THE L? BOUNDARY VALUE PROBLEMS ON LIPSCHITZ DOMAINS

ZHONGWEI SHEN

ABSTRACT. Let 2 be a bounded Lipschitz domain in R™. We develop a new approach to the
invertibility on LP(9%2) of the layer potentials associated with elliptic equations and systems

in Q. As a consequence, for n > 4 and 2(:%1) — € < p < 2 where € > 0 depends on €2,

we obtain the solvability of the LP Neumann type boundary value problems for second order
elliptic systems. The analogous results for the biharmonic equation are also established.

1. Introduction and Statement of Main Results

Let  be a bounded Lipschitz domain in R™. The Dirichlet and Neumann problems for
Laplace’s equation in © with boundary data in LP(0f2) had been well understood more
than twenty years ago. Indeed it is known that the LP Dirichlet problem is uniquely
solvable for 2 — ¢ < p < oo, while the LP Neumann problem is uniquely solvable for
1 <p<2+e¢e, where € > 0 depends on n and (2. Furthermore, the ranges of p’s are sharp;
and the solutions may be represented by the classical layer potentials [D, JK, V1, DK1].
Due to the lack of maximum principles and De Giogi -Nash Holder estimates, the attempts
to extend these results to second order elliptic systems as well as to higher order elliptic
equations had been successful only in the case n > 2 for p close to 2 [DKV1, FKV, DKV2,
F, K1, G, PV3, V2, V3|, and in the lower dimensional case n = 2 or 3 for the sharp ranges
of p’s [DK2, PV1, PV2, PV4]. Recently in [S3, S4], we introduced a new approach to
the LP Dirichlet problem via L? estimates, reverse Holder inequalities and a real variable
argument. For second order elliptic systems as well as higher order elliptic equations, this
led to the solvability of the LP Dirichlet problem for n > 4 and 2 < p < % +e. In
the case of elliptic equations of order 2¢, the upper bound of p is known to be sharp for
4<n<2(+1and?>2[PV3, PV4].

The main purpose of this paper is to study the solvability of the LP Neumann type
boundary value problems for elliptic systems and higher order equations. We develop a
new approach that can be used to establish the LP invertibility of the trace operators
+(1/2)I + K* of the double layer potentials for a limited range of p’s. This limited-
range approach is essential to the higher order elliptic equations, as the LP invertibility of
+(1/2)I+K* fails in general for large p in higher dimensions. By duality, the invertibilty of
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+(1/2)I+K* on LP implies the invertibility of the Neumann trace operators +(1/2)I+X on
L?" of the single layer potentials. As a consequence, we are able to solve the LP Neumann
type problems for p in the dual range 2(:—;11) — &1 < p < 2. We remark that in the lower
dimensional case n = 2 or 3, our approach recovers, without the use of the Hardy spaces,
the LP solvability of the Neumann problem for 1 < p < 2 obtained in [DK2] for elliptic
systems. The analogous results for the biharmonic equation, however, are new even in
the case n = 2 or 3. It is also interesting to point out that the approach we use here
is in contrast with the method used in [DK1], where the operators £+(1/2)I + K for the
Neumann problem are shown to be invertible first and the invertibility of +(1/2)I + K*
for the Dirichlet problem is then established by duality.

This paper may be divided into three parts: elliptic systems, the biharmonic equation,
and Laplace’s equation. In the first part we consider the system of second order elliptic
operators (L(u))* = —affDiDjug in Q, where D; = 0/0x; and k,¢ = 1,...,m. Let
N = (N1, Na, ..., N,) be the unit outward normal to €2 and

(1.1) (8u>k _ a2y

ov K 6a:j !

denote the conormal derivatives of u on 0€2. We are interested in the LP Neumann type
boundary value problem

L(u)=0 in Q,
(1.2) g—“ —f e LP(Q) on 99,
v
(Vu)* € LP(09),

where (Vu)* denotes the nontangential maximal function of Vu, and the boundary data f
is taken in the sense of nontangential convergence. We will assume that aff, 1<4,5 <n,

1 < k,/ < m are real constants and satisfy the symmetry condition aff = a?? and the
strong ellipticity condition

1
(1.3) Ho l€]* < ajf€re] < o €%,

for some pg > 0 and any & = (£F) € R™™. Let || - ||, denote the norm in LP(9€2) with
respect to the surface measure do on 0f). The following is one of main results of the paper.

Theorem 1.1. Let Q) be a bounded Lipschitz domain in R™, n > 4 with connected bound-

ary. Then there exists € > 0 depending only on n, m, pug and  such that, given any
f e LP(0Q) with [, fdo =0 and

2(n—1)

(1.4) n+1

—e<p<2,

the Neumann type problem (1.2) has a unique (up to constants) solution u. Furthermore,
the solution u satisfies the estimate ||(Vu)*||, < C |[f||, and may be represented by a single
layer potential with a density in LP(0).
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Theorem 1.1 will be proved by the method of layer potentials. Let I'(z) = (T**())m5xm
denote the matrix of fundamental solutions for operator £ on R™. For g € LP(0f2), let
S(g) and D(g) denote the single and double layer potentials respectively with density g,
defined by

(1.5) (S(@))* (x) = /8 Ty —a)g' () do(y)
Y/
(16) @) = [ {Gom-0} dwa)

where 'y (x) = (T*!(z),...,[*"(z)) is the kth row of I'(z). Let u = S(g) and v = D(g),

then L(u) = £(v) =0 in R™ \ 092. Moreover,
du; 1 du_ 1
1 1
(1.8) vi= (-5l +K)g v =(GI+K)g,

on Jf), where I denotes the identity operator, and 4 indicate the nontangential limits
taken from 0, = Q and Q_ = R" \ Q respectively. We remark that in (1.7)-(1.8), K is a
singular integral operator on 92 and K* is the adjoint of K. By [CMM], £ and K* are
bounded on LP(0f2), and [[(Vu)*||, + |(v)*[l, < C|gllp for any 1 < p < oco. In view of
the trace formulas (1.7), the LP Neumann type problem (1.2) is reduced to that of the
invertibility of the operator (1/2)I 4+ on LP(0f2) (modulo a finite dimensional subspace).
Similarly, because of (1.8), one may solve the L? Dirichlet problem

L(u)=0 in O,
(1.9) u="fe LP(0N) on 09,
(w)* € LP(09),

by showing that —(1/2)I + K* is invertible on LP(02). This is the so-called method of
layer potentials for solving boundary value problems.

For n > 2, the invertibility of +(1/2)I + K on LP(0N2) was indeed established in [DKV2,
FKV] (also see [K1, F, K2]) for 2 — ¢ < p < 2+ ¢, where € > 0 depends on the Lipschitz
character of ). To do this, the main step is to show that for suitable solutions of £L(u) =0
in R™\ 012, one has

Ou ou_
(1.10) ||0—V+Hz ~|Viui|l2 and “WHQ + [[ull2 ~ [[Viu_]]2 + [Julf2,

where V;u denotes the tangential derivatives of u on 0€2. As in the case of Laplace’s
equation [V1], the proof of (1.10) relies on the Rellich type identities.

If we let u = §(g) in (1.10), since Viuyp = Viu_ a.e. on 0f), we obtain

ou ou_
(1.11) 155 + s ~ 1155

l2 + [[alf2.
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It follows that

8u+ ou_ 1
1.12 <||—== — | <C|(£=I+K C|S .
(112) gl <15+ 15l < CllE T+ gl + C IS()]:
This is essentially enough to deduce the invertibility of :I:%I + K and hence j:%[ + K
on L?(99), modulo some finite dimensional subspaces. By a perturbation argument of
A.P. Calderén, the invertibility can be extended to LP(0f2) for p close to 2. As a conse-
quence, the LP Dirichlet and Neumann type problems are solved for 2 —e < p <2+ ¢.

For Laplace’s equation on Lipschitz domains, the invertibility of the corresponding op-
erators £(1/2)I + K on LP(0N2) was established for the sharp ranges of p’s in [DK1] (the
case p = 2 is in [V1]). The method used in [DK1] relies on the classical Holder estimates for
solutions of second order elliptic equations of divergence form with bounded measurable
coefficients. Because of this, the extension of the results in [DK1] to elliptic systems has
only been successful in the lower dimensional case (n = 2 or 3) [DK2]. As we mentioned
in the beginning of this section, we recently introduced a new approach to the L? Dirichlet
problem for p > 2 in [S3, S4]. Roughly speaking, this approach reduces the solvability
of the LP Dirichlet problem to a weak reverse Holder inequality on I(P,r) with exponent
p for L? solutions whose Dirichlet data vanish on I(P,3r). Here I(P,r) = B(P,r) N oL,
where P € 9Q and 0 < r < 7, is a surface ball on 9. Combined with the W2 regu-
larity estimate ||(Vu)*||2 < C||Viul|2, this allows us to establish the solvability of the LP
Dirichlet problem (1.9) for n > 4 and

2(n—1)

1.1 2 _ )
(1.13) <p< 3 + &

In this paper we will show that if v = D(g) is a double layer potential, then

(1.14) 1) My ~ lIv£llps

for any p satisfying (1.13), where the nontangential maximal function (v)* is defined using
nontangential approach regions from both sides of 9€2. Since g = v_—v by (1.8), estimate
(1.14) implies that £(1/2)I + K* are invertible on LP(0S2). By duality, £(1/2)I 4+ K are
invertible on LP(0N2) for p in the dual range (1.4).

By a refinement of the approach used in [S3, S4], we may reduce the proof of (1.14) to
the weak reverse Holder inequality

. 1/p . 1/2
1.15 / v)*|P do <C / v)* |2 do ,
(1.15) { ] } { [T }

where v = D(g), and either v, = 0 or v_ = 0 on I(P,3r). The proof of (1.15) relies on
applications of localized L? estimates (or Rellich identities) on the domains B(P,r) N Q.
It also depends on the fact that

ovy Ov_

(1.16) o = o0 on 00
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for any double layer potential v. This crucial fact allows us to estimate the L? norm of
Vvy on I(P,r) by the L? norm of Vv on I(P,2r) respectively, plus some lower order
terms. See Lemma 2.4. We mention that the upper bound of p in (1.13) is dictated by
the use of Sobolev inequality on I(P,r). Whether this upper bound is necessary for the
invertibility of +(1/2)I + K* on LP(0f2) for second order elliptic systems remains open.

In this paper we also study the traction boundary value problem for the system of
elastostatics

pAu+ (A + p)V(diva) =0 in Q,
(1.17) Adivu)N + p(Va+ (Vu)")N = f € LP(69),
(Vu)* € LP(09),

where p > 0, A > —2u/n are Lamé constants, and 7" indicates the transpose of a matrix.
One may put (1.17) in the general form of (1.2) with

(1.18) ai‘gjg = ,u5ij5kg + )\(Sik(sjg + u(;ig(sjk

for 7,7, k., 0 = 1,2,...,n. It is easy to verify that the coefficients satisfy the Legendre-
Hadamard ellipticity condition

(1.19) aff&@-nkne > u|€]?|n)*  for any &,n € R™.

