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Abstract. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3. Let L be a second order elliptic system
with constant coefficients satisfying the Legendre-Hadamard condition. We consider the Dirichlet
problem Lu = 0 in Ω, u = f on ∂Ω with boundary data f in the Morrey space L2,λ(∂Ω). Assume
that 0 ≤ λ < 2 + ε for n ≥ 4 where ε > 0 depends on Ω, and 0 ≤ λ ≤ 2 for n = 3. We obtain
existence and uniqueness results with nontangential maximal function estimate ‖(u)∗‖L2,λ(∂Ω) ≤
C ‖f‖L2,λ(∂Ω). If L satisfies the strong elliptic condition and 0 ≤ λ < min (n−1, 2+ε), we show that

the Neumann type problem Lu = 0 in Ω, ∂u
∂ν

= g ∈ H2,λ(∂Ω) on ∂Ω, ‖(∇u)∗‖H2,λ(∂Ω) <∞ has

a unique solution. Here H2,λ(∂Ω) is an atomic space with the property (H2,λ(∂Ω))∗ = L2,λ(∂Ω).
The invertibility of layer potentials on L2,λ(∂Ω) and H2,λ(∂Ω) is also obtained. Finally we study
the Dirichlet problem for the biharmonic equation. We establish a similar estimate in L2,λ for the
biharmonic equation, in which case the range 0 ≤ λ < 2 + ε is sharp for n = 4 or 5.

1. Introduction. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3. The
Dirichlet and Neumann problems with boundary data in Lp(∂Ω) for the Laplace’s
equation in Ω are well understood due to the work of Dahlberg [5, 6], Jerison-
Kenig [19], Verchota [31] and Dahlberg-Kenig [7]. For the stationary Stokes
equations and the systems of elastostatics, the Lp boundary value problems were
solved for n ≥ 3 and p close to 2 in [14] and [11] respectively. Also see [17, 22]
for the general elliptic systems. In [8] Dahlberg and Kenig were able to estab-
lish the Lp solvability for the optimal ranges of p in the case n = 3 for the
systems of elastostatics. However the question of sharp ranges of p for which
one can solve the Lp boundary value problems for elliptic systems remains open
when n ≥ 4.

In this paper we initiate the study of the Dirichlet problem for elliptic systems
with boundary data in the Morrey space L2,λ(∂Ω) as well as the Neumann type
problem with data in H2,λ(∂Ω). Here H2,λ(∂Ω) is a pre-dual space of L2,λ(∂Ω).
We obtain existence and uniqueness results with dilation-invariant estimates in
terms of the nontangential maximal functions for 0 ≤ λ < 2 + ε in the case
n ≥ 4. These estimates may be regarded as the appropriate substitutes for the Lp

estimates.
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More precisely, let (L(u))α = −aαβij DiDjuβ where Di = ∂/∂xi and α,β =
1, . . . , m, we consider



L(u) = 0 in Ω,

u = f on ∂Ω in the sense of nontangential convergence,

‖(u)∗‖L2,λ(∂Ω) <∞
(1.1)

with boundary data f in the Morrey space L2,λ(∂Ω). In (1.1) and hereafter, (u)∗

denotes the nontangential maximal function of u. We assume that the coefficients
aαβij , 1 ≤ i, j ≤ n, 1 ≤ α,β ≤ m are real constants satisfying the symmetry

condition aαβij = aβαji and the Legendre-Hadamard condition:

µ|ξ|2|η|2 ≤ aαβij ξiξjη
αηβ ≤ 1

µ
|ξ|2|η|2(1.2)

for some µ > 0 and any ξ ∈ Rn, η ∈ Rm.

Definition 1.3. Let 0 ≤ λ ≤ n − 1. By L2,λ(∂Ω) we denote the linear space
of functions f ∈ L2(∂Ω) such that

‖f‖2,λ ≡


 sup

Q∈∂Ω
0<ρ<diam(∂Ω)

ρ−λ
∫

B(Q,ρ)∩∂Ω
| f |2 dσ




1/2

<∞,(1.4)

where B(Q, ρ) denotes the ball centered at Q with radius ρ in Rn.

With the norm in (1.4), L2,λ(∂Ω) becomes a Banach space. Clearly L2,0(∂Ω) =
L2(∂Ω) and L2,n−1(∂Ω) = L∞(∂Ω). The following is one of the main results of
the paper.

THEOREM 1.5. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. Then there exists ε > 0 depending on n, m, µ and Ω such that,
given any f ∈ L2,λ(∂Ω) with 0 ≤ λ < min (n−1, 2 +ε), the Dirichlet problem (1.1)
has a unique solution. Moreover the solution u satisfies the estimate

‖(u)∗‖2,λ + ‖S(u)‖2,λ ≤ C ‖f‖2,λ(1.6)

where S(u) denotes the square function of u. In the case n = 3, ‖(u)∗‖2,λ ≤ C ‖f‖2,λ

holds for 0 ≤ λ ≤ 2.

In this paper we also study the Neumann type problem as well as the regularity
problem for the elliptic system. To this end we introduce a pre-dual space of
L2,λ(∂Ω).
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Definition 1.7. Let 0 ≤ λ ≤ n−1. We say a ∈ L2(∂Ω) is an (2,λ) atom on ∂Ω
if there exist Q ∈ ∂Ω and ρ > 0 such that supp a ⊂ B(Q, ρ)∩∂Ω, ‖a‖2 ≤ ρ−λ/2,
and

∫
∂Ω a dσ = 0. By H2,λ(∂Ω) we denote the linear space


g = C +

∞∑
j=1

µjaj:
∞∑
j=1

|µj| <∞,(1.8)

aj is an (2,λ) atom and C is a constant.




with norm

‖g‖H2,λ(∂Ω) ≡
∣∣∣∣
∫
∂Ω

g dσ
∣∣∣∣ + inf



∞∑
j=1

|µj|: g = C +
∞∑
j=1

µjaj


 .(1.9)

The space H2,λ was first introduced by C. Zorko [35] for bounded domains
in Rn. It is not hard to prove that (H2,λ(∂Ω))∗ = L2,λ(∂Ω) for 0 ≤ λ < n − 1.
Note that H2,n−1(∂Ω) is the atomic Hardy space H1(∂Ω). Thus (H2,n−1(∂Ω))∗ =
BMO(∂Ω).

Let (
∂u
∂ν

)α
= aαβij Dju

βNi, α = 1, . . . , m(1.10)

be the conormal derivative, where N = (N1, . . . , Nn) denotes the outward unit
normal to Ω. Consider the Neumann problem




L(u) = 0 in Ω,

∂u
∂ν

= g ∈ H2,λ(∂Ω) on ∂Ω,

‖(∇u)∗‖H2,λ(∂Ω) <∞.

(1.11)

THEOREM 1.12. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. Assume that operator L satisfies the symmetry condition and the
strong ellipticity condition:

µ|ξ|2 ≤ aαβij ξ
α
i ξ

β
j ≤

1
µ
|ξ|2 for some µ > 0 and all ξ = (ξαi ) ∈ Rnm.(1.13)

Then there exists ε > 0 depending only on n, m, µ and Ω such that, given any
g ∈ H2,λ(∂Ω) with 0 ≤ λ < min (n − 1, 2 + ε) and

∫
∂Ω g dσ = 0, the Neumann

problem (1.11) has a unique (up to a constant) solution. Moreover the solution u
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satisfies

‖(∇u)∗‖H2,λ(∂Ω) ≤ C ‖g‖H2,λ(∂Ω).(1.14)

A few remarks are in order.

Remark 1.15. The proof of Theorems 1.5 and 1.12 is based on an approach
developed by Dahlberg-Kenig [8] for the three-dimensional elliptic systems and
by Pipher-Verchota [26, 27] for the biharmonic equation in R3. In the case n = 3,
this approach yields the L∞ estimate for solutions of the Dirichlet problem as
well as an estimate in the Hardy space H1 for the Neumann problem. The desired
Lp estimates then follow by interpolation. Here we extend the approach to higher
dimensions. Although it fails to get the L∞ estimate for n ≥ 4 (in fact, the L∞

estimate does not hold in general for biharmonic functions in Lipschitz domains
for n ≥ 4 [26]), we are able to establish dilation-invariant estimates of solutions
in terms of the nontangential maximal functions in the Morrey spaces and their
pre-duals. Note that, by Hölder inequality,

Lp(∂Ω) ⊂ L2,λ(∂Ω) and H2,λ(∂Ω) ⊂ Lp′(∂Ω) for p =
2(n− 1)

n− 1− λ .(1.16)

Thus our estimates (1.6) in L2,λ and (1.14) in H2,λ may be regarded as substitutes
for the Lp estimates. Two main ingredients in this approach are the Caccioppoli
inequality and Lp estimates for the Dirichlet problem with p close to 2. Since
these techniques are basically L2 type estimates, the L2-based Morrey spaces
seem to be a very natural choice.

Remark 1.17. For the Laplace equation, the estimate (1.6) holds for 0 ≤ λ ≤
n− 1. Indeed by [6], if ∆u = 0 in Ω, u = f on ∂Ω and ‖(u)∗‖2 <∞, one has

(u)∗(Q) ≤ C {M(| f |p)(Q)}1/p, Q ∈ ∂Ω

for some p < 2. It follows that

‖(u)∗‖2,λ ≤ C ‖{M(| f |p)}1/p‖2,λ ≤ C ‖f‖2,λ

for any 0 ≤ λ ≤ n− 1. We point out that the estimate (1.14) with 0 ≤ λ < n− 1
for harmonic functions follows by an inspection of the proof of Theorem 1.12 as
well as proofs in [7]. Details are left to the reader.

Remark 1.18. In this paper we will also consider the Dirichlet problem with
data f in H2,λ

1 (∂Ω). Roughly speaking, H2,λ
1 (∂Ω) is the space of functions in
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H2,λ(∂Ω) whose first order derivatives are in H2,λ(∂Ω). We obtain the estimate

‖(∇u)∗‖H2,λ(∂Ω) ≤ C ‖f‖H2,λ
1 (∂Ω)(1.19)

for 0 ≤ λ < min (n − 1, 2 + ε). See Theorem 3.7. Using estimates (1.14) and
(1.19), we show that the conormal derivative of the single layer potential on ∂Ω
for operator L is invertible on H2,λ(∂Ω) for 0 ≤ λ < min (n−1, 2+ε). By duality,
the double layer potential is invertible on L2,λ(∂Ω). See Section 5 for details.

Remark 1.20. It is not known whether or not the conditions on λ in Theo-
rems 1.5 and 1.12 are necessary for general elliptic systems. In the last section
of this paper, we study the Dirichlet problem for the biharmonic equation




∆2u = 0 in Ω,

u = f on ∂Ω,

∂u
∂N

= g on ∂Ω.

(1.21)

We establish a similar estimate in Morrey spaces for biharmonic functions:

‖(∇u)∗‖2,λ ≤ C {‖∇tanf‖2,λ + ‖g‖2,λ}(1.22)

where 0 ≤ λ < 2 + ε for n ≥ 4, 0 ≤ λ ≤ 2 for n = 3, and ∇tanf denotes the
tangential derivatives of f . See Theorem 6.6. Examples constructed by Pipher-
Verchota in [26] may be used to show that the range 0 ≤ λ < 2 + ε is sharp at
least in dimensions n = 4, 5 for estimate (1.22).

