wl? ESTIMATES FOR ELLIPTIC HOMOGENIZATION
PROBLEMS IN NONSMOOTH DOMAINS

ZHONGWEI SHEN

ABSTRACT. Let L. = —div(A(f)V), e > 0 be a family of second order elliptic operators
with real, symmetric coefficients on a bounded Lipschitz domain 2 in R™, subject to the
Dirichlet boundary condition. Assuming that A(z) is periodic and belongs to VMO, we show
that there exists § > 0 independent of € such that Riesz transforms V(£.)~1/2 are uniformly
bounded on LP (), where 1 <p < 3+difn >3,and 1 < p <4+ if n = 2. The ranges of p’s
are sharp. In the case of C'' domains, we establish the uniform L? boundedness of V(£¢)~1/2
for 1 < p < oo and n > 2. As a consequence, we obtain the uniform WP estimates for the
elliptic homogenization problem L ur. = divf in Q, us = 0 on 0S2.

1. Introduction

This paper continues the study in [S] of the LP boundedness of Riesz transforms as-
sociated with second order elliptic operators. Here we consider a family of second order
elliptic operators of divergence form in a nonsmooth domain §2,

(1.1) Lo =—div(A(2)V), >0,

arising in the theory of homogenization, subject to the Dirichlet boundary condition. We
assume that A(z) = (a;;(z)) is a n x n real symmetric matrix and satisfies the following
elliptic and periodic conditions:

1
(1.2) plé)? < aij(z)€€5 < ;]§|2 for any z, £ € R",
(1.3) A(x+y) = A(z) foranyzeR", yeZ”,
where p > 0. We will also assume that the coefficient matrix A € VM O(R"™); i.e.,

(1.4) limw(t) =0,

t—0
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where
1

1
(1.5) w(t) = sup -
‘B(.’.I?,T’)’ B(z,r)

zER™ ’B(ZL’,T)| B(z,r)
o<r<t

Under these assumptions we establish the uniform LP boundedness of Riesz transforms
V(L£.)~'/? on Lipschitz or C' domains. Theorem 1.1 below is the main result of the
paper. We point out that the ranges of p’s in Theorem 1.1 as well as in Corollary 1.2 are
sharp even for operators with constant coefficients [JK2].

A(y) A(z)dz| dy.

Theorem 1.1. Let Q be a bounded Lipschitz domain in R™, n > 2. Suppose that the
real symmetric matriz A(x) satisfies conditions (1.2), (1.3) and (1.4). Then there exists
a constant § > 0 depending only on p, n, the Lipschitz character of 0, and function w(t)
such that

(1.6) IV(L) T2 fllp < Cfllp  for any f € LP(R),

forl<p<34+difn>3,and1 <p <4406 if n=2, where C' depends only on u, n, p,
the Lipschitz character of , and w(t). If Q is a C* domain, estimate (1.6) holds for any
1 <p<oo.

As a direct consequence of Theorem 1.1, we obtain the uniform WP estimate for the
elliptic homogenization problem

(1.7) Lous=divf inQ, u.=0 on 09Q.

Corollary 1.2. Under the same assumptions as in Theorem 1.1, there exists o > 0,
depending only on n, u, the Lipschitz character of Q, and w(t), such that if f € LP(2) N
L2(Q) with |t — 3| < g+ 6 forn >3, and |1 — 3| < § + 6 for n =2, the unique solution

p D 2
to the Dirichlet problem (1.7) in Wy*(Q) satisfies
(1.8) Vuell, < Cfllp,

where C' depends only on n, p, p, the Lipschitz character of 0, and w(t). If Q is a C!
domain, estimate (1.8) holds for any 1 < p < cc.

