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We study enumerative and homological properties of the Resduct of the cubical lattice with the chain. We give
several explicit formulas for the Modbius function. Thetlsmula is expressed in terms of the permanent of a matrix
and is given by a bijective proof.

Résurre. Nous étudions des propriétés enumeratifs et homolegiglu produit de Rees du treillis cubique avec la
chaine. Nous donnons plusieurs formules explicits pofioiation de Modbius de cette poset. La formule derniére
c’est exprimé en termes de la permanente d’une matriceresldtat est donné par une preuve bijectif.
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1 Introduction

In the paper [2], Bjorner and Welker connect concepts frammutative algebra with poset topology.
One such poset construction is the Rees product.

Definition 1.1 For two graded poset® and @ with rank functiorp theRees produ¢tdenotedP @, is
the set of ordered pair§, ¢) in the Cartesian producP x @ with p(p) > p(q). These pairs are partially

ordered by(p,q) < (¢'.¢') if p <p p’, ¢ <@ ¢, andp(p’) — p(p) = p(q’) — p(a)-

The rank of the resulting posetigP x Q) = p(P). For more details concerning the Rees product and
other poset products, see [2].
TheRees product of the Boolean algebra with the chaitihe poset

R = ((B\{0}) » Cn) U0, 1},

whereB,, is the Boolean algebra anelements and’,, is the chain om elements[1 < 2 < --- < n}.
Jonsson [3] settled a conjecture of Bjorner and Welkerg¢ghrding the Mobius function ak,,.

TPart of this work was completed during the author's 200672€kbbatical at MIT.
subm. to DMTCS(© by the authors Discrete Mathematics and Theoretical Coen8dience (DMTCS), Nancy, France
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Theorem 1.2 [Jonsson] For the Rees product of the Boolean algebra wighctiain, the Mbius function
is

KR, (O’ i) = (_1)n71Dm
whereD,, is thenth derangement number.

Recall the derangement numbé?g are given byD, = 1 andD,, =n - D,,_1 + (—=1)"forn > 1. In
recent work Shareshian and Wachs [5] have studied the poseilbgy of the order complex at,,.

The next most natural poset to work with is to replace the Bawlalgebra with the face lattice of the
n-cube. TheRees product of the cubical lattice with the chaithe rankn + 2 poset

G = ((€2\0) * Cy1) U (0, 1),

where¥,, is then-cubical lattice, that is, the face lattice of thedimensional cube. We will represent
an elemeniz,i) € G,\{0,1} as an ordered pair whete = (x1,z2,...,2,) € {0,1,%}" andi €
{1,...,n}. Observe that such an elemént ) has rankt if there are exactly; — 1 stars appearing in its
first coordinate] < i < k.

In this section we give an explicit formula for the Modbiusition of the poset,,. After finding an
R-labeling in Section 2, we relate the Mobius function witklass of permutations, that is, the double
augmented barred signed permutations. These are in a erestoorrespondence with certain skew
diagrams. We will return to these when we consider homobigjaestions fot=,,. In Section 4 we give
a bijective proof of the Mobius function result expresse@dagermanent of a certain matrix.

Proposition 1.4 gives an explicit formula for the Mobius&tion of the poset:,,. The proof will
require the following lemma.

Lemma 1.3 The following identity holds
1+Z<> D1k (n—k+1) =0.

Proof: Define sequences.,,),>o and (b, ),>o0 by a, = (—=1)"*1n! andb,, = n + 1. These sequences
have exponential generating functions
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which proves the claim. O
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Proposition 1.4 The Mdbius function of the Rees product of the cubical latticéwie chain is given by

pe, (0,1) :—1+Z ) i-2"i<?)(i+1)(n—i)!.