Throughout this paper we use C and c to denote positive constants, which may
be different from line to line, which depend only on n, m, the ellipticity constant
µ, λ and Ω. We will use ‖ · ‖p to denote the norm in Lp(∂Ω). For P ∈ ∂Ω and
r > 0, we say B(P, r)∩∂Ω is a coordinate patch for ∂Ω, if there exists a Lipschitz
function ϕ: Rn−1 → R such that, after a rotation of the coordinate system, we
have

Ω ∩ B(P, r) =
{

(X′, xn) ∈ Rn: xn > ϕ(X′)
}
∩ B(P, r).(1.23)

In this new coordinate system, we let

∆(P, ρ) =
{

(X′,ϕ(X′)) ∈ Rn: |X′ − P′| < ρ
}

,(1.24)

D(P, ρ) =
{

(X′, xn) ∈ Rn: |X′ − P′| < ρ and ϕ(X′) < xn < ϕ(X′) + ρ
}

.

Recall that Ω is a Lipschitz domain if there exists r0 = r0(Ω) > 0 such that
B(P, r0)∩ ∂Ω is a coordinate patch for any P ∈ ∂Ω. Clearly, if 0 < ρ < c r0, we
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have ∆(P, ρ) ⊂ ∂Ω and D(P, ρ) ⊂ Ω. Finally we will make no effort to distinguish
between the real valued Banach spaces like Lp(∂Ω), L2,λ(∂Ω), H2,λ(∂Ω) and their
R

m-valued counterparts. It will be clear from the context.

Acknowledgments. The work presented in this paper was done partly during
my visit to the Institute of Mathematical Sciences at the Chinese University of
Hong Kong. I thank the Institute for financial support and Professor Zhouping
Xin for his hospitality.

2. Estimates in L2,λ for the Dirichlet problem. The goal of this section
is to give the proof of Theorem 1.5. Throughout this section we will assume
that L is a second order elliptic operator with constant coefficients satisfying the
symmetry property and the Legendre-Hadamard condition (1.2).

We begin by recalling the Lp estimates of solutions of the Dirichlet problem
for p close to 2.

THEOREM 2.1. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. There exists δ > 0 depending on n, m, µ and the Lipschitz
character of Ω, such that if |p− 2| < δ and f ∈ Lp(∂Ω), then there exists a unique
solution u such that Lu = 0 in Ω, u = f on ∂Ω in the sense of nontangential
convergence, and ‖(u)∗‖p <∞. Moreover, the solution will satisfy

‖(u)∗‖p ≤ C ‖f‖p,(2.2)

where C depends only on n, m, µ and the Lipschitz character of Ω. If, in addition,
f ∈ Wp

1 (∂Ω), i.e., f has the first order derivatives in Lp(∂Ω), then

‖(∇u)∗‖p ≤ C ‖f‖Wp
1 (∂Ω).(2.3)

Remark 2.4. For a function u on Ω, its nontangential maximal function on
∂Ω is defined by

(u)∗(Q) = sup {|u(X)|: X ∈ Ω and |X − Q| < 2 dist (X, ∂Ω)} .

We point out that Theorem 2.1 also holds if we replace Ω by the exterior domain
R

n\Ω and impose an additional condition |u(X)| = O(|X|2−n) as |X| → ∞.

Theorem 2.1 was proved by W. Gao in his thesis [17]. For the boundary data
in Lp, the proof was based on an idea of A. P. Calderón. Another proof of estimate
(2.2) may be found in [28]. Also see [22] for the extension of Theorem 2.1
to Lipschitz domains in Riemannian manifolds. Regularity estimate (2.3) was
established in [17] by showing that the single layer potential for operator L is
invertible from Lp(∂Ω) to Wp

1 (∂Ω). To do this, the main tool is the following
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Rellich-Payne-Weinberger-Nečas identities for solutions of Lu = 0 in Rn\∂Ω:

∫
∂Ω
〈h, N〉aαβij

∂uα

∂xi
· ∂uβ

∂xj
= 2

∫
∂Ω

hiNl aαβlj
∂uα

∂xi
· ∂uβ

∂xj
(2.5)

±
∫

Ω±
div(h) aαβij

∂uα

∂xi
· ∂uβ

∂xj

∓ 2
∫

Ω±

∂hi

∂xl
aαβlj

∂uα

∂xi
· ∂uβ

∂xj
,

∫
∂Ω
〈h, N〉aαβij

∂uα

∂xi
· ∂uβ

∂xj
= 2

∫
∂Ω

(hlNla
αβ
ij − hiNla

αβ
lj )

∂uα

∂xi
· ∂uβ

∂xj
(2.6)

∓
∫

Ω±
div(h) aαβij

∂uα

∂xi
· ∂uβ

∂xj

± 2
∫

Ω±

∂hi

∂xl
aαβlj

∂uα

∂xi
· ∂uβ

∂xj
,

where h ∈ C1(Rn), Ω+ = Ω and Ω− = Rn\Ω. In the case of Ω−, we also need
to assume that u(X) = O(|X|2−n) as |X| → ∞. These two identities will also be
important in this paper.

The following Caccioppoli’s inequality is rather standard. We omit its proof.

LEMMA 2.7. Let P ∈ ∂Ω and 0 < ρ < c r0. Assume that Lu = 0 in D(P, ρ) and
|∇u| ∈ L2(D(P, ρ)). Also assume that on ∆(P, ρ), either u = 0 or ∂u

∂ν = 0. Then

∫
D(P,sρ)

|∇u|2 dX ≤ C
(t − s)2ρ2

∫
D(P,tρ)

|u|2 dX

for 0 < s < t < 1.

LEMMA 2.8. Under the same assumption as in Lemma 2.7, we have

(
1
ρn

∫
D(P,ρ/2)

|u|2 dX

)1/2

≤ Cp

(
1
ρn

∫
D(P,ρ)

|u|p dX
)1/p

for any p > 0.

Proof. By rescaling, we may assume that ρ = 1. Let Ds = D(P, s). By Sobolev
inequality, we have

(∫
Ds

|u|
2n

n−2 dY
) n−2

2n
≤ C

(∫
Ds

|∇u|2 dY
)1/2

+
C
s

(∫
Ds

|u|2 dY
)1/2

(2.9)
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≤ C t
s(t − s)

(∫
Dt

|u|2 dY
)1/2

,

where 0 < s < t < 1, and we have used Lemma 2.7 in the second inequality.
Now given any 0 < p < 2, write

1
2

=
α

p̄
+
β

p

where p̄ = 2n/(n−2), 0 < α,β < 1 and α+β = 1. By Hölder inequality and (2.9),

(
1
|Ds|

∫
Ds

|u|2 dY
)1/2

≤
(

1
|Ds|

∫
Ds

|u|p̄ dY
)α

p̄
(

1
|Ds|

∫
Ds

|u|p dY
)β

p

≤ C

s
n
2 +α(t − s)α

(∫
Dt

|u|2 dY
)α

2
(∫

D1

|u|p dY
)β

p
.

Thus, if we let

I(s) =
(

1
|Ds|

∫
Ds

|u|2 dY
)1/2

,

we have

I(s) ≤ C

s
n
2 +α(t − s)α

I(t)α
(∫

D1

|u|p dY
)β

p

for any 0 < s < t < 1. It follows that

log I(s) ≤ C log
1
s

+ C log
1

t − s
+ α log I(t) + β log

(∫
D1

|u|p dY
)1/p

.(2.10)

Let s = tb and b > 1 to be chosen. We integrate both sides of (2.10) with
respect to dt/t over ( 1

2 , 1) to obtain

∫ 1

1/2
log I(tb)

dt
t
≤ C + α

∫ 1

1/2
I(t)

dt
t

+ C log
(∫

D1

|u|p dY
)1/p

.(2.11)

Note that

∫ 1

1/2
log I(tb)

dt
t

=
1
b

∫ 1

(1/2)b
log I(t)

dt
t
≥ 1

b

∫ 1

1/2
log I(t)

dt
t

.
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Inequality (2.11) then yields that

(
1
b
− α

)∫ 1

1/2
log I(t)

dt
t
≤ C + C log

(∫
D1

|u|p dY
)1/p

.(2.12)

Choose b > 1 so that 1
b − α > 0. Since

I(t) ≥ c

(∫
D1/2

|u|2 dY

)1/2

for t ∈ (1/2, 1), the estimate (2.12) implies that

log

(∫
D1/2

|u|2 dY

)1/2

≤ C + C log
(∫

D1

|u|p dY
)1/p

.

From this, Lemma 2.8 follows. We remark that the argument given above may
be found in [16, 15].

LEMMA 2.13. Let P ∈ ∂Ω and 0 < ρ < c r0. Suppose Lu = 0 in D(P, 2ρ),
u = 0 on ∆(P, 2ρ), and (∇u)∗ ∈ L2(∆(P, 2ρ)). Then

∫
∆(P,ρ)

|∇u|2 dQ ≤ C
ρ3

∫
D(P,2ρ)

|u|2 dX.

Proof. Since B(P, r0)∩∂Ω is a coordinate patch for ∂Ω, there exists a constant
vector h such that 〈h, N〉 ≥ c0 > 0 on B(P, r0) ∩ ∂Ω. Let Dτρ = D(P, τρ) for
τ ∈ (1, 3/2). We apply Rellich identity (2.6) on Dτρ, which may be justified by
using (∇u)∗ ∈ L2(D(P, 2ρ)), to u and this constant vector h. Since u = 0 on
∆(P, 2ρ) and |(hlNla

αβ
ij −hiNla

αβ
lj )∂uα

∂xi
| ≤ C |∇tanu| for each j and β, where ∇tanu

denotes the tangential derivatives of u on ∂Ω, we obtain

∫
∆(P,ρ)

aαβij
∂uα

∂xi
· ∂uβ

∂xj
dQ ≤ C

∫
Ω∩∂Dτρ

|∇u|2 dQ.(2.14)

By an algebraic argument, one can show that

c |∇u|2 ≤ aαβij
∂uα

∂xi
· ∂uβ

∂xj
+ C|∇tanu|2(2.15)

(e.g. see [20, p. 168]). In view of (2.14)–(2.15), we have

∫
∆(P,ρ)

|∇u|2 dQ ≤ C
∫

Ω∩∂Dτρ
|∇u|2 dQ.(2.16)
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By integrating both sides of (2.16) with respect to τ over (1, 3/2), we get

∫
∆(P,ρ)

|∇u|2 dQ ≤ C
ρ

∫
D(P,3ρ/2)

|∇u|2 dX.

Lemma 2.13 now follows from Lemma 2.7.

