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BOUNDARY VALUE PROBLEMS IN MORREY SPACES FOR ELLIPTIC
SYSTEMS ON LIPSCHITZ DOMAINS

By ZHONGWEI SHEN

Abstract. Let Q be a bounded Lipschitz domain in R”, n > 3. Let £ be a second order elliptic system
with constant coefficients satisfying the Legendre-Hadamard condition. We consider the Dirichlet
problem Lu = 0 in Q, u = f on Q with boundary data f in the Morrey space L>*(9Q). Assume
that 0 < X\ < 2+¢ for n > 4 where € > 0 depends on Q, and 0 < A < 2 for n = 3. We obtain
existence and uniqueness results with nontangential maximal function estimate ||(W)* || 2x5g) <
C |Ifll 2.2 () If £ satisfies the strong elliptic condition and 0 < A < min (n—1,2+¢), we show that
the Neumann type problem Lu =0 in Q, % =g € H>2IQ) on 9Q, ||(Vu)* ||H2,A(@Q) < oo has
a unique solution. Here H>*(9Q) is an atomic space with the property (H>*(0Q))* = L>*(OQ).
The invertibility of layer potentials on L>*(9Q) and H>*(9Q) is also obtained. Finally we study
the Dirichlet problem for the biharmonic equation. We establish a similar estimate in L>* for the
biharmonic equation, in which case the range 0 < A < 2 + ¢ is sharp for n =4 or 5.

1. Introduction. Let Q be a bounded Lipschitz domain in R”, n > 3. The
Dirichlet and Neumann problems with boundary data in 1”(0€) for the Laplace’s
equation in Q are well understood due to the work of Dahlberg [5, 6], Jerison-
Kenig [19], Verchota [31] and Dahlberg-Kenig [7]. For the stationary Stokes
equations and the systems of elastostatics, the ” boundary value problems were
solved for n > 3 and p close to 2 in [14] and [11] respectively. Also see [17, 22]
for the general elliptic systems. In [8] Dahlberg and Kenig were able to estab-
lish the LP solvability for the optimal ranges of p in the case n = 3 for the
systems of elastostatics. However the question of sharp ranges of p for which
one can solve the L” boundary value problems for elliptic systems remains open
when n > 4.

In this paper we initiate the study of the Dirichlet problem for elliptic systems
with boundary data in the Morrey space L>*(0Q) as well as the Neumann type
problem with data in H>)(0Q). Here H>*(0Q) is a pre-dual space of L>(0Q).
We obtain existence and uniqueness results with dilation-invariant estimates in
terms of the nontangential maximal functions for 0 < A < 2 + ¢ in the case
n > 4. These estimates may be regarded as the appropriate substitutes for the L
estimates.
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1080 ZHONGWEI SHEN

More precisely, let (L(u))* = —a;-‘g DiDjuﬂ where D; = 9/0x; and o, 3 =
1,...,m, we consider

Lw)=0 in Q,
(1.1) u=f on JQ in the sense of nontangential convergence,

@) || 2200 < o0

with boundary data f in the Morrey space L2MOQ). In (1.1) and hereafter, (u)*
denotes the nontangential maximal function of u. We assume that the coefficients
of <ij<nl < a B < mare real constants satisfying the symmetry

ij ’
condition ag-‘ﬁ = ajﬂl-o‘ and the Legendre-Hadamard condition:

a

1
(1.2) el < ag’eigmen® < . 1£[*|n?

for some ¢ > 0 and any £ € R?, n € R™.

Definition 1.3. Let 0 < A < n — 1. By L>*(0Q) we denote the linear space
of functions f € L*(0Q) such that

1/2

(1.4) Vlaa={ sup  p / fPdo S < oo,
QcoQ B(Q,p)NOQ
0< p<diam(OQ)

where B(Q, p) denotes the ball centered at Q with radius p in R".

With the norm in (1.4), L>)(0Q) becomes a Banach space. Clearly L>(0Q) =
L2(0Q) and L>"~1(0Q) = L>(0Q). The following is one of the main results of
the paper.

THEOREM 1.5. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. Then there exists ¢ > 0 depending on n, m, |1 and Q such that,
given any f € L2AOQ) with0 < A < min(n— 1,2+¢), the Dirichlet problem (1.1)
has a unique solution. Moreover the solution u satisfies the estimate

(1.6) [ [l + [[S@]l2x < C|f]]2,2

where S(u) denotes the square function of w. In the case n = 3, ||(w)*[|2.x < C ||f]|2.x
holds for 0 < A < 2.

In this paper we also study the Neumann type problem as well as the regularity
problem for the elliptic system. To this end we introduce a pre-dual space of
L*N09Q).
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Definition 1.7. Let 0 < A\ < n—1. We say a € L>(0Q) is an (2, \) atom on 0Q
if there exist Q € dQ and p > 0 such that suppa C B(Q, p) NI, ||all, < p~*/2,
and [, ado =0. By H>*(0Q) we denote the linear space

o0 o0
(1.8) g=C+Zﬂjaﬁ Z!M/I < o0,
=1 =1

a;j is an (2, \) atom and C is a constant.}

with norm

o0 o

(1.9) 18]l 72700 = ’/ gdo|+inf > [l g=C+Y paj o .
6Q =1 =1

The space H>* was first introduced by C. Zorko [35] for bounded domains

in R™. Tt is not hard to prove that (H>*(OQ))* = L>*(0Q) for 0 < A\ < n — 1.

Note that H>"~1(0Q) is the atomic Hardy space H'(0Q). Thus (H>"~1(0Q))* =

BMO(0Q).
Let
8 (07
(1.10) <81:> =a§ﬁDju5N,-, a=1,...,m
be the conormal derivative, where N = (Ny,...,N,) denotes the outward unit

normal to Q. Consider the Neumann problem

Luw)=0 in Q,
(1.11) g—“ =g e H0Q) on oQ,
1%

VW[ 23 a0y < 00

THEOREM 1.12. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. Assume that operator L satisfies the symmetry condition and the
strong ellipticity condition:

1
(1.13)  pleP < af’ere’ < —[¢]* for some > 0 and all € = (€7) € R™.
7]

Then there exists € > 0 depending only on n, m, |1 and € such that, given any
g < H*MOQ) with0 < A < min(n — 1,2 +¢) and faggda = 0, the Neumann
problem (1.11) has a unique (up to a constant) solution. Moreover the solution u
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satisfies

(1.14) (VW) || p2r00) < Cllgllms o)

A few remarks are in order.

Remark 1.15. The proof of Theorems 1.5 and 1.12 is based on an approach
developed by Dahlberg-Kenig [8] for the three-dimensional elliptic systems and
by Pipher-Verchota [26, 27] for the biharmonic equation in R3. In the case n = 3,
this approach yields the L° estimate for solutions of the Dirichlet problem as
well as an estimate in the Hardy space H' for the Neumann problem. The desired
L? estimates then follow by interpolation. Here we extend the approach to higher
dimensions. Although it fails to get the L>° estimate for n > 4 (in fact, the L™
estimate does not hold in general for biharmonic functions in Lipschitz domains
for n > 4 [26]), we are able to establish dilation-invariant estimates of solutions
in terms of the nontangential maximal functions in the Morrey spaces and their
pre-duals. Note that, by Holder inequality,

(1.16) 17(Q) C L**(0Q) and H*MOQ) C L7 (9Q) for p = %
Thus our estimates (1.6) in L>* and (1.14) in H>* may be regarded as substitutes
for the [? estimates. Two main ingredients in this approach are the Caccioppoli
inequality and L” estimates for the Dirichlet problem with p close to 2. Since
these techniques are basically L? type estimates, the L?>-based Morrey spaces
seem to be a very natural choice.

Remark 1.17. For the Laplace equation, the estimate (1.6) holds for 0 < A <
n — 1. Indeed by [6], if Au=0 in Q, u =f on 0Q and ||(u)*||2 < oo, one has

W*(Q) < C{M(fPYO?, Qe oQ

for some p < 2. It follows that

1) [l2n < CI{MAFY P llan < CIfllax

for any 0 < A < n— 1. We point out that the estimate (1.14) with 0 < A <n—1
for harmonic functions follows by an inspection of the proof of Theorem 1.12 as
well as proofs in [7]. Details are left to the reader.