However they do not satisfy the strong elliptic condition (1.3). Thus Rellich type identities
alone are not strong enough to give estimate (1.10). Nevertheless, this difficulty was
overcome in [DKV2] by establishing a Korn type inequality on 0€2. Consequently, the LP
traction problem (1.17) was solved in [DKV?2]| for [p — 2| < e. In the case n = 2 or 3, the
problem was solved in [DK2] for the optimal range 1 < p < 2+ &. Here we will show that
with a few modifications, the proof of Theorem 1.1 may be used to solve the LP traction
problem for p in the same range given in (1.4). More specifically, let ¥ denote the space of
vector valued functions g = (¢', ..., ¢") on R" satisfying D;¢’ +D,g' =0 for 1<1i,j <n.
It is easy to show that g € W if and only if g(x) = Az + b, where b € R™ and A is a real
skew-symmetric matrix, AT = —A. Let

(1.20) L, (09) = {f € LP(09Q) : / f-gdo=0 forallge U}
oN

Theorem 1.2. Let Q be a bounded Lipschitz domain in R™, n > 4 with connected bound-
ary. Then there exists ¢ > 0 depending only on X\, p, n and Q such that for any f € L, (0€2)
with p satisfying (1.4), the traction problem (1.17) has a solution u, unique up to elements
of W. Furthermore, the solution u satisfies the estimate ||[(Vu)*||, < C|/f||, and may be
represented by a single layer potential with a density in LP(0S).

The general program we outlined above for the second order systems should apply to
higher order elliptic equations and systems, once the L? invertibility of the layer potentials
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is established. In the second part of this paper, we study the biharmonic Neumann problem

( A’u=0 in Q,
At (1- ) Z% _ p e ron a9
(1.21) pAU+ (1= p)aem = [ € LP(0Q) on 09,
0 1 0 02u 1,
\ a—NAu+ 5(1 - p) T, (aNaTij) =ANe W, P(02) on 09,

where 8%@-3- = N;D;j—N;D;, and Wy LP(5Q) denotes the space of bounded linear functionals

A on W1 (99Q) such that A(1) = 0. The LP Neumann problem (1.21) was recently
formulated and studied by G. Verchota in [V3], where the solvability was established for
p € (2—¢,2+¢) by the method of layer potentials. The following is the second main result
of the paper.

Theorem 1.3. Let Q be a bounded Lipschitz domain in R™, n > 4 with connected bound-
ary. Let (1/(1 —n)) < p < 1. Then there exists ¢ > 0 such that given any f € LP(0S)
and A € Wo_l’p(é?Q) with 2(:—;11) —e < p <2, there exists a biharmonic function u, unique
up to linear functions, satisfying (1.21) and (VVu)* € LP(02). Moreover, there ezists a

constant C' depending only on n, p, p and §2 so that

(1.22) I(VVw)*llp < C{l[Allw-10(00) + I£llp}

and the solution u may be represented by a single layer potential. If n = 2 or 3, above
results hold for 1 < p < 2.

We refer the reader to Remark 7.3 for the ranges of p’s for which the LP Dirichlet
problem for the biharmonic equation is uniquely solvable. In particular the sharp ranges
are known in the case 2 <n < 7.

In the last part of this paper we apply the method used above for systems and the
biharmonic equation to the classical layer potentials for Laplace’s equation. This allows
us to recover the sharp LP results in [DK1], without the use of the Hardy spaces. In fact
we are able to establish the following stronger result.

Theorem 1.4. Let Q) be a bounded Lipschitz domain in R™, n > 3 with connected bound-
ary. Then there exists 6 > 0 depending only on n and 2, such that

1I+lc : Lg(aQ, d—g) — L} (8Q,d—g) ;
2 w w

1
—§I—|—IC* : L?(09Q, wdo) — L*(Q,wdo)

(1.23)

are isomorphism for any Ajys weight w on 0.

We remark that the sharp LP invertibility of (1/2)I + K and —(1/2)] + K* follows
from Theorem 1.4 by an extrapolation theorem, due to Rubio de Francia [R]. Theorem
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1.4 allows us to solve the Neumann problem for Laplace’s equation with boundary data in
L? (09, ‘fd—") This, combined with the weighted regularity estimate in [S2], shows that

Uu
(1.24) ||8_N||L2(8Q7%7) ~ HvtuHL2(aQ’%7)7

if Au=0in Q and (Vu)* € L? (9Q, 92) with w € A145(09Q).

The paper is organized as follows. Throughout Sections 2, 3 and 4, we will assume that
the coefficients a ¢ of £ satisfy the symmetry condition ake g’f and the strong ellipticity
condition (1.3). In Section 2 we prove the reverse Holder inequality (1.15). See Theorem
2.6. This is used in Section 3 to establish the invertibility of £(1/2)1 + K* on LP. The
proof of Theorem 1.1 is given in Section 4, while the proof of Theorem 1.2 can be found in
Section 5. Sections 6 and 7 deal with the biharmonic equation. The corresponding reverse
Holder inequality for biharmonic functions is proved in section 6. The proof of Theorem
1.3 is given in Section 7. Finally the classical layer potentials are studied in Section 8§,
where the proof of Theorem 1.4 can be found. We point out that the usual conventions on
repeated indices and on constants are used throughout the paper.

2. Reverse Holder Inequalities

Let © be a bounded Lipschitz domain in R™. Denote Q; = Q and Q_ = R"\ Q. For
continuous function w in Q4, the nontangential maximal function (u)*% on 02 is defined

by
(2.1) (W)i(P)=sup{|u(z)|: z€Qs and z€~(P)},

where v(P) = {z € R"\ 09 : |z — P| < 2dist (x,00)}.
Assume 0 € 092 and

(2.2) QN B(0,ry) = {(w’,xn) eER": z, > Y(x }ﬂB (0,79),

where ¢ : R*! — R is a Lipschitz function, and ¥(0) = 0. For r > 0, we let

(2.3) L ={(@ (@) e R o] <7 |z ] <71},
and

Df = {(2 ) |wa| <7y |@as| <7y () < @n < () + 1),
(2.4) " )

D, = {( Dzl <o < (@) = <, < ()}

Note that if 0 < r < crg, then I, C 9 and D C Q..
We begin with a boundary Cacciopoli’s inequality.
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Lemma 2.1. Suppose that L(u) = 0 in Qi and (Vu)i € L*(I,) for some 0 < 2r < cro.
Then

C Ju
2 2 +
(2.5) /D} |Vu|*dz < r—z/D; lu|“dx 4+ C /IZT = 5 | [us] do.

Proof. The proof is rather standard. We first choose a nonnegative function ¢ E (Ofi (R”)
such that ¢ = 1 in D}, ¢ = 0in Q\ D3, and |Vo| < C/r. Let a(&,n) = aff&fnt for
E=(&h), n= (775) e R™™. Tt follows from integration by parts that

(2.6) /Q a(6,6) % dr = 2 / aem)odet [ 2w, P do

Q a0 ov

where ¢ = (&F) = (%Lw]:) and 1 = (nf) = (uéa%%). Since a(£,€) > 0 for any £ € R™", by

Cauchy inequality, we have
1
(2.7) ja(&,m)| < a(€,€)? a(n,n)'/? < 1(&€) +a(n.n).
This, together with (2.6), gives
2 duy 2
(2.8) [acoda<a | anmedns [ T uptio
Q Q oa OV

Since a(&, &) > po|Vul?, estimate (2.5) for the case D; follows easily from (2.8). It is clear
that the argument above also applies to the case D .

Lemma 2.2. Suppose that L(u) = 0 in Qi and (Vu)i € L%(Ia,) for some 0 < 2r < cro.

Then

(2.9) / |[Vuy| daSC’/ } | do —/ |Vul|” dz,
I,

(2.10) / |Vui|2da§0/ V,uy)? da—l——/ |Vu|? de,
Ir 127‘ r Détr

where Vyu denotes the tangential derivatives of u on 0S).

Proof. To show (2.9), we observe that the L? Neumann problem is solvable, uniquely up
to constants, on DL for any 1 < s < 3/2. This yields

/ |Vui|2dU§/ |Vu|2d0§0/ | ‘ do
I oD% oD%

(2.11) ks sT sT
0
/ | ui‘ do+C / |Vul|? do.
QLNoDZE.
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Estimate (2.9) now follows by integrating both sides of (2.11) with respect to s over interval
(1,3/2). Similarly, estimate (2.10) follows by applying the regularity estimate

(2.12) / |Vu|2da§(]/ V,ul? do.
oDZ. dDZ.

for the Dirichlet problem on DE. We remark that the regularity estimate (2.12) and
hence (2.10) in fact hold for elliptic systems satisfying the Legendre-Hadamard ellipticity
condition (1.19) [K1, F, G]. This will be used in the proof of Theorem 1.2

In order to handle the solid integrals likes those in (2.9)-(2.10), we introduce a localized
nontangential maximal function,

(2.13) (Wi (P)=sup{|u(z)|: z € Qy, |[z— P|<crand |z — P| < 2dist (z,00Q) }
where ¢ > 0, depending on ||V ||~ and n, is sufficiently small.

Lemma 2.3. Let u be a continuous function on Di.. Then

1/p 1/q
1 1
(2.14) — /xeDi luP da < C’{ — / (w)" |9 dU}
r 5(1:)§TC1” r I

where §(z) = dist (x,00) and 1 < ¢ < p <ng/(n—1).

Proof. We only consider the case D. Note that if z = (2/,z,,) € D)} and §(z) < cr, then
lu(z)| < (W)} (v, ¥(y)) for |y — 2’| < cd(z). Hence, if 0 < v < —1,

o (W3 (Q)
u(x)|0%(x) < C o
(215) | ( )‘ ( )_ [Q_P|<06(m) ‘P—Q‘n—l—a (Q)
=¢ W Q) o),

|Q—Pl<cr ’P - Q’n_l_a

where P = (2/,4(z)). It follows that if ap < 1,

Jeeo: Tl do
0

(z)<ecr

cen [ g @@ o
SCT /I,nd (P) {/|Q_P|<Cr |P_Q|n—1—ad (Q)} .

This leads to the desired estimate (2.14) by the L? — LP bounds of the fractional integrals
on 0% [Stl], where 1 < ¢ < p and (1/q) — (1/p) = o/(n — 1). Finally we observe that the
condition ap < 1 is equivalent to p < gn/(n — 1).

(2.16)
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Lemma 2.4. Suppose that L(u) = 0 in R™ \ 9. Assume that uy = 0 on I3z, and
(Vu)i 4+ (Vu)r € L?(Isz,) for some 0 < 32r < crg. Then

/ |Vu_ |2d0<—/ lu_ |2d0+—/ lu|? da
uD;,

217 327” 327
= +C ‘_8u+ _du-pe ‘ do

14 31/ aV
Similarly, if u_ = 0 on I3o,., we have

/ Vu, |*do < g luy [*do + —/ lu|? da
Iy 32rUD3_27“
+c/

Proof. Assume u; = 0 on I32,.. By using (2.9) and (2.5) as well as Cauchy inequality, we

have
/\vu_|2dagc/ |au‘| do C/ lu_[?do
I, Ly, r

+—/ lu|? dx.

2.1
(2.18) 8u+

(2.19)

Similarly, by (2.10) and (2.5), we obtain

(2.20) / {611*} do < — C . ul?da.

327

where we have used the assumption uy = 0 and hence V,uy = 0 on I39,. Using \88“—;] <

8“* |+ |8u+ — 851; |, it is not hard to see that (2.17) follows from (2.19) and (2.20). The
proof of (2.18) is exactly the same.

Observe that estimates (2.17) and (2.18), together with the Sobolev inequality

AR
' 1 , 1/2 1 , 1/2
<Cr ), |Viu|* do +C 7/, lu|® do )

where p,, = % for n > 4, and p3 may be any exponent in (2, 00), allows us to control

(2.21)

the LP~ average of u over I, by its L? average over I, provided we can handle the last
two terms in the right sides of (2.17) and (2.18). Since we will apply (2.17)-(2.18) to
solutions given by the double layer potentials plus possible corrections, the term involving
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85‘; — 88“; is negligible in view of (1.16). In order to manage the remaining solid integrals,
it will be convenient to work with the nontangential maximal function of u.