Proof: Letz be an element of corank from G, — {0,1}. First note that the number of elements of
coranki in the half-open intervdl, 1), is (’2:11) - (k—1i+1). This follows from the fact that the element
x = (b, p) hask — 1 non-stars appearing i so a corank elementy = (¢, q) € [z, 1) hasi — 1 more
stars appearing in and the second coordinagesatisfyingp < ¢ < p + k — i + 1. Hence there are
(’:11) - (k —i+ 1) such elementg. Secondly, we claim that for a coraklelement: € G,, — {0,1}, we
have

pe, (@,1) = (=" (k = 1)L (1)
We induct on the corank. The case& = 0 is clear, as then is a coatom. For the general case, we have
HaG, (.23, i) = - Z HaG, (y7 i)

r<y<i

= — |1+ Z HG, (y7 i)

z<y<i,
1<corank(y)<k—1

- <1 + Z (i — 1)! - number of elements of corankn [z, i)) ,

where the third equality is applying the induction hypotse§'he number of corankelements in the

half-open intervalz, 1) is (7] - (k — i + 1), giving

He,(2,1) = <1+Z (2_1)-<z‘—1>!-<k—z'+1>>=<—1>k-<k—1>!

by Lemma 1.3.

To finish the argument, there &2&=* . (7) - (k + 1) elements of rank + 1, each having Mabius value
w(z,1) = (=1)»*+1. (n — k)!. Hence the lemma follows the fact that for a poBewith 0 andi, the
identity 11p(0,1) = — "5, <7 wp(z, 1) holds. O

2 Edge labeling

We begin by recalling some facts abaitlabelings. For a complete overview, we refer the reader to
Section 5 of Bjorner and Wachs’ paper [1].

Given a poseP’ anedge labelings a map\ : E(P) — A, whereE(P) denotes the edges in the Hasse
diagram of P and the labels form a posat An edge labeling\ is said to be ark-labelingif in every
interval [z, y] of P there is a unique saturated chainz = zy < 21 < --- < z; = y whose labels are
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n_ Dy=(=1"ur,(0.1) (=1)"uc,(0,1)
0 1 0
1 0 1
2 1 2
3 2 15
4 9 116
5 44 1165
6 265 13974
7 1854 195643
8 14833 3130280
9 133496 56345049
10 1334961 1126900970

Tab. 1: Table of Mobius values for the Rees product of the Boolegelata with the chain and the Rees product of
the cubical lattice with the chain.

rising, that is, which satisfies(xg, z1) <a M1, 22) <p -+ <a A(xg—_1,2k). Given a maximal chain
m:0=mx9 <21 <--- <z, = 1in P, thedescent sedf m is the setD(m) = {i : AN(wi_1,2i) %A
Az;, xi41)}. Alternatively, when we view the labels of the maximal chasithe word\(m) = Ay - - - A,
where); = A(z;_1, z;) and the rank of is n, there is a descent in thith position of\(m) if the labels
A; and\, 1, are either incomparable in the label podedr satisfyA; >4 \;+1. In particular, a maximal
chainm is said to beising if its descent set satisfig3(m) = () andfalling if D(m) = {1,...,n}.

The usefulness of aR-labeling is that it gives an alternate way to compute théMs functionu of a
poset. Variations of this result are due to Stanley in the cdadmissible lattices, Bjorner féi-labelings

and edge lexicographic labelings, and Bjorner—Wachs éor-pure posets with & R-labeling. See [1]
for historical details.

Theorem 2.1 Let P be a poset of rank with unique minimal elemefitand unique maximal element
Suppose has anR-labeling. Then with respect to thiz-labeling,

1(0,1) = (—=1)™ - number of falling maximal chains iR

Let): E(G,) — {0,£1,+2,...,+n,n+1} x {0, 1} be a labeling of the edges of the Hasse diagram
of G, defined by

Edge Condition  A(E) Notation
(x,0) < (y,9) To=1,y,=%* (a,0) a
(x,i) =< (y,9) Zo =0,y =% (—a,0) —a
(x,i) < (y,i+1) 2a=1y,=% (a,1) a
(x,i) < (y,i+1) 24=0,yo=%* (—a,l) —a
0 < (z,1) (0,0) 0
(z,i) =< 1 (n+1,0) n+1

wherez = (x1,...,2,) andy = (y1,...,yn). The element$0,+1,...,+n,n+ 1} x {0,1} are par-
tially ordered with the product order, that(is, ;) < (y, j) if z <y andi < j.
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Proposition 2.2 The labelingh is an R-labeling of7,,.