Remark 1.18. In this paper we will also consider the Dirichlet problem with
data f in H%’)‘@Q). Roughly speaking, H%”\(QQ) is the space of functions in
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H>0Q) whose first order derivatives are in H>*(OQ). We obtain the estimate
(1.19) ”(Vu)*HHZ-A(BQ) <C ||f”H]2’>‘(QQ)

for 0 < A < min(n — 1,2 + ¢). See Theorem 3.7. Using estimates (1.14) and
(1.19), we show that the conormal derivative of the single layer potential on 0€Q
for operator £ is invertible on H>*(0Q) for 0 < X\ < min (n— 1, 2+¢). By duality,
the double layer potential is invertible on L>*(9Q). See Section 5 for details.

Remark 1.20. It is not known whether or not the conditions on A in Theo-
rems 1.5 and 1.12 are necessary for general elliptic systems. In the last section
of this paper, we study the Dirichlet problem for the biharmonic equation

A’u=0 inQ,
(121) u =f on 69,
3_11:1 =g on 0Q.

We establish a similar estimate in Morrey spaces for biharmonic functions:

(1.22) [V llza < € {1 Vianf ll2a + llgll2n}

where 0 < A < 2+eforn>4,0< X <2forn=3,and Vi,f denotes the
tangential derivatives of f. See Theorem 6.6. Examples constructed by Pipher-
Verchota in [26] may be used to show that the range 0 < A < 2 + ¢ is sharp at
least in dimensions n =4, 5 for estimate (1.22).

Throughout this paper we use C and c¢ to denote positive constants, which may
be different from line to line, which depend only on n, m, the ellipticity constant
i, A and Q. We will use || - ||, to denote the norm in LP(0€2). For P € 0Q and
r > 0, we say B(P,r)N0Q is a coordinate patch for 0Q, if there exists a Lipschitz
function : R"~! — R such that, after a rotation of the coordinate system, we
have

(1.23) QNBP,r)={(X",x,) €ER": x, > @(X)} NB(P,r).
In this new coordinate system, we let

(1.24)  APP,p) = {X, X)) e R": X' — P'| <p},
D(P,p) = {(X",x,) € R": [X' = P'| < p and p(X) < x, < o(X") + p}.

Recall that Q is a Lipschitz domain if there exists rg = r9(€2) > 0 such that
B(P, rp) N 0Q is a coordinate patch for any P € 0Q. Clearly, if 0 < p < crg, we
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have A(P, p) C 0Q and D(P, p) C Q. Finally we will make no effort to distinguish
between the real valued Banach spaces like L7(0Q), L>*(0Q), H>*(9) and their
R™-valued counterparts. It will be clear from the context.

Acknowledgments. The work presented in this paper was done partly during
my visit to the Institute of Mathematical Sciences at the Chinese University of
Hong Kong. I thank the Institute for financial support and Professor Zhouping
Xin for his hospitality.

2. Estimates in L>* for the Dirichlet problem. The goal of this section
is to give the proof of Theorem 1.5. Throughout this section we will assume
that £ is a second order elliptic operator with constant coefficients satisfying the
symmetry property and the Legendre-Hadamard condition (1.2).

We begin by recalling the I estimates of solutions of the Dirichlet problem
for p close to 2.

THEOREM 2.1. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. There exists 6 > 0 depending on n, m, p and the Lipschitz
character of Q, such that if |p — 2| < 6 and £ € LP(0Q), then there exists a unique
solution u such that La = 0 in Q, u = f on 0Q in the sense of nontangential
convergence, and ||(w)*||, < co. Moreover, the solution will satisfy

2.2) @[], < C[f],

where C depends only on n, m, u and the Lipschitz character of Q. If, in addition,
f € WI(OQ), i.e., f has the first order derivatives in LP(0SQ), then

(2.3) VW, < Cllfllyroq)-

Remark 2.4. For a function u on €, its nontangential maximal function on
0L is defined by

(w)*(Q) =sup{|ju(X)|: X € Q and |X — Q] < 2dist(X,00Q)}.

We point out that Theorem 2.1 also holds if we replace € by the exterior domain
R™\Q and impose an additional condition |[u(X)| = O(|X|>*™") as |X| — oo.

Theorem 2.1 was proved by W. Gao in his thesis [17]. For the boundary data
in L7, the proof was based on an idea of A. P. Calderén. Another proof of estimate
(2.2) may be found in [28]. Also see [22] for the extension of Theorem 2.1
to Lipschitz domains in Riemannian manifolds. Regularity estimate (2.3) was
established in [17] by showing that the single layer potential for operator L is
invertible from LP(0Q) to Wf (0Q). To do this, the main tool is the following
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Rellich-Payne-Weinberger-Necas identities for solutions of Lu = 0 in R"\0Q:

ou®  oub du*  ou”
2. h, N)a2’ o =2 iNyaj’ e
2:5) /39< Ny Ox;  Ox; thNlalJ dx;  Ox
ou® 8uﬁ
+ h) a}’
dlv( ) d;; o 8xj
/ Oh; ozﬁ ou® o’
+ @y T
ax U ox 0x;
@ B u® p
op Ou® Ou’ / o Ou”
(2.6) /a NG G e =2 (iNt” — hiNiai )8xl ox;
B
ap QU Ou”
F dlv(h)a ox; o
ou™  ou’
Lo [ i epOut 0w
/ ax U ox;  Ox;”

where h € CI/(R"), Q, = Q and Q_ = R"\ﬁ. In the case of Q_, we also need
to assume that u(X) = O(|X|>~") as |X| — oco. These two identities will also be
important in this paper.

The following Caccioppoli’s inequality is rather standard. We omit its proof.

LEMMA 2.7. Let P € 0Q and 0 < p < cry. Assume that Lu = 0 in D(P, p) and
|Vu| € L>(D(P, p)). Also assume that on A(P, p), either u =0 or =0. Then

C
[ vepaxs o [ jupax
D(P.sp) (t — 9)°p* JpP.ap)

forO<s<t<l.

LemMA 2.8. Under the same assumption as in Lemma 2.7, we have

—n/ wPax) <c < / |u|de)
P" Jpp.p)2) P" JpP.p)

foranyp > 0.

Proof. By rescaling, we may assume that p = 1. Let Dy = D(P, s). By Sobolev
inequality, we have

12 1/2
(2.9) (/ yuynde> (/ quQdY) +%</Dv|u|2dY>
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" 1/2
< (] wpar)
st —s) \Jp,

where 0 < s < t < 1, and we have used Lemma 2.7 in the second inequality.
Now given any 0 < p < 2, write

T ™

N —
e

where p=2n/(n—2),0 < o, f < 1 and a+f = 1. By Holder inequality and (2.9),

1 1/2
(13 [, 1)
K Dy

| 51 5
lufPay)” lufpdy)”
|Ds | Dy ‘Ds | Dy

8
e () ()
S7+a(t Dy D,

Thus, if we let

1 1/2
I(S)=<|D|/D |u|2dY> ,

we have

c ’
I(s) < ——I(0O* P dY
O ooy a0 (/ I )

for any 0 < s <t < 1. It follows that
1 1 1/p
(2.10) logI(s) < Clog — + Clog PR +alog(t) + Flog (/ lul? dY) .
K — S Dy

Let s = * and b > 1 to be chosen. We integrate both sides of (2.10) with
respect to dt/t over (%, 1) to obtain

1 1 1/p
(2.11) / logl(tb) ﬁ <C+ a/ I(t)g + Clog ( lul? dY) .
1/2 t 1/2 t

D,

Note that

/1/ 10g1(t)7 b/zblog()—> /logl(t)—
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Inequality (2.11) then yields that

1 1/p
- “ I
(2.12) (b a> //2 logl(t) < C+Clog (/ |u| dY> .

Choose b > 1 so that % — « > 0. Since

1/2
I(t) > c (/ |u|2dY>
Dy )

for t € (1/2,1), the estimate (2.12) implies that

log (/ |u|2dY> < C+Clog (/ lul? dY)
Dy, D,

From this, Lemma 2.8 follows. We remark that the argument given above may
be found in [16, 15].

LEMMA 2.13. Let P € 0Q and 0 < p < cry. Suppose Lu = 0 in D(P,2p),
u =0 on AP, 2p), and (Vu)* € L*(A(P,2p)). Then

C
/ |Vul|? dQ < —3/ lu|? dx.
A(P,p) P~ JD(P2p)

Proof. Since B(P, rp)N 0L is a coordinate patch for 0Q, there exists a constant
vector h such that (h,N) > ¢y > 0 on B(P,ry) N 0Q. Let D, = D(P,7p) for
7 € (1,3/2). We apply Rellich identity (2.6) on D.,, which may be justified by
using (Vu)* € L*(D(P, 2p)), to u and this constant vector h. Since u = 0 on
A(P,2p) and ](thlal~ B _p, N;aZ‘B )| < C|Vianu| for each j and 3, where Vg,u
denotes the tangential derivatives of u on 0L, we obtain

ou* ou’
(2.14) / a? 2 T ag < c / V|2 dQ.
AP.p) Ox; 3x] nOD,,

By an algebraic argument, one can show that

wg Ou®  oub
(2.15) c|Vuf? <af’ = o ot C|Vianu?

