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ABSTRACT. A deflation by restriction scheme is developed for the inverse-free
preconditioned Krylov subspace method for computing a few extreme eigen-
values of the definite symmetric generalized eigenvalue problem Az = ABz.
The convergence theory for the inverse-free preconditioned Krylov subspace
method is generalized to include this deflation scheme and numerical examples
are presented to demonstrate the convergence properties of the algorithm with
the deflation scheme.

1. Introduction. The definite symmetric generalized eigenvalue problem for (A, B)
is to find A € R and x € R™ with x # 0 such that

Az = \Bzx (1)

where A, B are n X n symmetric matrices and B is positive definite. The eigen-
value problem (1), also referred to as a pencil eigenvalue problem (A, B), arises in
many scientific and engineering applications, such as structural dynamics, quantum
mechanics, and machine learning. The matrices involved in these applications are
usually large and sparse and only a few of the eigenvalues are desired.

Iterative methods such as the Lanczos algorithm and the Arnoldi algorithm are
some of the most efficient numerical methods developed in the past few decades
for computing a few eigenvalues of a large scale eigenvalue problem, see [1, 11,
19]. Their speed of convergence depends on the spectral distribution of (1) and
they may suffer from slow convergence when the desired eigenvalues are not well
separated. Preconditioning techniques may be used to accelerate the convergence of
these iterative methods. One of the most effective techniques is the shift-and-invert
transformation. However, for truly large problems, it may be too expensive or even
infeasible to employ the shift-and-invert method as it requires the LU factorization
of a shifted matrix. To avoid the fill-in of zero entries of a sparse matrix caused by
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the LU factorization, one can consider incomplete factorizations that are used as
preconditioners for solving linear systems. Several methods have been proposed that
can effectively accelerate convergence of an eigenvalue algorithm without using the
(complete) LU factorization of the shift-and-invert. The Jacobi-Davidson method
[20, 4], the JDCG algorithm [16], the locally preconditioned conjugate gradient
method (LOBPCG) [6, 7], and the inverse-free preconditioned Krylov subspace
method [5, 14] are some of such methods, among many others (see [2, 3, 6, 7, 12,
13, 15, 21, 24] for example).

The inverse-free precondioned Krylov subspace method of [5] is a Krylov subspace
projection method that computes the smallest (or the largest) eigenvalues of (1).
The method is based on an inner-outer iteration that does not require the inversion
of B or any shifted matrix A — AB. Given an approximate eigenvector x; and its
Rayleigh quotient pg, it approximates the smallest eigenvalue iteratively through
the Rayleigh-Ritz projection on the Krylov subspace

Ko (Hg, zk) = span{xk,Hkxk,ngk,...,H;”xk} (2)

where Hy, := A — ppB. Tt is proved in [5] that this method converges at least lin-
early with a rate determined by the spectral separation of the smallest eigenvalue
of Hj. This convergence theory leads to a preconditioning scheme that acceler-
ates the convergence through some equivalent congruent transformation based on
incomplete factorizations. This procedure, however, computes one eigenvalue (the
smallest) only. To compute additional eigenvalues, a deflation technique needs to be
used. Note that a block version developed in [18] can compute several eigenvalues
simultaneously, but it is efficient largely for severely clustered eigenvalues.

Deflation processes are standard methods used by iterative eigenvalue algorithms
to compute additional eigenvalues after some eigenvalues have converged. Two
widely used deflation techniques are the Wielandt deflation (or known as deflation
by subtraction) where the matrix is modified with a low rank perturbation to move
converged eigenvalue to a different part of spectrum, and deflation by restriction
where approximate eigenvectors and relevant subspaces are projected to the orthog-
onal complement of the converged eigenvectors, see [17, 19, 23]. Both of these de-
flation schemes can be used in the standard Lanczos and Arnoldi algorithms. There
are variations of these schemes that are suitable for some particular methods. For
example, the implicitly restarted Arnoldi algorithm [9, 10, 11] employs an elaborate
deflation scheme (locking and purging) that is similar to deflation by restriction.
The Jacobi-Davidson method [20, 22] incorporates a partial Schur decomposition
deflation.

For the inverse-free preconditioned Krylov subspace method [5, 14], a natural
deflation scheme is the Wielandt deflation where the method is implicitly applied
to a low rank modified problem. Specifically, assume that ¢ eigenpairs (A;, v;)(for
1 <i < /) of (A, B) have been found and let V; = [v1, ..., ] with VT BV, = I and
Ag = diag(Aq, ..., Ae). If Aprq < ... <\, are the remaining eigenvalues, then A\pyq is
the smallest eigenvalue of