If u is a function on R™ \ 092, we let (u)*(P) = max{(u)% (P), (u)* (P)} and
(2.22) (w)*"(P) =sup{|u(z)|: ze€~(P) and |z—P|<cr},

for P € 092, where ¢ > 0 is sufficiently small. By a simple geometric observation, we have

(i ] Jwrrac}”

1/p
1 / } C
<< — u)*"? do + — u)*| do
{|Ir| I, |( ) ’ |-[27"| Io ‘( ) |

(2.23)

for any p > 1.

Lemma 2.5. Let p > 2. Suppose that the LP Dirichlet problem for operator L is uniquely
solvable for any bounded Lipschitz domain in R™. Then for any @ <p<2,

1 ~ 1/p
{u | / '<“)*‘pd“}
1 1

_ 1/p
<(C{— u +upw} +c{
{ \Lar| J1,, (| + = fu]) | 14|

where L(u) = 0 in R™\ 9Q and (u)* € LP(ly,).

(2.24)

1/p
|<u>*|pda} |

I4r

Proof. Since the LP Dirichlet problem is solvable on the Lipschitz domain DZ., we have

(2.25) / |(0)*"|Pdo < C / lu|? do +/ lu|P do
I aDF, oD,

sT sT

for s € (3/2,2). It follows by an integration in s over (3/2,2) that
) _ C i}
(2.26) / |(u)*"|Pdo < C / (lug| + [u_])” do + —/ lul? dx.
I, Io, " Jpj ubD;,

This, together with estimates (2.23) and (2.14), yields that

(i jorrar}

1 5 1/p 1 1/q
<c{ (sl +fo)do} 0 { (o
|I37"| I3, |IST| I3,

(2.27)

for any ¢ > (n — 1)p/n. Since the L9 Dirichlet problem for £ is also uniquely solvable
for any 2 < ¢ < p, it is not hard to see that one may deduce estimate (2.24) for p = 2
from (2.27) by using above argument repeatedly to decrease the exponent ¢ in (2.27) to 2.
From here another application of the argument reduces the exponent from 2 to any ¢ in

(2(n—1)/n,2).

Finally we are ready to state and prove the desired reverse Holder inequality for elliptic
systems.
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Theorem 2.6. Suppose that L(u) = 0 in R™\ 02 and n > 4. Assume that either uy =0
oru_ =0 on Igy.. Then, if (Vu)* € L?(Ig4) and (n)* € LP(Ig4,), we have

1/pn
i/, 1o ar)

1/2 1/2
1 ou ou_ 2

<o ol o (L[

{|IG47'| 164r|( )’ ,,«n—l JEDYS ‘ ‘

where p, = M If n = 3, estimate (2.28) holds for any ps > 2.

(2.28)

Proof. 1t is proved in [S3] that if 2 < p < % + &, the LP Dirichlet problem is uniquely
solvable for any bounded Lipschitz domain in R™. Thus estimate (2.24) holds for p = p,,.
This, combined with the Sobolev inequality (2.21), gives

{u |/[ (w7 d“}

1 5 1/2 1 1/2
éCT { (’th+|+‘vtu_|) dO’} +{ ‘(u)*‘ZdO'} .

|I47” Iy ‘I4r| Iy

(2.29)

We now use (2.17)-(2.18) to estimate the term in (2.29) with the tangential derivatives.
Note that the solid integrals in (2.17)-(2.18) are easily bounded by the maximal function
(u)*. Estimate (2.28) then follows.

3. Invertibility of Double Layer Potentials in L?

Given g € LP(0RQ) for some 1 < p < oo. Let u = D(g) be the double layer potential
defined in (1.6). Then uy = (—(1/2)I+K*)g and u_ = ((1/2)1 + £*)g on 992. Moreover,
we have (Vu)* € L?(9Q) and 22t = 2% on 9Q, if Vg € LP(99).

Since Q_ is connected, the kernel of operator (1/2)I + K on L?(99) is of dimension m.
Suppose {f;,¢ = 1,...,m} spans the kernel. Then faQ fodo # 0, and S(f;) is a nonzero

constant vector in Q. Let

(3.1) XP(09Q) = {f € L?(99) : / f-fydo=0, forall{=1,...,m}
o

for p > 2. Since S : LP(9Q) — W1P(9Q) is invertible for some p > 2 [G], f;, € LP(99) for
some p > 2. Thus the space XP is also well defined for p > 2 —¢e. It was proved in [DKV?2]
that

1I-l—/C* : XP(002) — XP(090),
2
(3.2) 1
—§I+/C* . LP(0Q2) — LP(00)

are isomorphisms if n > 3 and |p — 2| < . In the case n = 3, the operators in (3.2)
are isomorphisms for 2 — e < p < oo [DK2|. The goal of this section is to establish the
invertibility of +£(1/2)] + K* forn >4 and 2 <p < (2(n—1)/(n —3)) + <.
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Theorem 3.1. There exists € > 0, depending on n, m, pu and the Lipschitz character

of Q, such that the operators £(1/2)I + K* in (3.2) are isomorphisms for n > 4 and

2(n—1)
2<p< =3 TE.

The proof of Theorem 3.1 is based on a real variable argument, inspired by a paper
of Caffarelli and Peral [CP] (see also [W]). In [S3, S4], the argument was used to solve
the LP Dirichlet problem for elliptic systems and higher order elliptic equations. This
real variable argument may be considered as a dual and refined version of the celebrated
Calderéon-Zygmund Lemma. We should mention that a similar argument with a different
motivation was also used in [ACDH] (see also [A]).

The real variable argument may be formulated as follows.

Theorem 3.2. Let Qo be a cube in R™ and F € L'(2Qo). Let p > 1 and f € L4(2Qo)
for some 1 < q < p. Suppose that for each dyadic subcube Q of Qo with |Q| < B|Qo|, there
exist two integrable functions Fg and Rg on 2Q such that |F| < |Fg| + |Rg| on 2Q), and

1 L/p 1 1
— |R |pda:} < —/ |F'| dz + sup /\f|dm )
{|2Q| /2Q “ 0Q Jaq 00 Q1 Jor
1 1
(3.4) —/ Fo|dz < Cs sup / \£| dx,
2Q] Jog @ 00 Q1 Jor

where C1,Co >0 and 0 < B <1 < a. Then

1 1/‘] Cr 1 l/q
3.5 _— qux} g—/ Flds+C {—/ fqu} ,
(3:5) {IQol o, 2G0] oo, © 2G0] oo,

where C > 0 is a constant depending only on p, q, C1, Cs, o, B and n.

(3.3)

We postpone the proof of Theorem 3.2 to the end of this section.

Remark 3.3. Because of the local nature of Theorem 3.2, it may be extended easily
to each coordinate patch of 0. Indeed, assume that 0 € 9Q and Q N B(0,rg) is given
by (2.2). Consider the map ® : 0D = {(2/,¢(2’)) : 2/ € R"'} — R""!, defined by
d(2',9p(x')) = 2'. We say Q C OD is a surface cube of 9D if ®(Q) is a cube of R" 1.
Moreover, a dilation of Q may be defined by a@Q = ®~1(a®(Q)). With these notations,
one may state the extension of Theorem 3.2 to dD in exactly the same manner as for the
case of R"~1. Of course in the case of 9D, the constant C' in (3.5) also depends on || V|| .

Proof of Theorem 3.1. We will give the proof for the invertibility of (1/2)I + K£* on
XP(09). The case of —(1/2)] + K* on LP(09) is similar and slightly easier.

Let f € XP(9Q) N W12(09Q) for some p > 2. Since (1/2)I + K* is invertible on X?(99)
and on W12(9Q) /span{fy, ..., f,}, there exists g € X2(0Q)NW1:2(9Q) such that ((1/2)I+



14 ZHONGWEI SHEN

K*)g = f and ||g]l2 < C'||f||2. Let u = D(g) in R™\ 92. We will show that there exists
e > 0, depending only on n, m, ug and €2, such that if 2 < p < p, + ¢,

1 1/p
- / (w)* [P do
s B(P,s)NdQ

. 1/2 ) 1/p
<C — / |(u)*|2da +C — / If|P do ,
S B(P,Cs)NaN S B(P,Cs)NoN

for any P € 92 and s > 0 small. Since |g| = [u; —u_| < 2(u)*, by covering 02 with a
finite number of small balls, estimate (3.6) implies that

(3.6)

(3.7) Igllp < Cllgllz + Clf]l, < CIf]]p-
This shows that (1/2)I + K* : XP(9Q) — XP(9Q) is invertible, since XP(92) N W12(5Q)
is dense in XP(012).

To prove (3.6), we use Theorems 3.2 and 2.6. By translation and rotation, we may
assume that P = 0 and B(0,79) N is given by (2.2). We consider the surface cube
Qo = I, defined in (2.3) for 0 < s < ¢rg. Let @ be a small subcube of Q)y. Choose
© € CY(R™) such that ¢ = 1 on 200Q, ¢ = 0 in 9N\ 300Q and |Vy| < C/r, where 7 is the
diameter of Q. Since L?(9Q) = X?(9Q) & R™, there exist g € X?(92) N W2(9Q) and
b € R™ such that

1
(3.8) fo = (§[+K*)gQ +b on 09,

and |[fell2 ~ |lggll2 + |b|. Let v =D(gg) +b in R"\ 02 and w =u —v.
We will apply Theorem 3.2 with F' = |(u)*|?, f = |[f|* and

(3.9) Fo=2|(v)*]* and Rg =2|(w)*|*.

Note that by the L? estimates,

1 C . C
501 | VFaldo < [ |7 do < o {llgal + b}
w0y Pka @l oo 2
' < ¢ £)2 do
~ 1200Q] /2000 '

This gives condition (3.4). To verify (3.3), we observe that w_ =u_ —v_ =f(1 — ¢) on
0. Hence w_ = 0 on 200Q. Also note that (Vw)* € L?(99) since g, gg € W12(9Q).
It follows that (w)* € LP»(0Q) (see e.g. [S1], p.1094). Since w = D(g) — D(gg) — b, we

have 8;’—; = 85"—; on 0. Thus we may apply Theorem 2.6 to obtain
sy L <o b [ wka)
. — w)* P do < — w o ,
Q' Jor 164Q"| Joaqpr
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where @' is any subcube of Q. It is well known that the reverse Holder inequalities like
(3.11) have the self-improving property (see e.g. [Gi]). This implies that there exists ¢ > 0,
depending only on n, ||V||« and the constant C' in (3.11), such that

(3.12) {ﬁ /Q |<w>*|pda}1/p <c {’2—1@ / . |<w>*|2da}1/2

where p = p, + €. The right side of (3.12) may be estimated using (w)* < (u)* + (v)*
and then (3.10). Thus condition (3.3) in Theorem 3.2 holds for p = p,, + . Consequently,
estimate (3.6) holds for 2 < p < p,, +&. The proof is complete.

We now give the proof of Theorem 3.2. The argument is essentially the same as that
in the proof of Lemma 2.18 in [S3]. We shall need a localized Hardy-Littlewood maximal
function

1
(3.13) Mq(g)(z) = sup —~ [ |g]dz
Q'>x |Q | Q’
Q'CQ
for x € @, where @’ is a subcube of Q.
Proof of Theorem 3.2. For A > 0, let
(3.14) E\) ={z€Qo: M, (F)(z) > A}.

