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ABSTRACT OF DISSERTATION

SUBSPACE PROJECTION METHODS FOR THE
QUADRATIC EIGENVALUE PROBLEM

Model reduction of the quadratic eigenvalue problem is an area of considerable recent
interest. Such eigenvalue problems arise in control theory applications, acoustics, and
structural analysis, where the dominant behavior of the system is determined by a
relatively small number of eigenvalues. As such models can be very large, directly
computing all eigenpairs is impractical. Instead, the system is reduced to a matrix
equation of much smaller degree which is computationally amenable. Customarily,
this is done through a linearization procedure.

In this thesis, we present model reduction techniques that construct a reduced-
order model which is also given by a quadratic eigenvalue problem. In chapter 2, we
describe a Krylov-type projection method that reduces a symmetric monic quadratic
eigenvalue problem to another symmetric QEP of banded structure. We also describe
a Rayleigh-Ritz procedure for subspace enlargement which accelerates convergence
of the projected problem to a desired eigenpair. In chapter 3, we examine several
linearization techniques and their expected rates of convergence using a moment-

matching result of Grimme. In addition, we develop a variant of nonsymmetric Lanc-



zos that reduces a monic QEP to one of triangular-Hessenberg form, with optimal
orders of moment-matching.
Keywords: quadratic eigenvalue problem, structure-preserving model reduction,

linearization, moment matching, Krylov methods.
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Chapter 1

Preliminaries

1.1 Introduction

Quadratic eigenvalue problems arise in many engineering fields, such as acoustics,
structural analysis, and control theory. In many applications, the behavior of the
physical phenomenon in question can be described by a second-order differential
equation. By using a discretization technique, the continuous form of this differ-
ential equation can be approximated by a second-order discrete (matrix) formulation.

The numerical solution is then a vector-valued function of time y(¢), satisfying

Ay" + By +C = f(t)
y(0) =g

y'(0)=h

where f(t) is a time-dependent input and g, h are the initial conditions at time ¢ = 0.
Here, A, B, and C' are matrices obtained from the discretization process. Separating
y(t) = eMx gives the customary formulation of the quadratic eigenvalue problem: find

a constant vector  # 0 and a scalar A so that
(NA+AB+C)z =0. (1.1)

Here, X\ is called an eigenvalue, and z is its corresponding eigenvector.



The behavior of the solution over time is apparent from its eigenvalue; oscillatory
behavior is determined by the imaginary part, and exponential growth/decay of the
solution is determined by the real part. Exponential growth is undesirable; in a
structure such as a bridge, this indicates a dangerous resonant frequency that could
even result in the structure’s total collapse under the right conditions. In a model
of an aircraft, the pilot could lose control altogether during turbulence. Therefore,
the eigenvalues with largest real part are of primary importance; by computing such
eigenvalues, dangerous flaws in an engineering project can be found and corrected
during the design stage.

The challenge is to solve a given quadratic eigenvalue problem as accurately and
efficiently as possible. Problems of interest in industry tend to be quite large, currently
of order ten million or more. The QR method for the linear eigenvalue problem Az =
Az and the related QZ method for the generalized eigenvalue problem Ax = ABx
use matrix operations to transform the eigenvalue problem to a simple form, from
which the eigenvalues are easily found. These methods, called direct methods because
they almost always converge within a given number of iterations (determined by
the desired tolerance and matrix size), are reasonably robust, well understood, and
reliable. Unfortunately, direct methods are too expensive to be practical for problems
of this scale. Instead, we construct another eigenvalue problem which approximates
the original, but has much smaller order; this idea is called model reduction. This
reduced-order problem then can be solved with direct methods at a modest cost.

Traditionally, a quadratic eigenvalue problem is handled by constructing an equiv-

alent linear eigenvalue problem of twice the dimension, a process called linearization.



There are a number of ways to do this, for example

(e B) 0= 0) =

If \,z,y satisfy Equation (1.2), then A\, x also satisfy Equation (1.1). Thus, a lin-
earization of a quadratic eigenvalue problem has the same spectrum as the original.

Once a linearization has been constructed, we may construct a reduced-order
model of the linearization which is solved by a direct method. There are some dis-
advantages to introducing the additional linearization step, however. Doubling the
dimension means that the corresponding storage requirement for every vector is also
doubled. The quadratic eigenvalue problem often has special structure arising from
its application, e.g. in structural mechanics, A could be symmetric positive definite
while B and C' and symmetric positive semi-definite; the linearized problem may fail
to preserve the special structure. This raises the following question: can we find
efficient model reduction techniques which operate directly on a quadratic eigenvalue
problem to yield another, smaller rank quadratic problem? In this work, we present
several approaches for model reduction which attempt to answer this question.

One model reduction technique discussed in this thesis is the idea of subspace
projection. In a projection method, an orthonormal basis @),, is constructed by a
suitable means, and Equation (1.1) is approximated by the quadratic eigenvalue prob-
lem QT (u*A+ uB + C)Q,,u = 0. This reduced-order problem has Ritz values y and
Ritz vectors ),,u which approximate the eigenvalues and eigenvectors, respectively,
of Equation (1.1). An appealing feature of projection methods is that the symmetry

or skew-symmetry of A, B, is preserved in the model reduction, as are the spec-



tral characteristics possessed by quadratic eigenvalue problems with such structure
(for example, the eigenvalues of symmetric quadratic eigenvalue problems occur in
conjugate pairs). Projection techniques are discussed in Chapters 2-3.

The organization of the thesis is as follows. Chapter 1 is dedicated to background
material. Section 1.2 covers necessary reference material from numerical linear alge-
bra, including symmetric matrix factorizations and a review of Krylov methods for
linear problems. Section 1.3 gives an overview of Raviart-Thomas basis elements and
the finite element method, a discretization technique commonly used for construct-
ing a discrete model of a physical problem domain (and used to generate the test
problems from our numerical examples).

Chapter 2 begins by describing current research into the quadratic eigenvalue
problem, in particular the linearization-based algorithms by Tisseur and Mehrmann
et al. The remainder of the chapter describes new projection methods for model
reduction of the quadratic eigenvalue problem. In Section 2.2, we present our recent
work on a Krylov-type subspace projection method operating directly on a monic
quadratic eigenvalue problem (with A = I) rather than a linearization. As in the
case of the Lanczos or Arnoldi methods applied to a linear eigenvalue problem, the
resulting reduced-order eigenvalue problem has a special structure. For the symmetric
quadratic eigenvalue problem, a Lanczos-type method is presented which produces a
reduced-order symmetric eigenvalue problem where each matrix has a banded struc-
ture. In the nonsymmetric case, analogous Arnoldi-type and nonsymmetric Lanczos-
type algorithms are constructed which produce reduced-order eigenvalue problems
with a Hessenberg-like or banded structure, respectively.

4



The Krylov-type methods in Section 2.2 determine each vector of (),,, by the type of
recurrence and the desired structure of the reduced-order problem. In Section 2.3, we
present three projection methods that use different applications of the Arnoldi method
to enlarge the basis (),,. These methods offer greater flexibility in the construction of
the projected subspace, although some of the structure in the reduced-order problem
is lost. A discussion of spectral transformation for the quadratic eigenvalue problem
appears in Section 2.4.

Section 2.5 generalizes the methods from Sections 2.2, 2.3 and presents a unified
projection algorithm. In each iteration, the subspace spanned by (@),, is enlarged using
the following selection criterion: choose ¢,,.1 so that the “best” solution to the order
m reduced eigenvalue problem has as large a residual as possible when substituted
into the subsequent reduced-order eigenvalue problem. Here, “best” can be defined in
various ways; the natural choice of a Ritz pair is demonstrated to give good results.

Chapter 3 gives a moment-matching result of Villemagne and Skelton for the gen-
eralized eigenvalue problem, and applies it to a linearization of the QEP. The methods
in this chapter are model reductions that attempt to match as many as possible of the
moments of the original eigenvalue problem. Bai’'s SOAR algorithm (Section 3.2.1)
and the Q-Arnoldi algorithm of Meerbergen and Robbé (Section 3.2.2) are projection
methods which use the Arnoldi method to obtain m matching moments. Section 3.2.3
gives a modification of SOAR for the symmetric quadratic eigenvalue problem that
offers comparable moment-matching and reduced storage costs. Section 3.3 presents
a model reduction method based on nonsymmetric Lanczos; while not a projection

method, the resulting reduced-order problem preserves a triangular-Hessenberg struc-



ture, and matches the optimal number of 4m moments. Lastly, Chapter 4 contains
numerical examples comparing and contrasting the behavior of the algorithms on
a sample problem in dissipative acoustics. The best results are obtained with the
method suggested in Section 2.5. Among moment-matching techniques, the fastest
eigenvalue convergence is obtained with the triangular-Hessenberg model reduction

from Section 3.3.

1.2 Review of numerical linear algebra

The background material in this section can be found in any standard numerical

linear algebra text [22, 16, 24]; see also Parlett [41], Cullum and Willoughby [11].

1.2.1 Cholesky factorization

A symmetric matrix A has a Cholesky factorization if it can be written as the product
A = LLT where L is a nonsingular lower triangular matrix (called the Cholesky
factor of A). It is easy to see that if A has a Cholesky factorization, then A must
be symmetric positive definite; in fact, the converse is also true. This provides a
convenient and numerically reliable characterization of symmetric positive definite

matrices.

Theorem 1.2.1. If A is a symmetric positive definite matrixz, then there exists a

unique lower triangular L with positive diagonal elements so that A = LL" .

Proof. The proof is by induction. Clearly the result holds for n = 1. Suppose the

result holds for k. Write the symmetric positive definite matrix Ay, as

Ap b
Ak—l—l:(bjlf C).

6



By induction, A;, = Ly LY has a unique Cholesky factorization. Let d = L;'b and
L;d . . . T .

v = ) Since v is nonzero, the quantity s = v* Ax,1v = ¢ — d* d must be

positive. Then it is easy to check that

() (35 ) = (0 o)

= Ak+1-

Note that with the requirement that the Cholesky factor has only positive elements

on the diagonal, the factorization is uniquely determined. O]

Furthermore, we have a constructive technique for computing the Cholesky fac-
torization. After step k, we have computed the first k rows of L. Then, we compute

the (k 4 1)-st row of L by setting j = 1,2,...,k + 1, and solving the identity

J
Ag41,5 = Z lk+1,mljm (1-3)
m=1

for the element [;1; ;.
Additionally, this provides a simple test for positive definiteness: if we attempt to

solve Equation (1.3) for the diagonal element I 411, only to find that

k

2 _ 2
lk+1,k+1 = Qk+1,k+1 — E lk+1,m
m=1

is negative, then the matrix A is not positive definite. This test is not too expensive,

and is numerically reliable [24, Section 10.1].

Fill-in of the Cholesky factor

In practice, we would want a computed Cholesky factor of a sparse matrix to remain
sparse, if at all possible. For banded matrices of low bandwidth, the Cholesky factor
does remain small: if A = LL" has bandwidth 2d + 1 (i.e. a;; = 0 for all |i — j| > d),

7



Sparse matrix B
T

200

400

600 -

800

1000

1200

1400 -

1600

I
1400 1600

nz = 38700

Figure 1.1: Sparse matrix B (sparsity approx. 1.5%)

then L must have bandwidth at most d 4+ 1. Note, however, that if the bandwidth of
A is large then the Cholesky factor may be dense, even if A is very sparse. Consider
the following example. Let A be the five-point finite difference discretization of the
Laplacian on an 18 x 18 square mesh (an order 324 sparse matrix). Construct a

symmetric positive definite B by tiling A in a 5 x 5 array, and adding an identity:

A
A
B=| A
A
A

+ 1.

A s s s s
e N
A s s s
A s s s

This matrix is depicted in Figure 1.1.

Although B is sparse (containing less than 1.5% nonzeros), computing its fac-
torization directly produces a very dense Cholesky factor consisting of 82% nonzero
elements (Figure 1.2(a)). Such a matrix would be costly to compute and store in a
large-scale computation.

This difficulty can often be remedied by choosing a suitable permutation P so that
the nonzero elements of PTAP are closer to the diagonal, and utilizing the Cholesky

8



Cholesky factor of B Cholesky factor of permuted B

200 200,
400 a00f
600 600
800 800}
.
1000 1000} Y
1200 1200
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S
= 3 = =
. h Syl
1600 1600 b i . . \ s BN
0 200 400 600 800 1000 1200 1400 1600 ) 200 400 600 800 1000 1200 1400 1600
1z = 66235

nz = 1079005

(a) Factor of unpermuted B (b) Factor of permuted B

Figure 1.2: Cholesky factors, with and without permutation

decomposition of the permuted matrix PT AP instead. Such Cholesky factors are
generally no denser than AT A. Efficient algorithms for choosing such a permutation
have been devised by Tim Davis [1] and others.

The difference in sparsity can be dramatic; constructing a permutation of B us-
ing the symmmd function from MATLAB and factoring PYBP = LLT produces the

Cholesky factor containing 5% nonzeros shown in Figure 1.2(b).

1.2.2 LDLT factorization of indefinite matrices

A natural idea would be to try to find an extension of the Cholesky factorization to
symmetric but indefinite matrices. One might look for a factorization of the form
A= LDL"” where D is a diagonal matrix and L is lower triangular. Unfortunately,
such a factorization need not exist, or might be highly unstable. As an example,

consider the matrix ( ¢ 1 ); for small € > 0, we get ill-behaved factors

1

(3 ) ()



while the factorization does not exist at all for ¢ = 0. Observe also that applying a
symmetric permutation to this matrix leaves it unchanged; therefore, pivoting alone
is not sufficient to fix the situation. However, if we allow D to be block diagonal with
1 x 1 or 2 x 2 blocks, then a permutation P can be found so that the factorization
PTAP = LDL" exists. Without loss of generality, we can scale D, L so that L is unit

triangular (for convenience).

Proof. The following argument is called the diagonal pivoting method in the book by
D c” )

Higham [24, Section 10.4]. Choose a permutation P so that PTAP = ( C B

where D is a 1 X 1 or 2 x 2 nonsingular block. Such a permutation must exist unless

A is identically zero (a trivial case). Then we can factor

v (T 0N(D 0 I D'c"
PAP—(CDlJ)(o B—CD10T><O r)

The submatrix B — CD~'C7T can be permuted and factored similarly. This process

is repeated until A is factored completely. Il

For numerical stability, however, the precise choice of P is important. Higham [24]
discusses a complete pivoting strategy by Bunch and Parlett, and an O(n?) partial
pivoting strategy by Bunch and Kaufman. It turns out that while complete pivoting

guarantees stability, the cheaper partial pivoting strategy also works well in practice.

1.2.3 Krylov methods

Krylov methods are a class of algorithms which apply the Rayleigh-Ritz procedure
to a particular natural choice of subspace (the Krylov subspace). Recall that the

Rayleigh-Ritz procedure approximates a large real matrix A by projecting it onto a

10



given subspace S of relatively small dimension m. Letting (),, be an orthonormal
basis of S, we can construct the m x m matrix A,, = QL AQ,,. The eigenvalues
01,...,0,, of A,,, also called Ritz values, approximate some of the eigenvalues of A.
In the case of Krylov methods, the subspace used for the projection is the Krylov

subspace of dimension m
Km(A,q) = span{q, Aq,..., A" 'q}

where ¢ # 0 is an initial vector, often randomly chosen. Note that the above basis
is never used numerically since it is poorly conditioned; A™q approaches a dominant
eigenvector as m increases, so successive vectors A™q and A™!q will be nearly par-
allel. Instead, practical Krylov-based algorithms produce bases which are equivalent
in exact arithmetic and better conditioned.

The Arnoldi method

The simplest Krylov method for a nonsymmetric matrix A is the Arnoldi method.
For i = 1,2,...,m — 1, we inductively produce an orthonormal basis {qi,...,q}
of Kiy1(A4,q) from the previous basis of K;(A,q). Clearly ¢; = ¢/||q|| is a basis of
K1(A, q). For each i, we have K; 1 = span{K;, Ag;}; to extend {q1,...,¢} to a basis
of IC;11, we need to compute the product r = Ag;, project off its components in K;
using the Gram-Schmidt process, and set g;;1 equal to the resulting unit vector. In

matrix form, after m steps we have

AQm = QmHm + hm+1,mequn+1 (14)

where H,, is an upper Hessenberg matrix whose entries were determined from the
Gram-Schmidt reorthogonalization at each step i. H,, is clearly the desired projection

11



of A onto the Krylov subspace of dimension m; computing the eigenvalues of H,, by
a direct method (i.e. QR iteration) is not too expensive as long as m is small.
There are several disadvantages to the Arnoldi method when m is of even mod-
erate size. All of the previous basis vectors ¢i, ¢a, ..., ¢, must be kept available at
each step of the algorithm, driving up storage costs. The O(m?) cost of comput-
ing the Ritz values can become large. Nonetheless, the Arnoldi method is useful in
many applications, especially with restarting. One widely used and publicly-available

implementation appears in ARPACK [32].