Let Γ(Y) denote the matrix of fundamental solutions in Rn for operator L
with pole at 0. For X ∈ Ω, let vX(Y) be the unique matrix valued solution to the
L2 Dirichlet problem with boundary data

vX(Q) = Γ(X − Q) on ∂Ω,

given by Theorem 2.1. Let

GX(Y) = Γ(X − Y)− vX(Y)(2.17)

be the matrix Green’s function for operator L in Ω. The following lemma was
proved in [30, p. 241].

LEMMA 2.18. Let X ∈ Ω, P ∈ ∂Ω and ρ = |X − P|. Suppose that ρ < c r0 and
ρ ≤ 2 dist (X, ∂Ω). Then

∫
∂Ω\∆(P,5ρ)

|(GX)∗(Q)|p dQ ≤ C ρ(n−1)−(n−2)p

where |p− 2| < δ and δ is the same as in Theorem 2.1.

LEMMA 2.19. Under the same assumption as in Lemma 2.18, we have

∫
∆(P,32ρ)

∣∣∣∣∣∂GX

∂ν

∣∣∣∣∣
2

dQ ≤ C
ρn−1 ,(2.20)

∫
∆(P,2jρ)\∆(P,2j−1ρ)

∣∣∣∣∣∂GX

∂ν

∣∣∣∣∣
2

dQ ≤ C (2j)−ε

(2jρ)2ρn−3 ,(2.21)

∫
∂Ω\∆(P,cr0)

∣∣∣∣∣∂GX

∂ν

∣∣∣∣∣
2

dQ ≤ C
ρn−3−ε ,(2.22)

where 6 ≤ j ≤ J, 2J ∼ r0/ρ, and ε > 0 depends only on n and δ in Theorem 2.1.

Proof. Using regularity estimate (2.3) for vX and the well-known estimate
for Γ

|∇γΓ(X)| ≤ Cγ
|X|n−2+|γ|
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where γ is a multi-index, we have

∫
∆(P,32ρ)

∣∣∣∣∣∂GX

∂ν

∣∣∣∣∣
2

dQ ≤ C
∫

∆(P,32ρ)
|∇Γ(X − Q)|2 dQ + C

∫
∆(P,32ρ)

∣∣∣∇vX(Q)
∣∣∣2 dQ

≤ C
ρn−1 + C‖Γ(X − ·)‖W2

1 (∂Ω) ≤
C
ρn−1 .

To prove (2.21) for 6 ≤ j ≤ J, we cover ∆(P, 2jρ)\∆(P, 2j−1ρ) with
{∆(Pi, 2j−2ρ)} and apply Lemma 2.13 to GX(·) on ∆(Pi, 2j−2ρ). We obtain

∫
∆(P,2jρ)\∆(P,2j−1ρ)

∣∣∣∣∣∂GX

∂ν

∣∣∣∣∣
2

dQ ≤ C
(2jρ)3

∫
Ωj+1\Ωj−2

∣∣∣GX(Y)
∣∣∣2 dY ,(2.23)

where Ωj = D(P, 2jρ). Choose any p ∈ (2−δ, 2) where δ is given in Theorem 2.1.
By Hölder inequality,

∫
Ωj+1\Ωj−2

∣∣∣GX(Y)
∣∣∣2 dY

≤ C (2jρ)
n+2

2 −
n
p

{∫
Ωj+1\Ωj−2

∣∣∣GX
∣∣∣p dY

}1/p{∫
Ωj+1\Ωj−2

∣∣∣GX
∣∣∣ 2n

n−2 dY

} n−2
2n

≤ C (2jρ)
n
2−

n
p

{∫
Ωj+1\Ωj−2

∣∣∣GX
∣∣∣p dY

}1/p{∫
Ωj+2\Ωj−3

∣∣∣GX
∣∣∣2 dY

}1/2

≤ C (2jρ)
n+1

2 −
n−1

p

{∫
∂Ω\∆(P,5ρ)

∣∣∣(GX)∗
∣∣∣p dQ

}1/p{∫
∂Ω\∆(P,5ρ)

∣∣∣(GX)∗
∣∣∣2 dQ

}1/2

≤ C (2jρ)
n+1

2 −
n−1

p · ρ
n−1

p −(n−2) · ρ
n−1

2 −(n−2)

= C 2jρ · (2j)(n−1)( 1
2−

1
p ) · ρ3−n,

where we have used (2.9) in the second inequality and Lemma 2.18 in the last
inequality. Estimate (2.21) now follows from this and (2.23) with ε = (n − 1)
( 1

p −
1
2 ) > 0. Estimate (2.22) may be proved in a similar manner.

We need one more lemma before we carry out the proof of Theorem 1.5.

LEMMA 2.24. Let ε > 0 be given by Lemma 2.19. Suppose f ∈ L2,λ(∂Ω), where
0 ≤ λ < 2+ε for n ≥ 4 and 0 ≤ λ ≤ 2 for n = 3. Then the unique solution u for the
Dirichlet problem with boundary data f and ‖(u)∗‖2 <∞, given by Theorem 2.1,
satisfies

|u(X)| ≤ C {dist (X, ∂Ω)}
λ+1−n

2 ‖f‖2,λ for any X ∈ Ω.
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Proof. We may assume that dist (X, ∂Ω) ≤ c r0 and ‖f‖2,λ = 1. Fix X ∈ Ω.
Let P ∈ ∂Ω such that ρ = |X − P| = dist (X, ∂Ω). Note that

u(X) = −
∫
∂Ω

∂GX

∂ν
f(Q) dQ.(2.25)

Write ∂Ω as the union of the sets ∆(P, 32ρ), ∂Ω\∆(P, cr0), and ∆(P, 2jρ)\
∆(P, 2j−1ρ), j = 6, 7, . . . , J where 2J ∼ c/ρ. Using Cauchy inequality, Lemma 2.19
as well as the definition of L2,λ(∂Ω), we have

|u(X)| ≤ C ρ
λ+1−n

2 + C ρ
3+ε−n

2 + C
∞∑
j=6

(2j)−
ε
2

(2jρ) ρ
n−3

2

· (2jρ)
λ
2 ≤ C ρ

λ+1−n
2

if 0 ≤ λ < 2 + ε and λ ≤ n− 1. The lemma is proved.

We are now in a position to give the following:

Proof of Theorem 1.5. The uniqueness follows from the uniqueness of L2

solutions in Theorem 2.1. To show the existence as well as estimate (1.6), let
f ∈ L2,λ(∂Ω) with ‖f‖2,λ = 1, where 0 ≤ λ < 2 + ε for n ≥ 4 and 0 ≤ λ ≤ 2 for
n = 3. Let u be the unique L2 solution with boundary data f.

Given P ∈ ∂Ω and 0 < ρ < c r0. Let ∆ = ∆(P, ρ) and s∆ = ∆(P, sρ). Write
f = f1 + f2 where f2 = fχ20∆. Then u = u1 + u2 where ui is the unique L2 solution
with boundary data fi, i = 1, 2. By estimate (2.2),

∫
∂Ω
|(u2)∗|2 dQ ≤ C

∫
∂Ω
|f2|2 dQ ≤ C ρλ.(2.26)

To estimate (u1)∗, we note that

(u1)∗ ≤M1(u1) +M2(u1)

where for Q ∈ ∂Ω,

M1(v)(Q) = sup {|v(X)|: X∈D(P, 2ρ) and |X−Q|≤2 dist (X, ∂Ω)} ,(2.27)

M2(v)(Q) = sup {|v(X)|: X∈Ω\D(P, 2ρ) and |X−Q|≤2 dist (X, ∂Ω)} .

We now apply estimate (2.2) to u1 on Lipschitz domain D(P, tρ) for each t ∈
(4, 5). Since u1 = 0 on 5∆, we obtain

∫
∆
|M1(u1)|2 dQ ≤ C

∫
Ω∩∂D(P,tρ)

|u1|2 dQ.(2.28)
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Integrating both sides of (2.28) with respect to t over (4, 5) then yields

∫
∆
|M1(u1)|2 dQ ≤ C

ρ

∫
D(P,5ρ)

|u1|2 dX

≤ Cp ρ
n−1− 2n

p

{∫
D(P,10ρ)

|u1|p dX
}2/p

for any p > 0, where we have used Lemma 2.8 in the last inequality. In view of
Lemma 2.24, we choose p > 0 so that (n− λ− 1)p < 2. We have

∫
∆
|M1(u1)|2 dQ ≤ C ρn−1− 2n

p

{
ρn−1

∫ cρ

0

dr

r
(n−λ−1)p

2

}2/p

≤ C ρλ.

Next note that, by Lemma 2.24,

M2(u1)(Q) ≤ C ρ
λ+1−n

2 for any Q ∈ ∆.

The desired estimate for M2(u1) follows from this easily. Thus we have proved
that ∫

∆
|(u)∗|2 dQ ≤ C ρλ.

It remains to show the square function estimate

∫
∆
|S(u)|2 dQ ≤ C ρλ(2.29)

for 0 ≤ λ < min (n − 1, 2 + ε). Our approach will be similar to that in the case
of the nontangential maximal function estimate. Recall that the square function
S(u) on ∂Ω is defined by

S(u)(Q) =
{∫

γ(Q)
|∇u(X)|2|X − Q|2−n dX

}1/2

(2.30)

where γ(Q) = {X ∈ Ω: |X − Q| < 2 dist (X, ∂Ω)}. It follows from a general result
in [9] that for solutions of the system Lu = 0 in Ω, one has

‖S(u)‖p ≤ C ‖(u)∗‖p for any 0 < p <∞.(2.31)

Given ∆ = ∆(P, ρ). Let f = f1 + f2 and u = u1 + u2 as before. The desired estimate
for S(u2) follows directly from (2.31) and Theorem 2.1 with p = 2. To estimate
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S(u1), we write {S(u1)}2 = {S1(u1)}2 + {S2(u1)}2 where

{S1(u1)}2(Q) =
∫
γ(Q)∩D(P,2ρ)

|∇u1(X)|2|X − Q|2−n dX,(2.32)

{S2(u1)}2(Q) =
∫
γ(Q)∩(Rn\D(P,2ρ))

|∇u1(X)|2|X − Q|2−n dX.

For S1(u1), we apply estimate (2.31) and Theorem 2.1 on D(P, tρ) for each
t ∈ (4, 5). We obtain

∫
∆
|S1(u1)(Q)|2 dQ ≤ C

∫
Ω∩∂D(P,tρ)

|u1|2 dQ,

since u1 = 0 on ∆(P, 20ρ). Integrating above inequality in t over (4, 5), we have

∫
∆
|S1(u1)(Q)|2 dQ ≤ C

ρ

∫
D(P,5ρ)

|u1(X)|2 dX ≤ C ρλ,

as before.
Finally, we note that

∫
∆
|S2(u1)(Q)|2 dQ

≤ C ρn−1
∫

(∪Q∈∆γ(Q))∩(Rn\D(P,2ρ))
|∇u1(X)|2|X − P|2−n dX

≤ C ρn−1
∫

(∪Q∈∆γ(Q))∩(Rn\D(P,2ρ))
[dist (X, ∂Ω)]λ−1−n |X − P|2−n dX

≤ C ρn−1
∫
Rn\D(P,2ρ)

|X − P|λ+1−2n dX

≤ C ρλ.