We claim that for any 1 < q < p, it is possible to choose three constants 0 < <1, v >0
and Cy > 0 depending only on n, Cq, Cs, «, § in (3.3)-(3.4) and p, g such that

(3.15) [E(AN] < S[EN)| + {7 € Qo = Mag,(f)(w) > 1A

for all A > g, where A = (26)~/4 and

co/
3.16 Ao = F|dx.
(3.16) 0= 50, on| |

Multiplying both sides of (3.15) by A9~! and then integrating the resulting inequality in
A € (Ao, A), we obtain

A A
(3.17) / Aq—lyE(AA)\dAg(S/ )\q_1|E()\)\d)\+C’7/ | f|? du,
)\0 )\O 2Q0

where we have used the fact that Mg, is bounded on L9. By a change of variable in the
left side of (3.17), we may deduce that

A
(3.18) A-9(1 - (5Aq)/ NTEW A < ClQoN +C, [ 1] da
0 2Qo



16 ZHONGWEI SHEN

Note that 047 =1/2 < 1. Let A — oo in (3.18). This gives

(3.19) [ iwras<cing+c [ ifra
0 2QO

which is (3.5) in view of (3.16).

To prove (3.15), we first note that |[E(\)| < C,,|Qo|/Co for any A > Ag. This follows from
the weak (1, 1) estimate for Msg,. Thus we may choose Cy = 2C,, /6 so that |[E(\)| < §|Qo|
for any A > A\g. We now fix A > A\g. Since E()\) is open relative to Qy, we may write E(\) =
Uy @k, where Q) are maximal dyadic subcubes of @)y contained in E(X). By choosing 4
sufficiently small, we may certainly assume that |Qx| < 5|Qo| and (« + 64)Qx C 2Qo.

We will show that it is possible to choose § > 0 and v > 0 so that
(3.20) |E(AN) N Qx| < 0|Qxl,

whenever {x € Qi : Mg, (f)(z) <A} # 0. Clearly, estimate (3.15) follows from (3.20)

by summation.

Let @ be such a maximal dyadic subcube. Observe that
(3.21) Msg, (F)(z) < max { Mag, (F)(z),Cr)},

for any x € Q). This is because () is maximal and so

1
(3.22) —/ |F|dz < Oy )\
Q' Jqr

for any Q' NQx # 0 and |Q'| > ¢,,|Qk|. We may assume that A > C,,. Then
‘E(A)\) ﬁQk| < \{x € Q : Msz(F) > A)\}|

< o€ Qe Moy (Fo,)(@) > 5}

(3:23) o€ Qut Mag, (Ro)(@) > 21}

C C
< == Fo, |dx + =22 / Ro, |P dz,

where we have used |F| < |Fg, |+ |Rg,| on 2Q, as well as weak (1, 1), weak (p,p) bounds
of M2Qk.

By assumption (3.4), we have

1
/ Fou|de < Cy 204 sup ,/|f|dm
201 2000@">qx Q' Jor

(3.24)
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where the last inequality follows from the fact {x € Qi : Mag,(f) < yA} # 0. Similarly,
we may use (3.3) and (3.22) to obtain

1 p
Ro, |Pdx < C? - |2Qy {—/ Fdsz:—i—vA}
(3.25) /sz| @l (204 Q| an| |

S Cn,oz C:f |Qk| {/\ + fy)‘}p
We now use (3.24) and (3.25) to estimate the right side of (2.23). This yields

CnCZ'Y Cnapcf
< ) K
BN N Qi < el { 522 4 S

- 5|Qk|{0n 02’75_%_1 + Cn,p,a C{) 63_1}'

(3.26)

Finally we observe that since ¢ < p, it is possible to choose § > 0 so small that
Crpa CT 8571 < (1/4).

After § is chosen, we then choose v > 0 so small that C,, Cs 75_%_1 < 1/4. This finishes
the proof of (3.20) and thus the theorem.

The following weighted version of Theorem 3.2 will be used in Section 8.

Theorem 3.4. Under the same assumption as in Theorem 3.2, we have

1 . 1/q C { 1 }1/(1
. d R d 1 vd
(3.27) {W(Qo) /Q [Ele ‘”} < |2@o|/2Q0 Flde+0 gy /QQO Flwde g

where w is an Ay weight on 2Qo with the property that for some n > q/p,

w(E) 1E\"
(3.28) ) SC(m) ’

for any E C Q C Qp.

Proof. Fix 1 < g < p. Since n > q/p, we may choose q; € (q,p) so that n > q/q;. Let
A = (26)7'/9 in the proof of Theorem 3.2. Note that if |E(AN) N Qx| < §|Qk|, then
W(E(AN) N Qk) < C0"w(Qk). This follows from (3.28). Thus

(3.29) w(E(AN)) < Cd"w(EN) +w{x € Qo : Mag,(f) > YA},

for any A > A\g. We now multiply both sides of (3.29) by A9~! and integrate the resulting
inequality in A\ from A9 to A. By a change of variable, we obtain

A
(A—q—can)/ Aq_lw(E()\))d)\gC)\gw(Qo)+Cg/ Mo, (f)|w da
(3.30) 0 0

SC}\gW(Qo)JrCa/ 9w da,

2Qo
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where the second inequality follows from the well known property of Mag, on L?(2Qq,w dx)
with A, weigh w (see e.g. [St2]). Finally we note that since § > ¢/q1, we have A77—Cé" =
(26)4/1 — C' 6" > 0 if 6 > 0 is sufficiently small. Estimate (3.27) follows from (3.30) by
letting A — oo.

Remark 3.5. If condition (3.3) holds for any 1 < p < oo (constant C; may depend on p),
then estimate (3.27) in Theorem 3.4 holds for any w € A,. This is because w € A, implies
condition (3.28) for some 1 = n(w) > 0.

4. The L? Boundary Value Problems for Elliptic Systems

In this section we give the proof of Theorem 1.1 stated in the Introduction. Let

(4.1) LE(0Q) = {f € LP(09) : / fdo=0}.
oN

Theorem 4.1. There exists €1 > 0, depending on n, m, g, and the Lipschitz character of
Q, such that operators (1/2)I1+K : LE(0Q) — LE(09Q) and —(1/2)I+K : LP(9Y) — LP(09)

are invertible for 2(”—+11) —e1<p<2.
Proof. Let py = 2(:—__31) + &, where € > 0 is given in Theorem 3.1. Note that pj < 2(:;11).

Since —(1/2)I + K* : LP(0Q) — LP(0N) is invertible for 2 < p < pg, by duality, we see
that —(1/2)I + IC: LP(02) — LP(09) is invertible for pj < p < 2.

Let f € LB(9Q) for some p) < p < 2. Given any g € L¥ (9Q), since L¥ (9Q) =
XP(9Q) & R™ and (1/2)I + K* is invertible on X? (9Q) by Theorem 3.1, there exist
h € &7 (9Q) and b € R™ such that g = ((1/2)I +K*)h+b and ||g||, ~ ||h||, + |b|. Thus

/f-gdcr /(1I+K)f'hd0
o0 aQ 2

<5 I+’C)pr il < ClI(5 I+’C)pr gl
It follows by duality that ||f]|, < C||((1/2)] + K)f||, for any f € LE(0). This shows that
(1/2)I+ K : LE(02) — LH(0R) is one-to-one and the range is closed. Note that the range
is also dense in L5(9€2). This is because the operator is known to be invertible on L3(052).
Thus we have proved that (1/2)I + K is invertible on L§(99) for any p{ < p < 2.

(4.2)

Proof of Theorem 1.1. The existence follows directly from the invertibility of (1/2)I+K

on L§(09Q) for 2(7?;11) - <p<2

In order to prove the uniqueness, we construct a matrix of the Neumann functions
(4.3) Go(y) =T(z —y) — W*(y),

where for each z € Q, W? is a matrix solution of the L? Neumann problem (1.2) with
boundary data

1
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In (4.4), I;,xm denotes the m x m identity matrix. By the L?*¢ estimates for the Neumann
problem, we have (VW?*)* € LP(9Q) for some p > 2. Consequently, (W?*)* € LP1(9R) for

some pj > 2(::31) (see [S1], p.1094).

Suppose now that £(u) = 0 in Q, (Vu)* € LP(99) and 2% = 0 on 9. Note that if p >
max(p),p}), then (Vu)*(W?)* € L}(99Q). Similarly, one may show that (u)*(VW?®)* €
L'(0Q). Thus one can use the integration by parts, justified by the Lebesgue dominated
convergence theorem, to obtain the representation formula

ou 0G?

. uw) = [ Go) G do) — [ Sy doty)
) 1
=109 Joo "

Hence u is constant in €). The proof is finished.

Remark 4.2. Theorem 1.1 also holds in the exterior domain Q_ = R™ \ Q if one imposes
additional condition |u(z)| = O(|z|*~2) as |x| — oco. In this case the mean zero condition
on f is not needed. The proof is similar.

Remark 4.3. Since —(1/2)I+K* is invertible on LP(9f2) for 2 < p < 2(:__31) +¢, the unique

solution of the LP Dirichlet problem (1.9), which was solved in [S3], may be represented
by the double layer potential

(4.6) ue) = D((~ 5T +K7)7' () (x).

Since LP(0Q) = XP(02) & R™, in the case of Q_, the solution may be represented as
u =D(g) + S(h), where g € X7(09), h € Ker((1/2)I + K), and |[ull, ~ [[gll, + [hl,.

Remark 4.4. The Dirichlet problem with boundary data in W?(9Q) for the elliptic
systems satisfying the Legendre-Hadamard condition (1.19) was solved in [S3] for n > 4
and 2(;;11) — e < p < 2. This, combined with Theorem 1.1, gives || 22|, ~ || Vul|, for any

solution of (1.2) with p in the range (1.4).

5. The Traction Boundary Value Problem

Throughout this section we assume that

(5.1) L(u) = —pAu — (A4 p)V(diva) in Q,
0
(5.2) 6—‘: — A(diva)N + p(Vu+ (Vu)')N  on 9.
If we write (£(u))* = —affDiDjue, the conormal derivatives (5.2) correspond to the choice

of coefficients given by (1.18). Note that aff do not satisfy the strong ellipticity condition
(1.3). However one has

Ll 8uk 8U€

= Aldivul® + g Vu + (Vu)T 2 ~ [Vu + (Va)T |2
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Using this observation, by establishing a Korn type inequality on the boundary, Dahlberg,
Kenig and Verchota were able to strength the Rellich type inequalities. This allows them
to show that

%I+IC: L2, (00) — L7, (99,
(5.4) 2
I K 12(09) — 1(09),

are invertible for [p — 2| < & and n > 2 [DKV2|, where L%, (09) is defined in (1.20). In the
case n = 2 or 3, it was proved in [DK2| that the operators in (5.4) are invertible for the
optimal range 1 < p < 2+ . The goal of this section is to prove the following.

Theorem 5.1. There exists € > 0, depending on n, A\, u and the Lipschitz character of
Q, such that the operators in (5.4) are invertible if n > 4 and 2(n 1) —e<p<2

Let Ker((1/2)I + K) denote the kernel of operator (1/2)I + K on L?(99). If u = S(g)
for some g € Ker((1/2)I + K), then 851—; = 0 on JN. It follows from (5.3) and integration
by parts that Vu+(Vu)? = 0in Q. Thus S(g)|o € . It is not hard to show that the map
g — S(g)|q from Ker((1/2)I+K) to ¥ is bijective. Suppose {gr : k=1,2,...,n(n+1)/2}
spans Ker((1/2)I + K). Since S : LP(9Q2) — W1P(0Q) is invertible for p close to 2 [G],
g € L9(09) for some gy > 2. Define

(5.5) TP(aQ):{feLP(aQ):/ f-godo=0 fork=1,2,...,n(n+1)/2}
o0

for p > qp.