(A, B) := (A + (BV))X(BVy)", B) (3)

where ¥ = diag{a — \;}(1 < ¢ < {) with « any value chosen to be greater than
A¢41. Therefore A\py1 can be computed by applying the inverse-free preconditioned
Krylov subspace algorithm to (Ay, B) and all the known convergence theory is
directly applicable. This deflation method is implemented in the MATLAB program
eigifp of [14].
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In some applications, the deflation (3) alters the structure of the problem which
may cause some difficulties in its implementations. Consider computing a few small-
est singular values of a matric C. In [8], the inverse-free Krylov subspace method
is implicitly applied to A = CTC to compute the singular values of C. To carry
out the Rayleigh-Ritz projection, it is proposed to apply the projection directly to
C rather than to A = CTC; namely, we compute the smallest singular values of
YWTLCZm, rather than the smallest eigenvalues of Z};LCTCZm, where Z,, and Y,,, are
orthogonal bases of the subspaces IC;,, and CK,,, respectively. In this way, the sin-
gular values of C' are approximated by the singular values of the projection matrix.
Avoiding squaring of the singular values allows tiny singular values to be computed
more accurately (see [8]). However, the deflation (3) changes the problem to the one
for CTC +V, £V, for which the Ritz values can not be formulated as the singular
values of some projection matrix. In this setting, therefore, it is more desirable to
work with the original problem without the low rank modification.

The deflation by restriction is a method that ensures convergence to the desired
eigenpairs through projecting all approximate eigenvectors (or subspaces of candi-
date eigenvectors) to the B-orthogonal complement of V, := span{vy,--- ,v,}. This
certainly ensures the resulting approximate eigenvectors are the ones desired, but
the process alters the underlying algorithm which may change its convergence prop-
erties. For the inverse-free Krylov subspace method, we can apply Rayleigh-Ritz
projections directly on (A, B) but replace the Krylov subspace K,,, (A — px B, xy) by
the projected subspace

Km((I = VeV B)(A — puB), (I — V,V[" B)ay,) (4)

This enforces that all approximate eigenvectors obtained are in the B-orthogonal
complement of V; but the resulting algorithm is no longer equivalent to the original
one and there is no guarantee on the convergence of the new process. Note that the
spectral projection I — W‘QTB does not generally diagonalize the matrix A — p B
(for B # I) and hence the projected subspace (4) is not equivalent to the one
produced by A — pB and a projected initial vector (I — VszTB)ack. Nevertheless,
this deflation strategy is implemented in [8] for the singular value problem and it is
reported numerically that it has a convergence characteristics similar to the original
process.

In this paper, we will show that the original convergence theory in [5] can be
generalized to the algorithm modified with the deflation by restriction scheme based
on (4). We will show that the algorithm with deflation by restriction still converges
globally and under some conditions converge locally at least linearly. However,
the rate of convergence is now determined by the eigenvalues of (I — BV,V,T)(A —
prB)(I — V,V,'B) as illustrated in Section 3. Numerical experiments will be given
to demonstrate our theoretical results.

The paper is organized as follows. We briefly review the inverse-free precondi-
tioned Krylov subspace method in Section 2. In Section 3 we introduce the new
deflation strategy and prove some global and local convergence results that are sim-
ilar to the ones in [5]. We will present some numerical examples in Section 4 to
illustrate the convergence properties. We conclude the paper with some remarks in
Section 5. Throughout the paper, we use || - || to denote 2-norm.

2. Inverse-free Preconditioned Krylov Subspace Method. Given a vector
z, the Rayleigh quotient p(x) = (27 Az) /(2T Bz) is the best approximation to an ei-
genvalue in the sense that & = p(x) minimizes the 2-norm of the residual Az —aBuz.
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Since r = (Az — p(x)Bx)/xT Bz is the gradient of p(z), the well-known steepest de-
scent method aims to minimize the Rayleigh quotient over span{z, r}. Noticing that
it can be viewed as a Rayleigh-Ritz orthogonal projection method on the Krylov
subspace K1(A — p(z)B, z) = span{z, (A — p(z)B)x}, the inverse-free Krylov sub-
space method improves this by considering the Rayleigh-Ritz orthogonal projection
on a larger Krylov subspace K,,(A — p(x)B,x) = span{x, (A — p(x)B)z, ..., (A —
p(x)B)™x}. Namely, assume that xj, is the approximate eigenvector at step k in an
iterative procedure of finding the smallest eigenvalue of the pair (A, B), [5] obtains
a new approximation through the Rayleigh-Ritz orthogonal projection on

K (A — pp B, xr) = span{ay, (A — ppB)xk, ..., (A — ppB)" 21}

where
xl Azy,

(5)

and m is a parameter to be chosen. Suppose Z,, is a matrix whose columns are
basis vectors of K., (A — pr. B, ). Let A, = ZL (A~ ppB)Z,, and B, = ZL BZ,,.
The smallest eigenvalue pq of (A, B,,) and a corresponding eigenvector h can be
obtained by any state-of-the-art eigensolver. Then the new approximation xy41 is

Th+1 = th (6)

pr = p(ry) = T Bay

and, correspondingly, the Rayleigh quotient
Pk+1 = Pk T 11 (7)

is a new approximate eigenvalue. The choices of Z,, are not unique and it can be
constructed by either the Lanczos method or the Arnoldi method with the B-inner
product; see [5] for a more detailed discussion. Throughout this paper, we will
only consider the case when the columns of Z,,, are B-orthonormal, i.e. Z77T1BZm =
I. Then the basic procedure of inverse-free Krylov subspace method is given in
Algorithm 2.1.

