MA 522 Solution for Homework Assignment #3
(Based on the solutions of John Rotramel)

1. (Question 2.13, Parts 1 and 2, from the text) In this question we will ask how to solve
By = c given a fast way to solve Ax = b, where A — B is “small” in some sense.

1. Prove the Sherman-Morrison formula: Let A be nonsingular, u and v be column
vectors, and A+uv? be nonsingular. Then (A+uv?)™t = A7 — (A tuwT A7) /(1+
v A~ ).
More generally, prove the Sherman-Morrison- Woodbury formula: Let U and V be
n-by-k rectangular matrices, where k < n and A is n-by-n. Then T' = [+ VT AU
is nonsingular if and only if A+UV7 is nonsingular, in which case (A+UVT)~1 =
At ATlUT VT AL

2. If you have a fast algorithm to solve Az = b, show how to build a fast solver for
By = ¢, where B = A 4+ uwv’.

Proof (Sherman-Morrison formula):
Since (A + uvT) is nonsingular, (A + uv?)~! exists, and the product of the two is I.
Because vT A~y multiplies to form a scalar, the denominator of the fraction is scalar.
So letting w = v A~'u and multiplying yields
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Therefore the Sherman-Morrison formula holds. O

Proof (Sherman-Morrison-Woodbury formula):
(=) If T =1+ VTAU is nonsingular, then

(A+UVvhHA - Al UT ' VvTA™Y =

AATY 4+ UVTA™L — AAWUT-WTA — UVTATLUTWWT AL =

[+UVTA-L —UTWTA — UVTAWUT VA =

I+U(VTA™ Y —UT- Y (VTA™Y) —UVTAWUT Y(VTAY) =

I+U(L-T! = VIALUT Y)Y (VTA ) =T+ U(I =TI+ VTAU))(VTA™Y)
=I+U(I-T-1(I + VTAT'U)) (VT A

—I+U(L-T-'T)(VTA™Y) = 1.

Therefore, (A + UVT) is invertible.

(<) If (A+ UVT) is nonsingular with the given inverse, and using the hint from the
class website to verify T =T — VT (A + UVT)~'U, we have



TI-VIA+UVDHTIU) =T +VTATIOYI - VI(A+UVT)IU) =
+VIATWU = VI(A+ UV WU = VTATTUVT(A+ UVT)IU =
+VIATWU —VI[(A+UVD) L+ AZWUVT(A+ UV HU =
+VIAIU = VT[T + AUV A+ UVH)U =
+VIATWU —VIAY A+ UV A+ UV N =T+ VTATWU - VTATWU =1
So that T is invertible. O
Solution (2):
Given a fast solver for Ax = b, we first solve Ay = ¢ and Az = u. From y and z, we
construct the solution of Bx = ¢ as

rT=y— vy z
—Y 1+0Tz
because
r = Blc (1)
= Ale— (AT A e) /(1 + 0T A7) (2)
= y—zTy)/(1+v"2) (3)



2. Let X = [Z1, 29, -+, &, be the computed inverse of A where #; is obtained by solving
Az; = e; using the computed LU factorization of A (e; is the i-th column of ). Use
the bound on the residual of Z; to show that

AX =1+ F

with [|F|[e < 39ppn46||A||00||X||oo + 0(62)-

Proof:  The residual is r = A% — b, so here, for ' = [f; fo --- f,] we have
AX =1+ F = Az, =e,+ fi = f; = AZ; — e;, so that the f; represent the
residuals for each column.

By theorem, ||0A||o < (3ne+0(€2))||L||xo||U][o < (3n€+0(€2)) (1) (n]|U]]mae) it <
(3ne + O(€?)) gppn*[| Al | oo-

Comparing (A + 6A)z; = ¢ = AZ; + 0AT; = ¢, = Az; = e¢; — §AZ; with

1 filloo = 10A%:][o0 < [10A]locl|Zil[o0 < (3n€ + O(€*)) gppn”|| Alloo | |-

Then, where k is the row index of F' or X,

1 |oo = maxicpen D iy [frsl < D000 maxicuzn [fra| < D201 [ filloo <
> i1 (3ne + O(€%)) gppn® || Al oo 23] = (3n€ + O(€)) gppn®||Alloo 227y 112l
But 327, [[2illeo < 2201 [IX]|oo = nl| X ]|, vielding

1o < (3ne + O(€))gppn|| Alloon| [ X |se = 30" gppel| Al oo [ X [|c + O(€1)1° gyl | Al oo || X -
Subsuming the coefficients into “order” (which works here since n® < n*) yields

[1F1loe < 3gppn*el| Alloo] [ X [oo + O(e?).