Theorem 5.2. There exists € > 0 such that operators
1
§I—|-IC* . TP(O) — TP (09),

—%1 LKt LP(9Q) — LP(99),

(5.6)

are invertible forn >4 and 2 < p < Q(n 1) + €.

Theorem 5.1 follows from Theorem 5.2 by duality. The case for —(1/2)I + K is obvious.
To see that (1/2)I 4+ K is invertible on L%, (09), we apply the same duality argument as in
the proof of Theorem 4.1. To do this, we only need to show that L? (9Q2) = TP (9Q) & ©.
By a dimensional consideration, it suffices to prove that T? (9€2) N ¥ = {0}. To this end,
let g € T? (0Q) N ¥. Then g = S(h) on dQ for some h € Ker((1/2)I + K). Let u = S(h)

in R, Since h = 2%+ _ 98- _ _9u_ o obtain
ov ov ov ?

ouF out ou_

ke

) o 27 dr = — . - . —
(5.7) /_aw - xjda: /a » udo /8 h-gdo=0,
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where the last equality follows from the fact that g is in the range of (1/2)I + K* on

L2(09). One may deduce from (5.7) that u|g_ € . This implies that ag—y‘ = 0 and thus
h=0.

Since the proof of Theorem 5.2 uses the same line of argument as in the proof of Theorem
3.1, we will only point out the necessary modification needed here.

First, because of (5.3), estimate (2.5) is replaced by
T2 c 2
(5.8) / Vu+ (Vu)T 2 de < —2/ |? dz + C /
Dif " Jpi I,

The proof is exactly the same.

Next, estimate (2.9) needs to be modified, as we used

(5.9) IVull L2 opzy < C|| HLz(aD

for any L? solutions. In the case of (5.1), we know that estimate (5.9) is true for one of
such solutions, v, given by a single layer potential with density ((1/2)I + k)1 ( u). Ifu
is another solution with the same traction boundary data on D%, then w = u — v =
Ax + b € U. It follows that

/ . |Vu|?do < C’/ IVv|2do + Cr"t A2
(5.10) oDsr 2Dz

<C ! do+Cr" 1 |A]2

aD;ET ‘ ov

Since w is a linear function and thus harmonic, we have

(5.11) / \vWdeg/ w| [Vw]| do.
D% D%

sT sT

It follows that

4] < _/ wldr < _/ (Ju] + [v]) d
1 1/2 1 1/2
gg{ _1/ |u|2da} +c{ 1/ u yd} .
r | rm DL =t Japt ov

This, together with (5.10), gives

(5.12)

(5.13) / |Vu\2da§c/ y |da C lu|? do.
oD%, oD%, oD%

sT
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By integrating both sides of (5.13) in s € (1,3/2), we obtain

/|Vui]2da§0/ \8ui| do +—/ Vu + (Vu) T > do
(5.14) fr .
+ — i\u]2dgz:.

r3
2r

This replaces estimate (2.9). The extra term in (5.14) is harmless.

Finally in the proof of Lemma 2.4, we used estimate (2.5) to estimate the solid integral
of [Vu|? on DZ.. In the case of (5.1), we consider v = u — Az, where

1

(5.15) = 305

(Vu — (Vu)") da.
Then by Korn’s inequality (see [DKV2], Lemma 1.18), we have

(5.16) / |Vv|2dx§0/ Vv + (Vv)T|? dz.
DE. £

sT

Note that integration by parts gives

(5.17) 1A| < g/ lul do.
rn aDE

sT

It follows that

/ Vul? dz < 0/ Vu+ (V)T 2 dz + Cr™ | A2
(5.18) D3
< C’/ Vu + (V)T |? dx + ¢ lu|? do.

D, " JopZ,

We now integrate both sides of (5.18) in s € (1,3/2). This yields

/ Vu|?*dz < C / Vu + (Vu)?|? dx + ¢ lus|? do

(5.19) DF Di; "

: o .
T +

2r

Estimate (5.19), combined with (5.8), allows us to bound the solid integral of |Vul|? in
the same manner as in the strong elliptic case. Because of this, Lemma 2.4 and therefore
Theorem 2.6 hold for the system of elastostatics. Consequently, Theorem 5.2 is proved
using the same line of argument as in the proof of Theorem 3.1. We should point out that
since a ¢ satisfy the Legendre-Hadamard ellipticity condition, the LP Dirichlet problem is

solved for 2<p< 2(:_31) +¢e and n > 4 in [S3]. This is used in the proof of Theorem 5.2.
We omit the details.
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We end this section with

The Proof of Theorem 1.2. The existence follows from the invertibility of (1/2)I + K
on L, (09) for p in the range given in (1.4). As in the case of Theorem 1.1, to prove the
uniqueness, one constructs a matrix Neumann function G7,(y) = I'(z — y) — W*(y), where
W? is a matrix whose ith row is an L? solution of (1.17) with the traction boundary data

n(nt1)
(5.20) 61/8(3;) {Ti(y —x)} — Z Cffk{Aky + bk}.
k=1

Here {Axy + b, k = 1,2,..., W} is an orthonormal basis of ¥ with respect to the
L?(09) norm, and
621) = [ S0Py o) (A + b do(y) = —(Aea + b’

a0 Ov(y)
so that the functions in (5.20) belong to L2 (9€). The same argument as in the proof of
Theorem 1.1 shows that if £(u) =0 in Q, (Vu)* € LP(0Q) for some p > 2—d) _ ¢ and

n+1
% = 0 on 02, then

oG?
u(zr) = — “udo
(5.22) o0 OV
= (Akz +bi) [ {Ary +bi}-uly)do(y).

oN
Thus u € ¥. This finishes the proof.

6. Reverse Holder Inequalities for Biharmonic Functions

For simplicity, we will assume that ﬁ < p < 1. Some modifications are needed in the

case p = . Following [V3], we let
0%u
My (u) = pAu+ (1 = p) g = pAu+ (1 = p)NiN; DiDju,

0Au 1 0 0%u
6.1 K - "4 2(1—
(6.1 =8 T35 (aNaTij)

0Au 1

=55+ 5(1 — p)(N;Dj — N;D;)(Ny(N;Dj — N;D;) Dyu),

where 57— = N;D; — N;D;. Observe that N;N; g = 0.

Assume 0 € 9Q and QN B(0,7) is given by (2.2). Let W2(I,.) denote the space of
functions f on I, such that |V,f| € L*(I,), where I, is defined in (2.3). We will use the
scale-invariant norm

1 1/2
(6.2 ey ={ [ 9o+ 5 [ 1rPan)
I, I,
for W12(1,.), whose dual space is denoted by W~=12(1,.).

The following is a boundary Cacciopoli inequality.
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Lemma 6.1. Suppose A%u =0 in Qx and (VVu)i € L?(I3,). Then

[ 199 de < C gl 0K, (0 w0

ks

d(up?)
©3) 012 w1
c C
2 VP —2/ | [Vl do,
r Dét'r r IQT

where ¢ is a function in C§°(B(0,(3/2)r)) such that ¢ = 1 in B(0,7r), 0 < ¢ < 1 and
Vel <C/r.

Proof. Let v = up?. It follows from the integration by parts and A%u = 0 in Q4 that

/m {vaw) _ %Mp(u)} do

(6.4)
=F {(1 = p)D;Djv-D;Dju+ pAv - Au} dz.
Qx
Note that
(6.5) D;D;v - D;Dju = ¢*|VVul* + 4pD;uD;p - D;Dju+uD;Djp* - D;Dju

and Av - Au = ©?|Au|? + 4pD;uD;p - Au + ulAp? - Au. The second term in the right
side of (6.5) can be absorbed by the first term using the Cauchy inequality with an . To
handle the last term in the right side of (6.5), one uses the integration by parts again. This
produces the last integral in (6.3). Finally, to finish the proof, we observe that

(6.6) (1= PIVVU? + plAuf? = 6| TVul?,
if 2 < p <1 (see [V3]).

Remark 6.2. If, in addition, in Lemma 6.1 we assume that ux = [Vus| = 0 on I3, then

(6.7) / IVVu|? dr < %/ |Vul? da.

r

This is the usual boundary Cacciopoli’s inequality for the biharmonic equation.

Remark 6.3. It follows from (6.3) and the Cauchy inequality with an e that

[ 19U d < e o) - om + 2 M) g

(6.8) ’
C. C
+— \Vu|2da—|——2/ |Vul? dz.
< Jpt

r I27‘



THE LP INVERTIBILITY 25
We remark that the intergals in (6.3) which involve |u|? on I3, may be handled by replacing
|u|? with |u — ¢|? and using the Poincaré inequality.

Our next lemma relies on the following Rellich type identity discovered by G. Verchota
([V3], pp.232-233) for the biharmonic equation,

%/[m < N,a>{(1-p)|VVu]* + p|Au|*} do
(6.9) = ” aiN(oe -Vu)M,(u) do — /aQ(oz -Vu) K,(u) do

+(1-0p) / E;j(a,u) Lij(u) de,
Qg
where Lij = DZDJ + 9(5sz and

Eij(a,u) = % div(er) Lij(u) — Lij () - Vu — 2D - VDju — 266, Dyov - V Dy
In (6.9), a € C*(R™,R™) is a vector field and u is a suitable biharmonic function in Q.
Also 6 is related to p by p = (nf +n6?)/(1+ 20 + n6?). With identity (6.9), Verchota was
able to extend the method of layer potentials from second order equations and systems
to the fourth order biharmonic equation. This identity will also play a crucial role in our
study of the LP biharmonic Neumann problem.

Lemma 6.4. Under the same assumption as in Lemma 6.1, we have

/[ VUl do < C oK)y o, + C My,

C C C
+— |Vu|2da+—/ |VVU|2dx+—/ |Vu|? dz,
r r oz r* Jpg,

127’

(6.10)

where ¢ € C*°(B(0,(3/2)r)) is the same function as in Lemma 6.1.

Proof. Let a = —e, p? where e,, = (0,...,0,1). We apply the Rellich identity (6.9) on the

Lipschitz domain D, where s € (3/2,2). Since < N, —e,, >> ¢ > 0 on Iy, this gives

c/ |V Vul|* do
I,

<C / IVVul? do + C lloVullwr2 (1, |9 K (W) |lw-1.2(1,,)
Qiﬁan;tr

+ C ||V (- Vu)|| L2150 | Mp(w) || L2(1,,)

C C
—i——/ |VVu\2d:c+—3/ |Vu|? dz.
" JpF ™ Jpi

(6.11)

Using the Cauchy inequality with an ¢, it is not hard to see that the higher order terms in
leVullwiz(r,,) and |V(a - Vu)| L2(1,,) may be absorbed by the left side of (6.11). Finally
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a familiar integration in s over (3/2,2) enables us to handle the first term in the right side
of (6.10), as in Section 2.

Remark 6.5. Suppose A%y = 0 in Q4 and (VVu)i € L*(I3,). If ugx = |[Vuy| =0 on
IQ,«, then

(6.12) / |VVu|? do < 93/ |Vul? dz.
I ™ o3
This follows from the regularity estimate [V2]

(6.13) / |vvuy2dagc/ IV Vul? do,
oD%, D%

sT

together with estimate (6.7), by an integration in s € (3/2,2).
Recall that (VVu)* = max {(VVu)*, (VVu)* } for functions u defined in R™ \ 9.

Lemma 6.6. Suppose A?u =0 in R"\ 9Q and (VVu)* € L?(I3a,). Assume that either

uy = |Vug| =0 oru_ =|Vu_| =0 on Isz.. Then
2 c 2 2 c 2
VVuy|®do < — {IVuy? +|Vu_|*} do+ = |Vul|* dz
IT r [87‘ r DETUDIST
(6.14) +Clor [Kp(uy) — Kp(u)] H%/V*LQ(IM)

+C o2 [y (ug) = Kp(u)] iy 121,
+C[Mp(uy) = My(u)lZ2a,, )

where p1, @a are two functions in CZ°(B(0,4r)) with the properties that 0 < ¢; < 1 and
V| < CJr fori=1,2.