The Lanczos method

In the special case when A is symmetric, the Arnoldi method reduces to a simplified
algorithm known as the Lanczos method. Instead of a Hessenberg matrix H,,, a
symmetric tridiagonal matrix 7}, is obtained. This is clear intuitively; using the

corresponding Arnoldi relation

AQm = Qme + tm+1,m€mq7:2+1 (15)

it follows that T, = QT AQ,, is both symmetric and Hessenberg, and therefore tridi-
agonal. Then the construction in Equation (1.5) can be written as the following
three-term recurrence. Letting ¢; = ¢/||q|| be an initial unit vector with oy = ¢f Aqy
and #; = 0, we have for j =1,...,m — 1,

Bi+1qj41 = Ag; — g5 — Bigj—

(1.6)

T
X1 = G411 AGj 1

12



where {ay,...} and {f, ...} are the diagonal and off-diagonal entries of T,

g 52

(8%

T, — o . (1.7)
e B

Bm  amy

More formally, it is not difficult to use the defining recurrence in (1.6) to prove that
the generated basis @), is orthonormal and Equation (1.5) holds.

The Lanczos method offers significant improvements in speed and efficiency over
the Arnoldi method, and is well suited to large, sparse problems. Memory usage
is minimal; at step m we require storage for the 2m + 1 distinct nonzero elements
of T,,+1 and the three Lanczos vectors ¢, _1, ¢m, ¢m+1- Furthermore, the eigenvalues
and eigenvectors of the tridiagonal T;,, can be computed cheaply by means of Sturm

sequencing and inverse iteration [12], respectively.

Eigenpairs of a symmetric tridiagonal matrix matrix

In this section, we consider the problem of computing the eigenpairs of the sym-
metric tridiagonal matrix 7},. First, we will show how to find the eigenvalues using
bisection. Suppose that Ty, has the matrix T} as its principal minor, and neither
matrix is singular. Recall that determinants are invariant under similarity trans-
formations; in particular, the determinant of a symmetric matrix T = QTAQ is
simply the product of its eigenvalues. Therefore, if T}, has j negative eigenvalues then
sign(det(7},)) = (—1)’. By the interlacing property, Ty, must have either j or j + 1
negative eigenvalues. Thus, either the signs of det(7}), det(7)1) match and Ty, Ty11
have the same number of negative eigenvalues, or the signs differ and T}, has one

additional negative eigenvalue.

13



If the determinants of a nested series T, ..., T,, of principal minors are available,
then counting the number of times consecutive determinants change sign gives the
number of negative eigenvalues of T,,. Replacing T, with the shifted matrix (7, —

ol,,) gives the following statement:

Definition 1.2.2 (Sturm Sequencing). Let T}, Ts,...,T,, be the principal mi-
nors of a symmetric matrix 7,,. For a fixed o, construct the sequence {a;(c)},
i = 0,1,...,m so that ag = 1 by definition and a;(c) = det(T; — o) for i > 0.
The number of times consecutive terms in this sequence differ in sign equals the

quantity of eigenvalues of T,, which are less than o.

In general, determinants can be expensive to compute and numerically unstable,
which would appear to be a problem. For our purpose, however, it is sufficient to
compute the ratios of consecutive determinants, which are less prone to over- or

underflow. For tridiagonal T, labelled as in Equation (1.7), the determinants satisfy
det(Tk+1) = Q41 det(Tk) — 513“ det(Tk_l).

Dividing by det(7}) gives an identity in terms of ratios:

S

det(T)_
det(Ty,) |~ P [ i 1)] '

Replacing T} by the shifted matrix T — ol gives a stable recurrence for the ratios
of consecutive determinants r;(0) = a;(0)/a;_1(0):

_ =1
Tz‘(O') _ (al J)a Z ) (18)
(a; —0) = B2/ri_i(o), i=2,...,m.
Thus, the number of eigenvalues of 7},, which are smaller than ¢ can be determined

in O(m) time using (1.8) by counting how many negative values appear in the set

14



{ri(o),ra(0),...,rm(c)}. A bisection procedure (used, for example, in EISPACK
[50]) can then be used to isolate each eigenvalue within a desired tolerance. Note
that this parallelizes well, since after an initial rough subdivision of the spectrum
into intervals, each processor can find all of the eigenvalues in its interval without
additional communication (see also [15]).

Once an approximate eigenvalue p /=~ A\ of T has been computed, inverse iteration
is an effective method for finding the corresponding eigenvector zj, (provided that A
is sufficiently well separated from other eigenvalues). The idea is that if the vector
v; is not orthogonal to xy, then solving (7" — pg)viy1 = v; produces a vector v in
which the z; component is magnified. More precisely, if vg = >_.* | a;x;, then

vy = (T — ,uk)_lvo

B zgn; ()\z‘ iiﬂk) . o

and after j iterations we obtain

v = i ((Af—uk)ﬂ) zi. (1.10)

=1

The angle between v; and the desired eigenvector is bounded by

2
. ad (1.11)
T i 0% +af
1
1 4 0% tan®(vg, 2

Ak —

_ is the relative gap between pu;, and the second-closest
min;z, | A — fik]

where § =

eigenvalue of 7. Thus, convergence is guaranteed (in exact arithmetic) if 6 < 1 and
vp is not orthogonal to x. In practice, we often have § < 1 when ) is distinct, and
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almost any randomly-chosen initial vector vy will be adequate. Therefore, convergence
generally occurs after only a few iterations.

The last technical question is how to perform the linear solves economically. Cul-
lum [11, 12] uses the QR factorization of (T" — uxl). For our special case with T
tridiagonal, the triangular matrix R has bandwidth three and the factorization can
be computed in O(m) time (e.g. by zeroing the subdiagonal entries with Givens ro-
tations). Once the factorization is computed, each solve is performed in O(m) time
by solving Rvjy1 = QT v; by back substitution. Thus, this method is economical even
for large tridiagonal matrices.

Note that inverse iteration still converges even though 7" — puy is near singular.
Indeed, the error in computing v; tends to be quite large, but most of this error is in
the direction of the eigenvector x; and therefore doesn’t affect convergence adversely
[41]. In the case of clustered eigenvalues, inverse iteration may not distinguish the
eigenvectors sufficiently accurately. Work by Dhillon [43, 17] uses careful shifting
and twisted factorization to compute eigenvalues and eigenvectors to high relative

accuracy.

Theorem 1.2.3. Suppose a real symmetric n X n matriz A has eigenvalues Ay >
Ao > ... > N\, with corresponding orthonormal eigenvectors xy,xs,...,x,. Let T} be
obtained from k steps of Lanczos method with the initial unit vector q; (assuming no
breakdown occurs). Then the gap between the largest Ritz value 6, of Ty, and Ay is

bounded by

0 S )\1 — 91 S ()\1 — )\n) tan2<q1,w1) min max ’p()\l)|2
peEP  1=2,3,...,n
p(A1)=1
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Proof. We know that \; — 6; > 0 using the Cauchy criterion. Then

TA
)\1—91:)\1—maxxTx
ek, xlx
x#0
Tp(A)2A
:)\1_ max qlp( ) a1

eP Tn(A)2q,
p(ﬁ)cnk#O 4 p( )Q1

writing = € Ki(A, q1) as p(A)q for some polynomial p of degree k. Now expressing
@1 = Y p_, q;%; as a linear combination of the eigenvectors of A, we have

" oaZp(N)PN
)\1—91 :)\1— max Zl:l Oélp( )

p(fj‘i;k#o Z?:l O‘zzp()‘i)2

no 2 0y \2(y.
— min Zi:l O‘ipr‘Z) (Ai — A1)
pEP), Yoy ap(\)?

p(A)q1#0
T a2n(\)2
< (A —2A,) min —ZZ:Q aip(A)

eP " oo? A )2
p(i’l)qlkyéo 2171 zp< )

1—a?2 L 2\ )2
< (A —A,) min ( o7) maXl*Z'“’”p( i)

NN oo,

Lastly, with the assumptions that p();) # 0 for an optimal choice of polynomial p,
and the initial vector ¢; is not orthogonal to x;, we can bound the denominator below

by a?p(A;)? to get

2 ’ 9
A =0 < O - A o (maxz:z...,n p() )

a eP A )2
! p(z)qlk#o p( 1)

= (A — A\ tan®(qy, 1) min _max Ip(A\) %
pEPE  1=2,3,...,n
p(A1)=1

]

Thus, the largest Ritz value approximates the largest eigenvalue well if there exists
a degree k polynomial p which equals 1 at A\; and is small at all the other eigenvalues
of A. This is the case when \; is well-separated from the other eigenvalues. However,

if Ay is tightly clustered, then convergence can be very slow. This is in fact the
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case in practice: well-separated extreme eigenvalues tend to converge very quickly,
while clustered and/or interior eigenvalues converge more slowly (if at all). If a small
number of tightly-clustered extreme eigenvalues are at the same time well-separated
from the rest of the spectrum, block Lanczos methods remedy this problem somewhat
at the expense of higher memory usage; these methods will be discussed later.

To obtain a more explicit bound, the inequality in Theorem 1.2.3 can be relaxed
further by replacing the minimax expression with a Chebyshev polynomial. A similar
argument can be used to bound the gaps between the smallest eigenvalue and Ritz
value; a more complicated expression determining the convergence of interior Ritz
values appears in Saad [49)].

Other characteristic properties of the Lanczos method include:

e Shifting and scaling the original matrix does not affect the convergence of the
Ritz values (this is easy to check). Accelerating the convergence of interior,
clustered Ritz values is done by a spectral transformation (as in shift-and-invert

Lanczos).

e Convergence to the desired eigenpair A;, 1 may not occur if the initial vector ¢;
is orthogonal or nearly orthogonal to x;. Similarly, multiplicity of eigenvalues

cannot be determined reliably with single-vector Lanczos.

e While breakdown can occur (the succeeding off-diagonal element (3,1 may be
zero), this is beneficial; such a breakdown indicates that an invariant subspace

has been found and all Ritz pairs have converged.
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Variations on Lanczos method

Several variations on the original symmetric Lanczos method are worth mentioning
at this point. These include nonsymmetric Lanczos methods, generalized symmetric
Lanczos, and block Lanczos.

The nonsymmetric Lanczos method is an iterative method that produces a tridi-
agonal projection of a nonsymmetric matrix A using the Krylov spaces of both A and
its transpose. Start with vectors uy,v; satisfying ulv; = 1. It is generally possible
to extend wuy,v; to biorthogonal U,,, V,, (meaning that ULV,, = I) and the following

recurrences are satisfied:

AVm == Vme -+ /Bm_i_l’l}m_i_lez—‘n (].].2)

ATU,, = UpTE 4y 1ty el (1.13)

The columns of U,,, V,, thus generated form bases of the left and right Krylov spaces
Ko (AT uy), K,n(A, v1) respectively. This fact will be used later in section 3.3.
There are a number of differences in behavior between the symmetric and nonsym-
metric Lanczos behavior. One can observe that the biorthogonality constraint and
Equations (1.12)—(1.13) determine U,,, V;,, only up to scale; in most implementations,
this ambiguity is resolved by scaling the Lanczos vectors so that 0 < 3; = £+, for each
1. Also, there are now several ways in which the recurrence can fail. If one or both of
the vectors .1, vms1 are very small, then the near-zero vector(s) can be replaced
by a new randomly-chosen vector (suitably orthogonalized). If w1, U1 are nearly
orthogonal, then the algorithm as described must terminate. Lookahead [45] and
new-start [57] are approaches to correct for this breakdown. Lookahead temporarily
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enlarges the block size so that the pivot element is replaced by a nonsingular block.
New-start corrects the breakdown by adding a new Lanczos vector and increasing the
length of the recurrences (1.12), (1.13). In both cases, the projection 7, is no longer
strictly tridiagonal; instead, it acquires a bulge or increases bandwidth.

Another modification of the Lanczos algorithm, the symmetric indefinite Lanczos
method [42, 31], approximates a symmetric indefinite matrix pencil Az = ABz by a
symmetric tridiagonal equation T,,u = uD,u. Note that this algorithm isn’t used
for pencils where A and/or B are definite; in that case, the implicit application of
a Cholesky factorization to the definite matrix reduces the problem to the usual
symmetric eigenvalue problem. This process generates a basis W, of the Krylov
space K,,(B7*A,w;) so that WL AW,, = T, and WL BW,, = D,, is diagonal (but

not necessarily the identity). The appropriate recurrence is
B AW,, = WD, T 4 (Bt /s 1) Wi 1€ (1.14)

This method can be viewed as a special case of nonsymmetric Lanczos; observe that
U,, = BWmD;ll, V,, = W,, form a biorthogonal basis which tridiagonalizes B~ A.
Therefore, symmetric indefinite Lanczos inherits the features of the nonsymmetric
Lanczos algorithm, such as breakdown (when some d; = 0). See section 3.2.3 for an
application of nonsymmetric Lanczos to a linearized quadratic eigenvalue problem.
Lastly, the block Lanczos method replaces each Lanczos vector ¢; in the symmetric
Lanczos method with a block @); of orthonormal vectors. Starting with an initial

orthonormal block @)1, the block equivalent of Equations (1.5), (1.7) is

AlQ1, -, Qu) = [Q1y -+, Q)T + Qi1 CL 110, ..., 0, 1] (1.15)
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where T}, is a symmetric block tridiagonal matrix:
By Oy

cr B,

Ty = (1.16)

O,
cT B,

The block structure introduces a few technical questions. Equation (1.15) directly
constructs the product R, 11 = Qi 1CL 41, from which the orthonormal block @, 1
is recovered; the choice of @),,1+1 is not unique, however. If R,,.; is full rank, then
any orthonormal basis can be chosen for ),,11; often a QR factorization is applied to
Ryi1. If Ry1q is not full rank, then the block size may be reduced, or kept constant
by padding @,,,+1 with additional basis vectors. The block sizes may also be increased
when necessary to resolve clustered eigenvalues.

Baglama et al. [3, 4] present a block Lanczos method with constant block sizes
and implicit shifting at Leja points. Cullum [11] uses a hybrid procedure where the
first block )1 has degree k, and all succeeding blocks @); are single vectors; in this
variation, explicit orthogonalization against certain vectors in (); is necessary. The

ABLE method by Bai, Day, and Ye [5] combines a block nonsymmetric Lanczos

method with a criterion for block enlargement and biorthonormality correction.

1.3 The finite element method

1.3.1 Overview

The finite element method is a discretization approach used in the numerical solution
of differential equations. The general idea is to restrict the search space to one spanned
by an easily-constructed set of basis functions. By using a variational principle, the
solution to the differential equation is a linear combination of basis functions (or
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elements) that must satisfy a certain constraint when integrated against any single
basis function. Taken together, this system of constraints form a matrix equation
whose solutions approximate those of the original differential equation.

To describe this more concretely, suppose that for a given linear differential op-
erator L, we are solving the nonhomogeneous equation L(u) = f. Suppose also that
the desired solution u is contained within a known space V. Then, we construct a
finite-dimensional subspace V,, approximating V; a space of continuous real-valued
functions might be approximated by a space of piecewise-linear functions, for exam-
ple. Generally, this finite-dimensional discretization is achieved by partitioning the
domain 2 into an ordered mesh. Any function in V), is then determined by its value
on the edges and/or vertices of this mesh. Then, we can express an approximate
solution u;, = Zfil x;¢; as a linear combination of basis functions {¢1, ¢o,...,dn},
which are chosen so that each basis function has support limited to a small number
of mesh elements.

Since L(u) = f everywhere inside the domain €2, it follows that

/QL(u)gbdx:/Qfgzﬁdx (1.17)

for any test function ¢ € V. If u, ~ u is a good approximation, then we also have

/ L(up) de ~ / Foida (L18)
Q Q

or equivalently

Z (/ (¢; ¢zd$) T~ /fdhdx (1.19)

for all i = 1,2,...,N. Each choice of i in Equation (1.19) gives rise to a linear
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equation in the coefficients x1, xs, ..., xy. Therefore, this system is simply a matrix
equation of order N of the form Az = b, where a;; = [, L(¢;)¢; dx and b; = [, f¢; dz.

A key practical feature of this approach is that A is generally a sparse matrix.
With a natural choice of basis, the support of a basis element ¢; is restricted to a
small number of adjacent mesh cells; therefore, a;; is zero for all except a small set
of elements {¢;} whose support overlaps the support of ¢;. Additionally, for regular
meshes and suitably symmetric bases, the nonzero elements of A are determined from
a single stencil of overlapping elements. In this case, the stencil can be computed once
and the entire matrix A completed inexpensively.

The chief difficulty is that the order N can be very large if a fine mesh is used,
driving up the cost of solving the resulting system; several approaches are taken to
reduce this cost. In most applications, the solution has more complicated behavior
restricted to a relatively small portion of the domain. The order N is reduced by
using an adaptively-sized mesh which is coarser in the areas of simpler behavior; of
course, the classical stencil cannot be used with an adaptive mesh.