Proof: Let I = [(z,1), (y, )] be an interval inG,, — {0, 1} of lengthm with = = (2,...,z,) andy =
(y1---,yn). We wish to find a saturated chain (z,7) = (z0,p0) < (21,P1) <+ < (Zm,Pm) = (4, 7)
in the intervall with increasing edge labels.

LetSy = {k: xp = 0andy; = %} andS; = {k : x, = 1 andy, = x}. Lets = j — i andt = |Sp|.

Without loss of generality, we may assuie= {i1,...,4:} andS; = {iz41,...,imWithi; > -+ > 4,
andiey < -+ <im. Sel(20,po) = (w,1). Forl < k < m, 1€t (2, p) = (21, - - - 2n k), Pr) Where
P * if i = ik,
“kF = zik_1 otherwise

and .
Pk—1 if1<k<m-—s,
Pk = .
pr_1+1 otherwise.

The first coordinate of the edge labels of the chafarm the strictly increasing sequeneg; < --- <
—i¢ < i1 < .-+ < i, as thei;'s are all positive, while the second coordinate of the eddels form
the weakly increasing sequengec --- <0 < 1 < --- < 1. Hence the chain constructed is increasing.

We also claim that the chainis the unique such chain that is increasing in the intefvaFor any
maximal chain in this interval, eache Sy appears as the first coordinate in an edge label with a negativ
sign and every € S; must appear with a positive sign. Hence there is exactly anetalinearly order
thesem values. The second coordinate of the labels of any maximaihdh 7 is a permutation of the
multiset{0™~*,1°}. Again, there is exactly one way to order thesevalues in a weakly increasing
fashion. Hence the increasing chaiis unique.

For the case when the interval[is (v, j)] € G,, with (y, ) # 1, the first edge label in any saturated
chain is alwayg0, 0). Hence the first coordinate of the labels in any increasiragcim this interval must
all be non-negative, implying an increasing chain must passugh the atonfa, 1) = ((1,...,1),1).
The remainder of the increasing chain is given by the unigaeshsing maximal chain in the interval
[(a,1), (3, /))- )

For an interval of the form(z, 7), 1], since the last edge label of any saturated chain has(akel, 0),
this forces all the elements of such a chain to be of the farm) with z <4 y. In particular, the rank

element of sugh a chain is precisely the elen{ént) = ((x,...,*),4). Hence the increasing maximal
chainin[(z, ), 1] is given by the increasing maximal chain guarante€(¢ini), (b, )] concatenated with
the element. O

In personal communication with Shareshian and Wachs, they shat if two graded poset® and@
are shellable (here “shellable” loosely means that botlet{saareF L-shellable oiC L-shellable), then all
the intervals in the Rees produetx () are also shellable.

3 Falling chains

Define the set ofdouble augmentgdarred signed permutations S,, to be those permutations =
Ty -+ - 41 Satisfying ¢) 7o = 0 andm, 1 = n+ 1, (@) for 1 < i < n, m; is equal to one of;,
—a;, @; Or —a; for somea; € {1,...,n}, and ¢ii) a; - - - a,, iS @ permutation in the symmetric groiSh
onn elements. Given a barred signed permutatios +5,,, we will write |7| = |mol||m1|- - - |Tpy1] tO
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denote the double augmented permutatiowith all of the negative signs and/or bars removed from each
element, that isjr| is a permutation of the elemen{8, 1, ..., n 4+ 1} with |mo| = 0 and|m, 11| = n + 1.

Given a double augmented barred signed permutatienrm - - - m,4.1, adescenat position; occurs
when|m;| > |m41]. This is equivalent to the usual notion of descent in the gmesi and unbarred
permutation=| as defined above.

Proposition 3.1 With respect to thé-labeling A of the poset,,, the falling chains are described as the
set of double augmented barred signed permutatioasrr; - - - 7,41 € £5, satisfying

1. if m; is unbarred then there must be a descent atithgosition.

2. if w; is barred, then either: =; 1 is unbarred or {:) 7;; is barred and there is a descent at the
ith position.