We remark that in the second inequality above we have used the estimate

|∇u2(X)| ≤ C {dist (X, ∂Ω)}
λ−1−n

2 ,

which is an easy consequence of Lemma 2.24 and the usual interior estimates.
Estimate (2.29) is now proved and the proof of Theorem 1.5 is then complete.

Remark 2.33. It follows from the square function estimate in Theorem 1.5
that ∫

D(P,ρ)
|∇u(Y)|2 dist (Y , ∂Ω) dY ≤ C ρλ ‖f‖2

2,λ(2.34)
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for any P ∈ ∂Ω and 0 < ρ < c r0. This implies that

‖|∇u| dist (·, ∂Ω)
1
2 ‖L2,λ(Ω) ≤ C ‖f‖L2,λ(∂Ω)(2.35)

for 0 ≤ λ < min (n− 1, 2 + ε).

Remark 2.36. Theorem 1.5 also holds if we replace Ω by Ω− and impose an
additional condition |u(X)| = O(|X|2−n) as |X| → ∞ in (1.1).

3. Regularity for the Dirichlet problem. In this section we study the
Dirichlet problem with boundary data f in H2,λ

1 (∂Ω). As in the last section, we
assume that L is a second order elliptic operator with coefficients satisfying the
symmetry property and the Legendre-Hadamard condition (1.2). We start with
the definition of space H2,λ

1 (∂Ω).

Definition 3.1. Let 0 ≤ λ ≤ n−1 and a ∈ W2
1 (∂Ω). We say a is an H2,λ

1 (∂Ω)-
atom if there exist P ∈ ∂Ω, 0 < ρ < c r0 such that supp a ⊂ ∆(P, ρ) and

‖∇tana‖2 ≤ ρ−λ/2.(3.2)

Let f ∈ H2,λ(∂Ω). We say f ∈ H2,λ
1 (∂Ω) if there exist µj ∈ R and H2,λ

1 (∂Ω)-atom
aj such that

∑ |µj| <∞ and f =
∑
µjaj. The norm of f in H2,λ

1 (∂Ω) is defined by

‖f‖H2,λ
1 (∂Ω) = inf



∞∑
j=1

|µj|: f =
∞∑
j=1

µjaj


 .(3.3)

Remark 3.4. It is easy to see that H2,0
1 (∂Ω) = W2

1 (∂Ω) and H2,n−1
1 (∂Ω) is

the atomic space H1
1,at(∂Ω) introduced in [7]. For 0 < λ < n − 1, by Hölder

inequality, we have

H2,λ
1 (∂Ω) ⊂ Wp

1 (∂Ω) for p =
2(n− 1)
n− 1 + λ

.(3.5)

Also observe that, by Poincaré inequality on ∂Ω and (3.2),

‖a‖2 ≤ C ρ(2−λ)/2.(3.6)

The goal of this section is to establish the following theorem.

THEOREM 3.7. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. There exists ε > 0 depending only on n, m, the ellipticity constant
µ and Ω such that, given any f ∈ H2,λ

1 (∂Ω) with 0 ≤ λ < min (n− 1, 2 + ε), there
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exists a unique u satisfying Lu = 0 in Ω, u = f on ∂Ω in the sense of nontangential
convergence, and ‖(∇u)∗‖H2,λ(∂Ω) <∞. Moreover, we have

‖(∇u)∗‖H2,λ(∂Ω) ≤ C ‖f‖H2,λ
1 (∂Ω).(3.8)

To establish the existence of solutions as well as estimate (3.8), we first
introduce the notion of (2,λ) molecules for the space H2,λ(∂Ω) with 0 ≤ λ < n−1
in a similar fashion to the case of the atomic Hardy space [4]. Also see [0].

Definition 3.9. Let F ∈ L2(∂Ω). F is called a (2,λ) molecule if there exist
constants C > 0, γ > λ and P ∈ ∂Ω, ρ > 0 such that

∫
∂Ω
|F(Q)|2 dQ ≤ C ρ−λ,(3.10)

∫
∂Ω
|F(Q)|2|Q− P|γ dQ ≤ C ργ−λ.(3.11)

PROPOSITION 3.12. Let 0 ≤ λ < n − 1. If F is a (2,λ) molecule, then F ∈
H2,λ(∂Ω) and

‖F‖H2,λ(∂Ω) ≤ C0

where C0 depends only on n, γ and C in (3.10)–(3.11).

The proof of Proposition 3.12, which is omitted here, may be carried out
using the same argument as in the case of the atomic Hardy space [4]. Note that
we only need γ > λ. Also, since ∂Ω is bounded, we do not need the mean zero
property in the definition of molecules.

We are now ready to give the following:

Proof of Theorem 3.7. We begin with the uniqueness. Using the definition of
nontangential maximal functions, it is not hard to show that

(u)∗(P) ≤ sup
X∈Kη

|u(X)| + Cη

∫
∂Ω

(∇u)∗(Q)
|Q− P|n−2 dQ,(3.13)

where Kη = {X ∈ Ω: dist (X, ∂Ω) ≥ η} and η > 0 is small. By the fractional
integral estimates, if 1 < p < q <∞ and 1

q = 1
p −

1
n−1 ,

‖(u)∗‖q ≤ C sup
X∈Kδ

|u(X)| + Cδ ‖(∇u)∗‖p.(3.14)

Now suppose (∇u)∗ ∈ H2,λ(∂Ω). Then ‖(∇u)∗‖p < ∞ for p = 2(n − 1)/(n −
1 + λ) by (1.16). It follows from (3.14) that ‖(u)∗‖q < ∞ for q = 2(n −
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1)/(n + 1 − λ). Note that q > 2 − δ if 0 ≤ λ < min (n − 1, 2 + ε) and ε
is small. Thus the uniqueness in Theorem 3.7 follows from the uniqueness in
Theorem 2.1.

To establish the existence of solutions, let u be the W2
1 (∂Ω) solution of

L(u) = 0 in Ω with u = a on ∂Ω, given in Theorem 2.1, where a is a vector-
valued H2,λ

1 (∂Ω)-atom. We will show that, if 0 ≤ λ < min (n − 1, 2 + ε), then
F = (∇u)∗ is a (2,λ) molecule with constants C and γ depending only on n,
m, µ, λ and Ω. By Proposition 3.12. this gives the existence of solutions with
boundary data in H2,λ

1 (∂Ω) as well as estimate (3.8).
To this end, we suppose that supp a ⊂ ∆(P0, r) for some 0 < r < c r0, and

‖∇tana‖2 ≤ r−λ/2. By estimate (2.3),

∫
∂Ω
|F(Q)|2 dQ ≤ C ‖∇tana‖2

2 ≤ C r−λ.(3.15)

This gives (3.10).
Next, let ∆ = ∆(P, ρ) where P ∈ ∂Ω and r ≤ ρ < c r0. We will show that, if

u = 0 on 20∆, then

∫
∆
|F(Q)|2 dQ ≤ C

(
r
ρ

)γ
· r−λ(3.16)

for some γ > 2. Since 0 ≤ λ < min (n − 1, 2 + ε), it is not hard to see that
estimate (3.16), together with (3.15), implies (3.11).

To show (3.16), note that F = (∇u)∗ ≤M1(∇u) +M2(∇u) whereM1,M2

are defined in (2.27). First we apply estimate (2.3) to u in D(P, tρ) for t ∈ (4, 5)
to obtain ∫

∆
|M1(∇u)|2 dQ ≤ C

∫
Ω∩∂D(P,tρ)

|∇u|2 dQ,

where we also used the fact that u = 0 on 20∆. Integrating the inequality above
with respect to t ∈ (4, 5) then yields that

∫
∆
|M1(∇u)|2 dQ ≤ C

ρ

∫
D(P,5ρ)

|∇u|2 dX.

This, together with Lemmas 2.7 and 2.8, implies that

∫
∆
|M1(∇u)|2 dQ ≤ Cp ρ

n−3+ 2(1−n)
p ‖(u)∗‖2

p(3.17)

for any 0 < p < 2.
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To estimate M2(∇u), we note that, if Q ∈ ∆, |X − Q| ≤ 2 dist (X, ∂Ω) and
X ∈ Ω\D(P, 2ρ), then dist (X, ∂Ω) > 2cρ. Thus, by interior estimates,

|∇u(X)|2 ≤ C
ρn+2

∫
B(X,cρ)

|u(Y)|2 dY

≤ Cp ρ
−2− 2n

p

{∫
B(X,2cρ)

|u(Y)|p dY
}2/p

≤ Cp ρ
−2+ 2(1−n)

p ‖(u)∗‖2
p.

It follows that estimate (3.17) also holds forM2(∇u). Thus we have proved that

∫
∆
|F(Q)|2 dQ ≤ Cp ρ

n−3+ 2(1−n)
p ‖(u)∗‖2

p.(3.18)

Finally, choose p ∈ (2− δ, 2). By Theorem 2.1 and (3.6), we have

‖(u)∗‖p ≤ C‖a‖p ≤ Cr(n−1)( 1
p−

1
2 )+1−λ2 .(3.19)

In view of (3.18) and (3.19), we obtain

∫
∆
|F(Q)|2 dQ ≤ C

(
r
ρ

)2+(n−1)( 2
p−1)

· r−λ.

Estimate (3.16) is then proved with γ = 2 + (n − 1)( 2
p − 1) > 2. The proof of

Theorem 3.7 is now complete.

Remark 3.20. We mention in the Introduction that (H2,λ(∂Ω))∗ = L2,λ(∂Ω)
for 0 ≤ λ < n− 1. Indeed, given any f ∈ L2,λ(∂Ω),

�f (g) =
∫
∂Ω

f g dσ, g ∈ H2,λ(∂Ω)(3.21)

defines a bounded linear functional on H2,λ(∂Ω). Moreover, ‖�f ‖ ≈ ‖f‖2,λ. Also,
any element � in (H2,λ(∂Ω))∗ is given by (3.21) with some f ∈ L2,λ(∂Ω).
The proof is left to the reader. It follows from the definition of L2,λ(∂Ω) that
‖ϕ f‖2,λ ≤ ‖ϕ‖∞‖f‖2,λ. By duality, we obtain

‖ϕ g‖H2,λ(∂Ω) ≤ C ‖ϕ‖∞‖g‖H2,λ(∂Ω).(3.22)

In view of (3.8), this implies that the unique solution u in Theorem 3.7 satisfies

∥∥∥∥∂u
∂ν

∥∥∥∥
H2,λ(∂Ω)

≤ C ‖∇u‖H2,λ(∂Ω) ≤ C‖u‖H2,λ
1 (∂Ω).(3.23)



BOUNDARY VALUE PROBLEMS IN MORREY SPACES 1097

Remark 3.24. Theorem 3.7 also hold if we replace Ω by Ω− and impose an
additional condition

|u(X)| = O(|X|2−n) as |X| → ∞.(3.25)

4. The Neumann problem in H2,λ. In this section we study the Neu-
mann problem (1.11) with data in H2,λ(∂Ω) and give the proof of Theorem 1.12.
Throughout this section we will assume that the operator L satisfies the strong
ellipticity condition (1.13). For general elliptic systems satisfying Legendre-
Hadamard condition (1.2), Verchota [32] points out that the L2 Neumann problem
needs not be uniquely solvable modulo finitely many linear conditions.