Further enhancements, domain decomposition and multigrid, are active areas of
research. Domain decomposition partitions the domain in a number of pieces, each
of which is modeled separately. The problem reduces to a series of subproblems that
connect to the others through the subdomain boundaries; each subproblem is solved
simultaneously on a parallel computer. Multigrid methods [39] approach the problem
of determining mesh resolution by utilizing a series of coarse and fine meshes. After
solving the problem to low accuracy with a coarse mesh, the mesh is refined where

necessary and solved again in a “W”-shaped series of coarsenings and refinings. When
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the mesh refinement is determined based only on the discretized problem (rather than

the underlying physical characteristics), then the method is called algebraic multigrid.

1.3.2 A finite element example

To illustrate the idea, consider solving the two-dimensional Poisson’s equation

—Au=f in
{ vw=0 on 9N (1.20)

where € is the square domain (0,1) x (0,1) € R? with boundary 92, and f € C?(Q)
is a given real-valued function. Let V be the space of C? functions on €2 which also
attain zero on 0€; it is well known [18] that there exists a unique u € V satisfying
Equation (1.20).

For this problem, a natural choice would be to partition €2 into a uniform n x n
mesh, with a node located at (i/n,j/n) for each i,j = 0,...,n. Each of the (n — 1)?
interior nodes are labeled py,ps,...,py. Additional edges are added to triangulate
the mesh, as in Figure 1.3.

Next, we define a suitable finite-dimensional subspace V), approximating the sub-
space V. For the mesh chosen above, we choose V, to be the space of continuous
functions which attain zero on 0f) and are piecewise linear on each triangle. Such
a function can be determined uniquely from its values on each of the interior nodes

{p1,...,pn}. Construct a set of piecewise linear functions {¢y, ..., dn} satisfying

1, 2=y
() = 1.21
() {07 L (1.21)
It is easy to see that this set {¢1,..., ¢y} forms a natural basis of V.

Lastly, we use the basis functions {¢;} to convert the model equation (1.20) into
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(0,0) (1,0)

Figure 1.3: A triangulated square mesh, n = 10.

a matrix formulation. Since f 4+ Awu = 0 inside (), integrating this quantity against

any test function will yield zero. In particular,

0= /Q(f + Au)o; dz (1.22)

forany:=1,..., N.
Integrating by parts and using the boundary condition from (1.20) gives
0= /(f+Au)¢id1'
Q

~ [ foudo— [ Vu-oidn [ o5 as (1.23)
Q (o) a0 aV

:/Qfgbidx—/QVu-quidx.

At this point, we make the assumption that u is contained in the approximate sub-
space Vp,, and write u &~ uj, = Zjvzl z;¢;. Equation (1.23) thus gives the system of

equations

N
ij (/Qngj-V@da:) :/Qfgmdx, i=1,...,N. (1.24)

Jj=1

25



(a) The standard tent-shaped (b) A lowest-order Raviart-
finite element Thomas finite element

Figure 1.4: Two choices of finite element

This is the linear matrix equation Az = b, where a;; = fQ Vo; - Vo;dx and b; =
fQ foidx.

1.3.3 Basis elements for the finite element method

The simplest type of space V to construct using finite elements would be the space
of continuous functions which are piecewise-linear on each triangle of the mesh (as
used in the previous example). The natural basis is then the set of piecewise-linear
functions {¢;} satisfying Equation (1.21). Each basis element ¢; corresponds to a
node p; of the given mesh, with support restricted to the adjacent triangles of the
mesh. An illustration of this “tent”-shaped basis element appears in Figure 1.4(a).
An alternative type of finite element was introduced by Raviart and Thomas [46].

These elements are used to approximate the space of vector-valued functions
H(div,Q) ={u € [HQ)]" : divu € H(Q)}. (1.25)

Let 7;, be the collection of triangles forming the mesh partition of 2. The Raviart-
Thomas space of order k is a function ¢ € H(div, Q) satisfying two properties: on
any triangle T" € 73, div ¢ is a polynomial of degree less than or equal to k, and the
restriction of ¢ - vr to any side of T"is a polynomial of degree less than or equal to k.
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Therefore, the lowest-order Raviart-Thomas space is
Vi = {¢n(@) € H(div, Q) : du|, € Py + Poz, VT € Ty} (1.26)

i.e. the space of piecewise-constant functions and scalar multiples of x. With this
definition, it is possible to construct a basis of finite elements which correspond not
to the nodes of the mesh, but rather to the edges; each finite element has nonzero
flux across exactly one edge. The support of the finite element is restricted to the
two triangles adjacent to its corresponding edge; the element has constant positive
divergence on one triangle and constant negative divergence on the other. See Fig-
ure 1.4(b) for an illustration in the two-dimensional case.

In second-order elliptic applications, Raviart-Thomas finite elements are less likely
than conventional piecewise-linear finite elements to produce spurious near-zero eigen-
modes. A mixed method combining piecewise-linear and Raviart-Thomas elements
in vibration analysis is discussed in Bermudez [8]. Analysis indicating O(h?) con-
vergence (for meshes with maximum edge length h) appears in Rodriguez [47] and
Bermudez and Duran [9]. Similar convergence results appear in Arbogast, Wheeler,
and Yotov [2], where Raviart-Thomas elements are applied in a cell-centered finite

difference model.
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Chapter 2

Techniques for quadratic
eigenproblems

2.1 Linearization

One approach to solving a matrix polynomial eigenvalue problem would be to convert
it to an equivalent generalized or linear eigenvalue problem. Indeed, an arbitrary
matrix polynomial AT + M4, | + ... + MA; + Ay has an eigenpair (), 2) if and

only if its companion matrix has a corresponding eigenpair:

A A

I T T
i . &
; =\ , . (2.1)

—Ao A1 0 —Apa 5\’“;% S\k;li
This new eigenvalue problem could then be solved using an iterative method or direct
solver.

Linearizations other than (2.1) are used in various applications. Equation (2.3)
in the following section describes a linearization of a Hermitian quadratic eigenvalue
problem as a Hermitian generalized eigenvalue problem. Mehrmann and Watkins [36]
linearize a quadratic eigenvalue problem of the form (A\2M + MG + K)z = 0, where

M is symmetric positive definite, K is symmetric, and G is skew-symmetric, as the
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following skew-Hamiltonian/Hamiltonian matrix pencil:

/\<M G)(Am>:< 0 —K)()\x>‘

0 M x M 0 x

Recall that a matrix A is Hamiltonian if (AJ)T = AJ, where J = ( _OI é ); sim-
ilarly, A is skew-Hamiltonian if (AJ)T = —AJ. An Arnoldi method called SHIRA
is then applied to the skew-Hamiltonian/Hamiltonian pencil. Hwang et al. [29] ap-
ply the same linearization to (\2M + A\(G + eD) + K)z = 0 where D is symmetric,
by treating its linearized form as a perturbed skew-Hamiltonian/Hamiltonian sys-
tem, applying SHIRA, and using the Jacobi-Davidson algorithm to correct for the
perturbation. In another paper by Mehrmann and Watkins [37], an explicit lineariza-
tion technique is given to linearize a matrix polynomial of arbitrary degree k. They
show that if the coefficients of the original polynomial are alternately symmetric and

skew-symmetric, then the system can be linearized into an order nk symmetric/skew-

symmetric matrix pencil.

2.1.1 Tridiagonal-diagonal reduction

Recent work by Tisseur and others [54, 10] tackles the symmetric quadratic eigenvalue
problem by reducing a linearization to a tridiagonal-diagonal form, then solving the

reduced generalized eigenvalue problem. Suppose the quadratic problem is written as
(MM +A\C + K)z = 0. (2.2)

Tisseur [10] suggests a linearization of Equation (2.2) which preserves symmetry, such

as

S

I
T~
= o
Q=
~

oy

I

< IO( By ) . (2.3)



Eigenvalues of Equation (2.2) are also eigenvalues of the generalized problem Ax =
ABz. Note that A, B are symmetric but need not be definite. Indeed, if either A
or B were definite, then it would follow that all eigenvalues were real (by taking a
Cholesky factorization of the definite matrix), which we know not to be the case in
general.

Therefore, we use an LDLT factorization to write PYBP = LDLY, with D a
diagonal matrix of 1 x 1 and 2 x 2 blocks. The eigendecomposition of D can be
written as D = XAXT = X|A|Y2J|A|"2XT, where J is a diagonal matrix with
entries +1 and X is block diagonal; the 1 x 1 blocks of X are equal to 1, and the 2 x 2

blocks are in the form of Jacobi rotations, ( i ) with ¢? 4+ s? = 1. Thus, with
the choice M = PL*X|A|7"/2, the symmetric-diagonal generalized pair (M*AM, J)
is congruent to (A, B) (assuming that B is nonsingular).

It remains to reduce A = MTAM to a tridiagonal form, while keeping J diagonal.
This problem can be viewed as tridiagonalizing the matrix A with respect to the J
inner product, and the usual techniques (Givens rotations, Householder reflectors,

and Lanczos method) generalize. A Givens-type approach (zeroing one entry of A at

a time) would use Givens rotations whenever the corresponding entries of J have the

—S

), s?2+c? = 0 when
-5 ¢

same sign, and hyperbolic transformations of the form (
the signs of J differ. Analogously, hyperbolic Householder reflectors can be defined

by

T
HzP(J—QUU )

vT Ju

where P is a permutation and v?'Jv # 0. Also, a variation of Lanczos method can be
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used, where all inner products are computed with respect to .J.

When the original problem has been reduced to the tridiagonal-diagonal eigenvalue
problem (S — AD)z = 0, the eigenvalues of T := D15 are computed by finding the
roots of the characteristic polynomial p(\) = det(T'— AI) = 0. Starting with a vector

200 of initial approximations to the roots of p, the Ehrlich-Aberth iteration

(k+1) (k) P (2
“j Zj -

RO

p(z;") 1
)y Zk;ﬁg RONC)

/
P'(2; z

converges at least linearly. In order to use this iteration effectively, one needs a reliable

way to compute the Newton correction

r(AN) _ —1
p'(\)  trace(T — \I)~1

Interestingly, this quantity can be computed stably and economically from the QR

factorization of T'— I — see [10] for details.

2.2 Krylov subspace projections

The linearization approach has certain drawbacks, especially for large problems. The
matrices involved have order kn, rather than n. Their eigenvectors are of the form
[z, Az, -, A\F712]T ) and therefore are poorly scaled when ) is very large or small;
this may be undesirable numerically. Furthermore, a projection of a linearized prob-
lem need not preserve the properties of the original problem, such as symmetry, or
possessing a field of values entirely in the left half-plane.

In this section, we focus on projection techniques that approximate a quadratic

eigenvalue problem with another quadratic eigenvalue problem of lower dimension.
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2.2.1 A Krylov subspace method for the monic QEP

In this section, we present a recent projection method [26, 34] to approximate a monic
quadratic eigenvalue problem (A1 + AB + C)x = 0 with a lower-order quadratic
eigenproblem

(NI, + AHp + He)u = 0

where the k x k matrices Hp, Ho have a special form. An iterative method is described
for constructing an orthonormal basis @y, of a Krylov-type subspace so that QF BQj =
Hp,QYCQi = Hc. Arnoldi-like and Lanczos-like versions of this method can be

applied to nonsymmetric and symmetric quadratic matrix problems, respectively.

The Arnoldi-type process

Recall that applying k — 1 steps of the Arnoldi method to a single matrix A and a
starting vector ¢; produces an orthonormal basis Q. = {q1, ¢, - .., ¢} of the Krylov
space Ky = span{qi, Aqy, ..., A¥"1q;} so that Hy = QT AQy is an upper Hessenberg
matrix (whose spectrum approximates that of A). In the quadratic case, we seek
a similar orthonormal matrix @); that will reduce the matrices B,C to something
Hessenberg-like. Actually reducing B and C' to Hessenberg matrices Hg, Ho will be
impossible in general; if Hessenberg Hp is desired, then the choice of initial vector
q1 determines Q. up to sign, with no way to assure that Ho = QFCQj has any
particular structure.

However, it is possible to construct Hg, Ho with the following Hessenberg-like
structure: the first columns of Hg, Ho contain two and three nonzeros respectively,

and each successive column contains two fewer nonzeros than the previous column
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Figure 2.1: Partial structure of Hg, He from Arnoldi process
(Figure 2.1). Denoting the (3, j) entries of Hg and H¢ by hp,; and he,;; respectively,

we have the following:

Lemma 2.2.1. There exists an orthogonal n X n matriz () such that Qe; = eq,

hp.i; =0 for alli > 25 + 1, and he,i; = 0 for all i > 25 4 2.

Proof. The proof is constructive. In each of the following matrix decompositions, let

* denote an unknown element or submatrix. Write

o bll *
5=

Choose an orthogonal (n — 1) x (n — 1) matrix Q1 such that QT,b; = ey (a House-

1 0
holder reflector is one such matrix). Writing Qy, = ( 00 ), we have
1b
b11 * C11 | *
QﬂBle = Bi|* |, QﬂC’le = | ¢
0 * C1

Similarly, choose an orthogonal (n — 2) x (n — 2) matrix Q1. so that QT.¢; = yey.
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Writing Q1. = ( AO > and letting Q1 = Q1,Q1. gives

by | * C11 | *

T _ Br | * T _ Cop | *
Ql BQl - 0 % ) Ql CQl - |
0 | % 0 | *

This completes the reduction of the first columns of B and C'. Continuing, partition

QTBQ as

QT BQ: =

and find an orthogonal (n — 3) X (n — 3) matrix Qs so that @%ng = [ey. Writing

I3 )
ives
Qo = ( 0 ng ) g

x| % | % * *
x| % | % * *
ngQ{BQIQQb = 0| b3 | * ) Q2bQ{OQ1Q2b = * *
0 ﬁz k O Cyo | *
0| 0 | 0| co | *

Choose an orthogonal (n —4) x (n — 4) matrix Qy. so that QF.c; = ye;. Letting

I
Q2 = ( 4 ) and Q3 = Q2. as before, we have

0 QZC
* * * * *
* * * * *
0 b % * *
iaYa _ 32 T _
QIQTBQQa= | (| 211 | @eicQ@=| |- |
0 0 | =% Oy |*
0] 0 |= 0] 0 |=

This completes the reduction of the first two columns. By continuing similarly for
k steps, we can find an orthogonal matrix ) = QrQr_1--- Q21 so that the claim

holds for the first k& columns of Hg = QT BQT and Hy = QTCQr. 1t is easy to see

that QQe; = e;. Repeat for k = L”T_IJ iterations to complete the decomposition. [
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As a corollary, given any unit-length vector ¢; we can extend it to an orthogonal
matrix Q = [q1,Go, - -, ¢n] so that Hg = QT BQ and He = QTCQ have the desired
form. Let V be an orthogonal matrix with ¢ as its first column. By Lemma 2.2.1,
there exists an orthogonal Q so that Hp = QT (VT BV)Q and He = QT(VICV)Q;
then Q = VQ satisfies Qe; = ¢i.

Therefore, since an appropriate () does exist, we can use the identities

BQ =QHp, CQ = QHc (2.4)

to construct a recurrence generating ), Hg, Ho from a given starting vector q;. Ex-

amining the j-th column of Equations (2.4) gives the recurrences

2j—1
Bq; = Y qihpaj + Gohai, (2.5)
i=1
2
Cqy = Y tihcw + qajihosyin: (2.6)
=1
Thus, starting with Q9j—1 = [q1,¢2,- - -, ¢2j-1], We can compute goj, ¢2j+1, and the

corresponding columns of Hg, Ho by applying a Gram-Schmidt process successively
to Equation (2.5) and then to Equation (2.6). The complete algorithm appears in

Figure 2.2, with a modification as discussed in the next section.

The low-rank case

Observe that according to the construction in Lemma 2.2.1, the lower bandwidth
of Hg, H¢ increases rapidly. However, the construction neglects the possibility of
a “nice” breakdown, which can be used to keep the bandwidth from growing too

quickly. Suppose by way of example that ¢; turns out to be zero after applying the
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Input: ||¢|o=1,k>0
. N=1

2: for j=1,2,...,k do
3: if j > N then

4: exit
5. end if
{Compute column j of Hgp}
6: q= qu
7. fori=1,2,...,N do
8: hpi; = ¢} q
9: 4 =4 — gihpyj
10:  end for
1 hpiviag = [|d]2
12: if hB;N—i—l,j > 0 then
13: N=N+1
14: qn = 4/hB.N;
15:  end if
{Compute column j of Hc}
16: g = Cg,
172 fori=1,2,...,N do
18: hew; = 4} q
19: 4 =4 — gihcyj

20: end for

21: heinvey = [ldl2
22: if hC’;N-‘,—l,j > 0 then

23: N=N-+1
24: an = q/hc;n;
25.  end if

26: end for

Figure 2.2: Arnoldi-type algorithm
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first orthogonal transformation ()1,. That is, we have

by | * C11 | *
QlTbBle = Bi | * ) QlTbCle = Co1 | *
0 | * 0 | %

This is actually a good situation, since we may now reduce the bandwidth. Instead
of applying a suitable reflection (). to zero out as much of the first column of C as
possible, we can proceed directly to the second columns. The reflection ()9, we choose
to act on the second column of B need only fix the first two entries in each column

instead of the first three:

Q2 Q1 BQ1Qa = , QuQnCQuQn =

Similarly, the reflection )5, which reduces the second column of C' need only fix the

first three entries in each column. Writing Qo = (Q2,(02. we have

x| % | *x x| % | %
x| % | % | % | %
QyQ1,BQuwQa=| 0| B |* |, Q0Q7,CQuQa=| 0|cs |
0] 0 | =% 0 Yo | *
010 |= 0| 0 |=x

Thus, the reduction continues to termination as before, with each subsequent column
of Hp, He containing one fewer nonzero element after the breakdown.