Proof. Assume that uy = |Vug| =0 on I33,.. By (6.10) and (6.8), we obtain

/I VVu_*do < CllorKp(u)lliy-r2,,) + Cle2Kp(u)lliy 120y,

(6.15) +C||Mp(u—>‘|%2(14r)
—l—% ]Vu_|2da+%/ |Vu|? dx
r Iy r D4_r

where p1 € C5°(B(0,(3/2)r)) and @2 € C3°(B(0,3r)). In view of (6.14) and (6.15), we
need to estimate ||g0iKp(u+)H€V_172(I4T), i=1,2and ||Mp(u+)|]%2(14r). Clearly, by Remark
6.5,

C
(6.16) 1M, (i) 22, ) < C/I VVu,|?do < T—?)/D+ Vul? da.
4r 87
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Finally, since suppy; C B(0, 3r), the term H(piKp(qu)H%V,m(]M) is bounded by

0
C H%a—N(AUnL)HW*M(IM) +C ”VVU+H2L2(I4T)

0
(6 17) < C ||g01 (AU+)”W 1.2(8D,,) + C ||VVU+HL2(I4 )
<C ||AU+||L2(3DM) +C|VVuillia,,)

gc/ |VVu+|2dU—|—C/ |VVul? do,
Is, QNoéD7,.

for any s € (4,5), where we have used the L? regularity estimate in DY, for Laplace’s
equation in the second inequality. With (6.12) and (6.7) at our disposal, the desired
estimate for HcpiKp(qu)H%,V,l,g(Ih) now follows from (6.17) by an integration in s € (4, 5).
The case u_ = |Vu_| = 0 on I39, is exactly the same. This completes the proof.

As in Section 2, estimate (6.14) leads to a reverse Holder inequality.

Theorem 6.7. Under the same assumption as in Lemma 6.6, we have

1 1/pn 1 ) 1/2
([ fwwrienark = < {is | e

(6.18) + Ol [Kp(uy) — Kp(u)]fy-121,.,
+C g2 [Kp(us) = Kp(u)]fy-12(1,,)
+ C||[My(uy) — Mp(u—)H%Q(LlT),

where p, = 2(" 1) forn >4. If n =2 or 3, estimate (6.18) holds for any 2 < p,, < co.

Proof. The proof is similar to that of Theorem 2.6 with Vu in the place of u. We leave
the details to the reader. However we should remark that the proof uses the solvability of
the LP~ Dirichlet problem for the biharmonic equation on any bounded Lipschitz domains.
But this has been established in [PV1] for n =2 or 3, and in [S3] for n > 4.

7. The LP Biharmonic Neumann Problem

This section is devoted to the proof of Theorem 1.3. We begin with the definition of the
biharmonic layer potentials introduced by Verchota in [V3]. Fix x € R", let B* = B*(y)
denote the fundamental solution for operator A? with pole at x, given by

( 1 1
. =3 > 5
2(n —2)(n — 4w, |z —y|m?t’ " or m =9,
N 1
(7.1) B*(y) = ¢ — — log|z —y|, n =4,
40)4
1 2
— - 1—1 — =2
|~ 5.2 ylI> (1 —log |z —yl), n
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Given (F,g) € WLP(9Q) x LP(9Q) for 1 < p < oo, the double layer potential for the
biharmonic equation is defined by

(12 w@) = DuFa)w) = [ KB F )+ M5 w)alo)) doly

for z € R"\ 9Q. Clearly A?w = 0 in R™ \ 9Q. By computing K,(B*) and M,(B?) in
(7.2), one may show that

or® - 0 N OF
(7.3) w(x) = /39{3]\7 F+T g+(1—p)8TjkaB : (NZaTij — Jg)} do,

where I'* = AB? is the fundamental solution for A with pole at z. Also

F
Dyw(zx) = — / D;T'* . 0 + DI g ¢ do
o0 OTy;

9 ) OF
—(1=p) /asz {3Tjk DiDeb <NZ oT; NJg) } do.

(7.4)

It follows by [CMM] that
(7.5) I(Vw)llp < C{UIVeFllp + llgllp }-

To compute the nontangential limits of w and Vw, one uses

(76) z€Q1LNy(P)

1
= :téNiNijf(P) + p-V-/ D;D;Dy,B - f do.
o0

This, together with (7.3)-(7.4), gives

(1.7 (s~ 5% = (5 + K3)(F ),

where K7 is a bounded operator on WLP(9Q) x LP(99).

For (A, f) € W=EP(99Q) x LP(99Q) with 1 < p < oo, the single layer potential is defined
by

(7.9 ola) = S N)@) = AB ()~ [ G fdo

Clearly A%v =0 in R \ 9. By writing A = 8h” + ho with h;j, hg € LP(092) so that

0B*
7.9 A(B* :/ { hij + B h }da,
( ) ( ) 50 aTw J 0
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one sees that

(7.10) 1(VV) llp < C{lIAw-1000) + 1 fllp}

for 1 < p < oo by [CMM]. Also

(7.11) (Ko(0)2, My(0)s) = (75T +K,)(A f)

where operator K,, whose adjoint is K% in (7.4), is bounded on W~1?(9Q) x LP(952). We
point out that the trace of K,(v)+ in (7.11) is taken in the sense of distribution, i.e.,

(7.12) K,(v)+(¢) = lim K,(v) ¢do,

for ¢ € C}(R™), where Qf is a sequence of smooth domains which approximate Q4 from
inside, respectively [V1]. Because of (7.6), to prove (7.11), we only need to take care of
the term aiNAv. To do this, we note that

ors ore
Av:—/ { hi; + f}da+/ I'* hg do
oo 0T 7 ON o0 0

:Dj Fm{Nzhw —Nlhjz—FN]f} d0+/ re hodO’.
o o

(7.13)

This allows us to express %Av on 0€ in terms of tangential derivatives plus a higher
order term,

0Av 0
ON — OTy;

o

We remark that the computation of the trace operators in [V3] used the harmonic extension
of functions in W?' (09) to Q. On general Lipschitz domains, this would require p > 2—¢.

Let XP(99) denote the subspace of W=1P(9Q) x LP(9Q) whose elements (A, f) satisfy

(7.15) A(1) =0 and A(xj) :/

fNjdo for j=1,...,n.
o0

One of the main results in [V3] is that

LiiK,: w0Q) x LP(6Q) — WlP(9Q) x LP(99),

(7.16) 2

—%I +K,: XP(OQ) — XP(69)
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are isomorphism for p € (2 —¢,2 +¢). Let {(A},f;): j=0,1,...,n} be the set of the
affine equilibrium distributions (see [V3], p.261). This set spans the kernel of —(1/2)I+1C,
on W=12(9Q) x L*(99Q). It follows from (7.16) and duality that for p close to 2,

1 *
S+ K5 WLP(89Q) x LP(8Q) — WHP(9Q) x LP(d5),

1 *
—S1+ K 20(00) — 27(99),

(7.17)

are isomorphisms, where ZP (992) is a subspace of WP (9Q) x LP(9)) whose elements (F, g)
satisfy

(7.18) A(F) + 8Qf;gda:O for j=0,1,...,n

Note that ZP(0€2) is well defined for p > 2 —¢.

Theorem 7.1. There exists € > 0 such that the operators in (7.17) are isomorphisms for

2<p< Q(n 1) +e andn > 4. If n =2 or 3, the operators in (7.17) are isomorphisms for
any 2 <p < oo

Theorem 7.1 follows from Theorem 6.7 by the same line of argument that we used
to prove Theorem 3.1. To carry out the proof, we need to compute the Neumann trace
of the double layer potential. Let WAS(9Q) denote the space of Whitney arrays f =
{fo, f1, -y fu} C WHP(OQ) which satisfy the compatibility conditions ngj =N,fj —N,fi
for 1 <i<j<n[V2].

Lemma 7.2. Let f = {fo, f1,.--, fn} € WAB(3Q). Let w(x) = D,(F,g) with F = fy and
= —N,fi. Then (VVw)* € LP(0R) and

(7.19) (Kp(w)-l—vMp(w)—i—) = (Kp(w)—»Mp(w)—)a
on 0.

Proof. Using (7.4) and the compatibility conditions, we have
Dgw(ac) =

oF 0
- L re. 1-— D.D,B” - f; + d
(7.20) /acz {D r aT,, + Dy g+ (1—-p) T, kP f } o

= d +/ {Fm . 1—p)D.D,B* - } do.
/BQ ON Jedo a0 OTy; (1= p) DD aTy | 7

It follows that
D;Dyw(z) =

(7.21) dfe ofi Of;
D,T* . D.T*. 1-— D D.D,B* . .
/69{ o, " aTy + (1= p)D;DeDe B - = ¢ do
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By [CMM], this implies ||[(VVw)*||, < C >, [|Vifillp < 0o. Also it follows from (7.6) that

Ofe Ofi Afi
N,
oty T aT, T

This yields that M ( )+ = M,(w)— on 0N by a simple computation. To find K,(w)+ =
G%Awi + (1 = p) 52 T (NeN;D; Dgw) on 0f2, we note that by (7.21),

(7.22) D; Dg’w_|_ — D Dyw_ = N; + (1 p)N NiNy——

(7.23) Aw(z)=(1-p) [ D,I". Ofi 4
09 oT};
Thus we may write
dAw 9 ok
24 — =(1- D,IT* .
(7.24) on = (-0 [ o S

It then follows from (7.24), (7.21) and (7.6) that
[Kp(w)+ = Kp(w)-](¢)

B afi  0¢
= (1 p) Ng 8Tﬂ 8Tjg do
S e O O | 00
—+ (1 p) /6Q ]\fg]\/vZ {NmaTm] —I—N] ang —+ (1 p)N]NkNgaTkm 8sz

o of, 00 L Of 09
=( "’>/89{N46Tﬁ aTjﬁNﬁNleaij aTﬂ}d“

:/ {NNJ Ofe _ 0It _nn, afe}DﬂﬁdU
o0 aT]Z

8TZ Y, 0Ty
— O,

where we have used the compatibility condition

fe _ 3f£ N Of

for kK = ¢ in the last step. This finishes the proof.

Ni——

Proof of Theorem 7.1. We will give the proof of the invertibility of —(1/2)I + K} on
Z?(09). The case for (1/2)I + K% on WP(9Q) x LP(9Q) is similar.

Let (G, h) € ZP(99) for some 2 < p < co. Since —(1/2)I + K7 is invertible on Z*(9Q),
there exists (F, g) € Z?(9Q) so that ( — (1/2)I +K3)(F,g) = (G, h). Let u(z) = D,(F, g)
be the double layer potential. We will show that if n >4 and 2 <p < p,, +¢, orif n =2,
3 and 2 < p < o0,

1 1/p 1 1/2
{ / |<Vu>*|pda} <O / (V)" do
S B(P,s)Nox S B(P,Cs)NaN

1 1/p
+c{ n_1/ (|th|+yh\)pda} |
S B(P,C's)NoN

(7.25)
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for any P € 9Q and s > 0 small. Since (F,g) = (uy —u_, —%u—]\f + %‘L—]\;), by covering 0
with a finite number of small balls, we obtain

IVeEllp + llglle < C (VU llp < C{I(VW) ll2 + VGl + IRl }

(7.26) < C{IViFll2 + llgll2 + IVeGllp + IRl §
< C{IIVGllp + [IAllp }-

This shows that —(1/2)I+K}, is invertible on ZP(9€2). Note that by a density argument, we
may assume that (G, h) = (fo, —filN;) for some {fo, f1,..., fn} € WA3(9Q). This would
imply that (F,g) = (fo, —fi:N;) for some {fo, f1,...,[n} € WAZ(0Q) by [V3] (p.265).
Consequently (VVu)* € L?(992) by Lemma 7.2.