If the coefficients a;;(z) are periodic and Holder continuous, it was shown by Avel-
laneda and Lin [AL4] that V(£.)~/? are bounded on LP(R™) for any 1 < p < co. A
similar theorem, based on the results in [AL1,AL3], was obtained by Alexopoulos [A]. We
should point out that the results in [AL4] were established for systems of elliptic opera-
tors with periodic coefficients, and extended to bounded domains with C'® boundaries.
In [CP] Caffarelli and Peral obtained the uniform interior W17 (2 < p < o) estimates
under the assumption that A(x) are continuous and periodic. By Theorem A in [S] this
implies the boundedness of V(£.)~/2 on LP(R") for operators with continuous and pe-
riodic coefficients. We mention that the boundedness of V(£.)~'/2 on LP(R") has been
established in [ERS] for second-order periodic elliptic operators in divergence form with
complex continuous coefficients. For related results on WP estimates and Riesz trans-

forms for second order elliptic operators without the periodicity assumption, we refer the
reader to [Au,AC,ACDH,AT1,AT2,AQ, B, BW,CD] and their references.

Our starting point for the proof of Theorem 1.1 is the following.
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Theorem 1.3. Let Q be a bounded Lipschitz domain in R™, n > 2. Let A(x) be a real
symmetric n X n matriz with bounded measurable entries satisfying (1.2). Let p > 2.
Suppose that there exist constants Cy > 1, ag > a1 > 1 and rg independent of € > 0
such that for any ball B(xg,r) with the property that 0 < r < ro and either xo € 0 or
B(xg,asr) C Q, and for any weak solution of Loue = 0 in QN B(xg, asr) and u. = 0 on
B(xg, asr) NI (if xg € OQ), one has |Vue| € LP(Q N B(xg,7)) and

. 1/p ) 1/2
(1.9) —n/ |Vue|Pdx < Cy —n/ \Vu.|?dx .
T QNB(zg,r) r B(xzo,017)

Then there exists § > 0 depending only on i, n, a1, as, Cy and the Lipschitz character of
Q such that (1.6) holds for 1 < p < p+ 9, where C depends only on u, n, p, ay, as, Cy
and the Lipschitz character of Q.

Theorem 1.3 follows directly from Theorem B in [S], which states that given any second
order elliptic operator £ of divergence form with real, symmetric, bounded, measurable
coefficients and any p > 2, the boundedness of the Riesz transforms V(E)_l/ 2 on LP(Q)
is equivalent to the scale-invariant interior and boundary W1? estimates (1.9) for weak
solutions of Lu = 0. For the interior estimates, one may extend either the approximation
method in [CP] or the compactness method developed in [AL1,AL2] to the case of VMO
coefficients. As expected for nonsmooth domains, the main difficulty lies in the uniform
boundary WP estimates.

For the second order systems of elliptic operators with periodic and Holder continuous
coefficients, Avellaneda and Lin [AL1] established a uniform boundary L°° estimate for
the gradients of weak solutions of £.u, = 0 on C%® domains. Such L gradient estimate,

however, fails in general for C! domains, even in the case of constant coefficients. Suppose
0 € 0N and

(1.10) QN B(0,r9) = {(z',zn) € R" : 3, > (a’)} N B(0,70).

Let A, = {(2/,9(2')) : |2/| < r}. Our main novelty in the proof of Theorem 1.1 is to
reduce the weak reverse Holder inequality (1.9) to the following decay estimate,

tr B
/0 /A lue (2’ (2") + s)|Pda’ ds
(1.11) -

2r
< Cprao / / lue (2, p(a") + 8)|P da'ds,
0 A27‘

for any 0 <t < 1 and 0 < r < crg, where ag > 0, Loue = 0 in QN B(0,2r) and u. =0
on Ay,.. Note that estimate (1.11) only involves u, not Vu. This, together with the
observation that (1.11) holds for solutions of elliptic equations with constant coefficients,
makes it accessible via a variant of the three-step compactness argument of Avellaneda

and Lin in [AL1,AL2].
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The paper is organized as follows. In section 2 we establish the uniform interior WP
estimate for operators {£.} with VMO coefficients for any p > 2. The reduction from (1.9)
to (1.11) as well as the proof of (1.11) for p = 3 if n > 3, and for p = 4 if n = 2, is given
in section 3. A similar approach gives (1.9) on C! domains for any 2 < p < oco. This is
outlined in section 4. Finally in section 5 we give the proof of Theorem 1.1 and Corollary
1.2.