Algorithm 2.1 Inverse-free Krylov subspace method for (A, B)

: Input: m > 1 and an initial approximate eigenvector xz¢ with ||zo|| = 1;
: po = p(o);
: for k=0,1,2,... until convergence do
Construct a B-orthonormal basis Z,,, = [z, 21, - - - , 2m] for Ky (A—pr B, xk);
Form A,, = ZL (A — px B) Zn;
Find the smallest eigenpair (u1,h) of Anp,;
Pr+1 = pr +p1 and Ty = Zph.
end for

SR N

The following theorem states that Algorithm 2.1 always converges to an eigenpair
of (A, B).

Theorem 2.1. ( [5, Proposition 3.1 and Theorems 3.2]) Let Ay be the smallest
eigenvalue of (A, B) and (pg,xr) be the eigenpair approzimation of Algorithm 2.1
at step k. Then

1. A1 < pryr < prs R X

2. pi converges to some eigenvalue A of (A, B) and ||(A — AB)xg| — 0.
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Theorem 2.1 shows that zjp in Algorithm 2.1 always converges in direction to
an eigenvector of (A, B). Through a local analysis, we have that Algorithm 2.1
converges linearly under some conditions with a rate bounded below.

Theorem 2.2. ( [5, Theorems 3.4]) Let A\ < Ao < --- <\, be the eigenvalues of
(A, B). Let (pg+1,Trt1) be the approxzimate eigenpair obtained by Algorithm 2.1 at
step k+1 from (pg, k). Let 01 < 09 < --- < oy, be the eigenvalues of A— pi.B and
uy be a unit eigenvector corresponding to o1. Assume A1 < pi < Xa. Then

By}
pra1 — A1 < (pr — M)en, + 200k — M)* e (”(72|> +0 (o —2)%) (8

where

m = min max |p(o;
m pep'm;p(o'l)zl 13&1 ‘p( 1,)|

and Py, denote the set of all polynomials of degree not greater than m.

Theorem 2.2 shows that pj converges at least at the rate of €2, which is bounded

in terms of o; as .
em§2(1_‘/5) with ¢ = 2L,
1+ \/5 On — 01
It illustrates an interesting fact that the speed of convergence of pi depends on
the distribution of eigenvalues of A — piB rather than those of (A4, B). It leads
to some equivalent transformations of the problem, called preconditioning, that
changes the spectrum of A — piB to accelerate the convergence of Algorithm
2.1. In particular, suppose \; < pr < Ag and let A — ppB = LkaLg be the
LDLT factorization with Dy = diag{—1,1,...,1}. Then the transformed pair
(A, Bp) = (L *AL T, LY AL T) will have the same eigenvalues as (A, B) and the
convergence of Algorithm 2.1 will depend on the spectral gap of L,;l(A - pkB)L,;T
in which case €, = 0. Then, by Theorem 2.2, the preconditioned Algorithm con-
verges quadratically. However, this is an ideal situation since we assume a complete
LDLT factorization and Lj is computed for each iteration which is not practical.
In practice, we use an approximate LDLT factorization through an incomplete fac-
torization for example. This usually leads to a small €, and hence accelerates
convergence; see [5] for more discussions.

3. Analysis of Deflation Algorithms. Algorithm 2.1 computes the smallest ei-
genvalue of (A, B) only. When the smallest eigenvalue has been computed, we can
use a deflation procedure to compute additional eigenvalues. While both the defla-
tion by restriction method and the Wielandt deflation can be used in most other
iterative methods, the Wielandt deflation is the only one that can be directly used
for Algorithm 2.1. We first briefly describe this process as presented in [14].

Suppose that ¢ eigenpairs (A;, v;)(for 1 <4 < ¢) of (A4, B) have been found and let
Vi = [v1,...,vy] with VBV, = I and A, = diag{\1,...,A\¢}. Then AV, = BV,A,.
In the Wielandt deflation method, we apply Algorithm 2.1 to

(A, B) := (A + (BV))X(BV,)T, B) where ¥ = diag{a — \;}

with a any value chosen to be greater than Ayyo. Since g4 is the smallest eigenva-
lue of (Ay, B), Algorithm 2.1 will converge to Ay11 under the conditions of Theorem
2.2.

As discussed in the introduction, the Wielandt deflation changes the structure
of the problem and this may be undesirable in certain applications such as the
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singular value computations (see [8]). In such problems, it is of interest to consider
the deflation by restriction, namely, by projecting the subspaces involved to the B-
orthogonal complement of V; := span{vy,--- ,vs}. This can be done by simply using
(I = ViV B)K,(A — pi.B, xi), but this does not lead to a convergent algorithm.
A more appropriate approach is to apply the projection on the matrix or on every
step of the basis construction; namely we use K,,((I — V;V,/ ' B)(A — pxB), (I —
VgVZTB)xk); This also changes subspaces and the existing convergence theory does
not apply. However, it has been observed numerically in [8] that such a deflation
scheme appears to work in practice.

