; c; d are real numbers with ad� bc = 1 and note that

jf 0(z)j2 = 1

jcz + dj2

while

Im f(z) =
Im(z)

jcz + dj2
:

It follows that if h is induced by (3) then

jf 0(z)j2

(Im f(z))
2 =

1

Im(z)2

and hence

hdh(u); dh(v)ih(x(x;y)) =
1

Im(z)2
(u1v1 + u2v2)

= hu; vix(x;y)

which shows that h is an isometry.
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