Throughout the rest of this paper, we assume that A(x) is a real symmetric matrix
satisfying conditions (1.2)-(1.4). We will denote 0/0x; by 0;. The standard summation
convention will also be used.

2. Interior WP estimates

Let B(xg,r) denote the ball centered at x¢ with radius r. For o > 0, we use the notation
aB = B(xg,ar). In this section we establish the following theorem.

Theorem 2.1. Let u. € W12(3B) be a weak solution of Loue = 0 in 3B. Then |Vu.| €
L?(B) and

1 1/p 1 ) 1/2
2.1 —/ Vugpd:c} <C {—/ Vu, da:}
2 TIAL 28] Jos

for any p > 2, where C' depends only on u, n, p and function w(t).

Theorem 2.1 was proved in [CP] for the case of continuous coefficients. The proof in
[CP] extends easily to the case that A € VMO(R™). We remark that if the coefficients
are Holder continuous, estimate (2.1) follows from the L estimates on Vu. established
in [AL1, Lemma 16]. Here we present a proof of Theorem 2.1, using the three-step com-
pactness method of Avellaneda and Lin.

Let x; be the unique function such that £i(x;) = 0ia;; on R™, x; is periodic with
respect to Z", and

(2.2) / X; dr = 0.
[0,1]"

The function x = (x1,X2,--.,Xn) is called the corrector for £.. Observe that for any
p >0,

(2.3) L,{z+ px(z/p)} =0 inR".
It is also not hard to see that

(2.4) Xl Lo rn) < Cn, ).

Let Lo = —0;b;;0; be a second order elliptic operator with real constant coefficients.
Assume that coefficients satisfy b;; = b;; and the ellipticity condition (1.2). Let By =
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B(0,0). Suppose that Loug = 0 in By. Then there exists Cy depending only on p and n
such that

(2.5) sup [uo () — uo(0)— < 2, (Vuo)p, > | < Cob?||uol|=(B,),
x|<0

for any 6 € (0,1/2), where (Vug)p, denotes the average of Vug over By.

For any fixed n € (0,1), we choose 6 € (0,1/2) so that Cyf < 6", where C is given by
(2.5). The following was proved in [AL1, Lemma 14] by a compactness argument.

Lemma 2.2. There exists €9 depending only on p, n and n such that

(2'6) ‘Sl|1p0 ‘ue(l‘) - u£<0)_ <zr+ EX(J?/{:‘), (qu)BG > ‘ < 91+nHusHL°°(Bl),
x| <

for any 0 < e < gg and any weak solution u. of L.u. =0 in By.

By an iteration argument, Lemma 2.2, together with (2.3) and (2.4), leads to the fol-
lowing.

Lemma 2.3. Let n, 8 and g9 be the same constants as in Lemma 2.2. There exists a
constant C, depending only on pu, n and n, such that for any weak solution u. of Loue =0
in By with 00! < e < o6,

@) sup (o) - uel0) — edie <2+ ex(@/2),GF > | < 0D Ju sy,
|z| <0t

where d; € R and G € R™ are constants with the property

(2.8) |de| + 1Gel < CrllucllLoe(sy)-

Proof. See [AL1, Lemma 16]. O
We are in a position to give the proof of Theorem 2.1.

Proof of Theorem 2.1. Fix B = B(xq, 7). By translation and dilation, one may assume
that o = 0 and 79 = 1. Also, by the local WP estimates for solutions of second order
elliptic equations with VMO coefficients, one may further assume that 0 < ¢ < feg, where
0 and ¢ are given by Lemma 2.2.