To establish estimate (7.25), we may assume that P = 0 and B(0,79) N {2 is given by
(2.2). Let Qo = I, be a surface cube defined in (2.3). For any subcube @ of Qq, we choose
a function ¢ = g € CZ(R™) such that 0 < ¢ <1, ¢ =1 in 100Q, ¢ = 0 outside of 200Q,
and |[Vp| < C/r, |[VV¢| < C/r? where r is the diameter of Q. Let

1
7.27 f=——nu G do.

(7.27) 1200Q| J2000

Since

(7.28) Wh2(09Q) x L*(0Q) = Z*(09) & span{(1,0), (z;, —N;),j =1,...,n},

there exists (Fg,gq) € Z*(09Q) and (ag,a1,...,a,) € R"™! such that

(G~ Ao, —hp — (G~ 8) )

1 X
= (_§I+ ’Cp)(FQng) + ao(1,0) + aj(z;, —Ny),

7.29 0
(72 16 = B)llwraom + lIhe + (G = )52 o

~ [1Egllwrz00) + llgallz + Y lajl-
§=0
Let v(z) = D,(Fg,9q) + oo + ojzj and w =u—v —  =D,(F — Fg,9 — gg) — 3. Note
that

) = (G~ )1~ ¢),~h(1~ ) + (G~ 1) 55,

Thus w_ = |[Vw_| = 0 on 100Q. Since (—(1/2)I + K3)(Fg,gq) is given by an array in
W A3(09Q), we may deduce that (Fg,gg) is also given by an array in W A3(99). It follows

from Lemma 7.2 that (VVw)* € L?(0Q) and (M,(w)4, K,(w)y) = (My(w)_, K,(w)_)
on 0f). This allows us to apply Theorem 6.7. We obtain

(7.30) (w_, —

. 1pa ) Y
7.31 — Vw)*|Pr da} <(C {— Vw)* da}
wa {gr [ I w07 [, 00
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for any subcube @’ of Q. Since the reverse Holder inequality (7.31) is self-improving [Gi],

in the case n > 4, this means that there exists € > 0 depending only on ||?||~, 7 and the
constant C' in (7.31) so that

— Vw)*|P d < — Vw)*|*d
[y [morra " s (gl [ ooread

1/2 1/2
1

Vu*QdJ} +C’{— VU*QdU} ,

(V)| ol MOCH

(7.32)

cofols
164Q Jeaq
where p = p,, + €.

Finally we note that by (7.29)

1/2 /2 n
* 2
{[wopar} <o {[ (viFal+le)?ar} +la
o9 o9 =
) 1/2
<c {/ (IV.G| + |h]) da} ,
200Q

where we also used the Poincaré inequality. With (7.33) and (7.32), estimate (7.25) follows
by Theorem 3.2. This completes the proof of Theorem 7.1.

1

(7.33)

Remark 7.3. The LP Dirichlet problem for the biharmonic equation
A4 =0 in

0
(7.34) w=F e W-r(9Q), 8—;\‘7:geLp(aQ) on 9,
(Vu)* € LP(09),

is uniquely solvable if

n =23, 2—ec<p< oo,

n =4, 2—e<p<b+e,
(7.35) n=>5,6,7, 2—e<p<4d+e,

n > 8, 2—e<p<2+ + ¢,

n— A\,

where A, = (n + 10 4+ 24/2(n? —n + 2))/7. See [DKV1, PV1, S3, S5]. The ranges of p’s
in (7.35) are known to be sharp in the case 2 < n < 7 [PV1]. This implies that the ranges
of p’s in Theorem 7.1 are sharp for n = 2, 3,4, 5.

Corollary 7.4. Let2 <p <p,+e forn>4and?2<p<oo forn=2 or3. The unique
solution to the Dirichlet problem (7.34) for the biharmonic equation with boundary data
(F,g) is given by

1 o
(7.36) ute) =, (G +15) 7 (Fg))

By duality and an argument similar to that in the proof of Theorem 5.1, we may deduce
the following from Theorem 7.1.
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Theorem 7.5. There exists € > 0 such that the operators £(1/2)I + K, in (7.16) are
2(n—1)

- — ¢ <p <2 Ifn =2 or3, the operators are

isomorphism for n > 4 and
isomorphism for 1 < p < 2.

Proof of Theorem 1.3. The existence follows from the invertibility of —(1/2)I + K,
on XP(0N), while the uniqueness was proved in [V3], p.273 by constructing a Neumann
function.

8. The Classical Layer Potentials on Weighted Spaces

In this section we consider the classical layer potentials for Laplace’s equation Au = 0
in €2. In order to be consistant with our notation for elliptic systems, we shall use the
fundamental solution for £ = —A in the definitions of single and double layer potentials.
It is well known that the operators (1/2)I + K : LE(9Q) — LE(9Q) and —(1/2)] + K :
LP(02) — LP(0N) are isomorphisms for n > 2 and 1 < p < 2+ . The case p = 2 was
proved in [V1], using Rellich identities as we indicated in Section 1. The sharp range
1 < p < 2+ ¢ was obtained in [DK1]. This was done by establishing L! estimates for
solutions of the Neumann and regularity problems with boundary data in the atomic
Hardy Spaces. It follows by duality that (1/2)I +K* and —(1/2)1 + K* are isomorphisms
on LP(0Q)/{ho} and LP(02) respectively, where 2 —e; < p < oo and hg is a function
which spans the kernel of (1/2)I + K on L?(99).

With the method in previous sections, it is possible to recover the sharp LP invertibility
in [DK1] without the use of the Hardy spaces. To do this, we will prove directly that
(L/2)I + K* : LP(02)/{ho} — LP(OQ)/{ho} and —(1/2)I + K* : LP(0Q) — LP(0N) are
invertible for 2 — 7 < p < co. In fact we shall prove a stronger result. Let X?(99, wdo)
denote the space of functions f in L?(09,wdo) such that faQ fhodo = 0.

Theorem 8.1. Let Q) be a bounded Lipschitz domain in R™, n > 3 with connected bound-
ary. Then there exists § € (0,1] depending only on n and the Lipschitz character of Q such
that the operators

(1/2)I + K* : X2(0Q,wdo) — X?(0Q,wdo),

(8.1) ) .
—(1/2)I + K* : L2(09, wdo) — L2(09, wdo),

are isomorphisms for any Ai,s weight w on 0S2.

We refer the reader to [St2] for the theory of A, weights. In particular the bound-
edness of operator K* on L?(0Q,wdo) with w € A3(99Q) follows from [CMM] and the
standard weighted inequalities for Calderén-Zygmund operators. Also, by Holder inequal-
ity, L2(0Q,wdo) C LP(99) if w € A1445(0Q) and p = 2/(1 + §). Since hy € L1(9Q) for
some q > 2, this implies that the space X?(99,wdo) is well defined if w € A1, 5 and § > 0
is sufficiently small.

Note that by an extrapolation theorem of Rubio de Francia (see e.g. [Du]), Theorem 8.1
yields the LP inveribility of +(1/2)1 + K* for the sharp range 2 —¢ < p < co. Furthermore,
by duality, we obtain the following.
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Theorem 8.2. Let Q) be a bounded Lipschitz domain in R™, n > 3 with connected bound-
ary. Then there exists § € (0,1] depending only on n and the Lipschitz character of Q
such that the operators (1/2)I + K and —(1/2)I + K are isomorphisms on L% (0%, 92) and

L? (8(2, Cfd—g) respectively, for any Ai+s weight w on 0S).

Here L2 (89, %") denotes the space of functions f in L? (89, %") such that fag fdo=0.
To prove Theorem 8.2, one uses the fact that L?(9Q, wdo) = X?(0,wdo)®R and preceeds
as in the proof of Theorem 4.1.

As in the LP case, the invertibility of (1/2)1+K on L? (92, 92) gives us the existence for
the Neumann problem with boundary data in the weighted L? space. Since L? (89, %") C

LP(09) for some p > 1. The uniqueness follows from the uniqueness for the LP Neumann
problem [DK1].

Corollary 8.3. Let Q be a bounded Lipschitz domain in R™, n > 3 with connected bound-
ary. Then there exists § € (0,1] depending only on n and the Lipschitz character of Q0 such
that given any g € L3 (89, %") with w € Ay145(0N), there exists a harmonic function u
on 2, unique up to constants, such that g—;\‘, =g and (Vu)* € L? (GQ, %U) Moreover, the
solution u satisfies

(8.2 (V)" 20, 22) < C 6l 2o, 221,
and is given by the single layer potential with density ((1/2)I + K)71(g).

Remark 8.4. The condition w € Aj4s5 in Theorems 8.1 and 8.2 (and in Corollary 8.3)
is sharp in the context of A, weights. This is because they imply the sharp ranges of p’s
for the LP invertibility. However in the case n > 4, there are weights w which are not
in the sharp A, class and for which £(1/2)I + K are invertible on L* (9¢2, 92). Indeed,
consider the power weight w, = |@Q — Qo|*, where Qg € 9 and o > 1 — n. It is shown

in [S2] that (1/2)I + K and —(1/2)I + K are invertible on L2 (69, g—g) and L? <OQ, Z—Z)
respectively, if 1 —n < a <n — 3 + . However we observe that w, € Ajys if and only if
l-n<a<(n—1)4.

It remains to prove Theorem 8.1. To do this, we need to establish a reverse Holder
inequality similiar to (2.28), but with p,, replaced by any exponent p > 2. Since |Vu| on
the boundary is only LY integrable for some ¢ > 2, the Sobolev inequality is not useful

in higher dimensions. Instead we use the following Morrey space estimate (see e.g. [Gi],
Ch.3),

sup |u| <
I(P07R)

(8.3) C

1/2
m/ luldo + CA R sup ”/ Veul? do
R I(Py,2R) 0<r<R (P
PEI(Py,R)

where A >n —3 and I(P,r) = B(P,r)N o for P € 02 and 0 < 1 < ry.
Assume 0 € 092 and QN B(0, ) is given by (2.2).
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Lemma 8.5. Suppose Au =0 in Q. Assume that (Vu)i € L?*(I4r) and ux =0 on I4g
for some 0 < 4R < crg. Then there exists A > n — 3 depending only on n and €2 such that

C
8.4 sup A / Vuil?do < / ul? dx.
(8.4) 0<r<R I, Vsl RATS DE, [u

Proof. Since ux = 0 in Iy, we may use (2.10) and (2.5) to obtain

(8.5) / Vs |2 do < 93/ (uf? da.
I e Jpf
™ 47.

By the boundary Holder estimates, we have

(8.6) ()2 < c(%)é };n/ (uf? dz,

for any = € D, where § > 0 depends only on n and Q. Estimate (8.4) with A\=n —3+4
now follows easily from (8.5) and (8.6).