The corresponding modification to the iterative algorithm is as follows. At any
point in the algorithm, let N be the number of g-vectors that have been computed so
far; N = 1 initially. If no breakdown occurs in the application of Gram-Schmidt to
the product Bg;, then the following variation of Equation (2.5) determines the next

basis vector qn.1:

N
Bgj = ) Gihpii = qvaihs.
i=1
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Therefore, the basis Q@ = {q,...,qn+1} is enlarged, and its current size N incre-
mented. If a breakdown occurs, then no new g-vector needs to be computed, and
N is left alone. Likewise, after computing 7 = Cg;, we orthogonalize 7 against the

current basis with
N
Cqj — Z qihcyij = qny1hont1j
i=1

and compute the next g-vector unless breakdown occurs. The complete algorithm
with this modification appears in Figure 2.2.

Reduction in the lower bandwidth of Hp, H¢ is significant, since the eigenvalues
of the projected QEP (u?l}, + uHp + Hc)u = 0 converge slowly when the bandwidth
is large. As the following theorem shows, the lower bandwidth does stay small if a

low-rank linear combination of B and C' exists.

Theorem 2.2.2. If a nonzero linear combination £ = xB + yC has rank d, then the

lower bandwidth of each projected matriz Hg, He is not more than d + 1.

Proof. Consider the case when y # 0; the case when B has rank d is handled similarly.
Intuitively, at step j the lower bandwidth can increase by at most 1, and only if there
is no breakdown in the orthogonalization of Bq; and Cq;. After orthogonalizing Bg;,
we have span{qi,...,qn} = span{q,...,qn-1,Bg¢;}. Now Cq; ¢ span{qi,...,qn} if
and only if Eq; ¢ span{qi,...,qn}; it follows that breakdown can fail to occur at
most d times.

To show this more formally, for each j = 1,2,... let a;, 8; be the number of
nonzeros in column j of Hg, Ho respectively. We have ay < 31 < ap < ..., with suc-

cessive terms differing by at most 1. At step k we have BQ(.1.k) = @, 1:00) HB(1:0,1:k)
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and CQ.1.x) = Q:1:80)Hc1:8,,1:k), 50 We can write

EQ(:,I:k) = Q(:,l:,@’k)(xHB(lzﬂk,lzk) + yHC(l:,Bk,l:k))-

Therefore, the rank of W = xHpg1.5, 1:k) + YHc(1:8,,1:8) 18 at most d. Next, we bound
the rank below by the number of times the reduction of C' does not break down. Let
11 < 19 < --- < 4; be the set of indices where breakdown does not occur: a;; < ﬁij

for all j = 1,2,...,1. It follows that hB;gij,i]. = 0, and so the (/3;;,4;) entries of W

are nonzero for j = 1,2,...,1. Also, the sequence {f3;,} is strictly increasing. So, the
11,19, . .., 4;-th columns of W are linearly independent; the rank of W must be at least
l.

Thus, we have [ < d. We know that o, < «o; + 2, and equality implies j €

{’i17i2,...,il}. So
7j—1
a; =1 + Z(OéiJrl — ;)
i=1
<ar+(G-1)+I1
<Jg+l+1<j5+d+1.
Similarly, 8; < j+d+ 1. O

A Lanczos-type process

Observe that if the Arnoldi-type recurrence is applied to a symmetric QEP, then the
projections Tg = QT BQy, Tc = QT CQy, of B, C onto the subspace @y are also sym-
metric. Therefore, the zero subdiagonal elements are accompanied by corresponding
zero superdiagonals, as in Figure 2.3. This is described as a Lanczos-type process,
and the projections labeled T, T¢ by way of analogy.

The corresponding modifications to the algorithm in Figure 2.2 are minimal, al-
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Tg(1:11,1:11) To:11,1:11)

L] L] L) L] L]
L] ° ° L] L] ° L] () °
L] L] o L] L] o L] L] L] L] o L]
] L] e L] L] [ ] L] L] L] L[] L] ° L] o L[]
° L] ° L] () ° L] ° ° L] () ° L] ° L] () L] [ )
° o ] o o [e] o [e] o o ° ° o [e) (e} [e) [e] o
o (] o] o o o o (e} o [ ] ° o o [e] o o o
o o o o o o o o [] o o [e) o o [e] o
] o o [e] o [e] o ° ° o o o o [e] o
o o o [e] o o o o o o e} o o o
o (o) [e] o o o ° o [e) (e} [e) [e] o

Figure 2.3: Structure of Tz, T from Lanczos process

though some additional housekeeping is necessary to count the extra zero entries.

The basic recurrence is now given by

2j—1

Bgj = qitpj + Gt 27
1=l
2j

Cgq = Z Gitcij + @jritojtg, (28)

i=le

where [, [ are the smallest indices such that oy, 5, > 7. Therefore, in each iteration
of the algorithm we save «;, 3, and increment [, [, when necessary. The complete
Lanczos-type algorithm appears in Figure 2.4.

When the matrices B,C' are not symmetric, the Lanczos-type process can be
extended to an analogue of the nonsymmetric Lanczos method [26, pp. 10-11]. As
in nonsymmetric Lanczos, this is achieved by sacrificing the orthogonality of the
basis upon which each matrix is projected. Instead, we may construct biorthogonal
bases V,W so that T = VIBW and Tp = VITCW are nonsymmetric matrices

with the nonzero structure appearing in Figure 2.3. To show this, observe that the
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Input: ||¢|.=1, k>0
L N=1La=1,5=1
2 hL=1l=1
3: for j=1,2,....kdo
4: if 7 > N then
5: exit
6: end if
{Compute column j of T}
q = By,
if j > oy, then
: lhy=10+1
10:  end if
11: fori=1,...,N do
12: tBa; = 4 q
13: 4 =14 gilpj
14: end for
15 tpiniry = [|dl2
16: if tB;N+1,j > 0 then
17: N=N+1,0;=N
18: qn = q/tB:N;
19: end if
{Compute column j of T}
20: ¢ =Cg
21:  if j > [, then
22: le=1.+1
23:  end if
24: fori=I....,N do
25: toij =4} d
26: 4 =14 gitcy;
27:  end for
28 towrr; = 4]z
29: if tC;N—i—l,j > 0 then
30: N=N+1;,8=N
31 gN = cj/tC';Nj
32:  end if
33: end for

Figure 2.4: Symmetric Lanczos-type algorithm
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constructive proof in Lemma 2.2.1 hinges on the fact that for any vector z, there
exists an orthogonal matrix @ (i.e. a Householder reflector) so that Qz is a multiple
of e;. By applying a similarity transformation containing ) to B, C, the undesired
entries of each column in turn are zeroed out (the Arnoldi-type process). When
B, C are symmetric, the same similarity transformation also zeros out part of the
corresponding row, resulting in the Lanczos-type reduction in Figure 2.3.

For a nonsymmetric method, we need to find a similarity transformation (not
necessarily orthogonal) which will zero out the undesired entries of a column and its
corresponding row simultaneously. This is possible because of the following lemma

(also stated explicitly in [27]):

Lemma 2.2.3. Let z,y be real n-vectors with x'y # 0. There exists a nonsingular

matriz W so that W=tz is a multiple of e, and y*W is a multiple of e .

Proof. First, construct an orthogonal @ so that Qx = ae; and Qy = [e; + ves,
for appropriate constants «, (3,7. Such a () is easy to construct with a product of

Householder reflectors

Q= (I— (ﬁ—el)(ﬂf—el)T) ([_ (2—62)(2—62)T> (2.9)

2 — e [|? Iz = e2?

for z =y — %m (assuming z # ey and x # ep; otherwise, simplify appropriately). It

follows that for the desired choice of W, (W=1Q%)e; is a multiple of ¢; and (Qy)T is

a multiple of el (W~1QT). This is satisfied for the choice of W such that

1L /B
1

w1t = (2.10)

1

The condition 27y # 0 is sufficient (though not strictly necessary) to ensure that

B0 =
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Using Lemma 2.2.3, it is possible to reproduce the construction in Lemma 2.2.1,
substituting appropriate nonorthogonal similarity transformations instead of orthog-
onal. Suppose we have performed £ steps of the nonsymmetric reduction, yielding W

so that

Assuming 27y, # 0, find W, according to Lemma 2.2.3 so that Wy, and Wy 'z are

1
multiples of e;. Writing W, = W < u ),
W

0 O 0 O

B (TB)k b, 0 B (Tc) oyl

Wi BW, = 0 by x |’ Wy o = 0 ¢ *
0 0| *x =% 0 x9

Similarly, construct Wy so that WQT Yo and Wz_lxg are multiples of ey; setting Wy =

I
Wi ( W, ) gives

0 010 0 010

<TB)k b1 010 (TC)k C1 C3 0

WQ_lB Wo=1| 0 by x| x|, W2_1C’ Wo=1 0 ¢ *
0 0 x| % 0 ¢4 | *x x|

0 0 | % =x|=x 0 0| =% |=x

Thus, as long as the pairs {z;,y;} are not orthogonal (corresponding to a “bad”
breakdown in nonsymmetric Lanczos), biorthogonal bases V, W can be constructed.

The defining recurrences are then

21 251
T
Buj =) witp; + wt s, BTv; =) vilpi+ vty (2.11)
=l =l
2j 2j

Cw; = Z Wwitc.; + wojtonjiy, Clvj = Zvitc;ji + vgipiteyzie-  (2.12)

i=le 1=l
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2.2.2 Extension to nonmonic polynomials

The next question is how to generalize these Krylov-type methods to quadratic eigen-
value problems of the form (A\A + AB + C)z = 0, where A is not necessarily I. We
assume that A is nonsingular, however. The original QEP can then be replaced by

the equivalent problem

NI+ AXAT'B+A'C)x =0 (2.13)

which clearly has the same eigenpairs as the original. This is the straightforward
transformation used in 2.5. Of course, the matrices A~ B, A~'C need not be com-
puted explicitly (and should not for numerical stability). Instead, any matrix-vector
product y = (A7!B)z is replaced by a two-step process: compute z = Bz, then solve
Ay = z for y. This introduces a one-time cost of factoring A into a suitable form for
use in the linear solves.

If the original QEP is symmetric and A is positive definite, then it is similarly
possible to construct a monic symmetric QEP with the same spectrum. Take the

Cholesky factorization of A = LL”, and solve the equivalent QEP
(VT +AB+C)i =0, (2.14)

where B = L™'BL™T and C = L™'CL~". Once the initial Cholesky factorization
is computed, a matrix-vector product Bv, Cv can be computed (relatively) inexpen-
sively by performing two triangular solves and one ordinary matrix-vector product.
In the case when A is large and sparse, the appropriate choice of permutation to
maintain sparsity of the Cholesky factorization was discussed in Section 1.2.1.

We apply the Lanczos-type process from Figure 2.4 to a symmetric QEP; the
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argument works identically for the Arnoldi-type process. Applying Algorithm 2.4 to
Equation 2.14 and running to termination produces an orthogonal n X n matrix @,
so that

QTN + AB+ C)Qn = (NI + \Ts + T¢) (2.15)

or equivalently
(QTL™MH(ANA4+AB+ COYLTQ,) = (N1 4 M\ + T0). (2.16)

Thus W, = L71Q, is an A-symmetric basis such that W(\2A + A\B + C)W,,
is reduced to the desired banded form. We restrict our attention to the monic case,

applying the above transformations to the applications in Chapter 4 when necessary.
2.3 Subspace projection for the monic QEP
Consider the monic quadratic eigenvalue problem

(NI +AB+C)z =0. (2.17)

For any subspace S C C", a Ritz pair consists of a scalar Ritz value p and a nonzero
Ritz vector u € S, such that the residual of (2.17) satisfies the following Petrov-
Galerkin condition

(I + pB +C)u LS. (2.18)

If the columns of )y form an orthonormal basis of S, then we have an equivalent
formulation of the problem; pu is a Ritz value with corresponding Ritz vector Qru if
and only if

(W1 + pBi + Cr)u =0 (2.19)
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where By, Cj are the projections of B,C onto S given by By = Q;BQ) and C}, =
Q;CQy. Note that if an exact eigenvector x of the full-dimensional problem (2.17)

is contained in S, then the corresponding Ritz pair is exact; this is readily seen since

r = QrQFz and
(ML + ABi + Ci) Qb = Qf (\I + AB + C)QrQf x

= Qi (NI +AB+C)zx

=0.

Therefore, we expect that when the angle between x and S is small, the Ritz pairs
will provide good approximations to the exact eigenpairs. To show this, we use the

following result from Saad [49, pp. 130-131]:

Theorem 2.3.1. Let M be annxn (possibly nonsymmetric) matriz with the eigenpair

(A, u). Also let Vi, be an n x k orthonormal matriz. Then
IV MVi, = AD Vi ullz < AII(7 = ViViull (2.20)

where v = ||VIM(I — V;,VI)|lo. Equivalently, one can write the conclusion as

IV MV = AD)V, ull2
Vi ul

< ytanf(u,S) (2.21)
where S is the subspace spanned by the columns of V.

Apply Theorem 2.3.1 to a linearization of the desired quadratic eigenvalue prob-
lem. Suppose (), x) is an eigenpair of interest of the QEP (A1 + AB + C)x = 0,
and let @y be an appropriate orthonormal basis of the subspace S. Then construct

suitable M, V}, u:



Write Sy to denote the subspace spanned by the columns of V. It follows that

Vil = v1+ AP Q]

(I = ViVihu
tanf(u, Sy) = ——————
4 S0) =y
_ VIR — Qe@p)|
VI APQf
= tanf(z, S),
1 QT z
VIMV, — XDV || = A Y k
o —anw = |(( 6, 5 ) -2) (5 )]
= [[(\I), + ABi + Ci)QL
and
7 =110y C(I — QwQ1), Qx B(I — Q@) |- (2.23)
Therefore,
2] B
A k+i\Q§;_||Ok Qka 1+ [[A]2ytan6(z, S). (2.24)
k

Thus, the residual of the normalized eigenpair (A, Qrz/||Qxz||), interpreted as an
approximate solution to the projected QEP, is small when x is close to S.

Unfortunately, if the problem is ill-conditioned, a small residual is not sufficient to
conclude that the Ritz value is accurate. Roughly speaking, for a simple eigenvalue,
the residual error is magnified by the condition number of the eigenvalue [49, p. 93].
Again, we utilize the linearization M of the QEP, as in (2.22). For a given eigenvalue
A(M), the condition number of A is defined as

1

Cond(A) = cos(Tar, Ynr)

(2.25)

where x,7, yar are the left and right eigenvectors corresponding to A. These eigenvec-
tors relate to those of the QEP as follows. As observed before, the right eigenvector of
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M is given by x; = ( ‘

\x ) , where z is a corresponding right eigenvector of the QEP.

It is easy to check that a left eigenvector of M corresponding to A is yy = ( _Sy y > .

The condition number of A\(M) is therefore

[l |||y

Cond()\) = MM 2.26
AN T 220

_ (VI PP G/ICyIR + AP
_ (2.27)

(Ny*x —y*Cu
_ VI PEVAICYI/ID® + AP =yl (2.28)
A2 — (y*Cz/y )| |y~ x|

Equation (2.28) gives a relationship between the condition number of A and the angle
between the corresponding left and right eigenvectors x,y of the QEP. This angle
may not be available in general; in the special case when the QEP is symmetric, the

eigenvectors satisfy y = z and

lllyll 1l
[Tyl aTa]

(2.29)

Thus, in the symmetric case, an eigenvalue A of the QEP will be ill-conditioned if its

corresponding eigenvector z is close to quasi-null (i.e. x # 0 but 27z = 0).

2.3.1 Arnoldi variant 1

One approach is to project the quadratic problem onto a subspace generated by
the Arnoldi method. If we are interested in estimating a large eigenvalue A, then we

can write the eigenproblem as
1
()\I + B+ XC) =0 (2.30)

where the lowest-order term %C’ is expected to be small. Therefore, a subspace Q)
containing a good approximate eigenvector x of the linear problem (Al + B)z = 0
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Input: |[gl=1,k>0
1: for j=1,...,k do
2:  r=Bgj_,
{Compute ¢; by Gram-Schmidt}

33 form=1,...,7—1do
4: r=r—(q¢.7)qnm

5:  end for

6: g =r/[r]

7: end for

{Find large Ritz values u}

By = Q; BQy {Hessenberg}

9: Cf = QrCQy

10: Solve (p*I;, + puBy + Cy)uy = 0.