Let v(z) = uc(ex). Then £yv =0 in B(0,2/¢). It follows that for any 2 < p < oo,

(2.9) IVl zeB0, 2y < ClIVUllL2(B(0, 52 ))-

£0 2ep

Thus,

1 e 1
(2.10) —/ VuPdes  <cC —/
€" JB(0, = €™ JB(o

4eq

1/2
]Vu€|2dx} :

13e5)
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By Caccioppoli’s inequality, this implies that

(2.11) {Ei"/B(o

Note that by Lemma 2.3, we have

1/p
IVuelpdx} < C sup [ue (2) — u(0)]

15 |z <5 €

Ue(x) — u (0
(2.12) sup e )8 Wl < C'uel| Lo (B0,1))-
m<%

In view of (2.11) and (2.12), we have proved that
(2.13) /B(O . |Vue|Pde < Ce™||ue | 5(0,1)-
It follows by translation that for any y € B(0,1/2),

p n p
(2.14) /B(y . )|Vu€] dr < Ce ||U‘EHLOO(B(07%)).
4e

By covering B(0,1/2) with a finite number of balls of radius €/4¢p, we may deduce from
(2.14) that

(2.15) / 1V < O el ey gy < C el o

2

Since u. — 3 is also a solution for any § € R, we may replace u. in the right side of (2.15)
by u. — (8. This, together with the Poincaré inequality, gives

1 1/17 1 1/2
2.16 —/ Vu.|Pdx SC{—/ Vu, Qdm} )
(219 {|§B| bl } 28] fos "

By a simple covering argument it is not hard to see that estimate (2.16) is equivalent to
(2.1). This completes the proof of Theorem 2.1. [

3. Boundary W' ? Estimates
Let 1 : R®™! — R be a Lipschitz function such that ¢(0) = 0. For r > 0, let

(3.1) = ) ER™: 2’| <r},
(3.2) :{x Tn) E]R"']:r:’|<r and ¢ (z') <z, < P(x +7”}

Let p = 3 for n > 3, and p = 4 for n = 2. This section is devoted to the proof of the
following theorem.
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Theorem 3.1. There exists a constant C' > 0, depending only on p, n, |[V|e and
function w(t), such that if u. € W12(Dsg,) is a weak solution of Lou. = 0 in Dig, and
u: = 0 on Ay, then |Vue| € LP(D,) and

1 N1/B 1 1/2
r DT r D16r

Let d(z) = d(2',z,) = |z, — ¥(2’)|. To prove (3.3), we first show that it suffices to
estimate the LP norm of u./d on Dsy,.

Lemma 3.2. Suppose that Loue. = 0 in Do, and us = 0 on As,.. Then for any 2 < p < oo,

p

dx,

u ()

d(x)

(3.4) / |[Vuc|Pde < C
DT

D2'r

where C' > 0 depends only on p, n, p, ||Vi|e and function w(t).

Proof. Let p(z) = dist(x,0Dy,). Then p(z) =~ d(x) for any € Ds,.. Choose ¢ =
c(n,||VY|ls) € (0,1/4) so small that B(z,2cp(x)) C Dy, for any = € D,. By interior
estimate (2.1), we have

(3.5) / Ve (y)Pdy < C /
B(z,cp(x)) B(z,2¢cp(x))

for any = € D,.. Next we multiply both sides of (3.5) by p(z)~™ and integrate the resulting
inequality over D,.. This gives

[ v { /| sep s }dy
SC/DQT ] {/|x Vi <2e0() P(da; }dy'

Finally we observe that if |z — y| < cp(zx), then

(3.7) p(y) < p(x) + |z —y| < (1+c)p(x).

Similarly, p(z) < p(y) + |* — y| < p(y) + ep(z) and thus (1 — ¢)p(z) < p(y). Hence
p(y) = p(x). It follows that for any y € D,.,

d
(3.5 [een, ozt [ ep, dnze
| |

x—y|<p(x) p(m)n p(y) x—y|<cp(y)

(3.6)

p(y)

v

and for any y € D,

d C
(39) / xeD, wn < n / xeD, dy < C.
|z— y|<2<:p(a:) (I‘) p(y) |z—y|<Cp(y)
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The desired estimate (3.4) now follows from (3.6), (3.8) and (3.9). O

By the well known De Giorgi-Nash regularity estimates and the Poincaré inequality,

1 1/p 1 1/2
{—n/ |us|pdx} gC{—n/ |u5|2d~’17}
r Dr r DZT’
1 1/2
< C’r{—/ |Vu€\2da:}
Tn D27‘

for any 2 < p < co. In view of (3.4) and (3.10), we see that the estimate (3.3) would follow
from