Example 3.2 The permutatiori0, —3, —4, 2, —1,5) € AiS4 corresponds to the falling chaih< (0100, 1) <
(01%0,1) < (0L % %,2) < (0*%%,2) < (x*%%,3) < 1inthe posetG,.

Proof: Given a barred signed permutation satisfying the condstafrthe proposition, we wish to find a
falling chainc : 0 < (z1,41) < -+ < (@p,in) < 1IN G,. Forl < k < n,if 7, < 0then set;, = 1;
otherwise set , = 0. To find (zy, i) recursively, set; = 0, letz,,, » = *, and set

| dg—1+1 if m is barred,
I R if 1, is not barred.

Observe that is a falling chain. The labels on the barred signed permanadrrespond to the labels on
the falling chain. Note that if the unbarred signed permartedloes not have a descent at some posiion
thenmy, is barred anek;. 1 is not, implying the second coordinate in the label@ry, i), (Tx+1, ik+1))

is 1, while the second coordinate in the labelingxg+1,ik+1), (Tr+2,ix+2)) IS 0. Hence, the chain is
not rising in thekth position. Otherwise, the unbarred permutation has aet¢snd hence the first
coordinate in the labeling((zx, i), (xx+1,%%+1)) iS greater than the first coordinate in the labeling
AM(Zk+1,k+1), (Tk+2,ik+2)) @nd hence the chain is not rising. O

Theorem 3.3

e, (0,1) = (~1)" Zz( " ) Tl

Cly...,Ck ieo

where the sum is over all compositions- ¢; + - - - + ¢ of nand1 < k < n.

Proof: By Theorem 2.1, to determine the Mdbius function of the pd@sg it is enough to count the
number of falling chains irG,,. Proposition 3.1 allows one to separate the double augmdraeed
signed permutations corresponding to falling chains intzsgrings which look like a sequence of unbarred
numbers followed by a sequence of barred numbers.

By Proposition 3.1, the elemeftwill alway be part of the first substring and the last subgtnivill
consist only of the element + 1. Determining the size of each substring is equivalent tantala
compositionc = (¢, ca, .. ., ck) 0f n. Note that the first substring will be of size + 1 to account for
the elemen® and the(k + 1)st substring will consist only of the elememnt 1.



The Rees product of the cubical lattice with the chain 7

In each substring there is a sequence of elements withosifddiowed by a sequence of elements with
bars. Given the size of each substring we determine at whaethe barred elements begin. In the first
substring we can begin the bars at any place, so there,asays. For all the other substrings the first
element cannot be barred, for otherwise it would belongégtievious substring. Thus, we can begin the
sequence of barred eIements:jn— 1 ways fori = 2, ..., k. The total number of ways to place bars over
the elements ig; - TI¥_,(c; — 1).

Next, we choose the elements that will be in each substrihg i$ done m(p1 . ) ways. Now we
must sign these elements. Note that the elements in eactiisgbeust be arranged in decreasing order.
Once we have chosen the signs, this can be done in exactly andrarthermore, all of the elements in
the first block must be negative because the falling douldensmted signed permutation begins with the
element. This leave®™ ¢! ways to sign the remaining elements. O

4 Skew diagrams and a bijective proof
In this section we give a bijective proof of the following tirem.

Theorem 4.1 The Mbius function of the Rees product of the cubical latticénthie chain is given by

o 2 1 ... 9
pa,(0,1) = (=1)"-n-peri. . |,
2 ... 2 1

that is,n times the permanent of a squdgre — 1) x (n — 1) matrix having 1's on the diagonal and 2's
everywhere else.

In order to do this, we will work with skew diagrams assodidtedouble augmented barred and signed
permutations which are falling. In Section 5 we will use thekew diagrams to descrilie(G,,), the
order complex of the Rees product of the cubical lattice Withchain, in the spirit of Wachs’ work with
the d-divisible partition lattice [7]. We will also use these drams to construct an explicit basis for the
homology ofG,,.