In this section, we formulate a deflation by restriction method for the inverse-
free Krylov subspace method (Algorithm 2.1) and present a convergence theory
that generalizes the convergence results of Section 2. We first state the deflation by
restriction method in the following algorithm.

Algorithm 3.2 Inverse-free Krylov subspace method with deflation by restriction

1: Input: V; = [vq, -+, v] satisfying Av; = \; Bv; (for 1 <i <) and V,/ BV, = I;
m and z¢ with ||zo| = 1 and V) Bz = 0;

: po = p(xo);

: for £k =0,1,2,... until convergence do
Construct a basis {21, 22, ..., 2m} for K ((I — ViV B)(A — pi B), x.);
Ay =ZL (A~ pi.B)Z,, and B,, = ZL BZ,, where Z,, = [z1, 22, ..., Zm];
Find the smallest eigenvalue p; and a unit eigenvector v for (A,,, By );
Pk+1 = pr + p1 and 41 = Zpv.

end for

S I A

The difference of this algorithm from the standard one (Algorithm 2.1) is the use
of the projected Krylov subspace K,(Py (A — prB), zi) where Py = I — V,V,B.
We can easily show by induction that Py xy = xy for all k. Then

K (Pv (A = prB),xr) = Kin(Pv (A — pp B) Py, zy).
However, since the columns of V; are generally not eigenvectors of A — ppB (when
B # I), Py(A — ppB)Py does not lead to a deflated operator (i.e. a spectral
restriction of A—py B). Indeed, with Py a B-orthogonal projection, Py (A—pyB)Py
is not even symmetric. However, the following lemma expresses the Krylov subspace
as one generated by a symmetric matrix, which is key in our analysis of Algorithm

3.2.

Lemma 3.1. Let Vy = [v1,---, v be such that Av; = \;Bv; (for 1 < i <1) and
VIBV,=1. Let Py =1 —V,VIB. Then we have

(A— pxB)Py = P} (A— pB) (9)
and for any xp with Pyx, = xk,

K (Py (A — pp.B), 1) = Py K, (PE (A — pp B) Py, xp). (10)
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Proof. First we have AV, = BV;A, where A = diag{\1,---,\¢}. Then V7A =
AV B. 1t follows that

PY(A=pB) = (A-ppB)— (BV,V,"A - pBV,V;" B)
= (A—pxB) - (BV,AV{' B — px BV;V{' B)
= (A—pB) — (AViV{' B — pe BV;V/ B)
= (A—-pB)Py,

which proves (9). From this and PZ = Py, we have
PL(A — ppB)Py = (A — py,B)Py Py = (A — ppB)Py.
Thus, it follows from Py xj = xy that foralli=1,--- ,m —1,
(Pv(A—piB))ax = (Py(A—piB)) Pyay
Py ((A— prB)Py )"z
= Py(Py(A—piB)Py) 'z
Hence K, (Py (A — ppB), z1) = Py K (PE (A — pp B) Py, o). O

With the above characterization of the projection subspace used in Algorithm
3.2, the convergence properties described in Section 2 can be generalized following
similar lines of proofs in [5, Theorem 3.2] with careful analysis of some subtle effects
of the projection that are highly nontrivial. We first present a generalization of the
global convergence result (Theorem 2.1).

Theorem 3.2. Let V; = [v1,--- ,v] be such that Av; = N\;Buv; (for 1 < i <)
and VfBVg = TI. Let Mpy1 < gy < - < N\, together with Ay, --- , A¢ be the
eigenvalues of (A, B). Let (pk,zk) be the eigenpair approximation obtained at step
k of Algorithm 3.2 with Vy. Then

A1 < pra1 < pr.

Furthermore, py, converges to some eigenvalue X € {Ap1,---, An} of (4, B) and
(A= AB)x|| — 0 (i.e., z) converges in direction to a corresponding eigenvector).

Proof. From Algorithm 3.2, we have

— o+ min w? (A — ppeB)w min wl Aw
Pht1 = Pk wWEW, w#0 wT Bw " wew wT Bw
where W = K., (Pv(A — pi.B),zx) and Py =1 — ‘/g‘/eTB. Since x € W, we have
pr+1 < pg. On the other hand, it follows from Lemma 3.1 that W = Py K, (PL (A—
prB) Py, x) C R(Py) (the range space of Py). Then
wT Aw

Pkt1 > min ——— = Apy1-
VI Bw=0,w#0 wT Bw

It follows that py is convergent. Since {z}} is bounded, there is a convergent
subsequence {z,, }. Let

lim py, = 5\, and limz,, = Z.
Write # = (A — AB)Z. Then it follows from 21 (A — ppB)xy, = 0 that
Ti=2T(A—AB)z = 0.