We begin with the Lp estimate for p close to 2.

THEOREM 4.1. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. There exists δ > 0 depending only on n, m, the ellipticity constant
µ in (1.13) and the Lipschitz character of Ω such that, given any g ∈ Lp(∂Ω) with
2 − δ < p < 2 + δ and

∫
∂Ω g dσ = 0, there exists a unique (up to a constant) u

satisfying Lu = 0 in Ω, ∂u
∂ν = g on ∂Ω in the sense of nontangential convergence,

and ‖(∇u)∗‖p <∞. Moreover, the solution u will satisfy

‖(∇u)∗‖p ≤ C ‖g‖p.(4.2)

Proof. It was pointed out in [11] that the same argument there also yields the
result in Theorem 4.1. We sketch the main ideas here.

First, the uniqueness follows easily from (3.14) and the identity

∫
Ω

aαβij
∂uα

∂xi

∂uβ

∂xj
dX =

∫
∂Ω

u · ∂u
∂ν

dQ.(4.3)

To establish the existence as well as estimate (4.2), we consider the single layer
potential S(f) defined by

(S(f))α (X) =
∫
∂Ω

Γαβ(X − Q)fβ(Q) dQ(4.4)

where f ∈ Lp(∂Ω), p > 1 and Γ(X) = (Γαβ(X))m×m denotes the matrix of funda-
mental solutions in Rn for L with pole at 0. On ∂Ω, the traces of ∇u are given
by

Diu
α
±(P) = ±1

2
Ni(P)bαβ(P) fβ(P) + p.v.

∫
∂Ω

DiΓαβ(P− Q)fβ(Q) dQ,(4.5)

(see [17]), where (bαβ)m×m is the inverse of the matrix (aαβij NiNj)m×m and ±
indicates that the nontangential limit of Diuα is taken from Ω+ = Ω and Ω− =
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R
n\Ω respectively. It follows from (4.5) that

∇tanu+ = ∇tanu− and
∂u±
∂ν

= ±1
2

f + Kνf on ∂Ω,(4.6)

where Kν is a bounded operator on Lp(∂Ω) for p > 1 [3]. Thus the existence
of solution u with estimate (4.2) will follow if one can show that (1/2)I + Kν is
invertible from Lp

0(∂Ω) to itself for p close to 2, where Lp
0(∂Ω) denotes the space

of functions f in Lp(∂Ω) such that
∫
∂Ω f dσ = 0. In fact it suffices to show that

(1/2)I + Kν is invertible on L2
0(∂Ω). The Lp case follows from a stability theorem

on interpolation scales of Banach spaces (see e.g. [34, Proposition 4.1]).
Using (4.3) and a similar identity on Ω−, it is easy to see that (1/2)I + Kν is

one-to-one on L2
0(∂Ω). Next, choose h ∈ C1

0(Rn) such that < h, N >≥ c0 > 0 on
∂Ω. Using Rellich identities (2.5)–(2.6) with this h and u = S(f), as well as the
strong ellipticity condition (1.13), one can show that, if u = S(f) and f ∈ L2(∂Ω),
then

‖∇u±‖2 ≤ C
{
‖∇tanu‖2 +

∣∣∣∣
∫
∂Ω

u
∣∣∣∣
}

,(4.7)

‖∇u±‖2 ≤ C
{∥∥∥∥∂u±

∂ν

∥∥∥∥
2

+
∣∣∣∣
∫
∂Ω

u
∣∣∣∣
}

.

See e.g. [13]. Since f = ∂u+
∂ν −

∂u−
∂ν , we obtain

‖f‖2 ≤ C
{∥∥∥∥
(
±1

2
I + Kν

)
f
∥∥∥∥

2
+
∣∣∣∣
∫
∂Ω
S(f) dQ

∣∣∣∣
}

.(4.8)

This implies that the range of (1/2)I + Kν : L2
0(∂Ω)→ L2

0(∂Ω) is closed. Conse-
quently, (1/2)I + Kν is a semi-Fredholm operator on L2

0(∂Ω).
Next we show that the index of (1/2)I + Kν is zero. We will prove that for

γ > 1/2,

‖f‖2 ≤ Cγ {‖(γI + Kν)‖2 + ‖T(f)‖2 + ‖S(f)‖2}(4.9)

where T: L2(∂Ω)→ L2(∂Ω) is a compact operator. Estimate (4.9), together with
(4.8), implies that the operator γI + Kν : L2

0(∂Ω)→ L2
0(∂Ω) is semi-Fredholm for

all γ ≥ 1/2. Since γI + Kν is clearly invertible on L2
0(∂Ω) for γ large, by the

continuity of the index, we deduce that the index of (1/2)I + Kν is zero. Since
(1/2)I + Kν is one-to-one, we conclude that it is invertible on L2

0(∂Ω).
It remains to prove (4.9). To do this, we apply Rellich identity (2.5) in Ω to

u = S(f). Using (4.3), ‖∂u+
∂ν ‖2 ≤ C‖f‖2 and aαβij Diuα+ Dju

β
+ ≥ µ |∇u+|2 ≥ 0, we

obtain

0 ≤
∫
∂Ω

hi
∂u+

∂xi
· ∂u+

∂ν
+ C‖u‖2‖f‖2.(4.10)
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Note that by (4.5),

hi
∂uα+
∂xi

=
1
2
〈h, N〉bαβfβ + (Kh(f))α(4.11)

where

(Kh(f))α (P) = p.v.
∫
∂Ω

hi(P)DiΓαβ(P− Q) fβ(Q) dQ.(4.12)

Write ∂u+
∂ν = ( 1

2 − γ)f + (γI + Kν)(f). Plug this and (4.11) into (4.10) and use
γ > 1/2, we get

∫
∂Ω
〈h, N〉bαβfαfβ dQ(4.13)

≤ −2
∫
∂Ω
〈Kh(f), f〉 dQ + Cγ {‖(γI + Kh)f‖2 + ‖u‖2} ‖f‖2

= −
∫
∂Ω
〈
(
Kh + K∗h

)
(f), f〉 dQ + Cγ {‖(γI + Kh)f‖2 + ‖u‖2} ‖f‖2

where K∗h denotes the adjoint operator of Kh on L2(∂Ω). Since h ∈ C1, Kh +K∗h is
compact on L2(∂Ω). Also note that 〈h, N〉bαβfαfβ ≥ c|f|2. The desired estimate
(4.9) follows from (4.13) by Hölder inequality with an ε. We remark that our
method of proving (4.9), as well as the idea of using it to show the invertibility
of (1/2)I + Kν , is taken from [12] and [23].

Remark 4.14. Theorem 4.1 also holds if we replace Ω by Ω− and impose
an additional condition (3.25). In this case, the mean zero condition on g is not
needed. Indeed we may use the same argument as in the proof of Theorem 4.1 to
show that −(1/2)I + Kν is invertible on Lp(∂Ω) for p close to 2. In fact it is not
hard to see that −(1/2)I + Kν : L2(∂Ω) → L2(∂Ω) is one-to-one. Estimate (4.8)
implies that the range of −(1/2)I + Kν is closed. To show that the index of the
operator is zero, we note that (4.9) also holds for all γ < −1/2. This follows by
using Rellich identity (2.5) in Ω− to obtain, in the place of (4.10),

0 ≤
∫
∂Ω

hi
∂u−
∂xi
· ∂u−
∂ν

+ C ‖u‖2‖f‖2.(4.15)

The rest is the same.

We now give the

Proof of Theorem 1.12. For the uniqueness, we construct a matrix of Neumann
functions. To do this, we fix X ∈ Ω. Let W = WX = (wα�)m×m be a matrix-valued
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function such that, for each � = 1, . . . , m, (w1�, . . . , wm�) is a solution of




aαβij DiDjwβ� = 0 in Ω, α = 1, . . . , m,

aαβij Djwβ�Ni = aαβij Dj
(
Γβ�(X − ·)

)
Ni +

δα�
|∂Ω| on ∂Ω,

‖(∇wα�)∗‖2 <∞.

(4.16)

By Theorem 4.1, such solution exists and is unique (up to a constant). Moreover,
we have ‖(∇W)∗‖p̄ <∞ for 2 < p̄ < 2 + δ. Define

GX
ν (Y) = Γ(X − Y)−WX(Y).(4.17)

Now suppose u is a solution of (1.11). Since (∇u)∗ ∈ H2,λ(∂Ω), we have
‖(∇u)∗‖p < ∞ for p = 2(n − 1)/(n − 1 + λ). Also by (3.14), ‖(u)∗‖q < ∞,
‖(W)∗‖q̄ <∞ for q = 2(n−1)/(n+1−λ) and q̄ = p̄(n−1)/(n−1−p̄) (1 < q̄ <∞
if n = 3). Thus we have (WX)∗ · (∇u)∗ ∈ L1(∂Ω), (∇WX)∗ · (u)∗ ∈ L1(∂Ω)
if 0 ≤ λ < min (n − 1, 2 + ε) and ε is small. This is enough to justify the
formula

∫
∂Ω

WX ∂u
∂ν

dQ−
∫
∂Ω

∂WX

∂ν
u dQ = 0.(4.18)

Same argument also gives

u(X) =
∫
∂Ω

Γ(X − Q)
∂u
∂ν

dQ−
∫
∂Ω

∂

∂ν
{Γ(X − Q)} u(Q) dQ.(4.19)

Combining (4.18) and (4.19), we obtain

u(X) =
∫
∂Ω

GX(Q)
∂u
∂ν

dQ−
∫
∂Ω

∂GX

∂ν
u(Q) dQ

=
∫
∂Ω

GX(Q)
∂u
∂ν

dQ +
1
|∂Ω|

∫
∂Ω

u(Q) dQ.

This implies that if ∂u
∂ν = 0 on ∂Ω, then u is constant. The uniqueness is now

proved.
To show the existence as well as estimate (1.14), it suffices to show that,

if u is an L2 solution of (1.11) with data g = a, and a is an (2,λ) atom, then
F = (∇u)∗ is a (2,λ) molecule with constant C and γ depending only on n, m,
µ, λ and Ω. By subtracting a constant from u, we may assume that

∫
∂Ω

u dσ = 0.(4.20)
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Suppose that supp a ⊂ ∆(P0, r) for some 0 < r < c r0, ‖a‖2 ≤ r−λ/2, and∫
∂Ω a dσ = 0. By Theorem 4.1,

∫
∂Ω
|F(Q)|2dQ ≤ C ‖a‖2

2 ≤ C r−λ,(4.21)

which is (3.10). To see (3.11), as in the proof of Theorem 3.7, it suffices to show
that ∫

∆
|F(Q)|2 dQ ≤ C

(
r
ρ

)γ
r−λ,(4.22)

for some γ > 2, where ∆ = ∆(P, ρ) for some P ∈ ∂Ω and 0 < ρ < c r0, and
∂u
∂ν = 0 on 20∆.