We begin by recalling some objects from combinatorial repréation theory. For background material
in this area, we refer to Sagan’s book [4]. Let,..., ;) F n be a partition of the integet with
A1 < -+ < A;. Recall the Ferrers diagram of consists ofn boxes where row has)\; boxes for
i=1,...,k and all the rows are left-justified. Given two Ferrers diagsa C )\, theskew diagram\/u
is the set of all boxes /= {b: b€ Aandb ¢ u}.

For us, ahookis a skew diagram of the fort/ i wherel = ((h+1)?) andy = (h*=1). We will be
interested in skew diagrams consisting of a disjoint unibhamks. More precisely, let = (¢, ..., cx)
be a composition of with ¢; = u; + b;, fori = 1,...,k whereu; > 0, u; > 0fori = 2,... k,
andb; > 0fori = 1,..., k. Form the partitions\ = (A1,...,Ax) andp = (u1,...,ux) Where
A= (up+--+u +)iforl <i<k,pu=(ur+-+u+i—1%"1u + - +u; +1) for
1<i<k-—1andug = (ug + - +ug + k — 1)%~1). The skew diagram/p is then a union of
k hooks where the southeast corner of the last box oftthéook touches the northwest corner of the
first box of the(i + 1)st hook. We call such a diagram ansigned barred permutation skew diagram
We call a filling of then boxes with the element§l, ..., n} standardif the rows are decreasing when
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[0 |-5]-7]-8

116

10]4[-1

2]

Fig. 1: The skew hook shape corresponding to the falling double auged barred signed permutation
7=0 -5 —-7-8-91162-3104 —112in£S51;.

read from left to right and the columns are decreasing whad fimm top to bottom. If we insert a box
labelled0 in front of the first horizontal row and add a box labelled- 1 as the new last hook, then we
call such a filled diagram standard double augmented unsigned barred skew diagiren a double
augmented unsigned barred permutation that is fallingglirélzat it consists of strings of unbarred and
barred elements concatenated together. Given such agfgirmutation, one forms the standard skew
diagram by representing the first string of unbarred elemasthe first horizontal string of boxes in the
first hook concatenated with the same number of vertical asehe number of barred elements in the
first string of the permutation. Note that tfte hook has:; + 1 horizontal boxes, where; is the number

of unbarred elements in the first string of the permutatice Sigure 1.

Theorem 4.2 There exists a bijection between the set of all fixed poietfermutations in the symmetric
group onn elements and the set of all standard skew diagrarfys havingn boxes and hooks of size
greater thanl.

Proof: We describe an algorithm to move between these two sets.dBlads to first break a cycle at the
end of each of its descent runs to form blocks. Each of thesekblwill become a hook in the resulting
skew diagram. The next step is to use the first element of dack ffor the first block, use the second
element) to determine which elements will be barred in argiveck. The third step is to reverse the
order of the blocks. The fact that the original first block tzoned the smallest element in the given cycle
will enable us to recover the complete cycle decompositf@amermutation from its skew diagram in the
general case when a permutation has more than one cycle.

We first consider the case where= (m,...,m,) € S, consists of a single cycle of lengthwith
m1 = 1, thatis, the smallest element of the $et, ..., m,}.

1. Identify the descents within the cycle. For each run ofsemntive descents, say j] = 4,7 +
1,...,7, break the permutation in front of the last descent in the that is, the(j — 1)st position
provided this does not create a first block having size one.

2. Suppose reading from left to right the first element initheblock ism;,, where the elements in
this block have the linear orden;, < m;, < ---. (For the case of the first block, Iet;, be the
second element in this block when reading from left to write avhere the block elements have
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linear orderm; 1 < m12 < ---.) Rewrite the elements in the block in decreasing order dackp
bars over each of the lagt— 1 elements.

3. Reverse the order of the blocks, that isBif| Bs| - - - | By is the original block decomposition, re-
verse this taBy|Bx—1| - - - | By . Finally, remove the vertical block separators.

This yields the union of unsigned hooks, where a hook cansifthe run of unbarred elements
followed by the run of barred elements.