*

Figure 2.5: Arnoldi variant I

is a likely place to look for an eigenvector of the quadratic problem. Applying k
steps of the Arnoldi method to the matrix B produces such a subspace Q. After Qg
has been constructed, the projected problem in Equation (2.19) is solved to get Ritz
values approximating the large eigenvalues of Equation (2.17).

A restarted formulation of this method incorporating a shift and invert can pro-
duce fast convergence. One way to reduce the cost of inverting the quadratic eigen-
value problem is to perform the necessary solves inexactly. Good results have been
obtained in [58] by using a preconditioned GMRES method to perform the solves

inexactly, even if the selected tolerance is large.

2.3.2 Arnoldi variant II

Similarly, an Arnoldi method can be used to generate a subspace containing an ap-
proximate eigenvector corresponding to a small eigenvalue \. Looking again at the
original eigenvalue problem as stated in Equation (2.17), the middle term AB is ex-

pected to be small when A is small. By neglecting this middle term, the eigenvalue
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Input: |[gl=1,k>0
1: for j=1,...,k do
2: r= qu‘,l
{Compute ¢; by Gram-Schmidt}

33 form=1,...,7—1do
4: r=1—=(gnr)dm
5:  end for
6: gy =r/rl
7: end for
{Find small Ritz values u}

9: Cy = Q;CQy {Hessenberg}
10: Solve (p*I;, + puBy + Cy)uy = 0.

Figure 2.6: Arnoldi variant II

problem is approximated by the linear problem (A*I + C')z = 0; applying k steps of
the Arnoldi method to C' produces a subspace @y, as in the Arnoldi variant described
in the previous section.

A detailed description of Arnoldi variants I and II appear in Figure 2.5 and Fig-

ure 2.6.

2.3.3 Arnoldi variant 111

In Arnoldi variants I and II, we produced a linear eigenvalue problem approximating
the quadratic eigenvalue problem (A1 + AB + C)z = 0 by neglecting either the AB
term or the constant term C from the matrix polynomial. If A is expected to be large,
then C' is negligible (Arnoldi variant I); if A is small, then AB is negligible relative
to C' (Arnoldi variant IT). However, when A is small, then A\?I is in fact the least
significant term by analogy with Arnoldi variant I. Therefore, neglecting the leading

term gives a generalized eigenvalue problem

(AB + C)z =0,
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Input: |[gl=1,k>0
1: for j=1,...,k do
2: r= B_ICq]',l
{Compute ¢; by Gram-Schmidt}

33 form=1,...,7—1do
4: r=1—=(gnr)dm
5:  end for
6: g =r/[r]
7: end for
{Find small Ritz values u}

9: Cr = QpCQr = BrHy
10: Solve (p*I;, + puBy + Cy)uy = 0.

Figure 2.7: Arnoldi variant I1I

from which a subspace @), is generated as before by applying k steps of the Arnoldi
method to the matrix B~'C. Note that neither of the projected matrices By, Cy has
Hessenberg structure; however, it is readily seen that Cy = By Hj, where Hj is the

Hessenberg matrix generated by Arnoldi. See Figure 2.7.
2.4 Structure-preserving shift and invert

Next, we consider accelerating the Lanczos-type algorithm from Figure 2.4 by incor-
porating a complex shift-and-invert transformation. Given a real symmetric QEP
(A2A+AB+C)x = 0 and an approximate complex eigenvalue o, we seek another real
symmetric QEP (u2A+,uf3 +C Ju = 0 whose eigenvalues correspond to the eigenvalues
of the original problem through a spectral transformation mapping A\; =~ ¢ to a large
eigenvalue ;. For a reasonable choice of ¢, the transformed problem will then have
a dominant and well-separated eigenvalue p;, which is expected to converge quickly
under our Krylov-type method. Thus, there are two questions: how to construct a

suitable shifted problem economically, and how to adapt the algorithm in Figure 2.4
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for a general quadratic matrix equation.

2.4.1 A simple shift approach

A natural choice would be the simple shift u = ,\+ Shifting the QEP (A?A + AB +

o

C)z = 0 by o directly and inverting gives the equivalent QEP
(1*(0?A+ 0B+ C) + u(20A + B) + A)x = 0.

Unfortunately, this QEP is complex symmetric for a complex shift o, and therefore
the transfomation is not structure preserving in general. Instead, we will perform the
shift in two steps; first shift by the real part of o as above, then separate the real
and imaginary parts of the matrix equation in order to perform the imaginary shift.

Letting o = a + bi, shifting by a gives
(82141 + SBl + Cl>$ =0

where A, = A, B, = 2aA + B, C; = a®?A+aB + C, and s = X\ — a. Next, shift by

the imaginary part bi to get

52A1 + SBl + Cl = [(8 — bZ)2 + 2sbi + b2]A1 + [(S — bZ) + bZ]Bl + Cl
(2.31)
= [PA; + 1By + (C1 — b*A))] +i[2btA; + bB]

where t =s—bi =\ —o0.
The following lemma allows us to replace this complex matrix polynomial with a

real symmetric polynomial of twice the order.

Lemma 2.4.1. Suppose { My, Ny, ..., My, Ny} are real n X n matrices. Define a real
2n X 2n matriz polynomial R(\) and a complex n X n matriz polynomial C'(\) by
. M, N
_ J J J
R =3 (5 )
7=0
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C(A) =Y N[M; +iNj].

5=0
Then each eigenvalue \ of C' corresponds to a conjugate pair of eigenvalues A, A of R.

Proof. Observe that the 2n x 2n matrix ( f] Z[[ ) is nonsingular. Therefore, the

matrix polynomial

has the same eigenvalues as R.
If X\ is an eigenvalue of C' with corresponding eigenvector u, it follows immediately

that \, ( g

eigenvalue of R since R(\)z = 0 iff R(\)z = 0.

) is an eigenpair of M. Therefore, ) is an eigenvalue of R; X is also an

Conversely, if A is an eigenvalue of R, then A is an eigenvalue of M. Let ( z )

be a corresponding eigenvector of M; we have

OzM(A)(Z)

S () ) ()

2230 M+ZN)
szo M; —iN;)v

Therefore Zf: J(M;+iN;)u = 0, and by taking conjugates, Z N (M;+iN;)v =

0. Since u, v are not both zero, at least one of \, \ is an eigenvalue of C' n

With this lemma, we can replace the complex polynomial in (2.31) by the real
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symmetric polynomial

A B 2bA C, bB
2 1 1 1 1 1
t( —A1>+t(2bA1 —Bl)+<bB1 —cl)

Dividing by #? and substituting gives the desired quadratic shifted polynomial

o Cy bB + By 2bA; n Ay
BB —cy ) TH\ 24, —-B Ay
or in terms of the original matrices A, B, C":

o [ a*A+aB+C 2abA + bB
a 2abA +bB  —(a®A+aB + O)

20A + B 2bA (A
F\' 24  —(2¢A+ B) —A )

All eigenvalues p of the polynomial in (2.32) occur in conjugate pairs. Furthermore,

(2.32)

each eigenvalue )\ of the original system is obtained from shifting one of the eigenvalues

in the pair p, j1; that is, either A = o + (1/u) or A =0 + (1/p).

2.4.2 Saad-Parlett double shift

While the simple shift in the preceding section produces a real symmetric matrix
polynomial, it doubles the dimension of the QEP undesirably; therefore, we consider
other possibilities. The goal is to transform the original real symmetric QEP into
another real symmetric QEP, where the desired eigenvalues are shifted to the exterior
of the spectrum and are well-separated (for better performance in Krylov methods).

Saad and Parlett [44] discuss approaches to solving the generalized nonsymmetric
eigenvalue problem F'u = AMwu (with F, M real) by inverse iteration, while minimizing
the use of complex arithmetic. For a complex shift o, inverse iteration about o

is equivalent to applying the power method directly to (F — oM)~'M. The key
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observation is that applying the conjugate of this matrix is the same as shifting

about ; therefore, we can construct purely real operators

By=-((F—oM)™ M+ (F—6M)"'M) =Re[(F — 6 M) M| (2.33)

|H N —

A

B.=—((F-oM)"'M—(F-6M)"'M) =Im[(F — M) "M]. (2.34)

[\
)

If (\,u) is an eigenpair of the generalized eigenvalue problem, then it is easy to

check that wu is an eigenvector of both B+ and B_ with respective cigenvalues Mgy e

satisfying
1 1 1
== 2.
He 2(A—U+/\—0> (2:35)
1 1 1
== — . 2.
H 22’(/\—0 A—&) (2:36)
To apply this spectral transformation to the quadratic eigenvalue problem (\?1 +
AB + C)x = 0, use the equivalent linearization F' = ( _OC, _IB ) and M = I,.

The operator of interest is then

(F — o M)~ M = {( ool ) - JI}_l

_( sLo)'C~1) —L(o)™
—( L(o)-'C —UL(0)1> (2:37)

where L(c) = 0] + 0B + C. Writing L(c)™! = Lg + iL; and o = a + bi, the real

and imaginary parts of Equation (2.37) are the operators

. Ao (LpC — 1)+ 25 L,C —Lp
B, = (e o 2.
* ( LRO bL] - CLLR ( 38)
. 2o(I — LgC) + % LC —L
B = o R o2 =1 I , 9.
( L[O —bLR - CLL[ ( 39)

Recall that a 2x2 block matrix can be converted to an equivalent quadratic eigenvalue

problem under mild assumptions. If ()\, < ;j >) is an eigenpair of ( g g ) where
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x # 0 and @ is nonsingular, then (A, ) is an eigenpair of the QEP

NQ = ANSQ '+ Q'P)+(SQ'P - R)|x = 0.

A

Therefore, the operators B+, B_ give rise to corresponding transformed quadratic

eigenvalue problems satisfying (2.35)-(2.36):

B a B b _
{Ni(LRl) pal {W(LRl —-C) - WLRILIC +al - bLILRl}
1
—|—W [szRC + CLZI — abL[Lgl -+ b2L1L]}1L[C] } xr=0 (240)
o
_ b, __ _ a B
{,R_(LI Y+ {W(Ll 'LrC — L;") — WC +al +bLRL; 1}

1
+W [b°L;C — abl + b’ LrL; ' LrC + b’ Ly L] } x=0. (2.41)

Assuming the desired A is close to o and far from & (or vice versa), both of these
spectral transformations possess a large, well-separated eigenvalue p. If o is close
to the real axis, then u, ~ 1/(A — o) is a better choice. Applying the operators
Lg, Ly to a real vector v can be done by solving L(c)z = v in complex arithmetic
and taking the real and imaginary parts of z, but this is expensive. Also, symmetry

in the original eigenvalue problem may not be preserved.

2.4.3 Symmetry-preserving double shift

An alternative construction utilizes a double shift similar to (2.36):

1 1
P00 =) (A —aP i (242)

We will construct a suitable shifted QEP by applying a series of symmetry-
preserving transformations to the original QEP. Since it is easy to construct a symmet-
ric transformation of a symmetric QEP that performs a real spectral shift (A — A—c¢)
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or a spectral inversion (A — }), we express the transformation (2.42) as the compo-

sition of the following steps:

e Translate A — \ — a.
e Transform A — \2.
e Translate again A — \ + b2

e Invert A — %

The composition of these transformations yields the desired eigenvalue problem whose
eigenvalues p correspond to the original eigenvalues A through the spectral transfor-
mation (2.42). The first, third, and fourth steps are straightforward real shifts and
inversions; next, we show how the QEP is transformed to perform the spectral map-
ping A — A2

Transforming A — A2

Suppose (), x) is an eigenpair of the quadratic eigenvalue problem (A?A+AB+C)z =

0. For a nonsingular matrix M, consider the equation
(MA—-AB+C)M(NA+AB+C)z =0,

whose eigenvalues agree up to sign with those of the original QEP. Multiplying, this

is equivalent to

MNAMA + N (AMC + CMA — BMB) + CMC

(2.43)
+AN(AMB — BMA) + A\(CMB — BMC)]x = 0.
Therefore, the polynomial equation
[s?AMA + s(AMC +CMA — BMB) + CMCly =0 (2.44)
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has an eigenpair s = \?, y = x if M is chosen so that
[N(AMB — BMA) + (CMB — BMC)]z = 0. (2.45)

Since BM (A\?A+ A B+C)x = 0, this condition simplifies to (A2A+AB+C)M Bz = 0;
if A is a nondegenerate eigenvalue of the original QEP, then Equation (2.45) holds
iff z is an eigenvector of M B. Clearly M = B~! is a choice which will hold for any
eigenvector x; since a quadratic eigenvalue problem could have up to 2n distinct eigen-
vectors, this may be the only suitable constant M (up to scale). This is illustrated
by the following example.

Consider the quadratic eigenvalue problem

1 2 1 2 =2

2 _
() ) (5 ) e

It is easy to check that the eigenvalues are A = —2,2, 4, —¢, with corresponding eigen-

vectors 2 , 0 , 1 , 1. . If M is chosen so that 2 and 0
1 1 7 —1 1 1

are eigenvectors of M B, then

w(i)-()() e

w()-(udon) o

which is a multiple of ( 1 ) only if « = 3. Then M = aB~!.

However,

Thus using M = B~!, a real symmetric QEP can be constructed according to

Equation (2.42) through a series of four spectral transformations.
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Complete transformation

For completeness, here we present an explicit construction of real symmetric n x n

matrices fl, B , C so that the eigenvalues of
(12A+ B+ Cu =0

correspond to those of (A2A + AB + C')z = 0 through the spectral transformation in
Equation (2.42). The QEP (A2A+ AB+ C)z = 0 is equivalent to the shifted problem

()\%Al + )\181 + Cl)l' = 0 where

M=)A—a (2.48)
A=A (2.49)
By =2aA+ B (2.50)
Cy=a’A+aB+C. (2.51)

This is further equivalent to (A3Ay + Ao By + Cy)x = 0 with

Ao =M =(\—a)
A, = ABA
By = —2a*AB{'A+ AB;'C+CB;'A- B

Cy = a’B+ 2aC + (C — a®A)B; 1 (C — a*A).
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Lastly, shift again by b to obtain the QEP [(Ay + 0%)?A3 + (Ao + %) Bs + Cs]x = 0,
which is equivalent to the desired eigenvalue problem (12A + uB + C)x = 0 with

~

A=0C5=(a*+V*)?AB'A — (a* + V¥)[AB'C + OB 'A — B]

+2aC + CB;'C (2.52)
B=Bs=—2(a*+V)AB;'A+ AB{'C + CB;'A— B (2.53)
C = Ay = AB'A. (2.54)

~

Note that if the original matrices A, B, C' are symmetric, then the matrices A, B,C

defined by Equations (2.50), (2.52)—(2.54) are also symmetric.
2.5 A residual-maximizing approach

The Rayleigh-Ritz methods described in the previous section work as follows: con-
struct a subspace, project the eigenvalue problem onto that subspace, and then extract
a Ritz value from the projected problem that approximates the desired eigenvalue. In
the process, vectors ¢, o, . . . , ¢ sSpanning the k-dimensional subspace are constructed
one by one. Thus, a sequence of nested subspaces

Q1 = span{q: },

QZ = Span{q17 Q2}7

Qk - Span{q17 q2, ... 7QI€}

is constructed before any Ritz pairs are computed. A natural question arises: can
projections of the QEP onto the intermediate subspaces 1, Qs, ..., Qr_1 be used to

help select the subsequent basis vectors?
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2.5.1 General description

Let L()\) denote the matrix polynomial \*A + AB + C. The eigenvalue problem is

that of finding a scalar A so that L(\) is singular. Using a simple shift o and letting

1 = ——, we have the shifted matrix polynomial L(u) = u2A + uB + C with

A—o’

A = ¢?A+0B+C = L(o)

e
I

20A+ B

C = A

It follows that %f}(,u) = L()). The shifted eigenvalue problem can then be converted

into the monic problem
(12T + pA' B+ A7'Cyu = 0. (2.55)

For each subspace of dimension j with Q; = [¢1,...,¢;], we may project Equa-
tion (2.55) onto @); and compute the largest Ritz value p; (best approximating the
eigenvalue closest to the shift o) and the corresponding Ritz vector u;. Specifically,
(g, u;) satisty

(51 + 13 Bj + Cj)u; =0 (2.56)

where B; = Q;(A_lé)Qj and C; = Qj(fl_lé)Qj. This series of Ritz pairs {(p;,u;)}

of projected eigenproblems may be used during the iteration.

2.5.2 A natural utilization of the order 3 Ritz pair

With the additional information provided by the Ritz pair (u;,u;), how best can we

choose the next basis vector ¢;+1 L @;7 Our approach is the following. Any choice

61



of g;4+1 would give rise to a new projected eigenvalue problem
(51101 + pj1 Bjn + Cipn)ujen = 0. (2.57)

The Ritz pair (u;,u;) satisfying Equation (2.56) can be interpreted naturally as an
approximate solution (fi;41,%;4+1) to Equation (2.57), defined by
Pt = My,  Ujy1 = ( %J ) : (2.58)
with a residual
riv1 = (B L + B By + Cia) g (2.59)
(note that we have not yet actually constructed Bji1,Cjy1).