z



8 QIAO LIANG AND QIANG YE

Suppose now 7 # 0. Using Lemma 3.1 and the fact that Pyt = & which follows
from Pyxp = xj, we obtain
PLp = PI(A—AB)i = (A— AB)Pyi = (A — AB)z = 7. (11)
We now show that & and Py 7 are linearly independent. If they are linearly depen-
dent, we have Py = v for some scaler 7. Then by (11), #T Py PL# = 7T Py =
v#T# = 0. Thus PL# =0 or by (11) again, # = 0, which is a contradiction. There-
fore, & and Py 7 are linearly independent. We next consider the projection of (A, B)
onto span{Z, Py7} by defining
A = [z, Py#)T Al&, Py#] and B = [&, Py#]T B[z, Py #).
Clearly, B > 0. Furthermore,
PSP 0 71T Py i
A—-AB= -
A (fﬁﬁfﬁﬁngAmHM>
is indefinite because, by (11), #T Py = (PL#)T# = #T# # 0. Thus the smallest
eigenvalue of (A, B), denoted by A, is less than A, i.e.

A< A (12)
Furthermore, let 7, = (A — pxB)x,
Ak = [xk,Pka]TA[{L‘k,Pv’r‘k] and Bk = [:L‘k,Pka]TB[LL‘k,Pv’I’k].

Let 5\]{;+1 be the smallest eigenvalue of (Ak, Ek) Clearly, as ny — o0, /Alnk — A and
B, — B. Hence by the continuity property of the eigenvalue, we have

S\nk"rl — 5\

On the other hand, pp41 is the smallest eigenvalue of the projection of (A4, B) on
K, = span{ay, Py (A — ppB)xg, - -, (Py (A — ppB))™ 2}, which implies

Prt1 < Npt1.
Finally, combining the above together, we have obtained
A = lim S\nk+1 > limpp, 11 = A

which is a contradiction to (12). Therefore, # = (A — AB)& = 0, i.e. A is an
eigenvalue and ||(A — AB)zy, || — 0.

Now, to show ||(4 — ;\B)xk|| — 0, suppose there is a subsequence my, such that
(A = AB)xy,, || > o > 0. From the subsequence my,, there is a subsequence ny, for
which 2, is convergent. Hence by virtue of the above proof, ||(A — AB)zy, || — 0,
which is a contradiction. Therefore ||(A — AB)xy| — 0, i.e. x} approaches in direc-
tion an eigenvector corresponding to \. Since zy, is B-orthogonal to {vy,---, v},
we have \ € {Ae41,+ , An}. This completes the proof. O

Next we present a lemma and then our main result concerning local linear con-
vergence of p; that generalizes Theorem 2.2.

Lemma 3.3. Let Vp = [vy,--- ,vg] be such that Av; = \;Bv; (for 1 < i < {) and
VIBV, =1 and let Py = I —V,V'B and V, = span{vy,--- ,vs}. Let A1 <
A2 < oo < Ny, together with Ay, -+, X\ be the eigenvalues of (A, B). Let (pk,xk)
be the eigenpair approximation obtained at step k of Algorithm 3.2 with V; and
assume that Apy1 < pr < Apyo. Let ng(A — peB)Py = WSWT be the eigenvalue
decomposition of PL(A — pxB)Py where S = diag{0,0,---,0,8p41," " , 8.} with
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Se41 < Spqo < oo < sy, and W= [wy, -0 e, Wept, e, Wy with w; € Ve (for
i=1,---,0), andw; L Vy (fori=0+1,--- ,n). Then we have sp11 < 0 < Spy2,
Pywyy1 #0 and

041

< Pk — Aey1- 13
w{, | Py BPywig P +1 (13)
Furthermore, px — Ae+1 and
Se+1 )
= Qe = 01) + Oess = 21)%)- 14
wl,  PTBPyweiy (Met1 — o) + O((Aes1 — pr)?) 14

Proof. First, by Theorem 3.2 and the assumption Ap11 < pr < Agi2, we have the
convergence of pr to Ap41.

Let V = [vet1,Veta, -+ ,v,] be such that Av; = \;Bv; (for £+ 1 < i < n) and
VTBV =1. Let V = [V;, V] and P,V = [Py Vi, PyV] = [0,V] and hence

TpT(A _ _ (9 0 )=
VP, (A PkB)PVV—(O VIA-pB)YV ) L0 A—ppl

where V(A — pp B)V = VIBV(A — ppI) = A — pp.I and A = diag{A\oy1, -, An ).

By Sylvester’s law of inertia and Ap11 — pr < 0 < Apya — pk, Pg(A — pxB) Py has

exactly n—£¢—1 negative, ¢ zero, and 1 nonpositive eigenvalues, i.e., spy1 < 0 < Sp40.
Let w41 = Pywey; and suppose wey1 = 0. Then wey; = VZVL,TBwZH € V.