Example 4.3 As an example, let = (135764928) € Sy. We have

1357|64(928
1357|46/298
7531/64982
982647531

™

Ll

If a permutation consists of more than one cycle, without lafgenerality we may assume the permu-
tation is written in standard cycle notation where eachejchritten so that it begins with the smallest
element in its cycle and the cycles are then ordered in isargarder by the smallest element in each
cycle. Given such a permutation, apply the algorithm to eadividual cycle. Concatenate the resulting
barred words using the original order of the cycles.

It is straightforward to see that we can reverse this probegining with a standard unsigned skew
diagram. Thus we have a bijection. O

Example 4.4 Let872619543 be a falling barred permutation. The reverse algorithm give

872610543 — 872619543
— (61)(872)(43)(95)
— (16)(287)|(34)(59)
— (16827)(3495)

Let F C [n — 1] be the set of fixed points for a permutatiore S,,_;. We will build n ordered pairs,
(F;,7) wherei = 1,...,n andr is a partial permutation on — |F| — 1 elements from the sét]. Set

[ Fu{i} ifi¢F,
Fi_{FU{n} ifieF,

wherei = 1,...,n. To definer, consider the partial permutati@rconsisting of the cycles of with sizes
greater thari. The elements in these cycles can be linearly ordered,as< m;, < --- < mj,_ . _,.
The elements ofn] \ F; also can be linearly ordered &s < --- < l;, _ ,,_,. Define a mapl which
sendsn;, — l;;. Setr = ¥(7). LetFr = {(Fj,7):i=1,...,n} sothat | = n.

Proposition 4.5 There exists a bijection betweét; : = € S,,} and the set of standard unsigned skew
diagrams where each hook except the first has size greaterhe.



10 Patricia Muldoon and Margaret A. Readdy

Proof: Given a permutatiorr with fixed point setF" and one ordered pafi;, 7), we will define a map
which sendd; to the first hook of the diagram and which sends the rest of the diagram. To create the
first part of the map, write the elementsigfin decreasing order. To place the bars, consider two cases.

1. Ifi ¢ F, place bars over the elemerand every element less than

2. If i € F' we use the linear total order afi, say f; < --- < fir. We havei = f; for some
j=1,...,|F|. Place bars over the smallgstlements.

This map can be reversed given the first piece of some unsgkeeddiagram.

To determine the rest of the diagram, we usea partial permutation on an — |F| — 1 element
subset ofin]. There is a bijection between all such partial permutatims the set of fixed point free
permutations irt,, _ ;. Use the linear order on the elements-pthat is, these elements can be written
mi, < --- < m;,. Let ® be a map between these two sets whife:;;) = j. Note that because the
partial permutatiorr can be written as a product of cycles with no one-cycles, then is also a fixed
point free product of cycles. Composifgwith the algorithm above, we can go from a partial permutatio
7 to the rest of the diagram having hook sizes greater than 1. O

To prove Theorem 4.1, we sign the first hook (which consists®horizontal piecé concatenated with
the vertical piece) in one way, that is, with all negativensigand then reorder the elements in decreasing
order. For the remaining hooks, we can sign these remaitémgests ir2”~!¥1-* ways and within each
hook reorder them in a decreasing manner in one way.

As a corollary, we can slightly modify our proofs to give adgifive proof of Jonsson’s result (Theo-
rem 1.2) for the Mobius function of the Rees product of th@Ban algebra with the chain.

5 A Basis for the Homology

In this section we consider homological questions for theep&,,. A similar analysis for the thd-
divisible partition lattice was done by Wachs [7],

Proposition 5.1 The order compleXA\(G,,) is a Cohen-Macaulay complex and has vanishing homology
groups in every dimension except in top dimension.

This follows by a result of Bjorner and Welker [2] that thedReproduct of any two Cohen-Macaulay
posets is also Cohen-Macaulay. Furthermore, the Mobinstion of the posef,, gives the dimension
of the top homology group.

We can go further and find an explicit basis for the homol&g\ (G, ), Z) indexed byF,,, the falling
augmented signed barred permutations feas),. For eachr € F,, we define a subposét, of G,, as
follows. Letm, = m,o < my1 < --- < m,., be the chain inG,,\{0,1} labeled byo € F,. For
example, for the double augmented barred signed permutatocy---06 =0 —1 -3 5 2 —4 6, we
havem, = (01001, 1) < (*1001,1) < (%1 % 01,2) < (1 % 0%,2) < (% * *0%,3) < (% % * % %, 4).