To this end, we use Theorem 4.1 on the Lipschitz domain D(P, tρ) for t ∈
(4, 5). By an inspection of the proof of Theorem 3.7, we see that

∫
∆
|F(Q)|2 dQ ≤ Cp ρ

n−3+ 3(1−n)
p ‖u‖2

p(4.23)

for 2−δ < p < 2. Finally, to estimate ‖u‖p, we let X → Q ∈ ∂Ω nontangentially
in (4.19). We obtain

(
1
2

I + K∗ν

)
u(Q) = S(a)(Q) on ∂Ω,(4.24)

where K∗ν denotes the adjoint of Kν on L2(∂Ω). Recall that for q close to 2,
(1/2)I + Kν is invertible on Lq

0(∂Ω) and the range of (1/2)I + Kν : Lq(∂Ω) →
Lq(∂Ω) is Lq

0(∂Ω). By duality, this implies that (1/2)I + K∗ν is invertible from
Lp

0(∂Ω) to a subspace of Lp(∂Ω) of codimension n. In view of (4.20) and (4.24),
we have

‖u‖p ≤ C
∥∥∥∥
(

1
2

I + K∗ν

)
(u)
∥∥∥∥

p
= C ‖S(a)‖p.(4.25)

By the usual estimates on Γ and the mean zero condition of a, we have

|S(a)(Q)| ≤




C
∫

Z∈∆

|a(Z)|
|Q− Z|n−2 dZ, Q ∈ 3∆,

C ρ
∫

Z∈∆

|a(Z)|
|Q− Z|n−1 dZ, Q ∈ ∂Ω\3∆.

(4.26)

It follows that

‖S(a)‖p ≤ C ρ( 1
p−

1
2 )(n−1)+1−λ2 .
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This, together with (4.23) and (4.25), gives the desired estimate (4.22) with

γ = 2 + (n− 1)
(

2
p
− 1

)
> 2.

The proof is complete.

Remark 4.27. Theorem 1.12 also holds if we replace Ω by Ω− and impose
the condition (3.25). The mean zero condition on g is not needed as in the L2

case.

Remark 4.28. We claim that the solutions u in Theorem 1.12 satisfy

∥∥∥∥u− 1
|∂Ω|

∫
∂Ω

u dσ
∥∥∥∥

H2,λ
1 (∂Ω)

≤ C
∥∥∥∥∂u
∂ν

∥∥∥∥
H2,λ(∂Ω)

.(4.29)

To prove (4.29), we may assume that ∂u
∂ν = a is an (2,λ) atom and

∫
∂Ω u dσ = 0.

Suppose a is an (2,λ) atom with support ∆(P, ρ) where 0 < ρ < cr0. By the
proof of Theorem 1.12, we have

∫
∆(P,2ρ)

|∇tanu|2 dQ ≤ C ρ−λ,(4.30)

∫
|Q−P|∼2jρ

|∇tanu|2 dQ ≤ C (2−j)γρ−λ

for some γ > 2. Also

‖u‖2 ≤ C ρ(2−λ)/2.(4.31)

Let ϕ ∈ C∞(Rn) such that ϕ = 1 on B(P, r0/2) and ϕ = 0 outside of B(P, r0). We
will show that

‖uϕ‖H2,λ
1 (∂Ω) ≤ C.(4.32)

The remaining part u(1− ϕ) is easy to handle.
To show (4.32), we choose a partition of unity of Rn

1 = ψ0 +
∞∑
j=1

ψj

so that supp ψ0 ⊂ B(P, 2ρ), supp ψj ⊂ B(P, 2j+1ρ)\B(P, 2j−1ρ) for j = 1, 2, . . .
and |∇ψj| ≤ C/(2jρ) for j = 0, 1, . . . We write

uϕ =
J∑

j=0

uϕψj.
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Note that, by estimates (4.30) and (4.31),

‖∇tan(uϕψj)‖2 ≤ C
{

(2−j)γ/2ρ−λ/2 + ρ(2−λ)/2 · 1
2jρ

}
≤ C 2−jρ−λ/2.

This implies that C−12j(uϕψj) is an H2,λ
1 (∂Ω)-atom. It follows that

‖uϕ‖H2,λ
1 (∂Ω) ≤ C

J∑
j=0

2−j ≤ C.

Estimate (4.32) is then proved.

5. The invertibilty of layer potentials on L2,λ(∂Ω) and H2,λ(∂Ω). Let

S(f)(X) =
∫
∂Ω

Γ(X − Q)f(Q) dQ,(5.1)

D(f)(X) =
∫
∂Ω

∂

∂ν(Q)
{Γ(X − Q)} f(Q) dQ(5.2)

denote the single layer potential and double layer potential respectively with
density f. Both S(f) and D(f) are solutions of L(u) = 0 in Rn\∂Ω. On ∂Ω,
one has

∂

∂ν
S(f)± =

(
±1

2
I + Kν

)
f,(5.3)

D(f)± =
(
∓1

2
I + K∗ν

)
f.

In the last section we show that (1/2)I +Kν is invertible on Lp
0(∂Ω) and −(1/2)I +

Kν is invertible on Lp(∂Ω) for p close to 2. By duality, −(1/2)I + K∗ν is invertible
on Lp(∂Ω), while (1/2)I + K∗ν is invertible from Lp

0(∂Ω) to a subspace of Lp(∂Ω)
of codimention n for p close to 2. In this section we study the invertibility of
±(1/2)I +Kν on H2,λ(∂Ω). By duality, this will give the invertibilty of ±(1/2)I +
K∗ν on L2,λ(∂Ω).

PROPOSITION 5.4. Let 0 ≤ λ < n − 1. Then Kν is bounded on H2,λ(∂Ω).
Consequently, K∗ν is bounded on L2,λ(∂Ω).

To prove Proposition 5.4, it suffices to show that if a is an (2,λ) atom, then
Kν(a) is a (2,λ) molecule. This can be done easily by using the boundedness
of Kν on L2(∂Ω) and well-known estimates on Γ(X). The same argument also
shows that, if 0 ≤ λ < n− 1,

‖(∇S(f))∗‖H2,λ(∂Ω) ≤ C ‖f‖H2,λ(∂Ω).
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We omit the details.
Define

H2,λ
0 (∂Ω) =

{
g ∈ H2,λ(∂Ω):

∫
∂Ω

g dσ = 0
}

,(5.5)

L2,λ
0 (∂Ω) =

{
f ∈ L2,λ(∂Ω):

∫
∂Ω

f dσ = 0
}

.

THEOREM 5.6. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. Suppose that the operator L satisfies the strong ellipticity con-
dition (1.13). There exists ε > 0 depending only on n, m, µ and Ω such that,
if 0 ≤ λ < min (n − 1, 2 + ε), then (1/2)I + Kν is invertible on H2,λ

0 (∂Ω) and
−(1/2)I + Kν is invertible on H2,λ(∂Ω). Consequently, −(1/2)I + K∗ν is invertible
on L2,λ(∂Ω) and (1/2)I + K∗ν is invertible from L2,λ

0 (∂Ω) to a subspace of L2,λ(∂Ω)
of codimension n.

Proof. We give the proof of the invertibility of (1/2)I + Kν on H2,λ
0 (∂Ω). The

invertibilty of −(1/2)I + Kν on H2,λ(∂Ω) may be established in a similar manner.
Let ε > 0 be the same as in Theorem 1.12 and 0 ≤ λ < min (n − 1, 2 + ε).

We first show that (1/2)I + Kν : H2,λ
0 (∂Ω)→ H2,λ

0 (∂Ω) is one-to-one. To do this,
suppose g ∈ H2,λ

0 (∂Ω) and ((1/2)I + Kν)g = 0. Let u = S(g). Then ∂u+
∂ν = 0. Since

(∇u)∗ ∈ H2,λ(∂Ω), by the uniqueness result in Theorem 1.12, u is constant in Ω.
It follows that u = k is constant on ∂Ω. Note that u is also a solution in Ω− of
the regularity problem considered in Section 3. Let ( · )∗e denote the nontangential
maximal function with respect to Ω−. Since (∇u)∗e ∈ H2,λ(∂Ω) and u satisfies
condition (3.25), by Remark 3.24, ‖(∇u)∗e‖2 <∞. It follows that

∫
Ω−
|∇u(X)|2 dX = −

∫
∂Ω

u · ∂u−
∂ν

dQ = −k ·
∫
∂Ω

∂u−
∂ν

dQ

= k ·
∫
∂Ω

g dQ = 0.

Thus u is constant in Ω−. We obtain g = ∂u+
∂ν −

∂u−
∂ν = 0.

Next, we note that, by Remark 3.24 and (3.23),

‖g‖H2,λ(∂Ω) ≤
∥∥∥∥∂u+

∂ν

∥∥∥∥
H2,λ(∂Ω)

+
∥∥∥∥∂u−
∂ν

∥∥∥∥
H2,λ(∂Ω)

≤
∥∥∥∥∂u+

∂ν

∥∥∥∥
H2,λ(∂Ω)

+ C ‖u‖H2,λ
1 (∂Ω)

≤ C
∥∥∥∥∂u+

∂ν

∥∥∥∥
H2,λ(∂Ω)

+ C
∣∣∣∣
∫
∂Ω

u dσ
∣∣∣∣
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where we used Remark 4.28 in the last inequality. This implies that the range of
(1/2)I + Kν : H2,λ(∂Ω)→ H2,λ(∂Ω) is closed.

Finally since (1/2)I + Kν : L2
0(∂Ω) → L2

0(∂Ω) is onto and L2
0(∂Ω) is clearly

dense in H2,λ
0 (∂Ω), we conclude that (1/2)I + Kν : H2,λ

0 (∂Ω)→ H2,λ
0 (∂Ω) is onto.

It follows that (1/2)I + Kν is invertible on H2,λ
0 (∂Ω).

COROLLARY 5.7. Under the same assumption as in Theorem 5.6, there exists
ε > 0 depending only n, m, µ and Ω such that:

(a) if f ∈ L2,λ(∂Ω) and 0 ≤ λ < min (n − 1, 2 + ε), the unique solution of the
Dirichlet problem (1.1) in Ω with data f, given in Theorem 1.5, may be represented
by a double layer potential with density function (− (1/2)I + K∗ν )−1f,

(b) if g ∈ H2,λ
0 (∂Ω) and 0 ≤ λ < min (n − 1, 2 + ε), the unique (up to

a constant) solution of the Neumann problem (1.11) in Ω with data g, given in
Theorem 1.12, may be represented by a single layer potential with density function
((1/2)I + Kν)−1g.

6. The biharmonic equation. Consider the Dirichlet problem for the bi-
harmonic equation 



∆2u = 0 in Ω,

u = f on ∂Ω,

∂u
∂N

= g on ∂Ω.

(6.1)

Let

WAp(∂Ω) = the closure of {(F|∂Ω,∇F|∂Ω): F ∈ C∞(Rn)}(6.2)

under the norm in Wp
1 (∂Ω).