Next, we set out the following principle determining the construction of ¢;,; once
the choice of approximate solution (fi;j4+1,%;j41) has been made. Observe that if the
residual 7,41 is small, then (fi;41, @;41) is close to an exact Ritz pair of Equation (2.57).
Therefore, we would not expect the largest Ritz value of Equation (2.57) to differ
very much from that of Equation (2.56); enlarging the subspace by g, offers little
improvement. Therefore, we choose ¢;1 orthogonal to @; so as to make ||r;i]|
as large as possible. In particular, with the choice of approximate solution from
Equation (2.58), the residual is given by

s = Qi 4 A B4 A0 ()

(2w mdn b A

*
qj+1

0
B < G (p AT B+ ATIO)Q5u, >
so that up to scale, gj;1 equals the restriction of (u; A™'B + A7'C)Q;u; to the or-

thogonal complement of @);. It is easy to see that the restriction is nonzero unless
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Input: ||¢1|o=1,0€C, k>0
1: Shift and invert (A\?A + AB + C)z = 0 to get equivalent
problem (u2A4 + uB + Cz =0, p = =.
Let L(p) = p2I + pA-'B + A-1C.
for j=1,2,...,k—1do
Solve Q;f/(,uj)quj = 0. {Compute largest Ritz pair}
Choose approximate solution (fijy1,%;41); typically set

/lj+1 = Ky, /&/jJrl = 16] . See Section 2.5.3.

Let r = Q71 L(fij+1)Qj1Tj41-
Choose ¢j;1 L (; maximizing 7.
Normalize g 1.

end for

10: Solve QZE(uk)Qkuk = 0.

Figure 2.8: Residual maximization algorithm

(pj,u;) is an exact eigenpair of Equation (2.55), i.e. convergence has occurred.

The heart of this approach lies in the construction of the approximate solution
to Equation (2.57). The approximate solution does not have to be chosen according
to Equation (2.58); there are a number of reasonable constructions, as we will see in
the next section. Each construction produces a new algorithm, with distinct conver-
gence behavior. In this sense, one might characterize this algorithm as a residual-
maximizing framework, rather than a single method. A complete description of the

method appears in Figure 2.8.

2.5.3 Selection of approximate solution

In the previous section, one approximate solution

(B, Ujn) = (Mj’ ( 7“6] )>

was chosen. In this section, we consider some other possible choices of approximate
solution, and show that some of these approximate solution choices are equivalent to
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algorithms discussed elsewhere.

Theorem 2.5.1. Let (N> A+AB+C)z = 0 be a quadratic eigenvalue problem, with the
equivalent shifted and inverted problem (/L2I+/1,A_1B+A—1é)&3 = 0. Applying each of
the following algorithms to the shifted problem is equivalent to applying Algorithm 2.8

to the original problem with the specified choice of approximate solution.
1. Arnoldi variant I (Figure 2.5): (fij+1,Uj41) = (00, ¢€;).

2. Arnoldi variant II (Figure 2.6): (fij+1,%j+1) = (0,¢€;).

(0,€5/2), j even
(OO,6|’j/2'|), ded

3. Arnoldi-type Krylov process (Figure 2.2): (fij+1,Uj41) = {
Proof. For each part, we need to show that both methods will produce the same
subspace span{q, gs, - . ., gx} When the same starting vector ¢; is used. It is sufficient
to show that the bases Q; and Qj produced by each method differ only by scale, i.e.
Qk = @i D for some nonsingular diagonal matrix D. We prove this by induction; if
Qj, Qj are bases generated by each method which differ only by scale, we only need

to show that continuing another step produces vectors ¢;i1, ¢j+1 which are scalar

multiples of each other.

1. Suppose @, is the basis produced by the first j iterations of Algorithm (2.8),
with (fij+1,%j11) = (00,€;). As Algorithm 2.8 implicitly assumes that fi;4 is
finite, we take fi;11 = oo to mean that ¢;;; is defined as the limit of g;1(f)

produced by the algorithm as i — oo (assuming this limit exists and is nonzero).
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For large fi, the residual is
r=Qi (BT +pA' B+ AT C)Qj e

_ < Q52 + pAT' B+ A'C)g; )
¢ (BAT B+ A1 C)g;

_ ( Q] + A B + A~ C)g, )

Therefore, ¢;11(j1) equals the projection onto Qj (up to scale)

~

(I - Q@A B+ L d1C), (2.60)

=

Letting fi — oo, we see that ¢;4; is a scalar multiple of (I — QjQ;‘»)(AAB)qj.

By the induction hypothesis, Qj = ;D is a basis generated by applying the
Arnoldi process to the matrix A-1B. The subsequent step of Arnoldi produces

the vector ¢;41 satisfying
(A7'B)Q; = Q;H,; + hjy1q541€)

or equivalently

(A™'B)Q;D = Q;DH; + hjs1 e (2.61)
Therefore,
N\ A—11D 1 N\ A—11D
(I = Q;Q)(A7'B)g; = —(I = Q;Q7)(A7' B)Q,De;
j
1

— d—(I = Q;Q7)(hjy15G5+1)
J

hjtij\ -
- () o

Thus ¢;4+1 and ¢;41 must be scalar multiples of one another.

2. The proof is similar to that of part 1. Let ; be the basis produced by the first
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Jj iterations of Algorithm (2.8) with (fi;41,%;41) = (0,¢;). The residual is then

"= Q;+1(Ailé)Qj+lej

:( Q;(AC)g )
Q;Jrl(AilO)Qj

Therefore, up to scale, gj+1 equals the projection onto the orthogonal comple-

ment of Q;

(I—QQ)(A™'C)q;. (2.62)

Letting Qj be the orthonormal basis generated by applying the Arnoldi process
to A-1C with starting vector ¢, we have Qj = ();D for some diagonal matrix
D by the induction hypothesis. The next vector §;+1 produced by the Arnoldi
process satisfies

(A7'C)Q; = Qi H, + hji1 Gj1e)

or equivalently

(A7'C)Q,;D = Q;DH; + hji1 Gj4€. . (2.63)
Therefore we have
(1= QA B)y, = U - QQ)(A™ B, Dey
= (0= Q) s

hjsij\ .
:( ]C;;J)Qj—f—l

and so ¢j;1 and ¢;41 must be scalar multiples of one another.

3. Let Qj be a basis generated by the Arnoldi-type Krylov process in Algorithm 2.2.

Recall that the process is defined by the recurrences in Equations (2.5, 2.6). It
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follows that the next basis vector ¢, satisfies
(hegre)dim = (I — Q;Q) A7 Cjp2,  j even
(2.64)
(hpgs12) 81 = (I — QQ0) A Bipja,  j odd.

Next, let Q); be the orthonormal basis produced by the first j iterations of
Algorithm (2.8). By the induction hypothesis, Qj = @;D. Both bases are
orthonormal; therefore, D*D = D*Q;Q;D = Q;‘Q] = I and (I — Q;Q;) =
(I — Q]Q;‘) For odd j, Algorithm (2.2) generates a vector g;4; which is a scalar
multiple of (1 — QjQ;)A_IBqWQ] (by the argument in the proof of part 1). For
even j, we have (fij11,%j41) = (0,¢€;/2), and therefore Algorithm (2.2) generates

a vector ¢;+1 which is a scalar multiple of (I — QjQ;f)/Alflé’qj/g, as in the proof

of part 2. Thus, g;4+; and ¢;41 must agree up to scale for all j.
O

At this point, we observe the following. Suppose Algorithm (2.8) is run with
approximate solution (fij41,%;4+1), where the approximate eigenvector ;4 is parti-
tioned into the leading j entries @;11.1.,; and the (j+1)-st entry @;4+1.41. The residual

can be written
r=1Qj qjn] (B + pATIB + A_lé)[Qm ¢j1)t
= ( Q;([LQI+ﬂAlefi_A:léi)[Qjanﬂ]a )
G (BP1 + AT B+ A O Q) g5

_ ( Q;(E*1 + pA™' B + A7 C)Qytiy 1.0 )
@1 (BT + pAT B+ A7 O) Q1,1

+ e < Qj(AATB + A7)z ) .
T G (P + pAT B+ A7) g

If the (j + 1)-st entry @;41,j41 is zero (as is the case for all choices of approximate

eigenpair discussed in Theorem 2.5.1), then g, is just the normalized projection of
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the residual (72 + A" B + A7'C)(Q;i;414.;) onto the orthogonal complement of
Q;. The subspace spanned by ;41 is thus
span{Q;i1} = span{Q;, (2 + A~ B+ A7 C)(Qytiyr115)}

= span{Q;, A7 (P A + B + C)(Qjitjy15) }-

In other words, the subspace is enlarged by the following Cayley transform:
(0*A+0B+C) " (NA+AB + C)(Qsl11,15)

where A\ = o + 1/]i.
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Chapter 3

Projections based on moment
matching

3.1 Moment matching of Villemagne and Skelton

Next, we will discuss a connection between generalized eigenvalue problems and linear

transfer functions. A linear transfer function is a matrix-valued function
H(s)=L*(G+s0)'B

of a complex scalar s, where C,G € C"" are square and L. € C"*P, B € C™*™
are complex matrices of consistent sizes. Assuming G is nonsingular, the transfer

function can be written in series form as

H(s) = i(—l)isiMi
i=0
where M; = L*(G7'C)'G~'B. The matrices {M;} are termed the moments of the
transfer function H(s). Given another transfer function Hg(s) = Lz (Gr+sCr) ' Br
with moments {Mg;}, let k be the largest integer such that M; = Mg, for all i =

1,2,...,k (i.e. the first £ moments of each transfer function match). We can then

conclude that H(s) = Hg(s) + O(s*™!). The goal of the moment-matching approach
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to model reduction is to construct Hg(s) of modest dimension so that as many of the
moments match as possible.

One way to produce a reduced transfer function Hg(s) from the original transfer
function H(s) is to construct Lg, Br,Gg,Cr by applying projections to L, B, G,C,
respectively. The number of matching moments in this case is given by the following
theorem, proven originally for G = I by Villemagne and Skelton [14] and proven in

general by Grimme [23] and Li [33].

Theorem 3.1.1. Choose X,Y € C"™™ such that Y*GX is nonsingular. Let Lr =
XL, GrR=Y'GX, Cr=Y*CX, B =Y*B. If

K, (G 'C,G™'B) Cspan{zy,...,zm}

K.(G*C*,G™"L) C span{y1, ..., Ym},

then the following hold:

X(GR'Cr)'Gx'Br = (G7'C)'G™'B, 0<i<qg-—1 (3.1)
LGt (CrGRY Y™ = L*G™HCG ™Y, 0<j<r—1 (3.2)
M; = Mg, 0<i<g+r—1.  (3.3)

This theorem can be used to simplify convergence analysis for a variety of related
algorithms. See Li [33] for discussion of the application to asymptotic waveform
evaluation, Pade via Lanczos (PvL), PRIMA, and the Krylov-type method proposed
by Su and Craig [53, 40, 19]. The following discussion uses this theorem to describe
the eigenvalue convergence of a generalized reduced-order eigenvalue problem Cru =

1Gru to the full-scale generalized eigenproblem C'x = AGx.
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Suppose that both G™1C and G5'Cg are diagonalizable, i.e. there exist nonsin-

gular matrices V,V and diagonal A, so that
G'C=VAV™Y  GRlCr=VavL (3.4)

We further assume that A = ( = A ) and Q = ( Ql Q0 ) are partitioned so
2 2

that ; approximates the desired spectrum A;, and Ag, €25 are relatively far. Let ¢, r

be as in Theorem 3.1.1, and choose a polynomial ¢(z) = > a;a" of degree less than

q + r. By Equation (3.3) we have
q+r—1
L'¢(GT'O)G'B= ) M
i=0
qg+r—1

= Z a;MRp;

=0
= Ly(Gy' Cr)Cy' Br

for any rectangular L, B of suitable dimension and Lg, Bg defined as in Theorem 3.1.1.

Substituting Equation (3.4) gives
L'VH(NVIGIB = LyVe(Q)V 1G4 By. (3.5)

W 1%
R —l-1p _ 1 w7 _ 3
Partitioning V=G B = ( W, ) and V*L = ( W, >, we have

Wi d(A)Wr = Wy g(Q) W1 = Wi 6(Q)Ws — Wig(As) Wy (3.6)
s LT Wi . L
with V='G; Br = - ,V*Lg = - defined similarly. Thus if ¢ is chosen
Ws W,
so that ¢ is close to 1 at Ay, {2}y and small at Ay, Qy, then WiW; = W;WI From this,

a connection between W; and Wl might be derived in terms of the behavior of ¢.

3.2 Projection methods via linearization

In light of Theorem 3.1.1, we seek structure-preserving projections of the monic
quadratic eigenvalue problem that can offer a higher order of convergence than the
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methods discussed in 2.2.1. In order to preserve symmetry, we construct an orthonor-
mal basis Q,,; the full-scale problem (A2 —AB—(C')z = 0 is approximated by the pro-
jected problem (p?I,, — uB,, — Cp)u = 0, where B,, = Q. BQ,, and C,, = QT CQ,,.
Linearizing in the usual way gives an equivalent pair of eigenproblems of twice the

dimension

where

o)
I
~

é:<g é) (3.7)

- 0 I, -
e (8B o5

In order to apply the theory from the previous section we need left and right bases
Yam, Xom so that G = Y;;nész and Cp = Y'2*;nC~‘X2m. A natural pair of bases that
accomplish this is Xs,, = Y5,, = ( Qom QO

the problem reduces to choosing @), so that the columns of Xs,,, i.e.

(3 ():(5) () () ()

span as much of the left and right Krylov spaces K(CT, L) and K(C, B) as possible.

) , where (),,, is orthonormal. Therefore,

3.2.1 The SOAR algorithm

The first projection method we discuss with the help of Theorem 3.1.1 is called SOAR
(second-order Arnoldi) by Bai and Su [6, 7]. Let us apply the Arnoldi method to C

with an appropriate partitioning to give the defining equation

0 I Vo N\ [ Vi Um+1 T
(2 9)(8)- () momn(z)e o
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A Gram-Schmidt process is used to construct the vectors V,,,, W,,,, but with a special

choice of inner product so that the computed W, is orthonormal:

T
Vin 0 Vin
( Wn:l ) ( I ) ( Wmi ) — (3.10)

This inner product is of course semi-definite, which raises the issue of breakdown. In
addition to the usual “good” breakdown, where the residual of the orthogonalization
process is zero, there is now a possibility of breakdown when the computed w,, 1 is
zero but v,,41 is not. Since the residual cannot then be normalized, the recurrence
fails. Unlike the good case, this breakdown does not indicate that any convergence
has taken place. For the rest of this discussion, we assume that no breakdown occurs,
good or bad.

To start the recurrence, we may begin with an initial vector of the form ( 5}11 ) =

( 2 ), where ¢ is any unit n-vector. The right Krylov space of C' is spanned by the

set of m 2n-vectors generated by Equation (3.9):

(e () =t () ()
q w1 Wiy,

gspan{( n )((; )(£ ) (U?m )}
From Equation (3.9) we have W,,, = Vi, Hyo+Run1,mUm1, and so span{wy, ..., wy,} =
span{vy, ..., Ums1} by the special structure of our C. It follows that K is contained
in the span of the columns of ( Won W ) Therefore, choosing @,, = W,, and
projecting as in the previous section yields a method whose convergence is determined

by polynomials of degree at least m. An outline of the algorithm appears in Figure 3.1.
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Input: ||¢]a =1, m >0

1: vy =0;w =¢q

2: for j=1,2,...,mdo

33 v=uwj; w=Cv; + Bw;

4: fori=1,2,...,7do

5: hij = U)LTUJ

6: v =0 — hjv;; w=w — hjw;
7. end for

8 hjt1; = |lw|

9 Vjp1 = v/hji1g wip = w/hjp
10: end for

11: Returns orthonormal basis W, 1.

Figure 3.1: SOAR algorithm
3.2.2 The Q-Arnoldi algorithm
A related Arnoldi-based algorithm is the Q-Arnoldi algorithm of Meerbergen and

Robbé [35]. Unlike SOAR, the Q-Arnoldi algorithm constructs an orthonormal basis

( IEI//m ) , using the Arnoldi-type recurrence from Equation (3.9). It follows from the

structure of the linearized quadratic problem that for all 7 > 1,
Wj—l = ‘/jHltj,l:j—l' (311)

The algorithm uses this identity to eliminate storage of the vectors wq, ..., w1,

reducing memory usage approximately by half. Then, the upper-triangular entries of

w=(n) ()

H are given by

= vTv + wlw (3.12)
Jolv+ (Vi Hyapae) w, i<
vlv+ w] w, 1=

where ( :; ) =C ( Yi ) The succeeding vector ( Uit ) is computed by normal-

wj Wj+1

izing the result of a modified Gram-Schmidt orthogonalization, using the coefficients
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Input: ||¢]a =1, m >0
1: vy =0; w =¢q
2: for j=1,2,...,mdo
33 v=uwj; w=Cv; + Bw;
fori=1,2,...,7—1do
hig = v]v + (3,5 hyiop)Tw
v =0 — hjv;; w=w — hjw;
end for
hj; = v v+ ww
v =v— h;v;; w=w — hj;w;
10 Ay = /TP + TP
1 v = v/hjy win = w/hj
12: end for
13: Returns basis V1.

