Math 641
Homework 7
Due Monday, November 17

1. On2 R3 = {(z,y) : y > 0} we consider the metric given by g11 = g0 =
y 2

(a) We'll use the fact that the geodesic equations can be derived from
the energy functional

E(v)zl/ L (* + %) dt.
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so that the Euler-Lagrange equations become
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(b) Let vg = (0,1) be a tangent vector at (0,1). Let v(¢) be the
parallel transport of vy along the curve (z(t),y(t)) = (¢t,1). Note
that the Riemannian metric is identical to the Euclidean metric
along the line y = 1 so that v(¢) is a (Euclidean) unit vector. If
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If we set v!(t) = cos A(t), v2(t) = sin f(t) it follows that 6(t) = —1
and as 6(0) = m/2 we recover 0(t) = 72 — t.

2. This problem concerns geodesics of a surface of revolution in R3. Sup-
pose (u,v) are Cartesian coordinates in R? and

U={(u,v):ug <u<uy, vo<v<uvi}.
Let ¢ : U C R? — R3 by

p(u,v) = (f(v) cosu, f(v)sinu, g(v))
where f and g are differentiable with f'(v)? + ¢/(v)? # 0 and f(v) # 0
The Jacobian matrix of ¢ is
—f(v)sinu  f'(v)cosu
J = f(v)cosu  f'(v)sinu
0 g'(v)
Note that the rank is always two since either (i) ¢’'(v) # 0 and f(v) # 0
or (ii) f'(v) # 0 and f(v) # 0, so that there is always a 2 x 2 submatrix
of the Jacobian that is nonzero. The image ¢(U) is a rotation of the

parametric curve (f(v),g(v)) in R? about the z-axis. Meridians are
curves (ug,v) and parallels are curves p(u, vp).

(a) The induced metric is

<X7 Y>(u,v) = <‘10*(X)v @*(Y»

where the right-hand inner product is the usual inner product on
R3. If J is the Jacobian matrix then the matrix of the inner
product with respect to the usual basis of T(W)RQ is

Ty ( f(g)2 h(OU) )

where

so that



(b) to find the equations of a geodesic we will consider the energy

functional
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(c) The energy of a geodesic is
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so the time rate of change of energy is
. 1
B(t) = 5 {2f f'0® + 2% + h'o° + 2h0i}
_1 /e .2 s ool gl /.3
= 5 {2/ /00 — daf'f"ui + B'® + 2hii}

T
—hv{hu N u+2hv~|—v

= ho {v — (f/}{”uz — %@2)}

where we have used (2) to substitute for i in the second line. The
second factor on the last line is identically zero if (2) holds.

A parallel has tangent vector ¢, (9/0u) so the angle made by (%)
with a parallel is given by
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where C' = ||7/(t)]| is a constant. Observe that f is the radius of
the parallel so that

cosff =
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The first geodesic equation says that
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which together with the fact that ||7/(¢)|| is constant implies that
rcos 3 is a constant.

(d) [to be done later!]