We will define the elements @f,, recursively. The ranR elements of7,, are of the form(x, 1), where
x is a0-dimensional face of the-cube. Forl < i < n — 1, the ranki elements of7, are of the form
(z, j), wherez is ani-dimensional face of the-cube and the second coordingis determined according
to the following rules:

i. If 0,_1 is not barredg; is not barred, and;;, is either barred or unbarred, thers= k& where(y, k)
is any ranki — 1 element ofG,,.
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ii. If o;_1 is either barred or unbarred, and bethands;; are barred, thep = k + 1 where(y, k)
is any ranki — 1 element ofG,,.

iii. If o;_1 is either barred or unbarred; is barred andr; is not barred, then = k where(y, k) is
arank: — 1 element ofG,. The exception to this rule is for thedimensional element occurring
in the chainm,, thatis,m,; = (x,r). In this casem, ; becomes the elemefit, k + 1) in G,.

. If o;_; is barredg; is not barred, and; ; is either barred or unbarred, th¢r= k + 1 where(y, k)
is any ranki — 1 element ofG,, different fromm, ;,—;. Notice that bothn, ;_; andm, ; have the
same second coordinate, namely- 1.

Finally, there are two rank elementgx - - -, k) and(x - - - %, k 4+ 1), wherek is the second coordinate of
any rankn — 1 element ofGG,,.

Define ¢, to be the poset,\{0} U {1’}, that is, the face lattice of the-dimensional cube with
its minimal element removed and adjoined with a second malx@ementl’ which also covers all the
coatoms in,,\ {0}.

Theorem 5.2 For o € F,,, the order compleX\(G,,) is isomorphic to the suspension of the barycentric
subdivison of the boundary of thecube.

Corollary 5.3 For ¢ € F,, the order compleX\(G,,) is homotopy equivalent to the suspension of the
(n — 1)-dimensional sphere§™ 1.

The suspension o™~ is homotopic taS™, and as a resulh(G,,) is a triangulation of the:-sphere.
Let p, denote a fundamental cycle of the spherical compléx:,). To show that the set sép, :
o € F,} forms a basis fo# (G,,), we first place a total order af,,. Letoc = 0oy ---0, n + 1 and
7 = 07m -1, n + 1 be two permutations froré,. If the entriesoq,...,0;,-1 andr,...,7,_1 are
unbarreds; is barred and-; is unbarred, then we say > 7. Otherwise, ifc andr are barred and
unbarred at exactly the same places and the permutatieithout the bars is lexicographically greater
than the permutation without its bars, then we say > 7. We then have

Lemma 5.4 If m, is a chain inG,, thent < o.
Using Lemma 5.4, one can use a straightening argument tdumnthe desired basis result.
Theorem 5.5 The sef{p,, : 0 € F,,} forms a basis fo (G,,) overZ.

We are currently developing a representationtFbfA(G,,)) over the symmetric group using skew
Specht modules.

6 Concluding remarks

Recall that the derangement numligy can be expressed as the permanent

01 1 - 1
101 - 1
D, —per|l 1 0 1
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What posetP would have its Mobius function related to the permanent

s ror r
r s r r
per|” T S T|9
ror or .- s

Although it is not the case the Modbius numbers in Theorentduht derangements in the action on the
n-cube, they do in fact count a class of tyB€’ permutations, namely, those that fix (setwise) exactly two
sides of the given cube. Equivalently, those that fix exawtty points of the dual crosspolytope. (Those
two points are necessarily antipodal.) To obtainshe per(A) formula, whereper(A) is the permanent
of the(n — 1) x (n — 1) matrix with ones on the diagonal and twos off the diagonaretaren ways to
pick a pair of antipodal points. It is not hard to show that(A) counts derangements in the action of the
stabilizer of these two points on the vertices of the-(1)-crosspolytope spanned by the remairing- 2
points using the fact that for any given permutatioin S,,_1, there are™—'~fx(») parred permutations
associated withw that are derangements in the given action.
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