Figure 3.2: Q-Arnoldi algorithm

from (3.12).
The completed Q-Arnoldi algorithm appears in Figure 3.2. The next section makes
further use of symmetry in the original quadratic eigenvalue problem to construct a

Lanczos recurrence.

3.2.3 A generalized Lanczos variation of SOAR

The Arnoldi implementation used in SOAR can be applied to any monic quadratic
eigenvalue problem (A\?] — AB — C)z = 0, regardless of any special properties which
B, C' may possess. For the special case when B, C' are both symmetric, then a change
of inner product takes advantage of the symmetry to produce a Lanczos recurrence
instead of Arnoldi. As in SOAR, we generate a Krylov space of the linearization

C = ( 01 ) Since B, C' are symmetric, the product ( ¢

C B ) C is also sym-

I

metric. Therefore, we might attempt to construct a symmetric Lanczos recurrence

5



with respect to the inner product ( ¢ 7 ):

0 I v, v, v
mo) = ™) T+ B mrl o) el 3.13
(CB)(WW> (Wm) +ﬁ+1<wm+1)€m ( )
Vir \' [ C Vi,
( ij-ll ) ( I > ( WmJ—ri-ll ) - (3:14)

The difficulty is that our inner product may be indefinite, as in the case of SOAR.
This has two side effects. One is the possibility of a “bad” breakdown when the
computed vy, 11, w11 are quasi-null; as before, we assume that this will not happen.
The other effect is that unless C' is positive definite or semi-definite, we could have
vh 1 CVmi1 + Wl w1 < 0 regardless of scaling. Indeed, observe that if m steps of
the Lanczos recurrence in (3.13-3.14) can be performed without breakdown, then 7,
is also the matrix generated by a nonsymmetric Lanczos recurrence; nonsymmetric
Lanczos is not likely to produce a symmetric projection of the original nonsymmetric
problem for many iterations. The eigenvalue problem CZ = AZ can be restated as

the symmetric indefinite generalized eigenvalue problem

(e5)=2 (%)

which suggests the symmetric indefinite Lanczos recurrence [31, 42]

0 I Vin B Vi 1 Bm+1 [ Umit T
(e &) () -(o Jommr gz (U2 ) 6 om
T
Vm—H C Vm—‘rl -
(o ) (7)) = 319
where D, = diag{ds,...,d,,} is a diagonal matrix, possibly indefinite. We assume

that each computed d; is nonzero, else breakdown occurs.
The rest of the construction of the algorithm is similar to SOAR. Starting with
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1

10:
11:
12:
13:
14:
15:
16:

I

18:
19:

Input: ||¢1|o=1,m >0
1:
2:
3:

v =0w=q;2=06=0dy=dy =1

for j=1,2,...,mdo
v =wj;; w =z + Bwj
V=70V — dj_lﬂjvj_l; w=w — dj_lﬂjwj_l
o = 2T+ ijw
V=0 — QU5 W =W — QW
z=Cv
djs1 = sign(v”z + w'w)
Bt = /T2 + wTal
Vi1 = dj1v/Bj1; Wit = djw/ B
z=dj112/Bjn
¢ = wj41 {One step of QR factorization}
fori=1,2,...,7 do
Tiji1 =4, q
q=4q—Tij+14:
end for
g1 = q/lq
end for
Returns orthonormal basis Q1.

Figure 3.3: Lanczos-type SOAR algorithm

an initial vector of the form < (q) ), the recurrence gives

e (D) emf(3)(5)(2)

which in turn is spanned by the columns of ( W ) Here, W, does not form

Wi,

o))

an orthonormal basis. Therefore, we update the QR factorization W; = Q; R; as each

vector w; is computed. This orthogonalization step is approximately half as expensive

as the orthogonalization in SOAR, since the vectors are of length n instead of 2n.

Since the recurrence is short, at any step 7 we only need the two previous pairs of

vectors {v;_1, w;j_1 } and {v;, w;} to compute v, 1, w;1. A straightforward implemen-

tation of Lanczos would require additional matrix-vector multiplies when computing

a; and (3;, but these are eliminated by introducing another n-vector z = C'v; and or-
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dering the operations carefully. Thus, our implementation (Figure 3.3) requires only
an additional seven n-vectors beyond the (m + 1) vectors storing the generated basis
@ This is the major advantage over SOAR, which requires all of V,,, 1, W,,, 11 at step
m. The required number of gaxpys (vector computations of the form ax + Gy) is also

approximately halved. Other costs are comparable, as summarized in the following

table.
Cost SOAR algorithm | Lanczos-type SOAR
Memory usage (n-vectors) 2m +4 m+8
Matrix-vector multiplies 2m 2m
Te— T+ oy m(m 4+ 1) 4m+%
Dot products v7w w 4m + w

3.3 Reduction via nonsymmetric Lanczos

In the previous sections, three Arnoldi algorithms (SOAR, Q-Arnoldi, and Lanczos-

0 I

type SOAR) were applied to the linearization C = ( C B

). In each algorithm, m
steps of Arnoldi generate a block diagonal orthonormal matrix X5, whose columns
span C,, (C, x1); then the projection X2 C Xy, is a linearization of an order m sym-
metric quadratic eigenvalue problem. However, in general the space spanned by Xs,,
need not contain the left Krylov space. Therefore, not more than m moments of
this projected quadratic eigenvalue problem must match those of the original (The-
orem 3.1.1). In this section, we construct projected quadratic eigenvalue problems
with a larger number of matching moments, using bases of both the left and right
Krylov spaces of C.

A natural choice of method for constructing such bases iteratively is the nonsym-

metric Lanczos recurrence. After applying 2m steps of nonsymmetric Lanczos to C,
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we obtain biorthogonal bases Us,,, V5,, so that

0 I

Since Usp, Vam are bases of order 2m Krylov spaces of C' and CT respectively, the
eigenvalues of the nonsymmetric tridiagonal T5,, converge according to polynomials
of degree 4m. It remains to be seen how to convert T3,, into an equivalent quadratic

eigenvalue problem of order m. Label the entries of T, as follows:

a2
T, = B2
. Yom
ﬁ?m Qom
By applying a shuffle P = (e, e3,...,€9m_1,€2,...,€2,) to the rows and columns of
T5,,, we obtain the following block structure
a7 72
as B3
Qom—1 Bom-1 Vom
T —
P15, P = B 3 o (3.18)
By - Oy
Vom—1
ﬁ?m Qom

Let Dy, L, U, Dy be the submatrices in Equation (3.18) labelled so that PTTy,, P =
( Z[)]l l§ ) If breakdown did not occur in the Lanczos recurrence, then the bidi-
2
agonal matrices L and U are nonsingular. By letting W = ( é 2 ) and applying
1

the similarity transformation
Dy L 1 0 1
W( U D, ) W= ( LU — LD;L™'Dy Dy + LD,L ™! )
we obtain a linearization of the following quadratic eigenvalue problem of order m:

(12T — u(Dy + LD, L) = (LU — LDyL ' Dy)Ju = 0. (3.19)
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Likewise, each of the following three quadratic eigenvalue problems can be constructed

from 75, by similarity transformations:

(12 — (LD L+ Dy) — (UL — Dy LDy L)Ju = 0 (3.20)
(1] — (Do +UDU ™) — (UL — UDyU ' Dy)Ju =0 (3.21)
(12T — (U DoU + Dy) — (LU — DU DyU)]u = 0. (3.22)

Thus the quadratic eigenvalue problems in Equations (3.19)-(3.22) have the same
spectrum as T5,,, and therefore their eigenvalues converge as polynomials of degree
4m; this is the best convergence result obtainable with Theorem 3.1.1. Unfortunately,
if the original quadratic eigenvalue problem was symmetric, then these formulations of
the projection would lose the original symmetry. In an application where the original
QEP was nonsymmetric, this would not be considered a disadvantage. Note that the
projected problems (3.19)-(3.22) do possess some structure: namely, the middle term
is triangular and the constant term is Hessenberg (this is reminiscent of reducing a
single matrix to its Schur form).

Next, we demonstrate how to update the reconstructed quadratic eigenvalue prob-
lem from (3.19) while running the nonsymmetric Lanczos recurrence. Suppose that
the order m reduction has been completed; i.e. 2m steps of nonsymmetric Lanc-
zos produced Th,,, from which the order m matrices B,, = D; + LD,L~! and
C,, = LU — LDyL7'D; were computed. Perform two more steps of nonsymmet-
ric Lanczos to compute the additional six entries of Tb,, 2:

T2m
Yom+1 ) (323>

Qom+1  Yom42
52m+2 Aom+42

T2m+2 = 62 1
m
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Permute 75,2 as in (3.18), and label the resulting order m + 1 submatrices 151,

152, f), and U. These matrices are readily obtained by extending D, Ds, L, and U,

respectively:
~ D, - L
D, = L= 3.24
! ( A2m+1 ) ( ﬁ2m+16£ Yo2m+-2 ) ( )
D, = ( Dy ) U= ( U Yomirem ) . (3.25)
Aom+2 Bom+2
. -1
By a straightforward calculation, we have L=! = ( I;T 1/~ ) where the
2m+2
vector o1 = (—Bami1/Yomsz)el L71. Consequently,
. ~1
LD,L7' = ( LDZTL ) : (3.26)
z Q2m4-2

where 27 = B4 1(Qom + aomie)el L1 Also, the product LU is

T LU YomYV2m+1€m
Lo = , 3.27
( BomBomsr€t,  Bomi1Voms1 + BomtoYom2 (3:27)

and so the updated lower triangular/lower Hessenberg matrix pair is

Bm+1 = bl + .Z;Dzﬁil

B
= m 3.28
( 2T Qgmy1 + Qoman ) (3:28)
Cm+1 - I:[)v - ZA—JDQi_lDl
— Cn, YomY2m+1€m
B ( 52mﬁ2m+1ezn —2"'Dy q (3'29)

for

¢ = Bom+1V2m+1 + Bom+2V2m+2 — Q2mt102m42,

z2 = Bomi1 (042m + 042m+2)L7T6m.
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Thus, each update B,,,C,, to compute B,,.1,C,,+1 requires one linear solve of a
bidiagonal matrix and one diagonal matrix-vector multiply, at an O(m) cost. Since
the corresponding pair of nonsymmetric Lanczos steps required for an update has
O(n) cost, the complete algorithm produces an order m reduced model in O(mn+m?)
time (and 8m matrix-vector products with B, C'). Also, the storage requirements are
modest: the Lanczos recurrences require storage for six work vectors of length 2n,
and the matrices B,,, C,, contain m? + 2m — 1 nonzeros. In addition, we must keep
L and D; at an additional cost of 3m — 1; these matrices are composed of the odd-
numbered «;, 3; and the even-numbered +; (in other words, the odd-numbered rows
of T'). The last even-numbered row of T' is saved, but for only one iteration. The

complete algorithm is outlined in Figure 3.4.
3.4 Convergence analysis of projection methods

Here, we present some results [26] bounding the convergence of an extreme Ritz value
in the Lanczos-type process (Figure 2.4). The basic approach follows that of Ye
[56], where a convergence analysis of the nonsymmetric Lanczos method is developed
based largely on structural properties of tridiagonal matrices. The argument proceeds
in two parts. First, we give a bound on the distance between a Ritz value 6, of A
approximating an eigenvalue A\; of A. This bound depends on the moment matching
of A and A; in particular, it requires the largest power M so that the (1,1) entries
of AM AM match. Secondly, we use the nonzero structure of the matrices generated

by the algorithm to determine this moment matching result.
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Input: uy,v; s.t. ulvy =1, m >0
{First nonsymmetric Lanczos step}

0o Cct
1. x = _[ BT l‘]

0 I
2:y:(c B>y1

3 a; =aly
4. T =0 — 11y
S5 Yy=y— oy
6: v2 = /[2Tyl; Ba = 2"y /7
T o = /Y052 = Y/ Bo
0 I

Yy = C B Y2
9: ap = a:gy

{Initialize matrices}
10: By = [an + ag]; Oy = [B272 — ]
11: L = [’)/2], D1 = [Oél]

{Begin main loop}
12: for j=1,2,...,m—1do
13:  Perform two steps of nonsymmetric Lanczos:
14:  for k=2j,25+1do

0 C7
15: T = I BT T

16: T =2 — OpTp_1 — QT
17: Y=Y — VYr—1 — Yk
18: Vi1 = V12T y]; Besr = 2T y/ Ve
19: Th1 = T/ Vit 15 Yk+1 = Y/ Bt
0 I

21: U1 = x;‘fﬂy
22:  end for
{Update B,,, Cpn, L, D1}
23 Solve LTz = Byj1(a; + azjia)e; for z
24 (= Bojr1Vejr1 + Bojraveiie — Q2j4102j42

B
25:  Update B, = U
P ( 2T Qojy1 + Q10 )
C V2572j+1€;
26:  Update C,, = i e
P ( BajBajirel, — 27Dy ¢

27: end for
28: Returns order m reduced model \2] — \B,,, — C,,,.

Figure 3.4: Tridiagonal-Hessenberg reduction via nonsymmetric Lanczos
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3.4.1 Convergence of nonsymmetric Lanczos

We consider the nonsymmetric Lanczos method as an example. The following result
on Ritz value convergence appears in Ye’s paper [56], but is not specific to Lanczos.
For simplicity, assume that both the original n x n matrix A = Y "'AY and the m xm
reduced order matrix A = Q'OQ are diagonalizable. Write P = Q~7, X = Y1,

Suppose that we can find M so that
el Aley = el Aley (3.30)

for any ¢« < M. Then for any polynomial f of degree less than or equal to M,
e1 f(Tn)er = ei f(Tn)er
ei X f(A)Yer = e] PTf(©)Qer

1)Z1yn + Z FN)zayin = f(01)p1ign + Z f(0:)pingi
1#1 i#1

In particular, choose f(x) = (x —6;)¢p(x), where ¢(x) is a polynomial of degree M —1

with ¢(A1) = 1. Then

A — 0= ! <Z(91 - 91)¢(9z‘)pi1%‘1 - Z()\z - 91)¢(/\z‘)$i1yi1>

T
11Y11 i i

’)\1 - 01| S |x11y11| (Z |¢ pzl%l| + Z |¢ I11y11|>

1#1

(3.31)

where K = max;z {|6; — 01|, |\; — 01]}. Thus, we have the following bound:

Theorem 3.4.1. Suppose as above that A = XTAY and A = PTOQ are diagonal-
izable (PTQ = I, XTY = 1). Let S be the set of n — 1 eigenvalues and m — 1

Ritz values excluding \i,0,. Also let K = magc |x — 01|. If M > 1 is chosen so that
A
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eT Aley = eT Aley for all i < M, then

(Zi;ﬁl |z |* + Zi;ﬁl pa[*)'/?

|/\1 — €1| S Ke | |
L11
(3.32)
. (Zi;ﬂ lya|? + Zi;ﬁl g |*)?
Y11l
h = mi .
where € ¢€n7;11\§1_11£16a§<\¢(x)]
p(A1)=1

Next, we need the moment matching result. Assume that the nonsymmetric
Lanczos recurrence on A can be run to termination, producing a tridiagonal n x n
matrix 7}, similar to A. Since T,, (obtained after m steps) is simply the order m

principal submatrix of T},, the following results are straightforward to show:
Theorem 3.4.2. Let T,, be a principal submatriz of the tridiagonal matriz T,.

1. Foranyi<m—1, T261:<T”661 )

2. Forany i <2m — 1, el Tie; = el T e;.

Therefore setting M = 2m — 1 in Theorem 3.4.1 gives a convergence result for

nonsymmetric Lanczos:

Corollary 3.4.3. Suppose T,, = XTAY and T,,, = PTOQ are diagonalizable (PTQ =
I, XTY =1). Let S be the set of n — 1 eigenvalues and m — 1 Ritz values excluding
A1, 01. Then

A — 0 < — i
A 1'—(%13;490 91') pdpin max|o(w)|
#(A1)=1

| ((Z#I ’x“|2 + Zi;ﬁl ’pi1’2)1/2> ((Zi;ﬁl ‘%1’2 + Zi;él ‘%1’2)1/2)

711 |Y11]

(3.33)

85



3.4.2 Extension to Lanczos-type process

The same approach works for the Lanczos-type process. Assuming that the process
can run to completion, we have two n X n symmetric matrices Tz, T with the nonzero
structure illustrated in Figure 2.3. To simplify the following, we characterize this type

of structure by the following definition.