(e.g. see [20, p. 168]). In view of (2.14)—(2.15), we have

(2.16) / |Vul?dQ < c/ |Vul?dQ.
A(P,p) QNoD~,
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By integrating both sides of (2.16) with respect to 7 over (1, 3/2), we get

C
/ |Vu|?dQ < 7/ |Vu|? dX.
A(P,p) P JDP3p/2)

Lemma 2.13 now follows from Lemma 2.7.

Let I'(Y) denote the matrix of fundamental solutions in R” for operator £
with pole at 0. For X € Q, let vX(Y) be the unique matrix valued solution to the
L? Dirichlet problem with boundary data

Q) =T(X - Q) ondQ,
given by Theorem 2.1. Let
(2.17) GX(Y)=TX -Y) - XY)

be the matrix Green’s function for operator £ in Q. The following lemma was
proved in [30, p. 241].

LeEmMA 2.18. Let X € Q, P € 0Q and p = |X — P|. Suppose that p < cry and
p < 2dist(X, 0Q). Then

/ (GX) Q)P dQ < C g~ D=2
HQ\A(P.5p)

where |p — 2| < 6 and 6 is the same as in Theorem 2.1.

LEmMA 2.19. Under the same assumption as in Lemma 2.18, we have

2

0GX C
(2.20) Jap32p) o do < Pk
2 .
OGX c)=
(2.21) Jap2iphae2i-15) v = Q23
oG | .. cC
(2.22) Joanae.cr) o dQ < p—3—e’

where 6 < j < J, 27~ ro/p, and € > 0 depends only on n and 6 in Theorem 2.1.

Proof. Using regularity estimate (2.3) for X and the well-known estimate
for T’

C
Y < 70
IVIT(X)| < |X|"*2+\’Y\
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where ~ is a multi-index, we have

2

0GX 2
[ |5 de<c| —vra-oPd+c[ |violf a0
AP32p) | OV A(P32p) A(P32p)
C C
< F +C[I(X — ')wa(aﬂ) = P

To prove (2.21) for 6 < j < J, we cover A(P,2p)\A(P,2~!p) with
{A(P;,22p)} and apply Lemma 2.13 to GX(-) on A(P;,2~2p). We obtain
Fleds

o ‘GX(Y)F dy,

C
Sy
2p) Ja. e,

)

(2.23) /
AP p)\AP, 2~ p)

where €; = D(P, 2 p). Choose any p € (2—6,2) where § is given in Theorem 2.1.
By Holder inequality,

/ ‘GX(Y)‘Z dy
Qi \Qj_,

7
n—2

. n2 _n p l/p 2 o
<C@pTr {/ ‘GX‘ dY} {/ ]GX " dY}
Qi \Qj—2 Qi \ Q2

. n_n 14 I/p 2 172
<C@p)ih {/ ‘GX‘ dY} {/ ‘GX‘ dY}
Q'+1\Qj72 Q‘+2\ij3

J J

B 1/p
< C<2fp>21pl{ / (s dQ} { / [ty
OQ\A(P.5p) IQ\AP,5p)

R I = SR )

. n+l —
<C@pz 7 p p2

) 1/2
dQ}

—Cp. @HmDG=p) P

where we have used (2.9) in the second inequality and Lemma 2.18 in the last
inequality. Estimate (2.21) now follows from this and (2.23) with ¢ = (n — 1)

( 1% — %) > 0. Estimate (2.22) may be proved in a similar manner.

We need one more lemma before we carry out the proof of Theorem 1.5.

LEMMA 2.24. Lete > 0 be given by Lemma 2.19. Suppose £ € L>N0Q), where
0< A< 2+eforn>4and0 < X\ <2 forn = 3. Then the unique solution u for the
Dirichlet problem with boundary data f and ||(n)*||2 < oo, given by Theorem 2.1,
satisfies

A+l—n

luX)| < C {dist(X,0Q)} 2 |[f||lox foranyX € Q.
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Proof. We may assume that dist (X, 0Q) < cro and ||f][, = 1. Fix X € Q.
Let P € 0Q such that p = |X — P| = dist (X, 0€2). Note that

oG X
(2.25) uX) = — o —f(Q)dQ

Write 0Q as the union of the sets A(P,32p), OQ\A(P,crg), and A(P,2/p)\
AP,2'p),j=6,7,...,J where 2/ ~ c/p. Using Cauchy inequality, Lemma 2.19
as well as the definition of L>*(9Q), we have

o0

- re— 20h~2 —n
w0 < o v eSS - P it <o
]6(2’/)),02

if0<A<2+eand A <n— 1. The lemma is proved.
We are now in a position to give the following:

Proof of Theorem 1.5. The uniqueness follows from the uniqueness of L2
solutions in Theorem 2.1. To show the existence as well as estimate (1.6), let
f € L2N0Q) with ||f]o, = 1, where 0 < A < 2+e forn >4 and 0 < \ < 2 for
n =3. Let u be the unique L? solution with boundary data f.

Given P € 0Q and 0 < p < crg. Let A = A(P, p) and sA = A(P, sp). Write
f=1f, +f, where f; = fy0a. Then u = u; + u, where u; is the unique L? solution
with boundary data f;, i = 1,2. By estimate (2.2),

(2.26) [ lwyPae<c [ i6Pdo<cy
oQ oQ
To estimate (u;)*, we note that
(u)* < Mi(up) + Ma(ay)
where for Q € 0Q,

(2.27)  My()(Q) = sup {|v(X)|: XED(P,2p) and |X —Q| <2dist(X,0Q)} ,
Ma(v)(Q) = sup {|o(X)|: X€Q\D(P,2p) and |X—Q|<2dist (X,0Q)}.

We now apply estimate (2.2) to u; on Lipschitz domain D(P,tp) for each ¢t €
(4,5). Since u; =0 on 5A, we obtain

(2.28) | imiP ag < c w2 do.

QNOD(P.1p)
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Integrating both sides of (2.28) with respect to ¢ over (4, 5) then yields

C
— ‘ll] ’2 17).4
P JD(P5p)

n—1—22 2/p
G [ i ax}
D(P,10p)

for any p > 0, where we have used Lemma 2.8 in the last inequality. In view of
Lemma 2.24, we choose p > 0 so that (n — A\ — 1)p < 2. We have

2/p
n—t—22 |, [° dr
[ M@ ag< e P{p ' ﬁ} <Cp
A 0 pr—2

Next note that, by Lemma 2.24,

IN

/A!/\/11(111)|2 dQ

IN

Atl—n

Mo(u)(Q) < Cp > for any Q € A.

The desired estimate for Mj(u;) follows from this easily. Thus we have proved
that

[lwPae <cp
A
It remains to show the square function estimate

(2.29) [ Iswrag < ¢y

for 0 < A < min(n — 1,2 + ¢). Our approach will be similar to that in the case
of the nontangential maximal function estimate. Recall that the square function
S(u) on 9Q is defined by

12
(2.30) Su)(Q) = { / o, [VOCOPIX — QP 7" ax }
Y

where v(Q) = {X € Q: |X — Q| < 2dist(X,0Q)}. It follows from a general result
in [9] that for solutions of the system Lu = 0 in €, one has

(2.31) IS)||, < C||(w)*|, forany0<p < oco.

Given A = A(P, p). Let f=f; +f, and u = u; +u, as before. The desired estimate
for S(uy) follows directly from (2.31) and Theorem 2.1 with p = 2. To estimate



1092 ZHONGWEI SHEN

S(uy), we write {Su)}? = {S1(u))}? + {S>(u;)}* where
@3 (sipo = [
Y(QND(P,2p

(0010 = Vuy (02X — QP " dX.

HONR™M\D(P,2p))

IVu (X)*1X — Q> " dX,
)

For Si(u;), we apply estimate (2.31) and Theorem 2.1 on D(P,tp) for each
t € (4,5). We obtain

[ Isin@Prag<c w2 do.