This implies wyy1 = 0 as we41 L Vy. This is a contradiction. Therefore, w41 # 0.
Furthermore, w11 Lp Vy, i.e. VeTngH = 0. Then

wT Aw

min
VI Bw=0,w#0 wT Bw

At1 =

~T ~
we+1Aw€+1

IN

w;ﬂ-lBﬁ’L’—&-l
Wi, 1 (A — prB)ies
IT’gﬂﬂBwﬁrl
Wi PV (A = piB) Prwei
Wiy Bgs
Se+1
wlj:&-IPgBPle""l '

= pk+

= Pk

= Pkt

where we have used PL(A — ppB)Pywis1 = spp1wesq in the last equation. This
proves (13).

Finally, to prove the asymptotic expansion, let s(¢) be the smallest eigenvalue of
PL(A—tB)Py. Then s(px) = sg41. It is easy to check that s(Asy1) = 0. Using the
analytic perturbation theory, we obtain s'(py) = —w7, ; Bi+1 and hence

s(t) = s(px) + 8" (o) (t = pr) + O((t — p1)?)
= s041 — Wiy B (t = pr) + O((t = pr)?)
Choosing t = A\y11, we have
0= 5(Aet1) = se41 — D11 Bies1(Aesr — i) + O((Aesr — pi)?)

from which the expansion follows. O
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Theorem 3.4. Let Vp = [v1,- - ,vg] be such that Av; = \;Buv; (for 1 <i<1) and
WTB‘/( =1 and write Py = I — VZVZTB and Vy = span{vy, - ,vp}. Let Apy1 <
Ao <o < Ny, together with Ay, -+, A\ be the eigenvalues of (A, B). Let (pg,xr)
be the eigenpair approximation obtained at step k of Algorithm 2.1 with V; and
assume that Agy1 < pr < Agyo. Let P‘j;(A — peB)Py = WSWT be the eigenvalue
decomposition of PL(A — pxB)Py where S = diag{0,0,--- 0,841, ,Sn} with
S041 < Spqa < ovs <8y, and W o= [wy, -+, we, W, e, wy] with w; € Ve (for
i=1,---,0), andw; LV (fori=4+1,---,n). Then py converges to A\p+1 and

Prrt — Aer1 < (pr = Ao )€ + 200 — Aew1)* *em (ﬂ) v + Ok, (15)
where
0 <6k :=pr — Aer1 + ngHPég;szH = O((pr, — Aet1)?)
and
= i mloc)

p(spy1)=1
with Py, denoting the set of all polynomials of degree not greater than m.

Proof. First, it follows from Lemma 3.3 that pi converges to Api1, se+1 <0 < Sppo
and Pywpqq # 0.

Let Hk = Pg(AfpkB)Pv. From Lemma 3,1, ICm(Pv(AfpkB),Ik) = Pva(Hk,l’k) =
{Pyp(Hy)zr,p € Pp}. At step k of the algorithm, we have

. uT Au
PRl = kP A5y, uT Bu
w0
B . uT (A — ppB)u
= et UG’Cm(PVIEE?PkB)vwk% uT Bu

= pr+ min xgp(Hk)P\;(A — pkB)Pvp(I:Ik)xk
PEPm, gjgp(Hk>P‘7;BP\/p(Hk)-Tk

Py p(H},)w), #0

in x?p(ﬁk)ﬁkp(ﬁk)%k
PEPm, xgp(Hk)(P‘Z;BPV)p(Hk)xk

Py p(Hp)x ), #0

= pk+

Let ¢ be the minimizing polynomial in €, with ¢(s,41) = 1 and max;>;4+2 |q(s;)| =
€n < 1. Let

S': diag[85+1,"' ,Sn] and W: [we"rl)'” ,U}n]-

Then W = [V,T, W} for some T € R®*™. Since xfﬁkxk = 2T (A - pB)zy = 0
and m{f[kxk = 2] WSWTz), = Z?:Z+1 si(wlazy)? with s; > 0 for i > £+ 2, we
have w], 23, # 0. Hence Pyq(Hy)z, = PyWq(S)WT Ty, = [0, Py W]q(S)W Ty, # 0
where we note that \QTW = 0 and hence PVW has full column rank. Let By =
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WTP‘;BPVVAV and y = WTxk. Then

a2l q(Hy) Hyq(Hy)x
P+l S Prt % ’Eq( k)T k4( k)Nk?
), q(Hy)(Py BPy )q(Hp)
— ot 2FWq(S)Sq(S)W
P TS PR TS
= prt ef Wq?(5)SW
x{Wq(S)WTPgBPVWq(S)WTxk
_ ey YTES)Sy )
Tq(S)B1g(S)y

where we have used

Wq(S)Sq(SYWT = Wq?(S)SwWT
and
PyWq(SYWT = [0, Py W]q(S)WT = P, Wq(S)WT.