Definition 3.4.4. If a;; = 0 whenever ¢ > mj + by or j > mi + by, then A = (a;;) is

called an (m, by, bg)-fan matrix.

A tridiagonal matrix is a (1,1, 1)-fan matrix, and Tp, Te are (2,0,0)-fan and
(2,1, 1)-fan matrices respectively. Basic properties of fan matrices include the follow-

ing:

Lemma 3.4.5. Suppose A is an (m, by, by)-fan matriz and A is (1, by, 132)—fan. Then
1. AT is (m, by, by)-fan.
2. A4 Ais (m, by, by)-fan if m > m, m+ by > m 4 by, and m + by > 1 + by.
3. The product AA is (mm, mby + by, mby + by)-fan.

Proof. The first two properties are immediate. The third follows by noting that

j—by—1

AejESpan{ek:kzl—l—max(L
m

J ,O> ,...,min(mj+b1,n)}
and similarly

. - b — 1 .
ATeiESpan{e,;:kzl%—max(V%J ,O) ,...,min<ﬁu’+b2,n>}.
m

The sets of indices are disjoint when i > m(mj + by) + by or j > m(1i + by) +by. O
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The following observation will be useful:

Lemma 3.4.6. Let A be an (m, by, bs)-fan matriz with principal M x M submatriz

AMI'
*

Aej = < A]\gej >

The original quadratic eigenvalue problem has the same eigenvalues as the lin-

Ap. For any M -vector z, A ( g ) = <

)-IfjerblSM,

earization ( 79 7{ ) The QEP resulting from an order m projection has the
c 1B
same eigenvalues as the corresponding linearization 0 Im . We need
(TC)m (TB)m

an equivalent moment-matching result to Theorem 3.4.2 determining the maximum

exponent M so that

(01 ie—eT 0 I, "6
! TC TB ! ! (TC)m (TB)m !

for all # < M; then the bound in Theorem 3.4.1 can be applied.

By induction, we can show that
o I\ [ R S
Te Tg Ri1 Siqa
defined by the recurrences
Rij1=TR, + TcR; 1, Ry =Tg, Ry =0 (3.34)

Sz’+1 = TBSZ + Tcsi_l, SQ = TB, Sl =1 (335)

TC)m (TB> RZ'+1 Si+1
recurrences like (3.34, 3.35). This leads to the following theorem:

Similarly, ( ( 0 Im ) = ( fi ASi > where R; and S; are defined by
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Theorem 3.4.7. Let T, Tc,(T8)m, (Tc)m be defined as above. Also let M =

|logy m |, the largest integer such that 2™ < m. Then for all i < 2M + 1,

o001 ie _ 0 I, "e
! TC TB ! ! (TC)m (TB)m 1‘

Proof. Using Lemma 3.4.5 and recurrences (3.34), (3.35), it is not hard to show by

induction that R; is (271,272 1)-fan for i > 2, and S; is (2710, 0)-fan for ¢ > 1.

Rieq

Next, prove by induction that for ¢ < M, R;e; = ( 0

); the inductive step is

Riey =TpR;_1e1 +ToR;_seq
_ -ﬁ{i—lel éi—Qel
—m (g ) e ()
(TB)mpbi—ﬁl + (Tc)m]%z‘—ﬁl
0 0
Rieq
0 .

Ryiier =15 ( fares ) +Tc ( Rar-ren )

It follows that

_ < (TB>HSRM€1 ) n < (Tc())mlfMlel )

o Ryreq
— ! _
Similarly, it can be shown that e Ry, = (€T Ri41,*) and e7'S;,, = (e7S;,1,0). There-

fore for i,j < M,

O [ +1
er ( To Ty > = (€] Ri1, €] Siy1)

(3.36)
= (elTRz‘Ha *, 6ng1‘+1; 0)
and
O I je _ Rjel
Tc Tg ! Rj1e1
Rjeq (3.37)
_ 0
Rj+1€1
0
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The product of Equations (3.36, 3.37) is then

A A B 0 I i+j+1
e?RPrleel + €{SiRj+1€1 = 6{ ( (TC’) (TB) ) ‘-

]

Therefore the following convergence bound applies to the Lanczos-type process.

Corollary 3.4.8. Suppose the Lanczos-type algorithm in Figure 2.4 produces (Tg)m,
(Tc)m after m steps and can be run to termination to produce Ty, Tc. Suppose further

that
O I T @) I, -
= X" AY, = pTo
( TC TB ) , ( (TC)m (TB)m ) Q
are diagonalizable (PTQ =1, XY =1). Then
T of 1 [2)172
|)\1 — 61’ S EoM (meag( |.1' — 91’> . <(Zz¢1 | 1| Zz;él |p 1| ) )

211
_ (Zi;ﬂ lyi|? + Zi;ﬁl |gin| )"/
|yn|

(3.38)

where €g); = min {ma§<|¢(m)| 1 ¢ € Paliogym), @(A) = 1} and S is the set of 2n — 1
Te

eigenvalues and 2m — 1 Ritz values excluding \q, 0.

Remark 3.4.9. A similar calculation gives a corresponding result for the Arnoldi pro-

cess (Figure 2.2) where the polynomia 1s of degree |log, m| rather than og, m|.
(Figure 2.2) where the polynomial ¢ is of degree [log, m] rather than 2|log,m]
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Chapter 4

Numerical experiments

4.1 An example from dissipative acoustics

As an application, we consider the following problem from dissipative acoustics [9, 55].

Let Q C R? be a rectangular cavity filled with an acoustic fluid (such as air), with

one absorbing wall I'4 and three reflecting walls I'g.

Let P(x,t) and U(x,t) be the acoustic pressure and the fluid displacement, re-

spectively. Also let p be the density of the fluid, and ¢ the speed at which the fluid

conducts sound. Then the behavior of the fluid satisfies the equations

0*U

b P =
pa752 +V

—pc divU =
with boundary conditions

U-v=20

ou
. —.y=P
alU V—I—ﬁat v

on FR

onI'y

(4.1)

(4.2)

(4.3)

(4.4)

where the scalars «, 3 describe the impedance of the absorbing material. As in [9],

we choose p = 1 kg/m®, ¢ = 340 m/s, a = 5 x 10* N/m®, 8 =200 N - s/m® for our

model problem; this choice of @ and 3 models a very viscous absorbing material.
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Figure 4.1: Triangulation of rectangular 2, N = 2.

We are interested in finding the damped vibration modes of the fluid, which are
solutions of the form U(x,t) = eMu(x), P(z,t) = eMp(x). Then, equations (4.1) —
(4.4) reduce to finding A, p, u satisfying

pNu+Vp=0 inQ

p=—pc® div u in €2
p=(a+Au-v on 'y
u-v=>0 on I'g.

This system can be converted to a variational formulation. Let V = {v €
H(div,Q) : v-v € L*09) and v-v = 0 on I'g}. The problem is equivalent to

finding A € C, nonzero u € V so that

)\Q/pu'er)\ ﬁu-uv-u—i—/ au~uv~u+/p62divudivvzo (4.5)
Q Ta La e
for all v € V. Using finite elements to approximate V by V,, = span{¢, ..., ¢, } yields
the n x n quadratic matrix eigenvalue problem

MMz + \Fr + (oF + K)x =0, (4.6)
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Figure 4.2: Relative residual norms for selected eigenvalues.

where

Q Q T,

To avoid spurious eigenvalues caused by discretization, lowest order Raviart-
Thomas finite elements are used [9, 46]. Each basis element ¢; is a vector-valued
function with piecewise constant divergence on each triangle of the mesh and ¢; - v
constant along each edge. With a natural choice of the basis, each finite element
corresponds to an edge in the interior or on the absorbing boundary I'4. We use a
triangulation of Q with 6N edges along the vertical sides and 8N edges along the
horizontal sides (Figure 4.1). With the choice of the discretization parameter N = 8,
a model with 9168 degrees of freedom is obtained.

Let A= M, B=p(F,C =aF + K and write (4.6) as the symmetric quadratic
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Figure 4.3: Spectrum of Bermudez—Duran acoustics problem.

eigenvalue problem

(NA+AB+C)z =0 (4.7)

where A is symmetric positive definite and B, C' are positive semidefinite matrices.
Observe that this problem has both overdamped (negative real) eigenvalues and com-
plex eigenvalues appearing in conjugate pairs (Figure 4.3). Since this problem models

a stable phenomenon, all eigenvalues appear in the left complex half-plane.

4.1.1 The symmetric Lanczos-type method with shift

Here we demonstrate the convergence behavior of the symmetric Lanczos-type method
described in Section 2.2.1, by using it to compute the four eigenvalues of (4.7) with
largest real part and nonnegative imaginary part. The acoustics problem is con-
structed on a rectangular domain with the choice of constants p,c,«a, 3 given in

Section 4.1. Also, the discretization parameter N is set to 8, giving a quadratic
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eigenvalue problem (4.7) of order 9168. In this test, we transform (4.7) by a real shift
and invert, and apply the symmetric Lanczos-type method to the shifted problem.

Shift and invert about o = —253 to get
(W2A 4 B + C)x = 0;

for this choice of o, A remains positive definite. Therefore, we can take the Cholesky

decomposition A= LLT and construct an equivalent monic problem
(12T + (L' BL™T) + (L' CL™ " ))u =0 (4.8)

where A = LLT is the Cholesky decomposition. Algorithm 2.4 is applied to (4.8) in
a symmetric Lanczos type process to get a basis Vi and banded k x k matrices T, Ty.

It follows that if (6;,u;) is an eigenpair to the projected problem
(1L + P o1:4,100) + To(1ii1:))w = 0, (4.9)

then (A\;, z;) = (6 + 1/, z;/||z||) is an approximate eigenpair to the original problem
(4.7), where z; = LT Vi 1.4y,

Figure 4.2 shows the convergence rates of Algorithm 2.4 when computing each
of the four eigenvalues of (4.7) listed in Figure 4.4. Each line corresponds to one
exact eigenvalue. For each subspace dimension ¢ = 1,...,500, we perform i steps of

Algorithm 2.4 to obtain (4.9), which is linearized as

[i u . U
Ty —Taqir) nu H o

and solved for the desired approximate eigenpair (\;, ;) using the MATLAB eigs

function. To indicate the accuracy of this approximate solution, Figure 4.2 plots the

[(AN2A+ XB + C)z
IN2NAN+ MBI+ (1)

resulting relative residual norms r; =
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Eigenvalue A Plot line Matrix-vector products |Ai — A
—259.23 + 813.27¢  dotted 318 1.746 x 1078
—320.54 + 267.66¢  dashed 322 1.053 x 1078

—342.15 dash-dot 356 8.830 x 107
—296.66 solid 386 3.797 x 107

Figure 4.4: Required matrix-vector products for acoustics problem.

Figure 4.4 lists the values of the four selected eigenvalues. For each exact eigen-
value ), the table indicates which line in Figure 4.2 corresponds to that eigenvalue,
the number of matrix-vector products required to obtain a relative residual norm

r; < 1078, and the accuracy of the corresponding eigenvalue \;.

4.1.2 Comparison of Arnoldi-type methods

In the following examples, we compare the convergence of the Arnoldi variant methods
I-IIT when applied to the acoustics problem of order 564, obtained by setting the
parameter N = 2. Each Arnoldi method is restarted periodically. For our tests, each
method is run for a total of 50 iterations, restarting after every 10 iterations. In each
test, we start with the shift 0 = —200 + 3007 and a randomly-chosen initial vector;
the closest eigenvalue to o is A = —317.98 + 267.76:. The accuracy of each Ritz pair
(i, z;) is tracked by plotting its residual ||(A\2A + \; B + C)x;]|.

In Figure 4.5, we show the convergence of each Arnoldi variant method when each
restart shifts and inverts the quadratic eigenvalue problem about the current shift.
Since the original problem is inverted, each inner Arnoldi implementation attempts
to find a large, well-separated eigenvalue p. Krylov methods converge quickly un-
der these conditions, hence the rapid leveling-off of the residuals after each restart.

However, the construction of each Arnoldi variant algorithm neglects one of the three
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Convergence of restarted Arnoldi variants with shift and invert

Residual

0 5 10 15 20 25 30 35 40 45 50
Iterations

Figure 4.5: Comparison of shift and invert restarted Arnoldi variants

terms of the QEP, which are respectively O(1), O(u), and O(x?) in norm. Therefore,
since y is large, the best performance is obtained from Arnoldi variants I (solid line),
IT (dashed line), and III (dotted line), in that order.

Figure 4.6 shows convergence rates of the Arnoldi variants in a restarted method
using simple shifts between restarts instead of a spectral inversion. Observe that
Arnoldi I now converges more slowly than the others, as expected (since the Arnoldi
[ variant neglects the dominant term when g is small). However, all three methods
offer poor convergence, even after 300 iterations; since the desired eigenvalue p is not

well-separated from the rest of the spectrum, poor convergence results.

4.1.3 Convergence of residual-maximizing algorithms

Figure 4.7 shows corresponding convergence rates of four residual-maximizing al-

gorithms using a shift and invert after every 10 iterations. The four methods are
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4 Convergence of restarted Arnoldi variants with simple shift
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Figure 4.6: Comparison of simply shifted restarted Arnoldi variants

the Arnoldi variant I (solid line), the residual-maximizing algorithm (dashed line)
with approximate solution (fi;j41, @j+1) = (i, €;), the Krylov-type projection method
from Section 2.2.1 (dotted line), and the residual-maximizing algorithm with nat-
ural choice of approximate solution, as in Figure 2.8 (dashed-dotted line). Recall
from Theorem 2.5.1 that the Arnoldi I variant and the Krylov-type method are also
residual-maximizing algorithms with special choices of approximate solution. Essen-
tially, those algorithms using solutions closest to the natural choice (p;,u;) appear to
converge fastest; note that the original residual-maximizing method converges almost
completely before the first restart.

Figure 4.8 shows the convergence of the same methods when they are run with-
out restarts, and more clearly illustrates the dramatically different behavior. As in

the restarted case, the methods using approximate eigenvector @, = e; (solid and
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Comparison of restarted residual-maximizing algorithms
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Residual
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Iterations

Figure 4.7: Restarted residual-maximizing algorithms

dashed lines) behave comparably; the Krylov-type projection method (with approxi-

mate eigenvector ;.1 = e|j/2)) converges faster, and the natural residual-maximizing

method converges fastest.

4.1.4 Behavior of moment-matching projections

To demonstrate the numerical behavior of the Q-Arnoldi, SOAR, and Lanczos-type
SOAR methods from Section 3.2, each method is applied to the quadratic acoustics
problem of order 564 discussed previously. For this example, we apply a spectral
transformation with a real shift, as in Section 4.1.1. Our choice of shift is ¢ = —260,
so that the symmetric, monic shifted problem in Equation (4.8) can be obtained
using a Cholesky factorization. As before, the desired eigenvalue is A ~ —317.98 +
267.76i. Figure 4.9 shows the results. Each algorithm is applied for 50 iterations;

the gap between the Ritz values and the eigenvalue is plotted in Figure 4.9(a), and
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Comparison of residual-maximizing algorithms without restarts
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Figure 4.8: Residual-maximizing algorithms, unrestarted

the residuals of the corresponding Ritz pairs appear in Figure 4.9(b). The dashed
line shows the residuals computed with the Q-Arnoldi method, while the solid and
dotted-solid lines were computed with the SOAR and generalized Lanczos SOAR
methods, respectively. All three of these projection methods offer comparable rates of
convergence, which is to be expected since they are Arnoldi-based methods matching
m moments.

Furthermore, convergence of nonsymmetric Lanczos is shown in the dotted lines of
Figure 4.9. Recall from Section 3.3 that a triangular-Hessenberg quadratic eigenvalue
problem of order m can be constructed from 2m iterations of nonsymmetric Lanczos.

The recurrence constructs biorthogonal P, and ()s,, so that

0 I
PZTm(C« B)QQm:T2m~
. . . . . 0
If (u,u) is an eigenpair of Ty, then the Ritz pair of (

& ) could be defined

o>~
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Figure 4.9: Moment-matching projections

reasonably as (i, Qou), since its residual is orthogonal to Pa,. If the Ritz vector

Qomu were an exact eigenvector of the linearization, then it would of course have

the form ( ) for an eigenvector x of the original quadratic eigenvalue problem.

x
Ax
Therefore, we can choose the last n components (Qo,,u)1., as an approximate eigen-

vector of the QEP. Similarly, if the triangular-Hessenberg reduction is applied to T3,

I

to construct the linearization ( C(’) B ) , then the eigenpair (u, v) of this order m

quadratic eigenvalue problem gives rise to a corresponding eigenvector PTW ! ( :v )
of T5,,; the corresponding approximate eigenvector of the original QEP would be
v
mP _ . According to Figure 4.9, this choice of approxi-
(QQ < L l(lLLI—Dl)'U ))Ln g g 1YY
mate eigenpair produces residuals that converge like the three Arnoldi-based meth-

ods. However, the accuracy of the Ritz values improves much faster; this is expected,

since the method matches 4m moments instead of m.
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