Lemma 8.6. Suppose that Au =0 in Qi and (Vu)i € L*(I4g) for some 0 < 4R < cry.
Then there exists A > n — 3 depending only on n and €} such that

sup T_A/ |Vuy|? do
0<r<R I,

(9ui C C Ou+
<C sup r~ /| RA—’_B/D ’u‘zdx+RA+1/I ‘uiH |da
4R

0<r<2R

(8.7)

Proof. We use the following estimate established in [S2] (Lemma 4.18, p.2855),

8_u2
8.8 /vu2do§0r%/ LdaP,
(8:5) h' | ap*, {|P| 41} (P)

where n — 3 < A\g <n — 3 +¢. It follows that if n — 3 < XA < A,

A
(8.9) 0sup T / Vul?do < C sup 7~ / | R>‘ / ) \Vu|? do,
<r<R I, 0<r<2R QiLNOD 5

for 1 < s < 2. Estimate (8.7) now follows by an integation in s over (1,2) and using (2.5).
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Lemma 8.7. Suppose that Au =0 in R™\ 0Q and (Vu)% + (Vu)* € L*(I1sr) for some
0 < 16R < crg. Assume that either uy =0 oru_ =0 on I1gr. Then there exists A > n—3
and po < 2 depending only on n and €2 such that

sup 7*_)‘/ |Vusi|?do <C sup 7~ /|au—+——‘ do
I,

0<r<R 0<r<2R

C 0 Ou_
et || (sl D G - Gl ao
8R

(8.10)
+ ¢ / u|? da
-

+

RA+3
{6rYD s

—A=3 1 Po 2/
roro ol [ () o)
Isr

Proof. We only consider the case u; = 0 on I1gz. The case for u_ is exactly the same.

The estimate for 7= [, |Vuy |*do is contained in (8.4). To estimate r=> [, [Vu_|*do,
in view of (8.7) and (8.4), we only need to take care of the term

1 8u_

To this end, first we replace ‘%L]H in (8.11) by ?—A}L , since the difference is bounded by
the second term in the right side of (8.10). Next we use the Holder inequality. This reduces
the problem to the estimation of

ou 2/70
n—A— + |P6
(8.12) R 1{R” 1/ \ N do } :

Finally we use the LPo estimate for the regularity problem on D:R for s € (4,5) and then
a familiar integation in s to bound the term in (8.12) by

2/pg
C R 1 ! / [Vu|Podz < ¢ / |Vu|? dz

A+1
(8.13) r

5R 6R

¢ 2
Y

16 R

where we have used a higher integrability estimate in the first inequality (see e.g. [Gi]).

We remark that LPo regularity estimate holds if py is close to 2 [DK1]. This completes the
proof of (8.10).

We now are ready to prove the desired reverse Holder inequality.
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Theorem 8.8. Suppose that Au = 0 in R™ \ 9Q and (Vu)i + (Vu)* € L*(Iso0r) for

some 0 < 300R < crg. Also assume that %L—]\J; = %J’—]\; on Ispor and that either uy. = 0 or

u_ =0 on Isgor. Then for any 2 < q < oo,

1 1/q 1 1/po
8.14 / w)* qdo} < C, { / u)* p"da} ,
519 g [ I Az [ ]

where pg < 2 depends only on n and €.

Proof. 1t follows from (8.3) and (8.10) that

1 q 1/q
R

(8.15) 1 2 v 1 p Voo
815  <cC —/ uldz +c{—/ wel + Ju_ °da}
{Rn D3, ,UD3; | | } Rrt Lier (’ +| | |)

32R 32R

1 1/170
< *|Po
_c{Rn_l /fﬁw‘(“) | do—} ,

where we also used (2.14) for the second inequality. Since the LP Dirichlet problem for
Laplace’s equation is solvable for any p > 2 (this follows from the L? solvability and the
maximum principle), estimate (8.14) follows from (8.15) and (2.24).

Proof of Theorem 8.1. We only give the proof for the invertibilty of (1/2)I + K* on
X2(0Q,wdo). The case of —(1/2)I + K* is similar.

Let f € X2(0Q,wdo) N WH2(9Q). Since (1/2)1 + K* is invertible on W2(99Q)/{ho}
and L2(99)/{ho} [V1], there exists g € W12(9Q) such that ((1/2)I + K*)g = f and
lgllz2 < C'||f|l2- We need to show that

(8.16) / |g|2u)da§C/ | f)? wdo.
o oN

To this end, we fix Py € 092 and s > 0 sufficiently small. Let u = D(g). We will show that
there exists pg < 2 such that

1/2 1 1/po
{/ ](u)*[dea} < C{w(I(Po,Cs))}l/Z{ 1/ |(U)*|p°da}
I(Py,s) s™ I(Py,C's)

1/2
vey [ fPedey
I(PO,CS)

for all w € Ay /p, (0€2). Note that ||gll,, < C|fllp, if po is close to 2. Thus the first term
in the right side of (8.17) is bounded by

(8.17)

2 2
(8.18) Cu {wOD Y 1gllpe < Cx {w @D} 21 £llpe < Cu 1 £l 2200200
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Since |g] < 2(u)*, estimate (8.16) follows from (8.17) and (8.18) by covering 992 with a
finite number of small surface balls.

We will use Theorem 3.4 to prove (8.17). We may assume that Py = 0 and B(0,79) N2
is given by (2.2). Let @ be a small subcube of I,. We proceed as in the proof of Theorem
3.1 to choose function ¢ = pg € C§(R™) and then gg so that fo = ((1/2)I +K*)(g9g) +b
and || follp, ~ [l9Qllpo + [b]. Let

(8.19) F=|(u)", Rq=2"""(w)" ™, and Fq=2"""(v) [,
where py < 2 is given in Theorem 8.8, v = D(gg) +b and w = u —v. Since w_ = f(1 — )
and %’U—NJF = %w—N‘, by Theorem 8.8, we have
(8.20) { ! / RolPd }1/p< ¢ Rold
: — o < — o
2Q1 Jog @1 Joooo

for any p > (2/pp). Also note that

(8.21) 1FQlls = ()17 < C {llgallp, + 61} < Cllfele.

This shows that conditions (3.3) and (3.4) in Theorem 3.2 hold for any 1 < p < oco. It
then follows from Theorem 3.4 and Remark 3.5 with ¢ = (2/po) that estimate (8.17) holds
for any w € Ay /p, (0€2). This completes the proof.

Remark 8.5. If w € A;15(092), the Dirichlet problem for Laplace’s equation with bound-
ary data in L?(99, wdo) is uniquely solvable. This follows easily from [D]. In [S2], we solved
the regularity problem with data in W2 (94, %") for w € A145(092), and established the
sharp estimate

(8.22) I(Ve) [l 200,22 ) < ClIViull 2 (06, 22)-

This, together with (8.2), gives the Rellich estimate (1.24) in the weighted L? space.

REFERENCES

[A] P. Auscher, On necessary and sufficient conditions for LP estimates of Riesz transform associated
to elliptic operators on R™ and related estimates, to appear in Memoirs of Amer. Math. Soc..

[ACDH] P. Auscher, T. Coulhon, X.T. Duong and S. Hofmann, Riesz transforms on manifolds and heat
kernel regularity, Ann. Sci. Ecole Norm. Sup. Paris 37 (2004), 911-957.

[CP] L.A. Caffarelli and I. Peral, On WP estimates for elliptic equations in divergence form, Comm.
Pure App. Math. 51 (1998), 1-21.

[CMM] R. Coifman, A. McIntosh and Y. Meyer, L’intégrale de Cauchy définit un opérateur borrie sur
Lo pour les courbes lipschitziennes, Ann. of Math. 116 (1982), 361-387.

D] B. Dahlberg, On the Poisson integral for Lipschitz and C' domains, Studia Math. vol 66 (1979),
13-24.



40

[DK1]

[DK2]

[DKV1]

[DKV?2]

[PV1]

[PV2]

[PV3]

[PV4]

ZHONGWEI SHEN

B. Dahlberg and C. Kenig, Hardy spaces and the Neumann problem in LP for Laplace’s equation
in Lipschitz domains, Ann. of Math. 125 (1987), 437-465.

B. Dahlberg and C. Kenig, LP estimates for the three-dimensional systems of elastostatics on
Lipschitz domains, Lecture Notes in Pure and Appl. Math. 122 (1990), 621-634.

B. Dahlberg, C. Kenig, and G. Verchota, The Dirichlet problem for the biharmonic equation in
a Lipschitz domain, Ann. Inst. Fourier (Grenoble) 36 (1986), 109-135.

B. Dahlberg, C. Kenig and G. Verchota, Boundary value problems for the systems of elastostatics
in Lipschitz domains, Duke Math. J. 57 (1988), 795-818.

J. Duoandikoetxea, Fourier Analysis, Graduate Studies in Math. 29, Amer. Math. Soc., 2000.

E. Fabes, Layer potential methods for boundary value problems on Lipschitz domains, Lecture
Notes in Math. 1344 (1988), 55-80.

E. Fabes, C. Kenig and G. Verchota, Boundary value problems for the Stokes system on Lipschitz
domains, Duke Math. J. 57 (1988), 769-793.

W. Gao, Boundary value problems on Lipschitz domains for general elliptic systems, J. Funct.
Anal. (1991), 377-399.

M. Giaquinta, Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic Systems,
Ann. of Math. Studies, vol. 105, Princeton Univ. Press, 1983.

D. Jerison and C. Kenig, The Neumann problem on Lipschitz domains, Bull. Amer. Math. Soc.
4 (1981), 203-207.

C. Kenig, Elliptic boundary value problems on Lipschitz domains, Beijing Lectures in Harmonic
Analysis, Ann. of Math. Studies 112 (1986), 131-183.

C. Kenig, Harmonic Analysis Techniques for Second Order Elliptic Boundary Value Problems,
CBMS Regional Conference Series in Math., vol. 83, AMS, Providence, RI, 1994.

J. Pipher and G. Verchota, The Dirichlet problem in LP for the biharmonic equation on Lipschitz
domains, Amer. J. Math. 114 (1992), 923-972.

J. Pipher and G. Verchota, A mazimum principle for biharmonic functions in Lipschitz and C*
domains, Commen. Math. Helv. 68 (1993), 385-414.

J. Pipher and G. Verchota, Dilation invariant estimates and the boundary Garding inequality for
higher order elliptic operators, Ann. of Math. 142 (1995), 1-38.

J. Pipher and G. Verchota, Mazimum principle for the polyharmonic equation on Lipschitz do-
mains, Potential Analysis 4 (1995), 615-636.

J.L. Rubio de Francia, Factorization theory and the A, weights, Amer. J. Math. 106 (1984),
533-547.

Z. Shen, Boundary value problems in Morrey spaces for elliptic systems on Lipschitz domains,
Amer. J. Math. 125 (2003), 1079-1115.

Z. Shen, Weighted estimates in L? for Laplace’s equation on Lipschitz domains, Trans. Amer.
Math. Soc. 357 (2004), 2843-2870.

Z. Shen, The LP Dirichlet problem for elliptic systems on Lipschitz domains, Math. Res. Letters
13 (2006), 143-159.

Z. Shen, Necessary and sufficient conditions for the solvability of the LP Dirichlet problem on
Lipschitz domains, submitted to Math. Ann..

Z. Shen, On estimates of bitharmonic functions on Lipschitz domains, submitted.



THE LP INVERTIBILITY 41

E. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ. Press,
1970.

E. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals,
Princeton Univ. Press, Princeton, NJ, 1993.

G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s equation, J.
Funct. Anal. 59 (1984), 572-611.

G. Verchota, The Dirichlet problem for the polyharmonic equation in Lipschitz domains, Indiana
Univ. Math. J. 39 (1990), 671-702.

G. Verchota, The biharmonic Neumann problem in Lipschitz domains, Acta Math. 194 (2005),
217-279.

L. Wang, A geometric approach to the Calderdn-Zygmund estimates, Acta Math. Sinica (Engl.
Ser.) 19 (2003), 381-396.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KY 40506.

E-mail address: shenz@ms.uky.edu



