
Math 641
Homework 8
Solutions

1. We assume given an orthonormal basis of vector �elds fEigni=1 so that
rEiEj(p) = 0 for all i; j. To compute the gradient of f , de�ned by

hgrad f; vi = dfp(v)
we compute

hgrad f; Eii = dfp(Ei)
= Ei(f)

so that

(grad f) (p) =

nX
i=1

Ei(f)Ei(p)

If X =
Pn

i=1 fiEi then

divX = tr (Y 7! rYX)

=
nX
j=1



Ej;rEjX

�
=

nX
j=1

*
Ej;rEj

 
nX
i=1

fiEi

!+

=

nX
j=1

*
Ej;

 
nX
i=1

Ej(fi)Ei

!+

=

nX
j=1

Ej(fj)

In Euclidean space the usual basis feigni=1 corresponding to coordinate
vector �elds f@=@xigni=1 has the stated property since the connection
vanishes. This gives the formulas

(grad f) (p) =

nX
i=1

@f

@xi
ei

div(X) =
nX
i=1

@Xi

@xi
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if X =
Pn

i=1Xiei.

2. We de�ne
�f = div grad f

(a) If Ei is a geodesic frame at p 2M , then

�f(p) = div
�X

Ei(f)Ei

�
Since fEig is a geodesic frame at p, rEjEi(p) = 0 and

rEj (Ei(f)Ei) (p) = (EjEi(f)(p))Ei(p) + Ei(f)rEiEj(p)

= (EjEi (f)) (p)Ei(p)

Thus

tr (Y 7! rY (grad f)) (p) =
nX
j=1



Ej(p);rEj (grad(f))

�
=

nX
j=1

(EjEjf) (p)

and hence

�f(p) =
nX
j=1

(EjEjf)(p):

In Rn the usual coordinate vector �elds form a geodesic frame so
it�s immediate that

�f(p) =
nX
j=1

@2f

@x2i
(p):

(b) From the formula

EiEi(f � g) = Ei(fEig + gEif)
= (EiEif) g + 2 (Eif) (Eig) + f (EiEig)

we get
�(f � g) = (�f) g + 2 hrf;rgi+ f (�g)

at p. Since the resulting expressions are invariant we conclude
that the formula holds globally.
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