QNAD(P,1p)

since u; = 0 on A(P,20p). Integrating above inequality in ¢ over (4, 5), we have

C
/ 1S1 Q)2 dQ < —/ w0 dX < Cp,
A p Jpwesp)

as before.
Finally, we note that

/A 1S,u;)Q)? dQ

< Cp”_l/ IVu (X)*|X — P> dX
(Ugear(@)INR™M\D(P,2p))

< Cpr! / [dist (X, 01" |X — P> dX
(Ugeav(OINRM\D(P,2p))

S Cpn—l/ |X _ P|)\+1—21’l dX
R"\D(P.2p)
<cph

We remark that in the second inequality above we have used the estimate

A—l—n

IVuy(X)| < C {dist(X,0Q)} 2,

which is an easy consequence of Lemma 2.24 and the usual interior estimates.
Estimate (2.29) is now proved and the proof of Theorem 1.5 is then complete.

Remark 2.33. It follows from the square function estimate in Theorem 1.5
that

(2.34) / |Vu(Y)| dist (Y, 0Q) dY < C p* ||||3,,
D(P,p) ’
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for any P € 0Q and 0 < p < crg. This implies that
. 1
(235) || |Vu| dist (', 69)2 ||L2*>‘(Q) <C HfHLZ,/\(aQ)

for 0 <A< min(n—1,2+¢).

Remark 2.36. Theorem 1.5 also holds if we replace € by _ and impose an
additional condition |[u(X)| = O(|X|>*™") as |X| — oo in (L.1).

3. Regularity for the Dirichlet problem. In this section we study the
Dirichlet problem with boundary data f in H%’)‘((‘)Q). As in the last section, we
assume that £ is a second order elliptic operator with coefficients satisfying the
symmetry property and the Legendre-Hadamard condition (1.2). We start with
the definition of space H%’A(GQ).

Definition 3.1. Let 0 < A < n—1 and a € W(OQ). We say a is an H>(0Q)-
atom if there exist P € 0Q, 0 < p < crg such that supp a C A(P, p) and

(3.2) | Vianall2 < p~2.

Let f € H>N9Q). We say f € Hi(9Q) if there exist y; € R and H7*(9Q)-atom
a; such that }_ |41;| < oo and f = 3" pjaj. The norm of f in Hf”\(ﬁﬁ) is defined by

J=1

(3.3) |V||H12s)‘(ag) = inf {Z ‘:Uj|: f= Z M]aj} :
j=1

Remark 3.4. 1t is easy to see that H%’O(({)Q) = W2(0Q) and le’"_l(E)Q) is
the atomic space Hll’a,(GQ) introduced in [7]. For 0 < A < n — 1, by Holder
inequality, we have

2 1)

. H>MN0Q POQ) f =7,
(3.5) =M OQ) € WP(OQ)  for p Y

Also observe that, by Poincaré inequality on 02 and (3.2),
(3.6) lalla < € p®~N/2,

The goal of this section is to establish the following theorem.

THEOREM 3.7. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. There exists € > 0 depending only on n, m, the ellipticity constant
w and Q such that, given any f € Hf”\(aﬁ) with) < A <min(n — 1,2 + ¢), there
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exists a unique u satisfying Lu = 0 in Q, u = f on 0Q in the sense of nontangential
convergence, and ||[(Vu)* || ypx9q) < 00. Moreover, we have

(3.8) 10 liaom) < C 20

To establish the existence of solutions as well as estimate (3.8), we first
introduce the notion of (2, ) molecules for the space H>(0Q) with 0 < A < n—1
in a similar fashion to the case of the atomic Hardy space [4]. Also see [0].

Definition 3.9. Let F € L*(0Q). F is called a (2, \) molecule if there exist
constants C > 0, v > X and P € 9Q, p > 0 such that

(3.10) ‘AQVHQFdQSCHfK

G.11) | [F@Plo—Prag<co.

PROPOSITION 3.12. Let 0 < A < n — 1. If F is a (2, \) molecule, then F &€
H*M0Q) and

1F ]| m2200) < Co

where Cy depends only on n, v and C in (3.10)—(3.11).

The proof of Proposition 3.12, which is omitted here, may be carried out
using the same argument as in the case of the atomic Hardy space [4]. Note that
we only need v > A. Also, since 9Q is bounded, we do not need the mean zero
property in the definition of molecules.

We are now ready to give the following:

Proof of Theorem 3.7. We begin with the uniqueness. Using the definition of
nontangential maximal functions, it is not hard to show that
Vw)*(Q)

(3.13) W) < sup MOOI+Cy | 1o~ pp2 4O

where K, = {X € Q: dist(X,0Q) > n} and n > 0 is small. By the fractional
1 _
p

. . . 1 _ 1
integral estimates, if 1 < p < g < oo and i P

(3.14) [(w)*|y £ C sup [uX)| + Cs ||[(Vw)*||,..
X€K5

Now suppose (Vu)* € H**9Q). Then |(Vu)*||, < oo for p = 2(n — 1)/(n —
1 +A) by (1.16). It follows from (3.14) that |[(w)*||, < oo for ¢ = 2(n —
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1)/(n+1—X). Note that ¢ > 2 -6 if 0 < A\ < min(n — 1,2 +¢) and ¢
is small. Thus the uniqueness in Theorem 3.7 follows from the uniqueness in
Theorem 2.1.

To establish the existence of solutions, let u be the W%(@Q) solution of
L) = 0 in Q with u = a on 0L, given in Theorem 2.1, where a is a vector-
valued Hf”\(aﬁ)—atom. We will show that, if 0 < A < min(n — 1,2 + ¢), then
F = (Vu)* is a (2, A) molecule with constants C and v depending only on n,
m, u, A and Q. By Proposition 3.12. this gives the existence of solutions with
boundary data in H12”\(8§2) as well as estimate (3.8).

To this end, we suppose that supp a C A(Py, r) for some 0 < r < cry, and
|Vianalls < r~*2. By estimate (2.3),

(3.15) | IF@F 40 < C||[Vimall} < €17,

This gives (3.10).
Next, let A = A(P, p) where P € 0Q and r < p < cry. We will show that, if
u = 0 on 20A, then

(3.16) | F@Pao<c (%)7 -

for some v > 2. Since 0 < A < min(n — 1,2 + ¢), it is not hard to see that
estimate (3.16), together with (3.15), implies (3.11).

To show (3.16), note that F' = (Vu)* < M(Vu) + M,(Vu) where M, M,
are defined in (2.27). First we apply estimate (2.3) to u in D(P, tp) for t € (4,5)
to obtain

/ IM(Vw)|?dQ < C |Vu|? dQ,
A QNAD(P,1p)

where we also used the fact that u = 0 on 20A. Integrating the inequality above
with respect to ¢ € (4,5) then yields that

/y/\/l](vu)FdQ < 9/ |Vu|? dX.
A P JD(P,5p)

This, together with Lemmas 2.7 and 2.8, implies that

n—34 201 *
(3.17) /A|M1(Vu)\2dQ§Cpp T 12

forany 0 < p < 2.
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To estimate M»>(Vu), we note that, if Q € A, |[X — Q] < 2dist (X, 9L2) and
X € Q\D(P,2p), then dist (X, Q) > 2cp. Thus, by interior estimates,

C
VuX)|* < M/ lu(Y)|* dy
1Y B(X,cp)

_p_2n 2/p
C,p 2 {/ |u(Y)|PdY}
B(X,2cp)

n
Cwy* I3

IN

—2+ 2=
Cop P

IN

It follows that estimate (3.17) also holds for Mj»(Vu). Thus we have proved that

3 2(1—n)
(M

(3.18) @R < ¢,
Finally, choose p € (2 — 6,2). By Theorem 2.1 and (3.6), we have

1 1 A
(3.19) Iy < Clall, < €573,
In view of (3.18) and (3.19), we obtain

2+(n—1)(2—1)
[irorag<c(f)
A

Estimate (3.16) is then proved with v =2 + (n — l)(%7 — 1) > 2. The proof of
Theorem 3.7 is now complete.

Remark 3.20. We mention in the Introduction that (H>*(9Q))* = L>)OQ)
for 0 < A < n — 1. Indeed, given any f € L2 OQ),

(3.21) l(g) = /(mfgda, g € H*N0Q)

defines a bounded linear functional on H>*(9Q). Moreover, ||¢¢]| = [/f]|2.x. Also,
any element ¢ in (H>N0Q))* is given by (3.21) with some f € L>*(0Q).
The proof is left to the reader. It follows from the definition of L>*(9Q) that
Il < lllloc|lfll22- By duality, we obtain

(3.22) ”SOgHHM(aQ) <C ||90||oo||g||H2A(aQ)-
In view of (3.8), this implies that the unique solution u in Theorem 3.7 satisfies

ou

(3.23) ‘ 5 .

< C[Vullpern) < Cllull e
H22(0Q) !
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Remark 3.24. Theorem 3.7 also hold if we replace 2 by Q_ and impose an
additional condition

(3.25) luX)| = O(IX|*™) as |X| — oo.