Let Yy = [ylayQa cee 7yn—dT7 g = [O7y2a cee 7yn—€]T7 and €1 = [170a .. 'aO]T S Rn—@_
Then,

v q(S)Big(S)y = (mer +9)"q(5)Big(S)(yrer + 9)
yiq(ser1)’e] Bier +2y1q(se)e] Big(9)g + 9" q(S)Brg(9)g
= yiBi + 2162 + B3,
where 31 > 0, 8> and (83 > 0 are defined such that

g = e?BlelzwangBPVlev
B = §7q(8)B1q(8)d

< max q(s:)*|| BrllI911?

= enlBll9l

and
B2 = le] B1g(S)w| < B1Bs.
Since yTgy = .Z‘{WSA’WT.L“]C =1 T Hyxp = 0, we have Z 1 se+iy? = 0. Then

n—~

seatly? = 3 sexat? > seralll, (17)
i=2
and hence
[sea] )
b < enl| 2 (220) (18)
Se+2
On the other hand, we also have
n—~{ n—~{
TP (9)Sy = serid®(sexi)yi <D seriv; =y Sy =0
i=1 i=1
and
n—~
0<9"¢°(9)59 = Zse+zq seri)¥i < € Y sevii = emlseralyl,  (19)

1=2
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where we have used that q(s¢+1) =1, [¢(se+i)| < €m < 1 fori > 1 and (17). Thus

v'P(S)Sy  _ yisen +97a(9)°S9
yTq(S)Biq(S)y —  wiBt+2yilPiPs + B3
ser1 Sevr 20y|BiBs + B3
Bt BT yiBt +20yilBiBs + B3
§"4(5)*59
yiBE + 2ly1|P1Bs + B3
ser1 se1 2l|BiBs 4T q(S)%Sy

IN

B3 BT yist Y333
3/2 1/2
Se41 |Se+1|) <|B||) |ser1] o
< +2< em | )+ hHe, (20
7 72 P gz cm (20

where we have used (18) and (19). Finally, combining (16), (20), and Lemma 3.3,
we have

s ‘ BIN 2
0< pry1 — A1 < pr— Ao + £7+21 +2(pk — A1) 2em <”|> + (o — Aes1)€L,
61 Sp42
aa (1BIN'"? 2
< Ok 200k — Ae1)” Tem (| )+ (k= A1)
Sp42

where 0y = pr — Aey1 + 524%1 = O((px — M+1)?) by Lemma 3.3. The proof is

complete. O

Remark 1. ¢, in the theorem can be bounded by the Chebyshev polynomials as

1 S -5
< — ., where = f2Tin (21)
T, (%) Sn — Si+1

and T, is the Chebyshev polynomial of degree m. This bound can be further

simplified to
emg2(1+VE> (22)
Vo
to show the dependence on the spectral separation . Thus, the speed of conver-
gence of the deflation algorithm depends on the spectral gap of the smallest nonzero
eigenvalue of P (A — pyB)Py, rather than that of A — p;B in the original algo-

rithm. In particular, this may have a different convergence characteristic from the
Wielandt deflation (3).

We also note that for small m, the bound (21) may be significantly stronger than
(22), but when m is sufficiently large, (22) is almost as good as (21). It is also easy
to see that, asymptotically, we can use the eigenvalues of P‘Y; (A —X41B)Py in the
place of sp11 < sp40 < -+ < s, without changing the first order term of the bound;
see [5] for more discussions.

As in [5], a congruence transformation can be used in Algorithm 3.2 to reduce €,
to 0 so as to accelerate convergence. Consider the ideal situation that we compute
the LDLT-decomposition of Pg(A —pB)Py = LkaLg with Dy, being a diagonal
matrix of 0 and +1. Then the congruence transformation

(A, By) = (L' ALY L' BL.T)
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does not change the spectrum of (A, B). Applying Algorithm 3.2 to the transformed
problem, we use

Vo= LiVy
to construct the projection Py := I — EWVZT, as Apd; = Aiékﬁi(l <i<¥) and
%Tékw = I. Then, by Theorem 3.4, the convergence rate is determined by the
eigenvalues of Pg(/l — pkB)P‘y. It is easy to see that

PI(A—ppB)Py = L' P (A— pu B)Py L, " = D, (23)
Then at the convergence stage with \j11 < pr < A\j42, we have s1 = -+ =5, =0
and s;41 = —1, s;42 = ... = s, = 1, which implies, for m > 1, ¢, = 0, and hence

by Theorem 3.4,

Pk — A1 < 6 = O((pr — Nig1)?).
The above is an ideal situation that requires computing the LDL”-decomposition.
In practice, we can use an incomplete LDLT-decomposition of PL(A — uB)Py =
LkaLg with a shift u = pg (or Ag41), which would reduce €, and hence accelerate
convergence.

4. Numerical Examples. In this section, we present two numerical examples to
demonstrate the convergence properties of the deflation by restriction for the inverse
free Krylov subspace method. All computations were carried out using MATLAB
version 8.0.0.783 from MathWorks on a PC with an Intel quad-core i7-2670QM @
2.20GHz and 12 GB of RAM running Ubuntu Linux 12.04. The machine epsilon is
u~22-10716.