THEOREM 6.3. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 3 with con-
nected boundary. There exists δ > 0 depending only on n and the Lipschitz character
of Ω such that, given f ∈ Wp

1 (∂Ω), g ∈ Lp(∂Ω) with 2− δ < p < 2 + δ, there exists
a unique u satisfying (6.1) and (∇u)∗ ∈ Lp(∂Ω). In fact, u satisfies

‖(∇u)∗‖p ≤ C {‖∇tanf‖p + ‖g‖p} .(6.4)

If, in addition, (u|∂Ω,∇u|∂Ω) (which is completely determined by f and g) is in
WAp(∂Ω), then

‖(∇∇u)∗‖p ≤ C‖∇tan(∇u)‖p.(6.5)

We remark that the Dirichlet problem (6.1) with (Wp
1 (∂Ω), Lp(∂Ω)) data for

2 − δ < p < 2 + δ was solved in [10], while the regularity estimate (6.5) was
established in [33]. In [26, 27], Pipher and Verchota obtain the estimate (6.4) for



1106 ZHONGWEI SHEN

p in the optimal range 2 − δ < p ≤ ∞ in the case n = 3. They also construct
examples which show that estimate (6.4) fails in general for p > 6 and n = 4 or
p > 4 and n ≥ 5.

In this section we establish an estimate in Morrey spaces for the solutions of
the Dirichlet problem (6.1).

THEOREM 6.6. Let Ω be a bounded Lipschitz domain in Rn, n ≥ 4 with con-
nected boundary. There exists ε > 0 depending only on n and Ω such that, given
any f ∈ W2

1 (∂Ω), g ∈ L2,λ(∂Ω) with |∇tanf | ∈ L2,λ(∂Ω) and 0 ≤ λ < 2 + ε, there
exists a unique u satisfying (6.1) and ‖(∇u)∗‖2,λ <∞. Moreover, we have

‖(∇u)∗‖2,λ ≤ C {‖∇tanf‖2,λ + ‖g‖2,λ} .(6.7)

If n = 3, estimate (6.7) holds for 0 ≤ λ ≤ 2.

Remark 6.8. In [26], Pipher and Verchota construct a biharmonic function of
form u = u(r, θ) = rαv(θ) on R+ × ω such that ∇u = 0 on R+ × ∂ω, where ω
is a smooth domain on the unit sphere Sn−1. They show that, given any δ > 0,
one may find ω and u such that (1/2) < α = α(δ) < (1/2) + δ for n = 4, and
0 < α < δ for n ≥ 5. Using this example, it is not hard to see that our condition
0 ≤ λ < 2 + ε in Theorem 6.6 is sharp for n = 4 or 5. Same example also shows
that estimate (6.7) can not hold in general for λ > n− 3 and n ≥ 6.

To prove Theorem 6.6, we follow the same line of arguments as in Section 2.
We begin with a lemma on harmonic functions.

LEMMA 6.9. Let ϕ ∈ C∞(Rn). Suppose that ∆ψ = 0 in Ω and ‖(∇ψ)∗‖2 <∞.
Then ∣∣∣∣

∫
∂Ω
ϕ
∂ψ

∂N
dQ
∣∣∣∣ ≤ C‖∇tanϕ‖2‖ψ‖2.(6.10)

Proof. Using a partition of unity as well as estimate ‖(ψ)∗‖2 ≤ C‖ψ‖2 for
harmonic functions [5, 6], we may assume that Ω is a star-like bounded Lipschitz
domain with respect to the origin. We may also assume that

∫
∂Ω ϕ dQ = 0 and

ψ(0) = 0. In this case, estimate (6.10) follows directly from formula (2.14) in
[27, p. 384].

Remark 6.11. By continuity, one may extend estimate (6.10) to functions ϕ,
ψ satisfying ϕ ∈ W2

1 (∂Ω), ∆ψ = 0 in Ω and (ψ)∗ ∈ L2(∂Ω).
The next lemma is a Caccioppoli inequality for biharmonic functions.

LEMMA 6.12. Let P ∈ ∂Ω and 0 < ρ < c ρ. Suppose ∆2u = 0 in D(P, 2ρ) and
(∇∇u)∗ ∈ L2(∆(P, 2ρ)). Also assume that u = 0 and∇u = 0 on ∆(P, 2ρ). Then, for
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0 < s < t < 1,

∫
D(P,sρ)

|∇∇u|2 dX ≤ C
(t − s)4ρ2

∫
D(P,tρ)

|∇u|2 dX.(6.13)

Proof. Choose ϕ ∈ C∞0 (Rn) such that ϕ = 1 on D(P, sρ), ϕ = 0 on Ω\D(P, tρ)
and |∇ϕ| ≤ C/((t − s)ρ), |∇∇ϕ| ≤ C/((t − s)ρ)2. A direct computation shows
that

Di(ϕ
2Dju) · Di(ϕ

2Dju) ≤ DiDju · DiDj(uϕ
4)

+ C
{
|∇(ϕ2∇u)| + |∇u| |∇ϕ|

}
×
{
|∇u| |∇ϕ| + |u| |∇ϕ|2 + |u| |∇∇ϕ|

}
.

By Hölder inequality with an ε, we obtain

c |∇(ϕ2∇u)| ≤ DiDju · DiDj(uϕ
4)(6.14)

+ C
{
|∇u|2|∇ϕ|2 + |u|2|∇ϕ|4 + |u|2|∇∇ϕ|2

}
.

Since ∆2u = 0 in D(P, 2ρ), an integration by parts yields, at least formally,

∫
D(P,ρ)

DiDju · DiDj(uϕ
4) dX =

∫
∂D(P,ρ)

NiDiDju · Dj(uϕ
4) dQ(6.15)

−
∫
∂D(P,ρ)

NjDj∆u · uϕ4 dQ

= 0.

To justify (6.15), we approximate D(P, ρ) by a sequence of smooth domains from
inside. Using assumption (∇∇u)∗ ∈ L2(∆(P, 2ρ)), u = 0, ∇u = 0 on ∆(P, 2ρ),
it is easy to see that the first boundary integral in (6.15) goes to zero in the
approximation. Since ∆u is harmonic, we may use Lemma 6.9 to conclude that
the second boundary integral in (6.15) also goes to zero in the approximation.

Finally note that, since u = 0 on ∆(P, 2ρ), we have

∫
D(P,tρ)

|u|2 dX ≤ C ρ2
∫

D(P,tρ)
|∇u|2 dX.(6.16)

In view of (6.15)–(6.16), estimate (6.13) follows by integrating (6.14) over
D(P, ρ).

The following lemma may be proved by the same arguments as in the proof
of Lemma 2.8.
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LEMMA 6.17. Under the same assumption as in Lemma 6.12, we have

(
1
ρn

∫
D(P,ρ/2)

|∇u|2 dX

)1/2

≤ Cp

(
1
ρn

∫
D(P,ρ)

|∇u|p dX
)1/p

for any p > 0.

Let B denote the fundamental solution for the operator ∆2 in Rn with pole at
0, i.e., B(Y) = c3|Y| for n = 3, B(Y) = c4 log |Y| for n = 4, and B(Y) = cn|Y|4−n

for n ≥ 5. Fix X ∈ Ω. Let WX be the solution of the Dirichlet problem (6.1)
given by Theorem 6.3 with f = BX , g = 〈∇BX , N〉, where BX(Y) = B(X − Y). Let

GX(Y) = BX(Y)−WX(Y)(6.18)

be the Green’s function for ∆2 on Ω. For solutions of the Dirichlet problem (6.1)
with (W2

1 (∂Ω), L2(∂Ω)) data and (∇u)∗ ∈ L2(∂Ω), we have

u(X) =
∫
∂Ω

f (Q)
∂

∂N(Q)
∆QGX(Q) dQ−

∫
∂Ω

g(Q)∆QGX(Q) dQ.(6.19)

(see [27]).

LEMMA 6.20. Let X ∈ Ω, P ∈ ∂Ω and ρ = |X − P|. Suppose ρ < c r0 and
ρ ≤ 2 dist (X, ∂Ω). Then

∫
∂Ω\∆(P,5ρ)

|(∇GX)∗|p dQ ≤ C ρn−1−(n−3)p

where p ∈ (2− δ, 2 + δ) and δ is the same as in Theorem 6.3.

Proof. We apply estimate (6.4) to GX on the Lipschitz domain Ω\D(P, 3ρ).
We obtain

∫
∂Ω\∆(P,5ρ)

|(∇GX)∗|p dQ ≤ C
∫

Ω∩∂D(P,3ρ)
|∇GX|p dQ(6.21)

≤ C
∫

Ω∩∂D(P,3ρ)
|∇BX|p + C

∫
Ω∩∂D(P,3ρ)

|∇WX|p dQ.

It is easy to see that the integral of |∇BX|p is bounded by C ρn−1−(n−3)p. To
handle the integral of |∇WX|p, we choose q ≥ p such that q < 2 + δ and
q > (n− 1)/(n− 2). Then

∫
Ω∩∂D(P,3ρ)

|∇WX|p dQ ≤ C
∫

∆(P,4ρ)
|∇BX|p + C ρp

∫
∆(P,4ρ)

|(∇∇WX)∗|p dQ
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≤ C ρn−1−(n−3)p + C ρp+n−1− p(n−1)
q

{∫
∆(P,4ρ)

|(∇∇WX)∗|q
}p/q

≤ C ρn−1−(n−3)p + C ρp+n−1− p(n−1)
q

{∫
∂Ω
|∇∇BX|q dQ

}p/q

≤ Cρn−1−(n−3)p,

where we have used estimate (6.5) in the third inequality. The proof is complete.

LEMMA 6.22. Under the same assumption as in Lemma 6.20, we have

∫
∆(P,32ρ)

|∇Q∇QGX|2 dQ ≤ C
ρn−3 ,(6.23)

∫
∆(P,2jρ)\∆(P,2j−1ρ)

|∇Q∇QGX|2 dQ ≤ C(2j)−ε

(2jρ)2ρn−5 ,(6.24)

∫
∂Ω\∆(P,cr0)

|∇Q∇QGX|2 dQ ≤ C
ρn−5−ε ,(6.25)

where 6 ≤ j ≤ J, 2J ∼ c/ρ, and ε > 0 depends only on n and δ in Theorem 6.3.

Proof. To see (6.23), we choose q ∈ (2, 2 + δ). By (6.18) and Hölder’s
inequality, we have

∫
∆(P,32ρ)

|∇∇GX|2 dQ

≤ C
∫

∆(P,32ρ)
|∇∇BX|2 dQ + C ρn−1− 2(n−1)

q

{∫
∆(P,32ρ)

|∇∇WX|q dQ
}2/q

≤ C
ρn−3 + C ρn−1− 2(n−1)

q

{∫
∂Ω
|∇∇BX|q dQ

}2/q

≤ C
ρn−3 ,

where we have used estimate (6.5) in the second inequality.
To show (6.24) and (6.25), it suffices to prove that, if ρ ≤ R ≤ c r0 and

|P0 − P| ≥ 32R, then

∫
∆(P0,R)

|∇∇GX|2 dQ ≤ C
(
ρ

R

)ε
· 1

R2ρn−5 .(6.26)
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To this end, we apply estimate (6.5) to GX in the domain D(P0, tR) with t ∈
(1, 3/2). Since GX = 0, ∇GX = 0 on ∂Ω, we obtain

∫
∆(P0,R)

|∇∇GX|2 dQ ≤ C
∫

Ω∩∂D(P0,tR)
|∇∇GX|2 dQ.