4. The Neumann problem in H>*. 1In this section we study the Neu-
mann problem (1.11) with data in H>M0Q) and give the proof of Theorem 1.12.
Throughout this section we will assume that the operator £ satisfies the strong
ellipticity condition (1.13). For general elliptic systems satisfying Legendre-
Hadamard condition (1.2), Verchota [32] points out that the L?* Neumann problem
needs not be uniquely solvable modulo finitely many linear conditions.

We begin with the L estimate for p close to 2.

THEOREM 4.1. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. There exists 6 > 0 depending only on n, m, the ellipticity constant
W in (1.13) and the Lipschitz character of Q such that, given any g € LP(0Q) with
2—-0<p<2+b6and [y,8do =0, there exists a unique (up to a constant) u
satisfying Lu = 0 in Q, g—‘y’ = g on 0Q in the sense of nontangential convergence,
and ||(Vw)*||, < co. Moreover, the solution w will satisfy

(4.2) Ve[, < Cllglly-
Proof. It was pointed out in [11] that the same argument there also yields the

result in Theorem 4.1. We sketch the main ideas here.
First, the uniqueness follows easily from (3.14) and the identity

u® ou” Ou
4, of T8 U gx = / .22 do.
(4.3) /Qa,J o Ox d L do

To establish the existence as well as estimate (4.2), we consider the single layer
potential S(f) defined by

4.4) (SH) (X) = /a TasX — QUfx(Q)dQ

where f € 17(0Q), p > 1 and I'(X) = (I'o3(X))1nxm denotes the matrix of funda-
mental solutions in R” for £ with pole at 0. On 0L, the traces of Vu are given
by

1
(4.5) DS (P)= +5 NilP)bap(P) f3(P) +p.v. /ag Dil'ap(P — Q)fp(Q) dO,

(see [17]), where (bag)mxm 1s the inverse of the matrix (a?ﬁ NiNj)mxm and =+
indicates that the nontangential limit of D;u® is taken from Q, = Q and Q_ =
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R"\ﬁ respectively. It follows from (4.5) that

(4.6) Vinlly = Vigqu and 88“ E f+K f on 0Q,
14

where K, is a bounded operator on [P(0Q) for p > 1 [3]. Thus the existence
of solution u with estimate (4.2) will follow if one can show that (1/2)I + K, is
invertible from L’S(@Q) to itself for p close to 2, where L} 0(0Q) denotes the space
of functions f in 1/(0Q) such that [, fdo = 0. In fact it suffices to show that
(1/2)I+K,, is invertible on L2 5(0€). The L case follows from a stability theorem
on interpolation scales of Banach spaces (see e.g. [34, Proposition 4.1]).

Using (4.3) and a similar identity on Q_, it is easy to see that (1/2)] + K, is
one-to-one on L2 5(0€). Next, choose h € CO(R”) such that < h,N >> ¢y > 0 on
0Q. Using Rellich identities (2.5)—(2.6) with this h and u = S(f), as well as the
strong ellipticity condition (1.13), one can show that, if u = S(f) and f € L*(0Q),

futl)
)

4.7 [Vu |2

| /\

{rvmuuz +

{5

See e.g. [13]. Since f = % — 85‘—;, we obtain

ou
V> =

\ /\

(4.8) Ifll. < C {H (i%I+KV> f

| sne)

This implies that the range of (1/2)I + K, 2 5(0Q) — LO((?Q) is closed. Conse-
quently, (1/2)I +K,, is a semi-Fredholm operator on L3(0Q).

Next we show that the index of (1/2)I + K,, is zero. We will prove that for
v >1/2,

4.9) [fll2 < G LI+ K2 + [IT® |2 + |SB]2}

where T: L*(0Q) — L*(0Q) is a compaot operator. Estimate (4.9), together with
(4.8), implies that the operator v/ + K,: L2 5(0Q) — L%((?Q) is semi-Fredholm for
all ¥ > 1/2. Since I + K,, is clearly invertible on L3(0Q) for ~ large, by the
continuity of the index, we deduce that the index of (1/2)I + K,, is zero. Since
(1/2)I + K,, is one-to-one, we conclude that it is invertible on L? 5(0€).

It remains to prove (4.9). To do this, we apply Rellich identity (2.5) in € to
u = S(f). Using (4.3), | 2|, < C||f||> and ao‘ﬁD wS Dl > 1|V, 2 > 0, we
obtain

Ouy, Ou,
4.1 <[ %,
(4.10) 0< o h ox v

+ Cllul|2[f]]2.
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Note that by (4.5),

e 1 .
(4.11) hi Bljc,- = 5 (0. N)bofy + (Kn(D)
where
(4.12) (Kn(£)* (P) = p.v. /agz hi(P)D;T"o5(P — Q) f3(Q) dQ.

Write %‘,‘; = (% — f+ (v + K)(f). Plug this and (4.11) into (4.10) and use

v > 1/2, we get

.13) /a (0 N)buafuf 40
<=2 [ (Ka®.0dQ+C, {0 + Kl + [l } 1]
oQ

- /ag ((Kn +Ky) (B),1) dO+ C, {{|(v] + Kn)f[|2 + [[u]]2} [[f]|2

where K; denotes the adjoint operator of K, on L*(0Q). Since h € C', K +Kj is
compact on L?(9Q). Also note that (h, N)bagfafs > c|f|>. The desired estimate
(4.9) follows from (4.13) by Hoélder inequality with an . We remark that our
method of proving (4.9), as well as the idea of using it to show the invertibility
of (1/2)I + K, is taken from [12] and [23].

Remark 4.14. Theorem 4.1 also holds if we replace Q by Q_ and impose
an additional condition (3.25). In this case, the mean zero condition on g is not
needed. Indeed we may use the same argument as in the proof of Theorem 4.1 to
show that —(1/2)I + K,, is invertible on L7(0Q) for p close to 2. In fact it is not
hard to see that —(1/2)I + K,: L*(0Q) — L*(0Q) is one-to-one. Estimate (4.8)
implies that the range of —(1/2)I + K,, is closed. To show that the index of the
operator is zero, we note that (4.9) also holds for all v < —1/2. This follows by
using Rellich identity (2.5) in _ to obtain, in the place of (4.10),

ou_ Ou_
4.1 < | him——— 2.
(4.15) 0< o on ow + C [|ull2[f]]2

The rest is the same.
We now give the

Proofof Theorem 1.12. For the uniqueness, we construct a matrix of Neumann
functions. To do this, we fix X € Q. Let W = WX = (Wq¢)mxm be a matrix-valued
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function such that, for each £ =1,...,m, (wip,...,wy) is a solution of
al’DiDjwge=0 inQ, a=1,....m,

4 16 CMIB Oéﬂ 6&6

( . ) al.j DjngNi = aij Dj (Fgg(X — )) N; + m on 89,
H(VWQ@)*HQ < Q.

By Theorem 4.1, such solution exists and is unique (up to a constant). Moreover,
we have |[((VW)*||5 < oo for 2 < p < 2+ 6. Define

4.17) GX(Y)=T(X — ) — WX(1).

Now suppose u is a solution of (1.11). Since (Vu)* € H>M0Q), we have
[(Va)*|, < oo for llg < oo,
|[(W)*||g < oo for g =2(n—1)/(n+1=N) and g =p(n—1)/(n—1-p) (1 < g < oo
if n = 3). Thus we have (WX)* - (Vw)* € L1(0Q), (VWX)* - (w)* € L(0Q)
if 0 < A < min(n —1,2+¢) and ¢ is small. This is enough to justify the
formula

X
(4.18) / x o[V Ldo=0.
oQ v aq Ov

Same argument also gives

(4.19) u(X)—/ (X — Q) dQ /—{F(X )} w(Q)dQ.

Combining (4.18) and (4.19), we obtain

u(X) =/8 GX(Q) “ao- / 8—U(Q)dQ

- / GX(Q) —dQ+ _u(Q)dg.
o0Q

laﬂl

This implies that if % = 0 on 0Q, then u is constant. The uniqueness is now
proved.

To show the existence as well as estimate (1.14), it suffices to show that,
if uw is an L? solution of (1.11) with data g = a, and a is an (2, \) atom, then
F =(Vu)* is a (2, \) molecule with constant C and - depending only on n, m,
u, A and Q. By subtracting a constant from u, we may assume that

(4.20) / udo = 0.
o0Q
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22

Suppose that supp a C A(Py,r) for some 0 < r < cry, , and

Jsqgado =0. By Theorem 4.1,

all < r”

@21) /a IF©@Pdg < Claj3 < cr,

which is (3.10). To see (3.11), as in the proof of Theorem 3.7, it suffices to show
that

4.22) Jir@pag<c (2)7 =

for some v > 2, where A = A(P, p) for some P € 9Q and 0 < p < cry, and
9u =0 on 20A.

