MA 522 Solution for Homework Assignment #5
(Based on the solutions of Isaac J. Lee)

1. Let A = LU be the LU-factorization of A with |l;;| < 1. Let @’ and @,T denote the i-th row of A and
U, respectively. Verify that a;" = a;’ — Z;;ll lija;". Use it to show that ||U||maz < 2" || Allmaz
and [|Ul]ee < 271 [[A]|oo.

A=1LU,soa;" = > i lija;" = 22:1 1;;", since I;; = 0 for all j > i. Subtracting 23;11 Lij; "
from both sides, we get

i—1
~T T =1l =1. 07 =T
a; — iU = by = 1-U = U .
j=1

We prove that (1) |[1;]|ec < 2871 ||A|lmaz by induction, but first we note that ||A||maz > ||@|]0o
fori =1, ---, n by the definitions of the two norms.

Base: If i = 1, then 4 = di, 50 ||t1]|eo = ||d1]|ec < ||Allmaz = 227 |Allmaz-

Induction: Assume for some k with 2 < k < n that (1) is true for all ¢« < k — 1. If i = k, then
- ~ k—1 o .

Uy = ap, — ijl l;;43, so we have the following:

k—1
[luk|loo < |lak|loo + Z 345 ]| oo by the Triangle Inequality
j=1
k—1
< ldilloo + Y NleElloo 505 loo = 1liz] - (|05 ][00 <1+ [[05]]o
j=1
k—1
< ||@k||oo + Z 2771 | Al lmae by the inductive assumption (1 < j <k —1)
j=1
k—1
< [|Allmaz + [|Allmaz - Y 277" laklloo < ||A]lmaz
j=1
= [|Al|mas (L+ (271 = 1)) partial geometric sum
=2kt ||A‘|max-
Therefore, for some i € {1, --- , n}, we have ||U]|maz = ||1]]o0 < 27 |A]lmaz < 271 | Allmaz-

We similarly prove that (2) ||a;]|1 < 2°7!||A]|o by induction, and we note that ||A||o > ||d;||1 for
i =1, ---, n by the definitions of the two norms.

Base: If i = 1, then d = i, so [|ii|[1 = |dilli < [|4]loc = 2 [|A]l.

Induction: Assume that (2) is true for all ¢ < k — 1. If ¢ = k, then uj, = aj, — Z;:ll l;juj, so we
have the following (refer to above for intermediary steps):

k—1
il < [lail[+ ) 151
j=1
k-1
< laill + - 277 [ Alloo
j=1
k—1
< |IAlloe + [[Alloo - Y 27
j=1
= 21| 4| oo

Therefore, for some i € {1, --- , n}, we have ||U||oc = |||z < 271 |A]|oo < 2" 7| A]|o-



2. Let U be an upper triangular matriz (the diagonals need not be ones). Let & be the computed solution
to UT = § using backward substitution. Prove that (U + dU)Z = i with |SU| < (ne + O(€2)) |U].

Let i = f1(f(y: = SISy i) /i) = (0 = S w1+ 855)) (1 + do) fuis - (1+ 65)
denote the computed &;. Then, we have

MM =Yi j_iﬂ wij 25 (1 + 0i5) 10i] < (n —2)e + O(e?); |00l |0] < €
= (1 +6) % = yi — jil wij (1 +0;5)% 8ii = (1‘*‘50)1(14‘56) —1; |6:] < 2e+ O(€?)
= zn:uija +0)E; = s

j=i
=Ui=7j U =[] = [ug; (1 +6:j)]; & = [#1 -+ &7
= (U +6U)i = §. oU =U — U = [t — uij) = [0ijuij]

Furthermore, [6U| = |6;;| - |[ui;]] < ((n— i+ 1)e+ O(€?)) - |U| < (ne+ O(€?)) |U|.



	1.
	2.