4r
(3.11) / / dx'ds < —/ / lue (2, (2") + 5)|Pda’ ds.
o/l <r ot <dr

Lemma 3.3. Suppose that there exist positive constants g, ag and C depending only on
n, ||V|leo and function w(t) such that for % < % <1,

t
L[ tuetatoot + syeatas
0 Jla'|<r
¢ ptao 2r -
so(t) [ et s)raeds
r 0 |z’ | <27

whenever Lous = 0 in Doy and u. =0 on Ag,.. Then estimate (3.3) holds.

(3.10)

ue (2,9 )+s)

(3.12)

Proof. By the boundary WP estimates on Lipschitz domains for operators with VMO
coefficients (see Theorem C and its proof in [S]), estimate (3.3) holds for ¢ > (gg/4).
Assume that 0 < € < g¢/4. Since w(x) = u.(ex) is a weak solution of L;w = 0, the same
WP estimates also give us
/ / us (2’ (@) +5) |7

0o Jjarj<gr 5

dx'ds

(3.13)

2er
€0

lue (2, (x") + 8)|Pda’ ds.

m’\<2€i0r

By covering A, with surface balls of radius 7 /ey, we may deduce from (3.13) that

N

0 |z’ |<r
C 2er

(3.14) g—_/ O/ ue (2, (2") + 5)|[Pda’ds
(er)? Jo |x’|<27~‘ @ 9(@) +9)

4
[ et + o)Partas,
|z’ |<4r

ue (@', P(a’) + 5) |7

dz'ds

IN
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where we have used the assumption (3.12) in the last step.

Finally we let f(2',s) = s~ lu.(2',¢(2’) + s) and write

/ / |f(2',s)[Pdx’ds
|z | <7

]0 2 eT
/0/ +Z/ ’ / / / |f(2', s)[Pda’ds,
|z’ |<r ler |z’ |<r 230” |’ |<r

where 2790=1 < £ < 27J0. The first term in the right side of (3.15) is handled by (3.14),
while the estlmate of the last term is trivial. To control the term involving the summation

over j, we use the assumption (3.12). This gives estimate (3.11), from which inequality
(3.3) follows. [

(3.15)

It remains to establish estimate (3.12). By dilation we may assume that » = 1. We first
observe that (3.12) holds for solutions of the elliptic equations with constant coefficients.
Indeed suppose that Loug = —0;b;j0;ug = 0 in D3/p and ug = 0 on Ag/y, where b;; are
real constants satisfying b;; = b;; and (1.2). By the L? regularity estimates on Lipschitz
domains [JK1], we have

(3.16) / (Vo) (& (@) Pde' < C [ Juo|2da,
|z’ |<1 D32

where (Vug)*(2',¢(2')) = sup{|Vuo(2',x,)| : ¥(2') < z,, < ¥(zy,) + r}. This, together
with the observation that |ug(2’, s+¢(2'))| < s(Vug)*(2',4(2")) and the boundary Holder
estimates, gives

(3.17) / / luo (2,3 (x") + s)|*da’ds < Ct3+5/ / luo (2, p(2") + s)[da’ds,
|z’ |<1 |z’ |<2

for any 0 < ¢t < 1, where 8 > 0 and C' > 0 depend only on p, n and ||Vi|| . Note that if
n = 2, one has a stronger boundary Holder estimate,

(3.18) uo (2, (') + 5)] < Cs ™2 o] dy
D3/q

for some 5 > 0 depending only on u and ||V||~. Together with (3.16), this shows that
for n = 2,

t 3
(3.19) / / (2, (') + s)| da’ds < CHi+7 / : / luo (2!, (2') + s)|*da’ds
0 |z |<1 0 |x’|<%

for any 0 <t < 1.

We now fix 0 < a < 3. Choose ty € (0,1/4) so that QC’tg_a < 1, where 8 and C' are
given by (3.17) and (3.19).
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Lemma 3.4. There exists g > 0 depending only on p, n and ||V||eo such that for any
0<e<e,

to .
[ e v+ opasta
(3.20) ’

2
<t [ e vt + pars
0 x/[<2

whenever L.u. = 0 in Dy and ue = 0 on As.