To this end, we use Theorem 4.1 on the Lipschitz domain D(P,tp) for t €
(4,5). By an inspection of the proof of Theorem 3.7, we see that

p3430=m)
4.23) /A FQ?dQ < Gy p" 7 [ul?

for 2—6 < p < 2. Finally, to estimate |[ul|,, we let X — Q € 0Q2 nontangentially
in (4.19). We obtain

(4.24) <%I + K;’j) u(Q) =S@)(Q) on 0Q,
where K, denotes the adjoint of K, on L*(0Q). Recall that for ¢ close to 2,
(1/2)I + K,, is invertible on LI(0Q) and the range of (1/2)] + K,: L1(0Q) —
L1(0Q) is L{(0€Q). By duality, this implies that (1/2)I + K}, is invertible from
LS(GQ) to a subspace of 17(0Q) of codimension 7. In view of (4.20) and (4.24),
we have

=C|5@)p-

4.25) lull, < € H (11+K;) @
2 )4

By the usual estimates on I' and the mean zero condition of a, we have

|a(2)|
C/z AL 0 esa,

_ n—2
426 Is@o) <{ ‘** 19 , aZ('Z)|
— - dZ Q\3A.
p/ZEA ]Q—Z\"‘ld , 0€0Q\3

It follows that

1 1 A
—De=Drl=3

|S@)|, < Cpr



1102 ZHONGWEI SHEN

This, together with (4.23) and (4.25), gives the desired estimate (4.22) with

2
vy=2+m—-1) <—1> > 2.
p
The proof is complete.

Remark 4.27. Theorem 1.12 also holds if we replace 2 by _ and impose
the condition (3.25). The mean zero condition on g is not needed as in the L?
case.

Remark 4.28. We claim that the solutions u in Theorem 1.12 satisfy

@
ov

(4.29) udo

|
HIAN0Q)

1
ua— —— .
H 10Q| Jag H2A0Q)

To prove (4.29), we may assume that % =ais an (2, \) atom and faQ udo =0.
Suppose a is an (2, A) atom with support A(P, p) where 0 < p < crg. By the
proof of Theorem 1.12, we have

(4.30) / Veanu|?dQ < Cp~2,
AP2p)

/ [ Vanu[?d0 < C@7yp
0—P|~2ip

for some v > 2. Also

4.31) [ull; < € p& V72,

Let ¢ € C*°(R") such that ¢ = 1 on B(P, ry/2) and ¢ = 0 outside of B(P, ry). We
will show that

(4.32) lugll2a 90, < C-

The remaining part u(l — ) is easy to handle.
To show (4.32), we choose a partition of unity of R”

L=+ > ¥
j=1

so that supp 1o C B(P,2p), supp ; C B(P, 2 p)\B(P,2 1p) for j = 1,2,...
and |Vy;| < C/(2p) for j=0,1,... We write

J
uyp = Z upyY;.

J=0
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Note that, by estimates (4.30) and (4.31),
. 1 .
vaduwmobs;c{a~wﬂﬂaAﬁ+p@””-57}f;cszV?
p

This implies that C —lpj (upyy) is an Hf’)‘((‘)Q)—atom. It follows that

J

el o pq) < €D 27 < C.
Jj=0

Estimate (4.32) is then proved.

5. The invertibilty of layer potentials on L>*(0Q) and H>*(0Q). Let

3.1 SHX) = /a o I'(X — O)f(Q) do,
0

(5.2) D)(X) = )

{TX — )} £(0)dQ

denote the single layer potential and double layer potential respectively with
density f. Both S(f) and D(f) are solutions of L(u) = 0 in R"\0Q. On 0Q,

one has
1
(i—l + K,,) f,
2

1
—I+K")f
<¢2 " ”)

In the last section we show that (1/2)I+K,, is invertible on L5(9Q) and —(1/2)I+
K, is invertible on LP(0€Q) for p close to 2. By duality, —(1/2)I+K;; is invertible
on LP(9Q), while (1/2)I + K} is invertible from L{(9Q) to a subspace of LP(OQ)
of codimention n for p close to 2. In this section we study the invertibility of
+(1/2)[+K, on H 2A0Q). By duality, this will give the invertibilty of +(1/2)I+
K on L*N0Q).

0
(5.3) 7, D

D)+

PROPOSITION 5.4. Let 0 < XA < n — 1. Then K,, is bounded on H**(OQ).
Consequently, K* is bounded on L**(0Q).

To prove Proposition 5.4, it suffices to show that if a is an (2, \) atom, then
K,(a) is a (2, \) molecule. This can be done easily by using the boundedness
of K, on L*(9€) and well-known estimates on I'(X). The same argument also
shows that, if 0 < A <n—1,

IVS®) r2r00) < C lfllm2a00)-
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‘We omit the details.
Define

(5.5) H0Q) = {g e H*(0Q): / gdo = o},
oQ

L2NOQ) = {f e L>N0Q): / fdo=0 } .
oQ

THEOREM 5.6. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. Suppose that the operator L satisfies the strong ellipticity con-
dition (1.13). There exists € > 0 depending only on n, m, u and € such that,
if0 < A < min(n — 1,2 +¢), then (1/2)I + K,, is invertible on Hg”\(aﬁ) and
—(1/2I + K,, is invertible on H>(0Q). Consequently, —(1/2)I + K* is invertible
on L*N0Q) and (1/2)I + K} is invertible from Lé’)‘(é?Q) to a subspace of L>(0Q)
of codimension n.

Proof. We give the proof of the invertibility of (1/2)I+K, on Hg’)‘@Q). The
invertibilty of —(1/2)I+K, on H>\0Q) may be established in a similar manner.

Let € > 0 be the same as in Theorem 1.12 and 0 < A < min(n — 1,2 + ¢).
We first show that (1/2I+K,: H2 ’\(89) H2 ’\(89) is one-to-one. To do this,
suppose g € H0 A(6Q) and ((1/2)I+K )g = 0. Let u = S(g). Then ‘9“* = 0. Since
(Vu)* € H>*(0Q), by the uniqueness result in Theorem 1.12, u is constant in Q.
It follows that u = Kk is constant on 0€2. Note that u is also a solution in Q_
the regularity problem considered in Section 3. Let ( - ); denote the nontangential
maximal function with respect to Q_. Since (Vu); € H>MOQ) and u satisfies
condition (3.25), by Remark 3.24, ||(Vu)}||2 < oo. It follows that

—/BQu a“—‘dQ_—k/ a“—‘dQ

k-/ gdQ =0.
a0

/ |Va(X)|* dx
Q_

Thus u is constant in 2_. We obtain g = % — 6“—’ =0.

Next, we note that, by Remark 3.24 and 3. 23)

Ou Ou_
gl p2roa) < ‘ X ’—
81/ HZ,A(@Q) 61/ Hz,A(ag)
Ou,
< + C ||ul| 2
<|5 ooy CIli
Ou
< c‘ h +C / udo
ov H22 Q) 0Q
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where we used Remark 4.28 in the last inequality. This implies that the range of
(/21 +K,: H**(0Q) — H>*(0Q) is closed.

Finally since (1/2)I + K,: L3(0Q) — L3(0Q) is onto and L3(0Q) is clearly
dense in Hé’)‘(ﬁg), we conclude that (1/2)I+K,: HS”\@Q) — HS”\(E)Q) is onto.
It follows that (1/2)I + K, is invertible on H3(9Q).

COROLLARY 5.7. Under the same assumption as in Theorem 5.6, there exists
€ > 0 depending only n, m, p and Q such that:

(a) iff € L2M0Q)and 0 < X\ < min(n — 1,2 + ¢), the unique solution of the
Dirichlet problem (1.1) in Q with data £, given in Theorem 1.5, may be represented
by a double layer potential with density function (— (1/2)I + K})™'f,

b)) ifg e Hé”\((?Q) and 0 < A < min(n — 1,2 + €), the unique (up to
a constant) solution of the Neumann problem (1.11) in Q with data g, given in
Theorem 1.12, may be represented by a single layer potential with density function

(1/DI+K,)"'g.

6. The biharmonic equation. Consider the Dirichlet problem for the bi-
harmonic equation

A2u=0 inQ,
6.1) u=f on 0Q,
gf\; =g on 0Q.

