
MA 522 Solution for Homework Assignment #3
(Based on the solutions of John Rotramel)

1. Assume that A is invertible and ||A−1||||δA|| < 1. Prove that

||(A+ δA)−1 − A−1||
||A−1||

≤
κ(A) ||δA||||A||

1− κ(A) ||δA||||A||

.

(|| · || is any matrix operator norm.)

Proof: ||(A+ δA)−1 − A−1|| = ||[AA−1(A+ δA)]−1 − A−1|| =
||[A(I + A−1δA)]−1 − A−1|| = ||(I + A−1δA)−1A−1 − A−1|| =
||[(I + A−1δA)−1 − I]A−1|| ≤ ||(I + A−1δA)−1 − I||||A−1||, so that

||(A+ δA)−1 − A−1||
||A−1||

≤ ||(I + A−1δA)−1 − I||.

Then
||(I + A−1δA)−1 − I|| = || − I + (I − (−A−1δA)−1)|| = || − I +

∑∞
i=0(−A−1δA)i|| =

||− I + I +
∑∞

i=1(−A−1δA)i|| ≤
∑∞

i=1 ||(−A−1δA)i|| ≤
∑∞

i=1 ||−A−1δA||i = ||A−1δA||
1−||A−1δA|| .

Since ||A−1δA|| ≤ ||A−1||||δA|| =⇒ 1− ||A−1δA|| ≥ 1− ||A−1||||δA|| =⇒
1

1−||A−1δA|| ≤
1

1−||A−1||||δA|| , we get

||(A+ δA)−1 − A−1||
||A−1||

≤ ||A−1δA||
1− ||A−1δA||

≤ ||A−1||||δA||
1− ||A−1||||δA||

=
||A−1|| ||A||||A|| ||δA||

1− ||A−1|| ||A||||A|| ||δA||
=

κ(A) ||δA||||A||

1− κ(A) ||δA||||A||

.
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2. If A = BC and A is invertible, where A,B,C are square matrices, prove

κ(A) ≤ κ(B)κ(C).

If B is an orthogonal matrix, prove

κ2(A) = κ2(C).

Proof: Since A is invertible, (BC) is invertible, and A−1 = (BC)−1 = C−1B−1. Then
||A|| = ||BC|| ≤ ||B||||C|| and ||A−1|| = ||(BC)−1|| = ||C−1B−1|| ≤ ||C−1||||B−1||.
Combining the two inequalities and applying the definition of condition number yields

κ(A) = ||A||||A−1|| ≤ ||C−1||||B−1||||B||||C|| = ||B||||B−1||||C||||C−1|| = κ(B)κ(C).

For B orthogonal, ||BC||2 = ||C||2, by HW 2 - Problem 1, yielding ||A||2 = ||C||2.
Next, as B−1 = BT is also orthogonal. ||A−1||2 = ||C−1B−1||2 = ||C−1||2. Combining
the above results gives

κ2(A) = ||A||2||A−1||2 = ||C||2||C−1||2 = κ2(C).
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3. A matrix of the form G = I − geTk (where g ∈ Rn and ek ∈ Rn is the k-th coordinate
vector) is called a Gauss-Jordan matrix.

1. Given a x with eTk x 6= 0, show that there exists a Gauss-Jordan matrix G s.t. Gx
is a multiple of ek.

2. Given an n × n matrix A, construct Gauss-Jordan matrices G1, G2, · · · , Gn suc-
cessively such that

Gn · · ·G2G1A is diagonal

Solution (1):
For Gx to be a multiple α of ek, it must be true that αek = Gx = (I − geTk )x =
x−geTk x = x−g(eTk x) = x−g(xk), since the product eTk x is a scalar, the kth element
of x, and is nonzero by hypothesis. Thus

− 1

xk
(αek − x) =

1

xk
(x− αek) = g

will produce the desired G :
Gx = (I−geTk )x = [I− 1

xk
(x−αek)e

T
k ]x = x− 1

xk
(x−αek)xk = x−x+αek = αek. 2

Solution (2):
In order to convert the kth column of A to all zeros except for the kth element (the one
on the main diagonal), the g vector must be like the tk vectors used to generate Mk

matrices, except the upper triangular entries (those with indices less than k) are not
necessarily zero:

gTk = [
a
(k−1)
1k

a
(k−1)
kk

a
(k−1)
2k

a
(k−1)
kk

. . .
a
(k−1)
k−1,k

a
(k−1)
kk

0
a
(k−1)
k+1,k

a
(k−1)
kk

. . .
a
(k−1)
nk

a
(k−1)
kk

],

where a
(k−1)
ik , 1 ≤ i ≤ n, is an element from Ak−1 = Gk−1 . . . G1A, and a

(0)
ik is an element

from A. a
(k−1)
kk cannot be zero. This gives

Gk = I − gke
T
k =



1 0 . . . 0 −a
(k−1)
1k

a
(k−1)
kk

0 . . . 0

0 1 . . . 0 −a
(k−1)
2k

a
(k−1)
kk

0 . . . 0

...
...

...

0 0 . . . 1 −a
(k−1)
k−1,k

a
(k−1)
kk

0 . . . 0

0 0 . . . 0 1 0 . . . 0

0 0 . . . 0 −a
(k−1)
k+1,k

a
(k−1)
kk

1 . . . 0

...
...

...

0 0 . . . 0 −a
(k−1)
nk

a
(k−1)
kk

0 . . . 1



.
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