Proof. We prove estimate (3.20) by contradiction. Suppose that there exist {£*}, {ex}
and {u., } such that e, — 0 as k — oo,

X
(3.21) LE ue, = —0; (a?j(a)ajuak) =0

in {(2/,z,) : |2'| <2 and Yg(2’) < z, < Yr(2’) + 2}, ue, =0 on {(z/, Yi(x")) : 2’| < 2},
and

2
/ / e, (', (x) + 3)|ﬁdx’d3 =1,
(3.22) 0 Jl'l<2

to _
0 |z’ |<1

where the coefficients afj (x) of L are real symmetric and satisfy (1.2)-(1.3), ||[Vi|leo < M
and 15 (0) = 0. Let

(3.23) @:A“]mwnm—wﬁ@»@,
0,1]"

where x* = (x¥,...,x*) are correctors for £¥. Since bfj are bounded, by passing to a
subsequence, we may assume that

(3.24) bi; = lim b},

k—oo

exists for 1 <4i,j < n. It is known that the constant matrix (b;;) is symmetric and satisfies
(1.2) [BLP].

Note that the sequence {1} is equi-continuous on {z’ : |2’| < 2}. Thus, without loss of
generality, we may assume that 1, converges uniformly to ¢y on {z’ : |z’| < 2}. Clearly
IViolloo < M and 9o(0) = 0. By the classical regularity estimates, {uc,} is uniformly
Holder continuous on {(z/, x,) : |2'| < r and ¥ (2') <z, < Yp(2') +r} forany 1 <r < 2.
It follows that the sequence {u., (z',vr(z") + s)} is equi-continuous on @, = {(z',s) :
|z'| < rand 0 < s <r} for any 1 < r < 2. Hence, by passing to a subsequence, we may
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assume that u., (¢, ¢ (") + s) converges uniformly to ug(z’,Yo(z') +5) on Q3/2. We may
also assume that u., (¢/, ¥ (z") + ) converges weakly to ug(z’,vo(z") + s) in WH2(Q3/2).

By (3.22) and the uniform convergence of u., , we have

/2 / luo(z', Yo (2') + s)Pda’ds < 1,
0 |:c’|<%
(3.25)

to i )
/ / luo (', 1o (x') + s)[Pda’ds > thT.
0 |z’|<1

This contradicts with estimates (3.17) and (3.19), since uq is a solution of b;;0;0;u¢ = 0,
with b;; given by (3.24) [BLP], in {(2',x,) : || < 3/2 and ¢o(z’) < x, < ¢o(z’) + 3/2}
and ug = 0 on {(2/,vo(2")) : |2'| < 3/2}. O

We are now in a position to give the proof of Theorem 3.1.

Proof of Theorem 3.1. Let ¢y be given by Lemma 3.4. It suffices to establish estimate
(3.12) for r = 1.

Let Loue = 0 in Dy and u. = 0 on As for some € < gy. Let v(x) = u.(0z) where
0<e/0 <ep. Then Lzv =0 in

(3.26) {(@,z,) s |2'] <207" and 67 '(02) <z, < O 'p(02) + 207"}

Let vp(z') = 07 1p(02’). Note that ||[Vihg|lee = [[V¥]e and 15(0) = 0. It follows from
Lemma 3.4 that

to
/ / lv(x, 0~ p(0z") + s)|Pda’ds
0 |z’ | <1
(3.27)

2
< t@*“/ / lv(x’, 0~ (02") + s)[Pda’ds.
0 Jlz'|<2

By a change of variables, this gives

Otg
/ / e (2!, (@) + 5)|Pda’ ds
0 |z’| <0

(3.28) o _
<t [ juel) + s)Pastas
0 |z’ | <26

By covering {z’ : |2/| < 1+ 8} with balls of radius #, we may deduce from (3.28) that