Let

(6.2) WAP(0Q) = the closure of {(F|gq, VF|sg): F € C(R"}
under the norm in W/ (9Q).
THEOREM 6.3. Let Q be a bounded Lipschitz domain in R", n > 3 with con-
nected boundary. There exists & > 0depending only onn and the Lipschitz character

of Q such that, givenf € W (0Q), g € LP(0Q) with2 — § < p < 2+ 6, there exists
a unique u satisfying (6.1) and (Vu)* € LP(0Q). In fact, u satisfies

(6.4) 1Vl < C{l[Vanflp + llgllp} -

If, in addition, (u|sq, Vulsg) (which is completely determined by f and g) is in
WAP(0Q), then

(6.5) I(VVW* [, < C|Vean( V).
We remark that the Dirichlet problem (6.1) with (W} (0Q), LP(0€)) data for

2 —6 < p < 2+6 was solved in [10], while the regularity estimate (6.5) was
established in [33]. In [26, 27], Pipher and Verchota obtain the estimate (6.4) for
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p in the optimal range 2 — § < p < oo in the case n = 3. They also construct
examples which show that estimate (6.4) fails in general for p > 6 and n =4 or
p>4andn>5.

In this section we establish an estimate in Morrey spaces for the solutions of
the Dirichlet problem (6.1).

THEOREM 6.6. Let Q be a bounded Lipschitz domain in R", n > 4 with con-
nected boundary. There exists € > 0 depending only on n and € such that, given
any f € W(0Q), g € L2NOQ) with |Vnf| € LPM0Q) and 0 < X < 2 +¢, there
exists a unique u satisfying (6.1) and ||(Vu)*||2,x < co. Moreover, we have

(6.7) (Vi) [lzn < C {[[Veanfll2n + [I8ll22} -
If n =3, estimate (6.7) holds for 0 < \ < 2.

Remark 6.8. In [26], Pipher and Verchota construct a biharmonic function of
form u = u(r,0) = r*v(f) on R, x w such that Vu = 0 on R, x dw, where w
is a smooth domain on the unit sphere S"~!. They show that, given any 6 > 0,
one may find w and u such that (1/2) < a = a(6) < (1/2) + 6 for n = 4, and
0 < a < ¢ for n > 5. Using this example, it is not hard to see that our condition
0 < A < 2+¢ in Theorem 6.6 is sharp for n = 4 or 5. Same example also shows
that estimate (6.7) can not hold in general for A > n — 3 and n > 6.

To prove Theorem 6.6, we follow the same line of arguments as in Section 2.
We begin with a lemma on harmonic functions.

LEMMA 6.9. Let o € C*°(R"). Suppose that Avp = 0 in Q and ||(V)* ||, < oo.
Then

0
(6.10) [ o5 Q] < CIVunpllvla
oo ON

Proof. Using a partition of unity as well as estimate ||(10)*||» < C||¢]2 for
harmonic functions [5, 6], we may assume that € is a star-like bounded Lipschitz
domain with respect to the origin. We may also assume that [;, ¢ dQ = 0 and
¥(0) = 0. In this case, estimate (6.10) follows directly from formula (2.14) in
[27, p. 384].

Remark 6.11. By continuity, one may extend estimate (6.10) to functions ¢,
Y satisfying o € W2(0Q), Ay =0 in Q and (¥)* € L*(0Q).
The next lemma is a Caccioppoli inequality for biharmonic functions.

LEMMA 6.12. Let P € 0Q and 0 < p < c p. Suppose A*u = 0 in D(P,2p) and
(VVu)* € L*2(A(P,2p)). Also assume that u = 0 and Vu = 0 on AP, 2p). Then, for



BOUNDARY VALUE PROBLEMS IN MORREY SPACES 1107

O<s<t<l,

C
(6.13) / |VVul|?dX < ﬁ/ |Vul* dX.
D(P,sp) (t — 8)*p= JpP.ip)

Proof. Choose ¢ € C5°(R") such that ¢ = 1 on D(P, sp), ¢ = 0 on Q\D(P, tp)
and |Vp| < C/((t — s)p), [VV¢| < C/((t — s)p)>. A direct computation shows
that

Di(¢*Dju) - Di(¢*Dju) < D;Dju - DiDj(ugp*)
+ C{IV(*Vu)| + |Vu| [Vl }

x {IVul [Vl + u] [Vl + |u] [VVip]}.
By Holder inequality with an e, we obtain

(6.14) ¢ |V(¢*Vu)| < D;iDju - DiD(up”)
+ C{|VuP |Vl + [ul [Vl + |uP [V}

Since A%u =0 in D(P,2p), an integration by parts yields, at least formally,

(6.15) / D;Dju - D;Dj(up*)dX = N:D;Dju - Di(up*) dQ
D(P,p) OD(P,p)

— / N;DjAu - up* dQ
OD(P.p)

=0.

To justify (6.15), we approximate D(P, p) by a sequence of smooth domains from

inside. Using assumption (VVu)* € L>(A(P,2p)), u = 0, Vu = 0 on A(P,2p),

it is easy to see that the first boundary integral in (6.15) goes to zero in the

approximation. Since Au is harmonic, we may use Lemma 6.9 to conclude that

the second boundary integral in (6.15) also goes to zero in the approximation.
Finally note that, since u = 0 on A(P,2p), we have

(6.16) / u|? dX < sz/ |Vul* dX.
D(P,tp) D(P,tp)

In view of (6.15)—(6.16), estimate (6.13) follows by integrating (6.14) over
D(P, p).

The following lemma may be proved by the same arguments as in the proof
of Lemma 2.8.
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LEMMA 6.17. Under the same assumption as in Lemma 6.12, we have

—/ Vul*dx | <G, (—/ Vu|”dX>
P" Jpp.p/2) P" JpP.p)

foranyp > 0.

Let B denote the fundamental solution for the operator A? in R” with pole at
0, i.e., B(Y) = c3|Y| for n = 3, B(Y) = c4log |Y| for n = 4, and B(Y) = ¢, |Y|*™"
for n > 5. Fix X € Q. Let WX be the solution of the Dirichlet problem (6.1)
given by Theorem 6.3 with f = BX, g = (VBX,N), where BX(Y) = B(X — Y). Let

(6.18) GX(v) = BX(Y) — WX(v)

be the Green’s function for A> on Q. For solutions of the Dirichlet problem (6.1)
with (W2(0Q), L*(0Q)) data and (Vu)* € L*(0Q), we have

0
ON(Q)

6.19)  uX)= /8 FQ) 8GN (@ - /8 _2(080G" Q) dQ.

(see [27)).

LEMMA 6.20. Let X € Q, P € 0Q and p = |X — P|. Suppose p < cry and
p < 2dist (X, 0Q). Then

[ vGypdg< e
HQ\A(P.5p)

wherep € (2 — 6,2+ 0) and ¢ is the same as in Theorem 6.3.

Proof. We apply estimate (6.4) to GX on the Lipschitz domain Q\D(P, 3p).
We obtain

(6.21) (VG Pdo < C IVG¥|P dQ

/89\A(P,5 ) QNOD(P,3p)

<C |VBXPP +C |VWX|P dQ.
QNAD(P,3p) QNAD(P,3p)

It is easy to see that the integral of |VBX|P is bounded by Cp"~!="=3P To
handle the integral of |[VWX|P, we choose ¢ > p such that ¢ < 2+ ¢ and
qg > (n—1)/(n —2). Then

/ IVWX|PdQ < C |VBX|P + C P / (VVW*IP dO
QNOD(P,3p) A(P.4Ap) A(P4p)
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(n—1) plq
A

(P.4p)

n_ r/q
< Cpn—l—(n—3)p + Cpl’+”_1_p( q . {/ |VVBX|CI dQ}
0Q

< Cpn—l—(n—3)p’
where we have used estimate (6.5) in the third inequality. The proof is complete.

LEMMA 6.22. Under the same assumption as in Lemma 6.20, we have

C
2
(6.23) | IVeVeG Pao < .
AP32p) p
C(2)H)—¢
(6.24) / VoVoGX?do < ——~ |
A(P,zfm\A(P.zJ—lp)' 0VoG| (2p)?pr—=3
C
6.25) / VoVoG¥Rdo < — S
8Q\A(P,cr0)‘ Vol pniE

where 6 < j < J,2) ~ ¢/p, and & > 0 depends only on n and § in Theorem 6.3.