Our implementation is based on the MATLAB program eigifp of [14]. In par-
ticular, the basis of the projected Krylov subspace is constructed using the Arnoldi
method. In both examples, we compute the three smallest eigenvalues and use the
deflation algorithm in computing the second and the third smallest eigenvalues.
The initial vectors are generated by randn(n,3) and we fix the number of inner
iterations as m = 20. Note that m can be set to be chosen adaptively in eigifp,
but here we consider a fixed m for the demonstration of the convergence bound by
ém. The stopping criterion is set as ||r| < 1078, where r, = (Azy — pr.Bxy)/||7x]-

ExAMPLE 1. Consider the Laplace eigenvalue problem with the Dirichlet bound-
ary condition on an L-shaped domain. A definite symmetric generalized eigenvalue
problem Ax = ABx is obtained by a finite element discretization on a mesh with
20,569 interior nodes using PDE toolbox of MATLAB. Three iterations of deflation
algorithms are carried out to compute the three smallest eigenvalues and we plot
the convergence history of the residuals ||rg|| against the number of iterations for
the three eigenvalues \;(1 < 4 < 3) together in Figure 1. To illustrate Theorem 3.4,
we also plot in Figure 2 the convergence rate (pr+1 — Ai)/(pr — Ai) and compare
it with the upper bound (21) of €2,. For the purpose of simplicity, the bound (21)
is computed from the eigenvalues of the projected matrix PL(A — \;B)Py. The
top straight lines are the upper bounds of €2, and the bottom three lines are the
corresponding actual error ratios (pr+1 — Ai)/(pr — Ai)-

We observe that the deflation algorithm converges indeed linearly and (21) pro-
vides a good bound on the rate of convergence. We note that \; takes more it-
erations overall than the other two eigenvalues. This is due to the use of initial
random vector for A;, but to compute Ay and A3 in the eigifp implementation,
initial approximate eigenvectors are computed from the projection used to compute
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15 20 25 . 30 35 40 45
Number of Iterations

FiGUure 1. Convergence History of Residuals for three eigenvalues
)‘17 )\23 >\3

A1. As a result, Ao and A3 have smaller initial errors, but their overall convergence
rates are still comparable as suggested by their bounds. Finally, we list all the
converged eigenvalues, the number of iterations used to reduce the residuals below
the threshold, and their final residuals in Table 1.

TABLE 1. 3 smallest eigenvalues of Laplacian eigenvalue problem on
L-shaped domain

Al Number of Iterations | Residual |ri|
23.3876 42 5.50e-09
37.9873 36 4.76e-09
47.4515 30 9.98e-09

EXAMPLE 2. In this example, we consider the deflation algorithm when used
with preconditioning. A and B are the same finite element matrices as in Example
1. For preconditioning, we use a constant L as obtained by the threshold incomplete
LDLT factorization of A— p;B with the drop tolerance 10~2, where the shift p; is an
approximation of the desired eigenvalue \;. We use p; = 0 for Ay and pu; = A;_1 for
i > 1. Then, the convergence rate is given by €,, as determined by the eigenvalues
of L7'PL(A— \;B)PyL~T as in (21).

As in Example 1, three iterations of deflation algorithms with preconditioning are
carried out to compute the three smallest eigenvalues. We plot the convergence his-
tory of the residuals |7y || in Figure 3 and the convergence rate (px+1— Ai)/(pr — Ai)
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—+—X\

30 35 40 45

20 25
Number of lterations

FIGURE 2. Top: bound €2 ; Bottom: error ratio (pr+1 — i)/ (pr — \i)-

as well as its upper bound (21) in Figure 4. We also list all the converged eigen-
values, the number of iterations used to reduce the residuals below the threshold,
and their final residuals in Table 2.

TABLE 2. 3 smallest eigenvalues of Laplacian eigenvalue problem on
L-shaped domain

Al Number of Iterations | Residual |ri|
23.3876 18 1.54e-09
37.9873 14 1.73e-09
47.4515 12 7.63e-09

We observe that the deflation algorithm with preconditioning converges linearly
and (21) provides a very good bound on the rate of convergence. In particular,
with the preconditioning, the convergence bounds are significantly improved and
correspondingly, the actual convergence rates are also improved demonstrating the
effects of preconditioning.

5. Conclusion Remarks. We have incorporated the deflation by restriction method
into the inverse-free preconditioned Krylov subspace method to find several eigen-
values of the generalized symmetric definite eigenvalue problem. We extend the
convergence analysis in [5] to justify the deflation scheme. Numerical examples
confirm the convergence properties as revealed by the new theory. This deflation
scheme allows implementation of the inverse-free preconditioned Krylov subspace
method without using perturbations to the original problems as in the Wielandt
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71|
>
>
T

FiGure 3. Convergence History of Residuals for three eigenvalues
)‘17 )\27 >\3

deflation. This may be important in applications such as the singular value com-
putation where the structure of the problems needs to be preserved.
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