We then integrate both sides of the inequality above with respect to t and use
Lemma 6.12. This gives

∫
∆(P0,R)

|∇∇GX|2 dQ ≤ C
R3

∫
D(P0,2R)

|∇GX(Y)|2 dY .(6.27)

Choose p ∈ (2− δ, 2). Using Hölder inequality and Sobolev inequality as in the
proof of Lemma 2.19, we have

∫
D(P0,2R)

|∇GX(Y)|2 dY

≤ C R
n
2−

n
p−1

{∫
D(P0,2R)

|∇GX|p dY
}1/p {∫

D(P0,2R)
|∇GX|

2n
n−2 dY

}(n−2)/(2n)

≤ C R
n+1

2 −
n−1

p

{∫
∂Ω\∆(P,5ρ)

|(∇GX)∗|p dQ

}1/p{∫
∂Ω\∆(P,5ρ)

|(∇GX)∗|2 dQ

}1/2

≤ C R
n+1

2 −
n−1

p · ρ
n−1

p −(n−3) · ρ
n−1

2 −(n−3)

= C
(
ρ

R

)(n−1)( 1
p−

1
2 )

· R
ρn−5 ,

where we have used Lemma 6.20 in the last inequality. This, together with (6.27),
gives (6.26) with ε = (n− 1)( 1

p −
1
2 ) > 0. The proof is complete.

LEMMA 6.28. Let f ∈ W2
1 (∂Ω). Suppose |∇tan f | ∈ L2,λ(∂Ω) where 0 ≤ λ ≤

n− 1. Then, for P ∈ ∂Ω and 0 < ρ < c r0, we have
(a) if λ < n− 3,

∫
∆(P,ρ)

∣∣∣∣ f − 1
|∂Ω|

∫
∂Ω

f
∣∣∣∣2 dQ ≤ C ‖∇tan f‖2

2,λ ρ
2+λ,(6.29)

(b) if λ = n− 3,

∫
∆(P,2jρ)

∣∣∣∣f − 1
|∆(P, ρ)|

∫
∆(P,ρ)

f
∣∣∣∣2 dQ ≤ C ‖∇tan f‖2

2,λ(2jρ)2+λj2,(6.30)
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(c) if λ > n− 3,

∫
∆(P,2jρ)

∣∣∣∣f − 1
|∆(P, ρ)|

∫
∆(P,ρ)

f
∣∣∣∣2 dQ ≤ C ‖∇tan f‖2

2,λ(2jρ)2+λ,(6.31)

where 0 ≤ j ≤ J and 2J ∼ c/ρ.

Proof. We may assume that ‖∇tan f‖2,λ = 1 and
∫
∂Ω f dQ = 0. By Poincaré

inequality,

∫
∆(P,ρ)

∣∣∣∣ f − 1
|∆(P, ρ)|

∫
∆(P,ρ)

f
∣∣∣∣2 dQ ≤ C ρ2

∫
∆(P,ρ)

|∇tan f |2 dQ ≤ C ρ2+λ.(6.32)

Thus, to show (6.29), it suffices to estimate

f∆(P,ρ) =
1

|∆(P, ρ)|

∫
∆(P,ρ)

f (Q) dQ.

To this end, let ∆j = ∆(P, 2jρ). By Hölder and Poincaré inequalities,

|f∆j − f∆j+1
| ≤ C

{
1
|∆j+1|

∫
∆j+1

| f − f∆j+1
|2 dQ

}1/2

(6.33)

≤ C

{
(2jρ)3−n

∫
∆j+1

|∇tanf |2 dQ

}1/2

≤ C (2jρ)
3+λ−n

2 .

Since
∫
∂Ω f dQ = 0, we obtain by summation that

|f∆(P,ρ)| ≤ C ρ
3+λ−n

2 if 3 + λ− n < 0.

This, together with (6.32), gives (6.29). Estimates (6.30) and (6.31) follow in a
similar manner.

Remark 6.34. It follows from (6.33) that, if 0 < ρ < R < c r0,

| f∆(P,R) − f∆(P,ρ)| ≤




C ρ
3+λ−n

2 ‖∇tan f‖2,λ, if λ < n− 3,

C log
(

R
ρ

)
‖∇tan f‖2,λ, if λ = n− 3,

C R
3+λ−n

2 ‖∇tan f‖2,λ, if λ > n− 3.

LEMMA 6.35. Let ε > 0 be given by Lemma 6.22. Let f ∈ W2
1 (∂Ω), g ∈

L2,λ(∂Ω) with |∇tanf | ∈ L2,λ(∂Ω) where 0 ≤ λ < 2 + ε for n ≥ 4, and 0 ≤ λ ≤ 2
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for n = 3. Then the unique solution u of the Dirichlet problem (6.1), given by
Theorem 6.3, satisfies

|∇u(X)| ≤ C {dist (X, ∂Ω)}
λ+1−n

2 {‖∇tanf‖2,λ + ‖g‖2,λ} for any X ∈ Ω.(6.36)

Proof. We may assume that ‖∇tanf‖2,λ+‖g‖2,λ = 1. Also it suffices to consider
two cases. In the first case, we assume f = 0. In the second case, assume g = 0.

Case I. We use the representation formula (6.19) and Lemma 6.22. We obtain

|u(X)| ≤ C {dist (X, ∂Ω)}
λ+3−n

2 for any X ∈ Ω

by the same argument as in the proof of Lemma 2.24. The desired estimate (6.36)
then follows by the interior estimates for biharmonic functions.

Case II and λ < n − 3. We may assume
∫
∂Ω f dQ = 0. Given X ∈ Ω. Let

ρ = dist (X, ∂Ω). We may assume that ρ < c r0. Let P ∈ ∂Ω and ρ < R < c r0.
Suppose X /∈ D(P, 10R). Let ϕ ∈ C∞0 (Rn) such that ϕ = 1 on D(P, R/2), ϕ = 0
on Ω\D(P, R), and |∇ϕ| ≤ C/R. We will show that

∣∣∣∣
∫
∂Ω
ϕf

∂

∂N(Q)
∆QGX(Q) dQ

∣∣∣∣ ≤ C
(
ρ

R

) 2+ε−λ
2

ρ
λ+3−n

2(6.37)

where ε is the same as in Lemma 6.22. This, together with (6.19) and a partition
of unity, implies that

|u(X)| ≤ C ρ
λ+3−n

2 = C [dist (X, ∂Ω)]
λ+3−n

2(6.38)

if 0 ≤ λ < 2 + ε for n ≥ 4 and 0 ≤ λ ≤ 2 for n = 3. Estimate (6.36) follows
from (6.38) by the interior estimates as in Case I.

To see (6.37), we use Remark 6.11 to obtain

∣∣∣∣
∫
∂Ω
ϕf

∂

∂N(Q)
∆QGX(Q) dQ

∣∣∣∣ =
∣∣∣∣
∫
∂D(P,R)

ϕu
∂

∂N(Q)
∆QGX(Q) dQ

∣∣∣∣(6.39)

≤ C ‖∇tan(ϕu)‖L2(∂D(P,R))

×‖∆QGX‖L2(∂D(P,R)).

In view of (6.29) and
∫
∂Ω f dQ = 0, we have

‖∇tan(ϕu)‖L2(∂D(P,R)) = ‖∇tan(ϕf )‖L2(∆(P,R)) ≤ C Rλ/2.(6.40)
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By the proof of Lemma 6.22, we have

‖∆QGX‖L2(∂D(P,R)) ≤ C
(
ρ

R

)ε/2 1

R ρ
n−5

2

.(6.41)

(see the proof of (6.26)). Estimate (6.37) now follows from (6.39)–(6.41).

Case II and λ ≥ n − 3. Fix X ∈ Ω. Let P ∈ ∂Ω such that ρ = |X − P| =
dist (X, ∂Ω). By formula (6.19), for Y ∈ Ω and α ∈ R, we may write

u(Y)− α =
∫
∂Ω

( f − α)
∂

∂N(Q)
∆QGY (Q) dQ.(6.42)

Choose

α =
1

|∆(P, ρ)|

∫
∆(P,ρ)

f dQ.

Using the same argument as in the proof of (6.38), but with (6.29) replaced by
(6.30) and (6.31), one may show that, if Y ∈ B(X, ρ/4),

|u(Y)− α| ≤ C ρ
λ+3−n

2 .(6.43)

By the interior estimates, this implies that

|∇u(X)| ≤ C ρ
λ+1−n

2 = C [dist (X, ∂Ω)]
λ+1−n

2 .

The proof of Lemma 6.34 is complete.

Finally we are in a position to give the following:

Proof of Theorem 6.6. The uniqueness follows from Theorem 6.3 since
L2,λ(∂Ω) ⊂ L2(∂Ω). To establish the existence, we may assume that ‖∇tanf‖2,λ +
‖g‖2,λ = 1. Let u be the solution of (6.1) given by Theorem 6.3. Fix P ∈ ∂Ω and
0 < ρ < c r0. We need to show

∫
∆(P,ρ)

|(∇u)∗|2 dQ ≤ C ρλ.(6.44)

Let ϕ ∈ C∞0 (Rn) such that ϕ = 1 on D(P, 10ρ), ϕ = 0 on Ω\D(P, 20ρ), and
|∇ϕ| ≤ C/ρ. Let u = u1 + u2 + β where

β =
1

|∆(P, 20ρ)|

∫
∆(P,20ρ)

f dQ
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and u2 is the solution of (6.1) with data u2 = ( f − β)ϕ, ∂u2
∂N = gϕ on ∂Ω. By

estimate (6.4) with p = 2,

∫
∆(P,ρ)

|(∇u2)∗|2 dQ ≤
∫
∂Ω
|(∇u2)∗|2 dQ ≤ C {‖∇tan(( f − β)ϕ)‖2 + ‖gϕ‖2}

≤ C ρλ

where we have used Poincaré inequality in the last inequality.
To estimate (∇u1)∗, we note that u1 = 0, ∂u1

∂N = 0 on ∆(P, 10ρ). With Lem-
mas 6.17 and 6.35 at our disposal, we may use the same argument as in the proof
of Theorem 1.5 to obtain∫

∆(P,ρ)
|(∇u1)∗|2 dQ ≤ C ρλ {‖∇tan[( f − β)(1− ϕ)]‖2,λ + ‖g(1− ϕ)‖2,λ}2

≤ C ρλ {‖∇tanf‖2,λ + ‖g‖2,λ + ‖( f − β)∇tanϕ‖2,λ}2 .

Finally, by Remark 6.34, it is not hard to see that ‖( f−β)∇tanϕ‖2,λ≤C ‖∇tanf‖2,λ.
Estimate (6.44) is then proved.
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