Proof. To see (6.23), we choose g € (2,2 + ). By (6.18) and Holder’s
inequality, we have

/ |IVVG*|? dQ
A(P,32p)

Y pe]_ 201 " 2/q
<c VB Pdo+Cpt T T {/ VW |qu}
A(P,32p) AP32p)
n_1_20=D 0% 2/q
<= oM {/ VVB |qu}
" oQ
< C
—_— pn_3,

where we have used estimate (6.5) in the second inequality.
To show (6.24) and (6.25), it suffices to prove that, if p < R < crp and
|Po — P| > 32R, then

1

g
6.26 / VVGX[2do < C <3> L
( ) APo.R) ’ | Q — R R2 pn—S



1110 ZHONGWEI SHEN

To this end, we apply estimate (6.5) to GX in the domain D(P,R) with t €
(1,3/2). Since GX =0, VGX =0 on 0Q, we obtain

/ IVVGKPdo < C VVGX? do.
A(Po,R) QNAD(Py,tR)

We then integrate both sides of the inequality above with respect to ¢ and use
Lemma 6.12. This gives

(6.27) / IVVGY|?dQ < % / |IVGX(Y)|*dy.
A(Po,R) D(Py,2R)

Choose p € (2 — §6,2). Using Holder inequality and Sobolev inequality as in the
proof of Lemma 2.19, we have

/ \VGX(V)|>dY
D(Py,2R)
Efﬂfl X l/p X z_n
< CREH {/ VG |de} {/ V6K ay
D(Py,2R) D(Py,2R)

n+1 n—1 " ]/p 1/2
<crRP { / (VGYy PP dQ} { / I(VGX)*IZdQ}
HQ\AP,5p) HO\AP,5p)

n+l _ n—1 n—1_

<CR?* 7 -pv» =3 p’%l*(”*&

B P\ VG- R
- E ’ pn—S ’

where we have used Lemma 6.20 in the last inequality. This, together with (6.27),

gives (6.26) with € = (n — 1)(}7 — %) > 0. The proof is complete.

}(HZ)/(ZH)

LEMMA 6.28. Let f € W3(0Q). Suppose |Vinf| € L2NOQ) where 0 < \ <
n — 1. Then, for P € 0Q and 0 < p < ¢ rg, we have

@ifd<n-3
1 2
6.29) [ =g L] 40 < ClVunf B
A(P.p) 10Q| Jaa
(b)if \=n—3,

2
dQ < C ||V f|30@ )2,

1
(6.30) / }f -
AP2p) |AP, p)| Jaw.p) /
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@) ifA\>n—3,

2
(6.31) f| d0 < C|[Vinf|312 )",

1
/A(P,zip) V |ACP, p)| Jaw.p)

where 0 < j < Jand?2’ ~ c/p.

Proof. We may assume that ||V f|l2x = 1 and [y, fdQ = 0. By Poincaré
inequality,

1 2

6.32 _
(652) s |ACP, p)| Jaw.p)

f

WQ<Cp [ [VanfPdo<Cp
A(P,p) A(P,p)

Thus, to show (6.29), it suffices to estimate

Jaep) = f(Q)dQ.

AP, p)| Jae.p)

To this end, let A; = A(P, 2/ p). By Holder and Poincaré inequalities,

1/2
1
6.33 —nl<cC ———/ —f Pd
( ) VAJ fAﬁ.]’ = {‘Aj+l‘ Aj+1 ‘f fAﬁ,]’ Q}
1/2
<C {(2jp)3n/ |V ianf | dQ}
Vil
. 3+A—n
< C@p) 7.

Since [, fdQ =0, we obtain by summation that

3+A—n

fappl <Cp~ 2 if3+A—n<0.

This, together with (6.32), gives (6.29). Estimates (6.30) and (6.31) follow in a
similar manner.

Remark 6.34. Tt follows from (6.33) that, if 0 < p < R < cry,

3+A—n

Cp 2 [[Vanfll2r if \<n—3,

R .
|[faemy = faepl = | C log (;) IVeanfllan, if A=n-—3,
CR}M{n [ Vianf 2,15 if A>n—3.

LEMMA 6.35. Let € > 0 be given by Lemma 6.22. Let f € Wi(0Q), g €
L2NOQ) with |Vianf| € L*NOQ) where 0 < A\ < 2+¢eforn >4, and0 < X\ <2
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for n = 3. Then the unique solution u of the Dirichlet problem (6.1), given by
Theorem 6.3, satisfies

A+l—n

(6.36) |[Vu(X)| < C {dist(X,0Q)}

IVanfll2a + llgllza}  forany X € Q.

Proof. We may assume that || Vianf ||2.0+]|g|l2.0 = 1. Also it suffices to consider
two cases. In the first case, we assume f = 0. In the second case, assume g = 0.

Case 1. We use the representation formula (6.19) and Lemma 6.22. We obtain
u(X)| < C {dist(X,0Q)} =" for any X € Q

by the same argument as in the proof of Lemma 2.24. The desired estimate (6.36)
then follows by the interior estimates for biharmonic functions.

Case Il and A\ < n — 3. We may assume [;,fdQ = 0. Given X € Q. Let
p = dist(X, 0Q). We may assume that p < crp. Let P € 0Q and p < R < cry.
Suppose X ¢ D(P, 10R). Let ¢ € C5°(R") such that ¢ = 1 on D(P,R/2), ¢ =0
on Q\D(P,R), and |Vp| < C/R. We will show that

a M p) 2+52—>\ W
AgwfaN(Q)AQG (Q)dQ‘ gc(R P

(6.37)

where ¢ is the same as in Lemma 6.22. This, together with (6.19) and a partition
of unity, implies that

A+3—n A3—n

(6.38) uX)| < Cp 7 =C [dist(X,0Q)] 2

ifO<A<2+eforn>4and 0 < X\ <2 for n = 3. Estimate (6.36) follows
from (6.38) by the interior estimates as in Case 1.
To see (6.37), we use Remark 6.11 to obtain

0

X X
6.39) ] | N0 (© dQ‘ ApG¥(0) dQ

0
u
‘/8D(P,R) 7 oN©)
C | Vian(p)| 200p.1))

IN

X ||AQGXHL2(8D(P,R))-

In view of (6.29) and [, f dQ =0, we have

(6.40) I Vean (Wl 2008y = | Vean (@) 2acp p)y < € RM?.
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By the proof of Lemma 6.22, we have

¥ p 8/2 1
(6.41) 1A00G™ | 20pPRYy < C (5 T
Rp—

R

(see the proof of (6.26)). Estimate (6.37) now follows from (6.39)—(6.41).

Case Il and A > n — 3. Fix X € Q. Let P € 0Q such that p = |X — P| =
dist (X, 0Q). By formula (6.19), for Y € Q and o € R, we may write

0
ON(Q)

(6.42) ul¥) —a= /8Q (f — ) AQGY(Q) do.

Choose
! fdo
a= ———
|ACP, p)| Jae.p)

Using the same argument as in the proof of (6.38), but with (6.29) replaced by
(6.30) and (6.31), one may show that, if Y € B(X, p/4),

A+3—n

(6.43) u(y) —al < Cp~>

By the interior estimates, this implies that

A+l—n A+l—n

VuX)| < Cp~ 2 =C[dist(X,0Q)] 7 .

The proof of Lemma 6.34 is complete.
Finally we are in a position to give the following:

Proof of Theorem 6.6. The uniqueness follows from Theorem 6.3 since
L2N0Q) C L*(0Q). To establish the existence, we may assume that ||Vnf |20+
llgll2.x = 1. Let u be the solution of (6.1) given by Theorem 6.3. Fix P € 0Q and
0 < p < crp. We need to show

(6.44) | (vurpag<cp
AP.p)

Let ¢ € C°(R") such that ¢ = 1 on D(P,10p), ¢ = 0 on Q\D(P,20p), and
V| < C/p. Let u = uy +up + 3 where

1

= d
g |A(P,20p)| A(P,ZOp)f ¢



1114 ZHONGWEI SHEN

and u, is the solution of (6.1) with data u, = (f — B)¢p, % = gy on 0Q. By
estimate (6.4) with p = 2,

| (Vg < [ (Vi)' PdQ < C{[Vun(f ~ B0z + lgell)
AP,p) oQ
< cp

where we have used Poincaré inequality in the last inequality.
To estimate (Vup)*, we note that u; = 0, % = 0 on A(P, 10p). With Lem-
mas 6.17 and 6.35 at our disposal, we may use the same argument as in the proof

of Theorem 1.5 to obtain

)

/A (Vi)' PdQ < €M [ Vanl(f — BX1 — )llan + g1 — )]

(P.p)

A

< CpM | VeS| 2+ 1 = B Viangllan}>-

2+ |8l

Finally, by Remark 6.34, it is not hard to see that ||(f~5)Vin@|[2.0 < C || Vianf|
Estimate (6.44) is then proved.
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