Otg
/ / e (2!, (@) + 5)Pda’ds
0o Jj|<1+6

(3.29) o
< Cntg+a/ / lue (2’9 (2") + s)|Pda’ds,
0 |z’ | <1426



12 ZHONGWEI SHEN

where C), depends only on n. Now suppose that tlg+1€0 <e< t'gso for some k > 1. Since
e/th <thIeq, it follows from (3.29) with 6 = #) that

gt

/O / Nue (2, (2") + s)|Pd’ds
0 |’ | <1+t

(3.30) .
_ 0 _
< Cnt8+a/ / lue (2’ (2") + s)|Pda’ds,
0 |z | <14t)72

for j = 1,...,k. By choosing ¢y small we may assume that C,t*~“° < 1 for some 0 <
ap < «. This implies that

t) _
/ / \ue (2’ (") + s)|Pdx’ds
0 |z’ | <1
— . 2 _
(3.31) < C(Cnt’(i*“)J/ /| | |ue (2, ¢ (2") + s)|Pda’ds
0 x'|<2

. 2 _
<y [ el )+ s)paaas,
0 Jz'|<2

for j =1,...,k, where t§ ~ ¢/eg. It is not hard to see that this yields the desired estimate
(3.12) forr=1. O

4. The case of C! boundary

Let ¢ : R"™! — R be a C'! function with compact support such that 1(0) = |V¢(0)| = 0.
Suppose that L.u. = 0 in D16, and u. = 0 in Aq4,. Then for any 2 < p < oo,

1 1/p 1 1/2
(4.1) {—/ |Vu5]pdx} < C’{—/ \Vug\2dx} :
rh D, T D6y

where C' depends on u, n, p, w(t) as well as on the modulus of continuity of Vi,
(4.2) n(t) = sup { |V (z') = V)] 2" —y| <t}

The proof of (4.1) follows the same line of argument as in the case of Lipschitz boundary.
We remark that the WP boundary estimates for operators with VMO coefficients hold on
C'! domains for any 2 < p < oo (see e.g. [AQ,S]). One also has a stronger Holder estimate

(4.3) uo(a!, (a’) + 5)| < C's° /D fuoldy
3/2

for any 0 < 8 < 1, where ug is a solution of an elliptic equation with constant coefficients
Loug = 0 in D3/p and ug = 0 on Agz/p. This, together with (3.16), shows that for any
2<p<oo,0<t<land 0<ac<l,

¢ 2
(4.4) / / lug(z, (z") + s)|Pda’ds < Ctp+o‘/ / lug (2, (z") + s)|Pdx’ds
0 Jl]z’|<1 0 Jz'|<3
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where C' > 0 depends only on u, n, p, @ and function 7(t). The rest of the proof is exactly
the same as in the Lipschitz case. We omit the details.

It worths pointing out that by Sobolev imbedding, estimate (4.1) implies the uniform
boundary C'* estimate for any 0 < o < 1,

(4.5) <o ()L Py

for x € D,., where C' > 0 depends on u, n, a as well as on functions w(t) and n(t).
5. Proof of Theorem 1.1 and Corollary 1.2

By uniform interior W' estimates in section 2 and uniform boundary estimates in
section 3, the weak reverse Holder inequality (1.9) holds for p = 3 in the case n > 3, and
for p = 4 in the case n = 2. If Q is a C' domain, the interior estimates in section 2
and boundary estimates in section 4 give (1.9) for any 2 < p < co. It then follows from
Theorem 1.3 that the Riesz transforms V(£.)~!/? are uniformly bounded on LP(Q) for
1 <p<3+dinthecasen >3, and for 1 < p < 4+ 6 in the case n = 2. If Qis a C!
domain, the Riesz transforms are uniformly bounded on LP(Q2) for any 1 < p < oco. This
completes the proof of Theorem 1.1.

Let ¢ > 2. Suppose that V(£.)~/2 is bounded on LP(Q) for 1 < p < q. By duality it
follows that (£.)~1/2V is bounded on LP(Q) for ¢’ < p < co. Consequently, V(£.)™'div
is bounded on LP(Q) for any ¢’ < p < g. Corollary 1.2 follows from this and Theorem 1.1.
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